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Groups of formal diffeomorphisms in several complex variables
and closed one-forms

Mitchael Martelo and Bruno Scardua

Abstract

We study groups of formal diffeomorphisms in several complex variables. For abelian,
metabelian or nilpotent groups we investigate the existence of suitable formal vector
fields and closed differential forms which exhibit an invariance property under the group
action. Our results are applicable in the construction of suitable integrating factors for
holomorphic foliations with singularities. We believe they are a starting point in the study
of the connection between Liouvillian integration and transverse structures of holomorphic
foliations with singularities in the case of arbitrary codimension.

1 Introduction and main results

The study of groups and germs of complex diffeomorphisms fixing the origin is an important
tool in the Theory of Holomorphic Foliations, through the study of holonomy groups of its
leaves. Indeed, the holonomy groups of (the leaves) of a codimension n > 1 holomorphic
foliation are (identified with) groups of germs of complex diffeomorphisms fixing the origin of
C™. In the codimension n = 1 case these are subgroups of germs of one variable holomorphic
maps and there is a well-established dictionary relating topological and dynamical properties
of (the leaves of) the foliation to algebraic properties of the group. This is clear in works as
[2], [, [9], [10] and [15].

All these facts are compiled in some works relating the existence of suitable “transverse
structures” for the foliation with the transverse dynamics of the foliation ([3], [12], [13]).
Further, relations with the existence of suitable formal or analytic objects invariant by the
holonomy group are obtained (cf. [12]).

Let us be more precise. Denote by Diff (C™,0) the group of germs of complex diffeomor-
phisms fixing the origin 0 € C". To each germ f € Diff (C",0) we associate its (convergent)

power series f(z) = > asz!, a; € C. This gives an embedding of Diff(C",0) into the group
IN"

l?Aiff (C™,0) of formal complex diffeomorphisms in n variables, consisting of all formal series

f= 3 arz! with complex coefficients a; € C with f/(0) := ag # 0. We denote by O,, the
IeNn

ring of germs at the origin of holomorphic functions of n variables and by O, its formal coun-
terpart. Also denote by X(C",0) the O,-module of germs of complex vector fields vanishing
at the origin 0 € C" and by i((C",O) its formal counterpart. Compiling results of various
authors we have for the one-dimensional case (n = 1):

Theorem 1 ([8]). Let G C Diff(C,0) be a subgroup.

1. G is abelian if, and only if, G admits a formal invariant vector field: Elé € .’%((C, 0) such
that g.£ =&, Vg € G.
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2. G is solvable if, and only if, G admits a formal vector field which is projectively invariant
by G: 3ée %( 0) such that for each g € G we have g.& = Cg- £ for some cg € C.

We also quote that a subgroup G < Diff((C, 0) is solvable if and only if its subgroup Gy
of flat elements is abelian, that is, if and only if, G is metabelian. This important fact is
essentially a consequence of two other facts:

1. For a subgroup G < Diff(C,0) the derivative group DG = {A '(0) : g € G} is abelian
and therefore the group of commutators G() := [G,G] =< ghg~*h™': g, heG>isa

flat subgroup, i.e., a subgroup of Gj.

2. Two flat elements f ,g € G1 commute only if they have the same order of tangency to
the identity.

As we shall see, none of the above facts holds for subgroups of Diff (C",0) when n > 2.
Therefore it is quite natural to expect that the above mentioned dictionary is much different
or much harder to find, in the n > 2 case. To begin this study is one of the main goals of this
work. We also aim on possible applications of our results to the framework of holomorphic
foliations.

For some of the reasons mentioned above we divide this work in two parts. The first
is concerned with the study of flat subgroups, i.e., groups with all elements tangent to the
identity. The second is about not necessarily flat groups, but we require the existence of
suitable dicritic (“radial type”) elements in the group.

1.1 Part I - Flat groups

As mentioned above, in the first part we focus on the study of subgroups G < Diff (C™,0)
under the hypothesis that G is abelian and flat or metabelian with abelian derivative group.
Before stating our main results we observe that in some main applications of the results in
Theorem [ (case n = 1), the winning strategy is to construct from the information on the
holonomy groups of the foliation, some suitable differential forms which allow to “integrate”
the foliation (as for instance a foliation admitting a Liouvillian first integral). More precisely,
in dimension n = 1 a formal vector field £ € X(C,0) can be written as

R Zk—l—l d

€)= 1+ A2k dz

for some A€ Cand k € N.
The duality equation @ - & =1 has, in this dimension one case, a single solution

. /\dz dz

w = ? + W
This expression, is the expression of general closed meromorphic one-form with an isolated
pole of order k + 1 at the origin 0 € C, residue A, in a suitable coordinate system. It is a
particular case of the so called Integration Lemma (see for instance [12] Example 1.6 page
174, or Proposition [ in Section [).

Given a formal diffeomorphism g € Diff (C™,0) and f and @ satisfying the duality equation

as above, we have:

=€ = gro=0u



2. g*é = cQé for some ¢; € C* = g*0 = Cid)
g

Finally, notice that, in dimension-one each formal or meromorphic one-form is closed.
This suggests, in view of Theorem [[l and all the above, that one may expect to obtain results
relating algebraic properties of subgroups of Diff (C™,0) with the existence of suitable closed
one-forms.

In Section Bl we prove (cf. Proposition M) that an abelian subgroup of formal diffeomor-
phisms admits an invariant formal vector field. Nevertheless, unlike the one-dimensional
case, in general the existence of such an invariant vector field is not enough to assure that
the group is abelian (see Remark []).

We will adopt the following convention. Denote by Diff1(C", 0) < Diff(C",0) the subgroup
of flat elements, i.e., the subgroup of formal complex diffeomorphisms f with f’ (0) = Id.
Given a flat subgroup G < DAiffl((C2,O), by the dimension of the associate Lie algebra we
mean the dimension of Lie algebra exp(G), viewed as vector space over K (C?), the fraction
field of O(C?). In [1] it is proved (Proposition 4.1) that every nilpotent subalgebra L of
i((Cz, 0) is metabelian. This proposition implies a characterization of abelian subgroups of
Diff; (C?,0) (cf. [1] Corollary 4.4, and Proposition B in this paper). Applying this to our
framework we obtain:

Theorem A. Let G < Diff{(C2,0) be an abelian flat subgroup. We have the following
possibilities:

(i) G leaves invariant an exact rational one-form, say w = dT' for some rational function
T.

(ii) G embeds into the flow of a formal vector field €.

(iii) The Lie algebra of G has dimension two. There are two invariant independent com-
muting formal vector fields.

We shall see (cf. Theorem B below) that a subgroup G C Diff(C,0) admitting two
commuting formal invariant vector fields, exhibits two invariant closed formal meromorphic
one-forms.

Unlike the one-dimensional case, the fact that the group is flat and abelian does not imply
that it embeds into the flow of a formal vector field. Indeed, the point is that there are flat
commuting vector fields of different orders of tangency to the identity (Remark [ (2)).

The derivative map D: Diff(C",0) — GL(C, k), f — Df := f/(0), induces by restriction
to any subgroup G < Diff(C",0) a linear map D: G — GL(C, k). The kernel of this linear
map is the subgroup G; := G N Diff 1(C™,0) and the image is the derivative subgroup DG <
GL(C,n). If Gy is trivial then we have an embedding G — GL(C, n).

Let now G < Diff((C2, 0) be an abelian subgroup. The Lie algebra of G; = GﬂDAiffl((CQ, 0)
has dimension < 2. If the dimension is zero then G7 = {Id} and the map G — GL(2,C)
embeds G into an abelian linear group. Then, in this case, either G is finite or its image in
GL(2,C) contains a flow in its closure (Remark [I]).

As a converse of (iii) in Theorem A we have:

Theorem B. Let G < Diff((CQ, 0) be a subgroup admitting two invariant commuting formal
vector fields. Then G admits two closed, independent, formal meromorphic, invariant one-
forms. If G is flat or exhibits two formal transverse separatrices then G is abelian.

The notions of formal closed meromorphic one-form and other formal objects are clearly



stated in Section 2] (Remark[2). As a spolium of the proof of the second part of Theorem B we
obtain normal forms for abelian subgroups admitting two transverse separatrices and having
Lie algebra of dimension two (cf. Remark [7]).

All the above is concerned with the abelian case. As for the metabelian case we have:

Theorem 2. Let G < Diff(C2,0) be a metabelian not-abelian subgroup. Assume that G is
flat, for instance if the derivative group DG < GL(2,C) is abelian. Denote by L(G™M) the
Lie algebra of the group of commutators GV = [G,G]. We have the following possibilities:

(i) L(GW) is one-dimensional. There is a formal vector field € such that, for each § € G
there is a rational function Ty that satisfies: 5( 5) =0 and g (5) T{

(ii) ﬁ(G(l)) is two-dimensional. There are two formal vector fields é, é, linearly independent
such that

(i.1) (€, =
(ii.2) For each g € G there are (s1,t1),(s2,t2) € C? linearly independent that satisfy
§*(€) = 516+ 11 and §*({) = s2€ + 1o,

In this last case there are two linearly independent closed formal meromorphic one-forms w;,
(=1,2) and a;,b; € C* such that

g*(d)]) = aj(i)l + bjof)g, Vg € G.

Groups as in (ii.2) above are studied in Section [0 (cf. Remark [7]).

1.2 Part II - Dicritic diffeomorphisms, vector fields and groups

The second part of this work is dedicated to the study of subgroups of formal diffeomorphisms
under the hypothesis of existence of a suitable dicritic (radial type) element. Let us introduce
the main notion we use. According to [I] a flat diffeomorphism f € Diff(C,0) is dicritic it
writes as f(2) = z + fre1(2) + h.o.t., where fry1(2) = ps(2)z and p; is a homogeneous
polynomlal of degree k. This is equlvalent (by Proposition [I]) to say that f is of the form
f = exp(g) where § € (C™,0) is a formal vector field having as first jet the product of a homo-
geneous polynomial by the radial vector field. In this paper we introduce a useful subclass of
dicritic diffeomorphisms. A formal vector field & € i((C",O) is dicritic (respectively, regular
dicritic) if the formal diffeomorphisms f = exp(€) is dicritic (respectively, regular dicritic).
We shall say that f is reqular dicritic if 5 has an isolated Slngularlty at the origin. The above
concepts are studied in our next results. A subgroup G < Diff ((C" O) is quasi-abelian if its
subgroup G; of flat elements is abelian. A formal vector field 5 € %((C" 0) is projectively
invariant by G < Diff (C™,0) if for each § € G we have g*§ = cy. § for some ¢; € C*.

Our next results are analogous to those in Theorem [I for groups containing a regular
dicritic element.

Theorem C. A subgroup of formal diffeomorphisms containing a regular dicritic diffeomor-
phism is quasi-abelian if and only if it admits a projectively invariant regular dicritic formal
vector field.

In particular we obtain:

Corollary 1. A flat subgroup of Diff (C™,0) containing a regqular dicritic diffeomorphism is
abelian if and only if it admits an invariant formal vector field.



The proof of Theorem C also shows that a subgroup containing its derivative group and
with a reqular dicritic diffeomorphism is abelian if and only if the group leaves invariant a
formal wvector field and its derivative group is abelian (cf. Proposition [[1]). Regarding the
case of metabelian groups we have:

Theorem 3. A subgroup of formal diffeomorphisms containing a reqular dicritic diffeomor-
phism and with abelian derivative group is metabelian provided that it admits a projectively
mwvariant formal vector field.

As a converse of Theorem [ it is proved in Proposition 3] that a metabelian group
G < Diff (C2,0) of formal diffeomorphisms, containing a regular dicritic diffeomorphism f of
order k£ and a linear diffeomorphism ﬁ(z))\z with A\¥ £ 1, A\FT1 £ 1. admits a projectively
invariant formal vector field.

As an application we study the case where a group with two generators, one of which is
linear, is metabelian (cf. Corollary [l).

Recall that a group G is called nilpotent if there is n € N, such that v, (G) = {Id}, where
Y(G) = [k-1(G), G| and vo(G) = G. Finally, G is solvable, if there is n € N, such that the
n-th commutator is trivial, i.e., G = {Id}, where G*) = [G*~D G*+=D] and GO = G.

Next we state an equivalence similar to the dimension one case, but for groups that contain
some dicritic diffeomorphism. Theorem D below is related to Theorem 4.1 and Corollary 4.2
in [I] and to our Example [I] of a solvable flat group of formal diffeomorphisms which is not
metabelian. This example shows the need of our assumption of existence of a dicritic element
in the group of commutators in any extension of Theorem [l to higher dimension.

Theorem D. For a flat subgroup of formal diffeomorphisms containing a dicritic diffeomor-
phism with order of tangency k + 1, the following statements are equivalent:

(1) The group is abelian.
(2) The group is nilpotent.

(3) Every nontrivial element in the group is tangent to the identity with order k + 1.

Theorem D has the following consequence:

Corollary 2. A subgroup of formal diffeomorphisms containing a dicritic element in its
commutators group and such that the group of commutators is a flat nilpotent group, is
metabelian, i.e., its group of commutators is abelian.

Our results apply to the study of foliations on complex projective spaces and other am-
bient manifolds as well. The class of singularities which correspond, via the holonomy of its
separatrices, to the class of regular dicritic diffeomorphisms is to be formally introduced and
studied in a forthcoming work. Using an adaptation of a classical result due to Hironaka and
Matsumara ([6], [5]) we may be able to move from the formal world (considered is this paper)
to the analytic/convergent world, which is the natural ambient to the study of holomorphic
foliations with singularities.

A final word should be said about the possible applications of our results. We are inter-
ested in the study of Liouvillian integration for holomorphic foliations of codimension n > 1.
As suggested by the codimension one cases (see for instance [14]), this passes through the
comprehension of algebraic, geometric and formal structures of subgroups of Diff (C™,0) in
terms we propose in this work.



2 Preliminaries

In this paper we write z = (21, ..., 2,) as several complex variables. We denote by C?[[z]]; is
the set of vectors of C2, whose coordinates are homogeneous polynomials of degree i. The
subgroup of formal diffeomorphisms of two variables, tangent to the identity with order &, is
defined as Diff(C2,0) = {h(z) = z + Py(z) +--- | h € Diff(C2,0)}, P, # 0. Similarly the
group of germs of holomorphic diffeomorphisms at the origin 0 € C2, tangent to the identity
with order k is defined as Diff;(C2,0) = Diff(C2,0) N Diff (C2,0). The Lie algebra of formal

vectors field of C2 of order k is defined by X;(C2,0) = {fl(z)aiz1 +f2(z)8%2 | fx € E_BkCQ[[z]]Z}

where f; or fo has order k.

Proposition 1 ([8]). The exponential map exp : X;(C2,0) — Diff,(C2,0) is a bijection.
According to [I] Theorem 3.3 a subgroup G C Diff (C",0) is analytically linearizable if

and only if it admits an analytic invariant vector field of the form z = R + h.o.t. where

R is the radial vector field. In this same work it is proved (Proposition 4.1) that every

nilpotent subalgebra £ of i((CQ,O) is metabelian. This proposition implies the following
characterization of abelian subgroups of Diff;(C2,0) (cf. [I] Corollary 4.4).

Proposition 2. If G < Diff;(C?,0) is a flat abelian (convergent) group, then one of the
following items is true:

(1) There is a formal vector field € with exp(é) € G such that for each g € G we have
g = exp(T,&) where Ty is a rational holomorphic function such that £(T,) = 0;

(2) G< <f[t] ogll|t,s e C), where f,g € G and [f,g] = Id.

Notice that Proposition 2 above is for convergent (analytic) objects. The formal version
is easily obtained by a mimic of the proof, and reads as:

Proposition 3 ([I]). Let G < Diff;(C2,0) be an abelian flat subgroup, we have the two
following possibilities:

1. There is a formal vector field é, invariant by G, suc{z that for each Aelement f € G there
is a rational function T depending on f, such that E(N) =0 and f = exp(NE).

2. There are formal commuting vector fields f and f such that exp(é),exp(f) € G and
G < (exp(t&) oexp(sQ) | t,s € C).

Remark 1 (infinite linear groups). Let G < GL(k,C) be an infinite linear algebraic group.
Then its Lie Algebra £(G) is not trivial and we may choose a (linear) vector field z € L(G).
The Zariski closure {X;} of the flow z; of z in C" is a closed abelian subgroup of the closure G.
Since { X;} is abelian, there is a closed one-parameter subgroup H, which is a one-dimensional
linear algebraic subgroup of G.

Remark 2 (formal meromorphic objects). By a formal meromorphic function of n complex
variables we shall mean a formal quotient R = g of two formal power series with positive

exponents P,Q € O, = C|[[z]]. In other words, the field of formal meromorphic functions of
n variables M,, will be the fraction field of the domain of integrity O,,. By a meromorphic
n A A
one-form we mean a formal expression W = ) R; dz; where each R; is a formal meromorphic
j=1
function as defined above. The exterior derivative, wedge product and other concepts are
defined for meromorphic formal one-forms in the same way as for analytic one-forms.



Remark 3 (formal separatrices). A formal curve of n complex variables is defined as follows:
denote by O, the ring of formal functions of n complex variables. In O,, we introduce the
equivalence relation f ~g <= ¢=1d. 1/1 for some unit @ € O,, i.e., for some power series @
with first coefficient ug # 0. By a formal curve we mean an equlvalence class of a function
P E O,, that satisfies ©(0) = 0, that is, a non-invertible formal power series. Such a formal
curve is called invariant by a formal complex diffeomorphism f € Diff (C™0) if f *o=¢o f
is equivalent to ¢ in the above sense. Such a formal curve will be called a separatrix of
a subgroup G < Diff (C2%,0) if it is invariant by each element of this group. The tangent
space of a formal curve with representative ¢ is defined as the linear subspace of C? given
by the kernel of Dp(0): C2 — C. Two formal curves with representatives ¢ and V) are called
transverse if their tangent spaces span C2.

3 Construction of a formal invariant vector field

In this section we prove the existence of an invariant formal vector field for an abelian group:

Proposition 4. An abelian subgroup of formal diffeomorphisms admits an invariant formal
vector field.

Some steps in the proof of the following well-known lemma will be used later on this
paper:

Lemma 1. Iff € Dlﬁ(C" 0) commutes with the time one flow map of a formal vector field
fe .'fk((C" 0), k > 2 then f commutes with the flow of & for all time t € C.

Proof. Let <I>t be the (formal) flow of 5, which is defined by &, := exp(t£) € Diff(C"”,0). Then
$; 0 f f o®;. We claim that &0 f f o®, for all t € Z. First we prove this by induction,
Vvt € N. In fact, this is true for ¢ = 1, Suppose that equality holds for n € N. Then

<i>n-l—lofz(i)oqgnofzqgo.]gO(i)n:.]EOi)O(i)n:]EO&)n—I—l
thus @, o f = fo <i>t, vVt € N. Now to show that &, of = fo <i>t, Vit € C, is sufficient
to prove this equality in the spaces of jets, i.e. in J¥(C" 0) = C[[z]]/m**! (this has a
natural 1dent1ﬁcatjon with the space of polynomials of degree less than or equal to k), where
m = {f € C[[z]]/f(0) = 0} is the maximal ideal of C[[z]]. Indeed, given k € N we have that
Fod,of = (f1,--., fn), where the truncation of formal series

¥ Cll2]] = T*(C,0),

is defined by j*(f) = f mod m**+! we have that

= 3 P

IN|<k

e PN( ) is a polynomial of degree less than or equal to [N]. Similarly, we have

J Of ody = (fl, ,fn) where -
ZZP}VtzN

e PL(t v () is a polynomial of degree less than or equal to |N| now, as ®, 0 f = fod,, Vt € Z,
for each N € N with |N| < k, we have that P4 (t) |z= P4 (t) |z, now as these are polynomial
and coincide in Z, we have that

Pl(t) = P (t),vt € C.



in consequence fi(z) = fi(z) VX € C*, | € {1,...,n}. therefore j5¥ o &0 f = j5o fod,,
Vte CekeN. So
Ci)tof:fotft,Vte(C.

On the other hand, if i)tAof = fod, then ®_,0 f = fod_,. Consequently ®;0 f = fod,,
Vt € Z. Now note that ®;of = (f1,..., fn) where f € C[t][[z]]. Thus fk = ZPN( )z where
PE(t) is a polynomial of degree less or equal to |N|. Similarly fod, = ( fioe., fn) where
fi € C[t)[[2]], thus f;, = Zlgﬁ(t)z]v. Since ®; 0 f = f o &y, Vt € Z, then PL(t) |z= Jgﬁ(t) |z
for z Fixed. Since they are polynomials and coincide in Z, we have P (t) = ﬁ]’f,(t), vt € C.
consequently f(z) = fr(z) VX € C"and k € {1,...,n}. Therefore &of = fod,, vt € C. O

Proof of Proposition [ [4 First we assume that G is nontrivial. Thus there is f € (1 which
is of the form f = exp(£) for some formal vector field £ € X,;(C",0), j > 2. Since G
is abelian, for any § € G, go f(z) = fo §(z), i.e, §oexp(é)(z) = exp(f) o §(z). Thus,
from the previous lemma, we have § o exp(tf)(z) = exp(té) o g(z), vVt € C or equivalently
go exp(té) 0§t = exp(té), Vt € C. Therefore §*¢ = £, V§ € G. In case G is abelian and
the identity is the only flat element, the map g — Dg(0) gives a natural group isomorphism
G = DG, i.e., G is algebraically linearizable. According then to a classical theorem on linear
groups ([I6]) either G is finite (and therefore analytically conjugated to a finite group of
diagonal periodic linear maps) or the Zariski closure G contains a linear flow. In this last
case, as in Remark [I] there is a (linear) vector field € which is invariant under the action of
G.

O

Remark 4. Now we give some examples showing that the conditions in our main results,
cannot be dropped.

1. The converse of Proposition @ is not always true for dimension (n > 2). In fact if
f(x,y) = (2z,4y) and §(z,y) = (v, +y) then G = (f, §) is not abelian, however, G is

invariant by £, where exp(€) = (x,y+22). As for the flat case, let f(z,y) = exp(a? yax)

and §(z,y) = exp(m3y2aaw) then G =< f,g > is not abelian, however, GG is invariant

by X = —:Eya%—l—y 3y

2. In dimension k = 1, we have that a group G < Diff;(C,0) of diffeomorphisms tangent
to the identity is abelian if and only if there is a formal vector field é € .’%k((C,O)
(k > 1), such that G < (exp(tf) | t € C). For (n > 2) if there is a formal vector field
€ € X,(C",0) (n > 2), such that G < (exp(t€) | t € C) then G is abelian, however again
the converse is not always true. This is due to the fact that for n = 1, if the lie bracket
of two vector field £ € %5,(C,0) and ¢ € X,(C,0) is zero ([£,{] = 0) then r = k and
there is ¢ € C* such that é = cé . However this last fact is not always true in dimension
n > 2 as can be seen in the following examples:

(a) Let a € C* be constant and take &(x,y) = ayZ — > ay’ C(z,y) = ar?y? 2 —
amy?’a%.

(b) &(z,y) = (@2 +32y) & + Bry+y) 2, ((z,y) = (32 =52y +ay’ +¢°) & + («* +
2y — 2z” + 3y°) 5

(¢) For k > 1, we have: ¢ = (z k“)a‘l + (ﬁ,y)(%y (= (yk_x)a% + (yk+1)a%

(d) &x.y) = 2> F +ay gy, La,y) =2y g +o°5



4 Flat abelian groups

Now we study the characterization and classification of flat abelian groups, which is the
subject of Theorem A.

Proof of Theorem A. Assume that the Lie algebra £(G7) has dimension one. By Proposi-
tion [ there is a formal vector field é , invariant by G, such that for each f € G there is a
rational function T =T i with & (T) =0 and f= exp(T ¢ ). Suppose that for some f € G the
function T = Tf is not constant. We consider the one-form w := d7'. This is a closed rational

one-form and we claim that this is G-invariant. In fact, take § € G and write G = eXp(Sf )
for some rational function S such that £(S) = 0. Then (S&)(T) = dT(SE) = SAT(£) = 0.
Therefore Toexp(SE) = T. This gives §*(w) = §*(dT) = d(T o) = d(Toexp(S€)) = dT = w,
proving the claim. This corresponds to (i) in Theorem A.

Now we consider the where Tf is constant for each f € (. In this case each element f eG
writes as f = exp(c fé ) for some constant ¢ i€ C. In other words, G embeds into the flow of

€ as in (ii) in the statement.

Suppose now that G is as in (2) in Proposition 3l There are two linearly independent,
formal commuting vector fields fj, invariant by G, such that exp(é‘j) € Gand G < (exp(t&;)o
exp(séa) | t,s € C). We can write £; = Aja% + Bja%' Since &; is G invariant, we have

B E| [Ae) AR [ 40)
e %—g; Bi(z) Ba(z) Bi(9) B2(9)

Taking transposes, we obtain:

Aiz) B | F | 4@ Bi)]
As(z) Balz)] |98 G2 [ A2(9)  Ba(9)
th
h G %2l r41(g) Bi(@)] [Ai(z) Bi(x)]"
9z Oz 1(9) Bi(9) B 1(2)  Bi(z)
Gu G| [As(9) Ba(9) [ A2(2)  Ba(2)]

so that, take:

Ai(2) Bi(2)] "

AQ(Z) BQ(Z)

BQ(Z) —Bl (Z)
—AQ(Z) Al (Z)

1
- Q2)

Where Q(z) = A1 By — Ay B;. Thus, take w; = Cjdx+ D;dy the above relationship clearly

w; are invariant for G and are linearly independent. In order to finish we show that w; are

closed forms, i,e. % — aa—z =0. As [Xl,fg] = 0 then

0Ay  0Ay . 04, 0A
e A+ —ay B, = o7 Ag + oy By
832 E?Bg o 831 831



Q2(_ ——)= Q2(_l% + é@_@ _ l@ + &O_Q)

Ox oy Q Ooxr Q?0xr Q oy Q%oy
_ AQBQ% e N e L e EN
Bgaa—‘zl + BQAlaai; ~ BB 88“; — ByAy 881? = AlBgaaB2 + A3 By 852
- 32(8521 Ay + 88/;1 By — 88‘12141 - 88‘2231)+
4 (aa% s aafzz B aail 4y — 88121 By
= By.0 + A3.0 = 0.

Therefore @, is closed. Analogously ws is closed and we are in case (iii) in Theorem A. O
Applying Remark [Tl we have the following immediate consequence of Theorem A.

Corollary 3. Let G < Diff(C2,0) be a (not necessarily flat) commutative subgroup. There
are four possibilities:

(i) G is finite and linearizable.
(ii) G embeds into a linear flow.

(iii) The Lie algebra of G1 has dimension one: Gy leaves invariant an exact rational one-
form, say & = dT for some rational function T.

(iv) The Lie algebra of G1 has dimension two: G admits two closed, independent, formal
meromorphic, invariant one-forms.

As already mentioned in the Introduction, (iii) in Theorem A admits a converse, proved
as follows:

First part of the proof of Theorem B. Suppose that G is flat. Let @; two linearly indepen-
dent invariant closed formal meromorphic one-forms invariant by G, i,e, we have § € G,
g*(d}j) = wj (j =1,2). Write wj = A]d:E + Bjdy then,

85 = 47 (@5) = A1(0)dgr + By(@)dan = (A,0) 52 + By (@) G2+ (A4,0) o + By(0) )y
o A9 Bi@)] |5 % _ [A(z) Bi(?)]

A(9) Ba@)] |9 92| |4a(2) Ba),
consequently

%o A BT (4@ Bi@]

I Y| | Ay(z) Bo(2)]  [A2(9) Ba(9)]
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Let us introduce 51, 52 as follows:

. 1 0 0 A 1 0 0
61:%(328_95_142@)’ 52:%(_31%+A18_y)

where Q(z) = A1(2)Ba(z) — Aa(2)Bi(z). Since the &; are closed one-forms we have g* (éj) =
éj, for all § € G and [£],&)] = 0. Also &1, & are linearly independent in K (C2), the fraction
field of O(C?). Note that {£;,&} is a basis for the vector space X37(C2,0) ® K(C") and,
since for g € G we can write § = exp(Cg) with (Q € %((C2 ) C Xn(C2,0), then fg =
1€ + usks, where uj € K(C?). On the other side §j (5]) = 5] we have that [fg,fl] =0
and [fg,fg] 0, then éj(uk) =0 (j,k = 1,2), consequently u; are constant in C*. Now if
G < (exp(th)) | t € C) there is nothing left to prove, thus suppose that there is h € G,
h = exp((h) with Cg and Ch linearly independent in K (C2) then there are v; € C such that
Ch = v1&; + vp€y and (u1,uz),(v1,v2) are linearly independent in C2, therefore éj € %((C2 )
and G = exp(aﬁl) o exp(b€y), with a,b € C*, therefore there are formal vector fields £ and ¢
such that [£,{] = 0 and G < (exp(t€) oexp(s() | t,s € C). Therefore G is abelian, this proves
the first part of Theorem B. O

5 Groups preserving closed one-forms

In this section we proceed studying the classification of groups of formal diffeomorphisms
preserving closed meromorphic one-forms in (C?,0). Special attention is given to the “generic”
case where the group exhibits two transverse formal separatrices. Before going further into
the main subject we recall some classical facts about integration of closed meromorphic one-
forms in several complex variables.

Proposition 5 (Integration Lemma). Let w be a closed meromorphic one-form on M where
M is a polydisc in C™. Then there are irreducible holomorphic functions f1,.., fr € O(M),
ny,...,ny € N, complex numbers A1, ..., \, and a holomorphic function g € O(M) such that

. df] g
ZAJ 7RV ey

T
The polar set of w is given in irreducible components by |J {f; = 0}, n; is the order
j=1

of {f; = 0} as a component of the polar set of w, A; is the residue of w at the component
{f; = 0} and the function g has no common factors with f; in O(M).

If M = C" and w is rational then we have the same result, where the f; are irreducible
polynomials and g is a polynomial without common factors with the f;. The proof of Theo-
rem [Bl relies on integration and the fact that the first homology group of the complement of a

T
pure codimension one analytic subset A = (J A;, where each A; is an irreducible component,
j=1
of a polydisc M as above, is generated by small loops around the components A;, contained
in transverse discs circulating the component. Then a standard argument involving Laurent
series implies the result. This cannot be repeated in the formal case, because we cannot
rely on integration processes, at first glance. Nevertheless, we still have a formal version of

Theorem [ as follows:

11



Proposition 6 (Formal integration lemma). Let @ be a closed formal meromorphic one-form
in n compler variables. Denote by fj € @k, j = 1,...,r the formal equations of the set of
poles of @, in independent terms. Then, there are \; € C and n; € N and a formal function
ge Oy such that

. df; i
~ s
v _ZA] fi +d( Anl...f"r-)
j=1 J 1 j
The proof is somehow similar to the proof of the local analytic version and it is based on
the following:

Lemma 2. A closed formal meromorphic one-form @ inn complex variables, without residues
1s exact: w = df for some meromorphic formal function f € M.,,.

This lemma is proved similarly to the following particular case:

Lemma 3. Let @ be a closed formal meromorphic one-form in two complex variables and
assume that the polar set of @ consists of two transverse formal curves, and that the residues
of W are all zero. Then & is exact, indeed, in suitable formal coordinates (x,y) we can write

A

f

xnym

&= d(

)

for some n,m € N and some formal function f € 0,.

Proof. Since the polar set of @ consists of two transverse formal curves, we can find formal
coordinates (z,y) such that this polar set corresponds to the coordinates axes. We write

G = (P/z" y™ Y de 4+ (Q /2" y™ ) dy where P, Q € C[[z,y]]. We can write P = 3 P,

v=0
~ o
and Q = Y. @, in terms of homogeneous polynomials P,, @, of degree v — n — m. Then
v=0

o o
O =Y (P, /a" T lym T Odz+(Q, /" Hy™ dy = Y w, wherew, = (P, /2" ly™ ) dx+
v=0 v=—n—m
(Q,/z"1y™ ) dy is a homogeneous rational one-form of degree v —n —m — 2. Then dw =
o

> dw, where each one-form dw, is homogeneous of degree v — 1. Therefore, since
=—n—m—2
v n—m o
w is closed we have 0 = do = > dw, and then dw, = 0, Vv > —n — m. Since @
v=—n—m
has no residues, the same holds for w,. Moreover, because each form w, is of the form
w, = B, /z" Tyt dr + (Q, /x"y™ 1) dy, we conclude from the Integration lemma that

oo
wy, = d( w{c “7) for some homogeneous polynomial f, of degree v. Thus & = d( ZO fo/x"y™) =
v=

d(f/a"y™) where f = io f € O,.

As a consequence we obtain the following particular case of Proposition

Proposition 7. Let @ be a closed formal meromorphic one-form in two complex variables
and assume that the polar set of @ consists of two transverse formal curves. Then & writes
in suitable formal coordinates (z,y) as

12



for some A, p € C, some n,m € N and some formal function f € O0,.

Proof. As in the proof of Lemma [3] we choose formal coordinates (x,y) such that the polar
set of @ corresponds to the coordinate axes. Denote by A € C and p € C the residue of @ at
the z-axis and y-axis respectively. Then 6=c— )\d?x + ,u% is a closed formal meromorphic
one-form with polar set contained in the coordinate axes and zero residues. By Lemma [3] we

can write 6 = d( ey m) for some formal function f € O,. O

An improvement of the above proposition is the following;:

Lemma 4. Let @j, j = 1,2 be linearly independent closed formal meromorphic one-forms
in two variables with polar sets along two transverse formal curves. Then there are formal
coordinates (x,y) such that each &; writes:

-) (1)

for some constant a;,b;,c; € C and some nj,m; € N.

Proof. By Proposition[[lwe can write &; = a;% - +b +d( n m ), where a;,b; € C; nj,m; €

N and fj € @k Let us write ny = n,mq; = m and ny = p, my = q. We take a model of formal
change of coordinates ¢ = (zu,yv), where we want that <;5*(a1 dv b1 dy 4 d( i oy )) = w; and

qS*(agdm +b2dy —I—d(x,,yq)) = W9 implies al— +by d” = d(xn 'm'(fl un})m)) and a2 U 4 p, d” =
d(g;pyq'(f2 - upvq)) then

(a1 lnu+ by Inv)x"y™ =0
and
(a2 Inu + by Inwv)aPy? y?=0
Now define a formal meromorphic function R by
E(Z’, Y, u, U) = (Rl(x7 Y, u, U)? RQ('%7 Y, u, U)
where )
Ri(z,y,u,v) = a1 Inu + by Inv)z"y™ m
and X X
Ry (z,y,u,v) :aglnu—l—bglnv)x”yq—f2+ + koxPy?

fu}’q

We have R(0,0,u,v) = (0,0), so that if ¢; = f1(0) and ¢y = fo(0) we have W =1 and
m = 1 and as Det(JoR(0, (u,v)) = (ng — mp)uFTTlymtatl L 0 if (m,n) and (p,q)
are linearly independent, from the formal version of the Implicit function theorem we obtain

a unique solution (u,v). O

Remark 5. Let G < Diff 1(C2,0) be a subgroup. Given a closed meromorphic 1-form & such
that @ is invariant by G, if @ is conjugated to a 1-form & by a diffeomorphism ﬁ, then the
1-form & is invariant by the group h=1o go h. As the groups G and h=lo go h have similar
algebraic proprieties, there is no loss of generality in assuming that the forms are as in the
normal form of Lemma Ml
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The second part of the proof of Theorem B follows from the following proposition:

Proposition 8. Let G < Diff (C2%,0) be a subgroup with two transverse separatrices, if there
are linearly independent closed formal meromorphic formal one-forms w;, (j = 1,2) which
are invariant by G then G is abelian. Indeed, G is formally conjugate to a group of diffeo-
morphisms generated by any of the following types:

14 k2 1py 0B 1L kL gngm
(a) f](il? y)—(x(+czxy) y(+clxy )
q k
W ey B 1 ey

O o

)

b) §(x,y) = (az, —"¥
( ) g(ajjy) (ax7 (1+kx7lym)%)

_m

~ _ b ng
(c) 9(z,y) = (7(1+Wym)% ,by)

Proof. A diffeomorphism g € G writes g(z,y) = (zu,yv) where u,v € O, satisfy w(0) #
0,9(0) # 0. From equation () and §*(w;) = @w; we obtain:

C1 1 Cco 1
ailnu+bInv = (1 — +k and aslnu-+bylnv = (1 — + k
! ! xy™m ( u"vm) ! 2 2 Pyl ( upvq) 2
If ag = as = by = by = 0 then u™v 1+%x”ym and uPv l+—x1’yq as (m,n) and

(p, q) must be linearly independent we have

(1+ ]Z;x”ym)
(1+ lz—;xl’yq)

O3 ks

D
Y
D

with D = ng — pm. The group G therefore has just linear diffeomorphisms as above and is
an abelian group.

Assume now that the left side of equality is holomorphic we have, ﬁ =1and upvq =1
when (m,n) and (p, q) are linearly independent, we have that v and v are constant, so that
G is linear therefore G is abelian.

A similar argumentation with the other possible cases gives the forms: §(x,y) = (ax a my

PN
’ (1+kmnym) m ’

~ bf%m ~ T :

x = (—"Z — by) and §(z = y . In particular, on each case
g( 7y) ((1+kx"ym)% 9 y) g( 7y) ((l—i-kl:c”)% ) (l—i—kgym)%) p 9 )
G is abelian. O

Remark 6 (holomorphic case). If G is invariant by two linearly independent closed formal
one-forms (without poles) then G = {Id}.

Proof. Let g € G and write w; = dfj, (j = 1,2) left invariant by G. Take d = (fl,fg),
as d fl and d fg are linearly independent in this neighborhood of the origin, we have that
d is a formal diffeomorphism Therefore we may assume that w; = dzr and &y = dy, i.e.,
(Cfﬁogoti) DY*(dx) = dx and (<I>ogo<I) ) (dy) = dy, because ($ogod1)* (da:) = (q)_l)*og*o
d*(dx) = (D~ H*og*(dfr) = (@1)*(df1) = (P~1)*0d*(dz) = da, therefore ojod—! = {Id}
and consequently G = {Id}. O
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6 Metabelian groups

Now we study metabelian groups in Diff (C2,0), that is, subgroups G < Diff (C2,0) such that
the group of commutators G = [G, G| is abelian. Let G be such a metabelian subgroup.
Then, the derivative group DG < GL(C,2) is also metabelian but not necessarily abelian.
For instance, take G as the linear subgroup of 2 x 2 triangular superior matrices. Then G is
not abelian but G is abelian.

Now if the group DG is abelian then GV is flat, which is a very useful property. For this
reason, in our statements below, we require that DG is abelian.

Lemma 5. Let G < Diff(Cz,O) be a subgroup with DG abelian. Suppose that, there are two
linearly independent vector fields § and C, projectively invariant by G and such that [€, ] = 0.
Then G is metabelian.

Proof. Since § and C are projectively invariant by G, for each g € G there are constants
ag, by € C such that g § = agf and ¢ C = bgC Given now a flat element h € Gy we have

ap = 1 and by, = 1, so that h*§ f and h*( C. This implies that 1 is abelian. Since DG
is abelian, we have that [G,G] < Gq, so that [G,G] is abelian. O

Proof of Theorem[2. Let G < Diﬂ“((Cz, 0) be a metabelian subgroup. Since DG is abelian by
Proposition [3] we have two cases:

Case 1. [G,G] < (exp(N€) | N is a rational funtion, £(N) = 0) and f = exp(é) € [G,G].
Then for all g € G, [g, f] € |G, @] so that, there is a rational function N such that (9, f] =
exp(NE) then §oexp(€) o g = exp(NE) o exp(€) = exp((N + 1)§) therefore §*(£) = NE

Case 2. [G,G] < (exp(s) o exp(t() | s,t € C*), take f = exp(f). Then for all § €
G, [g,f]A (G, G] so that, there are s7 and #; such that [g, f] = exp(51€) o exp(tlﬁ) then
goexp(§) o g = exp(5i€ + t1() o exp(§) = exp(s1€ + t1(). Therefore §*(£) = 516 + t:¢.
Analogously we have § ({ ) = 325 + t2§ Let us now construct the formal closed meromorphic
one-forms w;, j = 1,2. We can write 5] AJ 5: T Bj 8 then

] M) A=)]  [s1A1@) +0iAs(5) s241(9) + taAa(9)
9 9n| |Bi(x) By(2)] |s1B1(3) +t1B2(3) s2B1(9) +t2Ba(g)

taking transposes, we have:

Aiz) Bi(2)] |5 32 _[51419) + 1 A2(9)  s1B1(9) + 1 B2(9)
As(z) Ba(z)] |98 G2 52A1(9) +t2A2(9) s2B1(9) + t2B2(9)
thus
T | [540) +14209) sBi@)+6Bd)] T [Az) Bi)]
Go Sl s9A1(9) + 2 A2(9) s2B1(9) + t2Ba(d) As(z)  Ba(z)

so that we can take:

[Cl(z) 02(2)] -
Di(z) Do(2)|

SlAl (Z) + tlAg(Z) SlBl(Z) + tlBQ(Z) -
82A1 (Z) -+ tQAQ(Z) SgBl(Z) -+ thg(Z)
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and define &; = Cjdx + Djdy. Then §*(@1) = §* (- (s2B1 + t2B2, —(s1B1 + 11 Ba)) =

ﬁ(Bg, —Ag) = 5101 + Sowa, where Q(z) = C1(z).Da(2) — Ca(2).D1(2) and r = syty — saty.
Analogously §*(we) = t101 + taws, clearly w; and wo are linearly independent. It remains to

show that the @; are closed forms, ie. % - aa—cz;j = 0. Since [fl, fg] = 0 then

0As 0As 0A 04
—A1+—"B = —A+—B
or 1L + oy 1 oz 2 + oy 2
0Bo 0Bs 0B 0B
— A1+ —"B = —Ay+—8B
ox 1L + oy 1 o 2 + ay 2
Thus ousting the value of C; and D; and using the above equations we can conclude. O

Next we study the possible normal forms of groups as in the conclusion of Theorem 2

Remark 7 (groups leaving invariant a linear system of closed forms). Let G < Diff(C2,0)
be a subgroup of formal diffeomorphisms of two variables, that preserves the coordinate axes
(z =0) and (y = 0). Suppose that we have

f]*(d}]) = ajw; + bjie, Vg€ G. (2)

where a;,b; € C* and @; is a closed formal meromorphic one-form. A diffeomorphism g € G
writes §(z,y) = (xu,yv) where u,v € Oy We have the following possibilities for wy,wy in
suitable formal coordinates:

(1) (simple poles case) If both forms have simple poles along the coordinate axes we can
write wy = oqd% + 5162—3/ and Wy = Oégd% + 52d—yy. From equation (2)) we get

dx d du dv ks n dx d
a;— + 51—y +a1— + f1— = §°(@) = (a1a1 + brag)— + (a181 + 5152)—y
x y u v x y

aq 51] [%u] [al bl] [041 51]
ay B [ az ba| |az S
Comparing the poles we obtain:

a; by du
=1Id and =0
as b2 dy

v

In matrix form we have:

a1 B dym
p +
ay [ gy

<|& =&

Thus §(z,y) = (xug, yvo) with ug and vy constant. In this case the group G is linear.

(2) (Pure polar case) Assume now that w; has poles of order higher than one and no

. . N 1 N 1 . . .
residues. We can write &1 = d(z7m) and Wy = d(5,7). Given now a diffeomorphism

g(z,y) = (xu,yv) in G from equation (2]) we have:

1 1 1 1 1 1
d(m) = ald(W)—Fbld(xpyq) and d(m) = GQd(W)—Fde(xpyq

)

16



Thus

1 aq by 1 ag by
xnymyty™m - zny™ + Py +hy and xPyduPvi - xny™ * xPy1
now
—— =ay +biz" Py + kyz"y™  and = ag + boa? "y 1™ 4 Koyt
uv uPvd
thus

ohs

B L
(a1 + bpxn—Pym=9 + kyzny™)

(a1 + brz" Pym 1 4 kya"y™)
(ag + byxP~nya—m 4 kga}”yq)%

Sle

where D = gn — pm, therefore we have:

ofs

Sle

) = (o A F BT TV S Rt P (ki T  lasy)
| ‘(al + b TPy A kyaty™) ‘ (ag + boaP—myd—m + kzazl’yq)%

Other mixed cases are studied in the same way.
The following example contradicts Corollary 4.2 in [1].

Example 1. An example of a ﬂat group G < Diﬂ“l((Cz,O), ‘which is solvable but not
metabelian is G =< (h(z),a(z) + b(x)y); h € H >, where H < Diff;(C, 0) is any metabelian
flat subgroup, a(z) € C[[z]] has order greater than 2 and b(z) € C[[z]] is a unit, b(0) = 1.

7 Dicritic groups with abelian commutators

Unlike the one-dimensional case two commuting flat diffeomorphisms may have different
orders of tangency to the identity: take f = exp(é ) and g = exp(é ), where the vector fields ¢
and ¢ are given as in (1) above. This is the main reason why we do not have an equivalence
between the concepts of metabelian, quasi-abelian and solvable groups in dimension n > 2.
From now on we shall take a closer look at this issue. Firstly, in this section, we investigate
the characterization of quasi-abelian groups. For this we shall refer to the following concepts,
which are two main notions in this paper.

Definition 1 (Dicritic and regular dicritic vector fields and diffeomorphisms). A diffeomor-
phism f € Diff,,1(C",0) is called dicritic if f(2) = z + fr+1(2) + fr42(2) + -+, where
fr41(2) = f(2)z and f is a homogeneous polynomial of degree r. A formal vector field £ €
Xp41(C™,0), k > 1is called dicritic if € = f(z)}?—l—(p,illQ—l—- . )8%1—1—- . -—I—(p,(:gfl—- . )% where
f is a homogeneous polynomial of degree k and R= 218%1 + e+ zn%; f is called regular
dicritic if € is dicritic and there are ig, jo € {1,...,n}, such that ged(f, Zjopi(ji)z —ziop,(gj:) ) =1.
This implies that 0 is an isolated singularity of £&. The map f is called regular dicritic if there
is € regular dicritic such that f = exp(§).

Now we pave the way to Theorem C. For the first part we shall need some lemmas below.
Lemma 6. Let é = f(z)ﬁ and f = g(z)ﬁ, where R is the radial vector field and f and g are
homogeneous polynomials of degree k e s respectively. Then [£,(] =0 if and only if k = s.
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Proof. Trivial, because [€,(] = (k — s)f(2)g(2)R. O
1(C”

Lemma 7. Let é € §k+ ) ,0) a dicritic vector field. For any vector field C with order
greater than 2, such that [§, C] =0, we have that C is a dicritic vector field with order k + 1.

Proof. Suppose that é has order r > 2, thus:

(=) B 0 (n) 0
+ (pyly + )azl+“‘+(1)k+2+”‘)a—%
R o 0
— (o@D L. 2 (n) ¢ ...\ 2
C=lg7 + g+t @+ g
Now, the term of lower order of [é f] is:
0 0 0 0 of
1< L. (n)_“ 1 (p _ < 4. (n)_ Y N _ (,(1)EL
FR.qf gt g = = DA g g ) - (@
of
(n) &/
+ ¢ 8%).?

As [£,¢] = 0, we have that (r—1)f. q(j) (Vf.Qr)zj, onde Q, = (qﬁl),...,qﬁn)). Thus
(1)
(T—l)qu zj = (r— )fq zlandaqu # 0, Wehauveqﬁ)—q;1 zj =gz forj=1,...,n

So the 1-Jet of C is gﬁ therefore C is dicritic vector field and by the previous lemma C have
order k + 1. O

Lemma 8. Let f,f € ik(C”,O), k> 2. SupposAe thatAf is reqular dicritic and f s dicritic.
If [£,¢] =0, then there is c € C\ {0} such that ( = c.&.

Proof. Since é and f are dicritic, then

_ 5 9 (n) )
g_f(z)R+(pk+2+)aZ1 + +(pk+2+ )azn
s (1) 9 (n) 9
C_g(z)R+(qk+2+ )821_‘_” +( k+2+ )8277,

We have [fR, gR] = 0, by Lemma Bl Since [¢,(] = 0, then the 2k + 2-jet to lie bracket is
1 O n) O 0 n O
(98, L+ iy = PR gl o gy ) =0

Now note that

9 n) 0 1 0 n) 0 a Of
[va k+28 s qk+28—zn] = (k+ 1)f’(qk+2a—zl +oeee qk+28—zn) — W25,
n) Of

Then we have
(k+1)(f -Gz — 9-Diso) = 2i(Vf-Qrr2 — Vg-Prya)
for i € {1,...,n}, thus
f 'q]i:0+2 - 9-p20+2 f -qio+2 - g-pﬁrz

Zig Zjo
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or equivalently, f. (Zjoqlg+)2 Zig q,(fj:)z) =g. (Z]Op](ﬁ_é z,op,(ﬁ)z) But by hypothesis ged( f, z]Okar)z—

ziop,(ﬁ)z) = 1, then f | g. As f and g has the same degree g = c.f were ¢ € C*. Thus the
2k + 2- jet of Lie bracket is:

fﬁ qk+2 - Cﬁ%m)ai +oet (ql(:r)z - Cplgrfr)2)a;;] =0
Using the same argument of the previous lemma we have
(qi(flJZQ - CP&).Q) (%@-2 - cp,(jiz)
S0, q;§1+)2 - Cp,(fllg = 0, in consequence qéﬁb — cp,(jiz =0,forallj=1,...,n, or

(1) (1)
(1) 1 9 (n) )y 0 (Ghio — Pplo)
(a5 4o Cp’f“)azl + ot (s — Cpk+2)—az = 4 B

1 (1)
(q](€<‘22 CPia)

but this latter does not occur, because by the Lemma [6] we have e has degree k,

and this is impossible because q,g 22 — cp,(g JZQ has degree k + 2. Then, we have q,(fJZQ = cp,(gl?

Vjie{l,...,n}.
Finally suppose that Qpy; = cPyy; for j =1,...,4, the (2k 4 i + 1)-jet of lie bracket is

1 8 n 8 = 1 8 n a
lgR pl(c-i)-z-‘rla—zl +pl(c+)i+1a—%] - [fR, ql(c-'zz'-i-la—zl et ql(f-i-)z'-i-la—zn] =0

by the supposed the following sum is symmetric

—~ (1) 0 m 9 9 (n) a .
]z:;[pk—l—ja—zl + ... +pk+ja—%=qk+i+2—ja—zl S Qk+i+2—ja—2n] =0

Then similarly to the case k + 2 we have that Qi44+1 = cPi4 ;41 therefore (=c O

Remark 8. We cannot exclude the regularity condition in the previous lemma, since the two
vector fields of item 2.(d) in Remark [4] are dicritic and commute, but they are not regular
dicritic and are not linearly dependent.

The following proposition is found in [I].

Proposition 9. Let f € Diff,,1(C",0) and j € Diff4,1(C",0). Suppose that f is dicritic
and f(g(2)) = §(f(2)). Then r = s and G is also dicritic.

The following proposition is the main tool in the proof of Theorem C.

Proposition 10. Let G < DAiﬂ“l((C",O) be a subgroup of diffeomorphisms tangent to the
identity and f € Diff{(C™,0) a regular dicritic diffeomorphism. If f commutes with g then
G < (exp(tX) |t € C), where f = exp(§). In particular, G is abelian.

Proof. Let § € G be a diffeomorphism, from Proposition @ § is a dicritic diffeomorphism
of same order than f , we say k + 1. From the exponential bijection there is C such that
exp(¢) = . Then

(n) 0

0
__|_.._|_(k+2_|_ )_

F = M L.
C—g(Z)R‘i‘ (qk+2 + )821 82n
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and thus ¢ is dicritic. Since f commutes with § it commutes with §(z) = exp(¢)(z) and
from Lemma [Tl f commutes with exp(¢C)(z) for all t € C. Similarly, for each ¢ we have that
exp(t€)(z) commutes with exp(s€)(z) and thus [¢,{] = 0. From Lemma[3] there is 7 € C such
that ¢ = r€. Consequently §(z) = exp(r€)(z) and therefore G < (exp(t€) | t € C). O

Proof of Theorem C. Let G < Diff (C™,0) be a subgroup with a regular dicritic diffeomor-
phism f= exp(§ ) € G. First, suppose that G is quasi-abelian. From Proposition 10, we have
< (exp(t ) |t e (C> Let g € G, as f € Gy then [f,g] € Gi. Thus there is t; € C* such

that [f, 9] = exp(t5X), then go fogto f~1 = exp(ty€) so that

goexp() o g = exp(t3X) o exp(§) = exp((t5 + 1)¢)
= exp(czé)

from the same argument used in the proof of Lemma [l we have Vs € C, j o exp(sf) o g~ =

exp(scgﬁ) Therefore g *X = cgé, Vg € G. Conversely, suppose that Vg € G, Elcg such
that §*¢& = cg§. We claim that Vg € Gi, ¢; = 1. In fact, if f(z) = 24 f(2)z + -+ then
eXp(Cgé)(Z) =z+cif(2)z+---. Thusif g € Gy, go f(2) =2+ f(2)2 + Grs1(2) + -~ and
exp(%f)(z)og(z) = z+4cy.f(2)2+Gry1(2) +- - -, then ¢g = 1. Consequently Vg € Gy, grE=¢,
i.e., G1 commutes with f From Proposition [I0, G; is abelian, i.e., G is quasi-abelian. O

In the same way as Theorem C we have:

Proposition 11. Let G < Diff (C™,0) be a subgroup with a regular dicritic diffeomorphism
f = exp({) € G, such that DG C G. The following conditions are equivalent:

1. G is abelian
2. DG is abelian and Vg € G, g*é = f

Proof. It is immediate to verify that (1) = (2). Let us now prove (2) = (1). Since DG C G,
for all § € G we have that § = D§g=(0) o g € G;. From (2) we have that G commutes with
f then Dg=1(0) o g = exp(cgX), therefore G = Dg(0) o exp(cz X ), Vg € G. Now let g, heG
be diffeomorphisms, as DG C G and from (2), we have that:

~

goh=Dj(0)oexp(czX) o Dh(0) o exp(c; X) = ho §
Therefore G is abelian. O

8 Metabelian and solvable dicritic groups

Now we shall study metabelian subgroups of Diff (C™,0). We strongly rely on the preceding
argumentation. The main step is:

Proposition 12. Let G < Diff((C" 0) be a subgroup with DG abelian, and f= exp({) e
a reqular dicritic diffeomorphism. Then f is projectively invariant by G if, and only if, f
commutes with (G, G].

Proof. Since DG is abelian the group of commutators of G is flat i,e., [G,G] < Gy. If f
commutes with [G, G], from Proposition [0 we have that [G,G] < (exp(t€)/t € C) and from
the proof of Theorem 1 we know that é is projectively invariant by G. Assume now that the
vector field f is projectively invariant by G. Once again, since [G G] < G1 we know that if
S € [G,G] then ¢g = 1. Thus VS € [G,G], S*¢ = &, therefore f = exp(£) commutes with
G,G]. O
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Proof of Theorem [3. Notice that if G is quasi-abelian and DG is abelian then G is metabelian.
Therefore, Theorem [l follows from Propositions [I0] and O

The following is a partial converse of (2) in Theorem [3

Proposition 13. Let G < Diff (C™,0) be a metabelian subgroup containing a regular dicritic
diffeomorphism with order of tangency k+1. Suppose that DG is abelian and there is a linear
diffeomorphism hea, given by iz(z) = Az, with \¥ # 1, \**t1 £ 1. Then there is a formal
vector field é € ij((C",O), 7 > 2, which is projectively invariant by G, i.e., such that Vg € G,
g}*é = Cgé, for some constant c; # 0.

Proof. By hypothesis [G, G] is an abelian subgroup of flat diffeomorphisms and we have that
[, h(2) = 2+ AN = D) f(2)2 + AN = 1) Prya(2) + -+
thus [f, ﬁ] = exp(é), where

(1) 9

. . . o
E= AN — 1) f(2)R+ (AN = 1pll)s + - )a—z1 Fo e A )l )

)8zn
since f is regular dicritic and AF # 1, \¥T1 =£ 1, the above expression implies that | f , fz] is

regular dicritic. According to Proposition [I2] there is a projectively invariant formal vector
field & = exp([f, h])- O

Now we give an application of our results:

Corollary 4. Let G = (f,h) < Diff(C",0), where f is reqular dicritic and h(z) = AX,
)\i“ #1, N1 =L 1. The group G is metabelian if and only if [f,h?] and [f%, h] commute with
[, h].

Proof. Given two elements $,1) € Diff (C2, ) we shall write ¢ ) 1= gotpop. If G < Diff(C2,0)
is metabelian, it is immediately seen that [f, 2] and [f2, h] commute with [f, h]. We prove the
converse, in fact we have that | f h] is regular dicritic as noted above. Now, as } 7 h2] [£2, h]
commutes with [f, k], we have [f2, h] = exp(c€) and [f, h2] = exp(r€), since f*[f, h]o[f, h] =
[f2,h] and [f,h] o h*[f,h] = [f,h?] then

exp(c§) = [f%,h] = f[f, h) o [f.h] = f* exp(€) o exp(é)

consequently, f* eXp(g)A (cé) o exp(—X ) = exp(c{) Using the same argument in the
proof of Lemma [ f*¢ = c§ Similarly h*f = T§ Thus by Theorem [3] the group G is
metabelian. O

The next three lemmas will be used in the proof of Theorem 4.

Lemma 9. Let f € Diff,,1(C",0) and § € Diff,,1(C",0) be formal diffeomorphisms. Then

F@() = §(7(2)) = Dfrs1(2)s41(2) = Dissrfrs(2) + O(l2l )

so [f.g]=1d or [f,§] € Diff(C",0) withp > r+ s+ 1.
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N LN r+s
Proof. Let f(2) = 2+ Y fer1(2)+O0(J2[" %) and §(2) = 2+ 3 §j+1(2) +O(|2|"T*12) then:
k=r

j=s
r4+s
fat= —Z+ZQJ+1 ) + O(|2[ %)+
r+s r+s

+ka+1 Z+ZQJ+1 )+ 0O ’Z‘r+s+2))_’_0(‘2’r+s+2)

rts r+s
=2+ 311(2) + Y (Fen1(2) + Dfsiadsra(z) + O(|2[F7*7))
O(|2[7+5+2)

rts r+s
—e Z 9i+1(2) + D i1 (2) + Dfrgr(2)gss1 (2) + O(|2F512)

Similarly we have:

~ r+s r+s R
a(f(2) =2+ % frra(2) + 3 G541(2) + Dgsra(2) frpa (2) + O(|2]7+5+2)
k=r j:s
subtracting these two equalities we get the lemma. H

Lemma 10. Let f € Diff,1(C" 0) and j € Diff 1 (C",0) be dicritic diffeomorphisms with
r # s, given by R
f(z)=z+f(z)z+--- §(z)=z+g(z)z+---

then [f,§] € Diff g ,41(C",0) is dicritic and given by
[f.3l(2) =2+ (r = 8)g()f(2)z + -+

Proof. From Lemma [0 the term of smaller order of | f, g] is
Dfri1(2)ds41(2) = Dgsr1frar(2) = (F(2) + (2 g'zf ))3s+1(2) = Dgs1f(2)z
j
= O+ (5N () (44 DS s

= (4 + (55D (2

(STt <zi§—jj>>g<z>z

Then the i-th component of this is

—sf(2)9(2)zi + 9(2)2iV f(2)z = —sf(2)9(2)z + r f(2)9(2)zi
thus R R
D fr+1(2)9s+1(2) — Dgss1fre1(2) = (r — 8)f(2)g(2)z
therefore | 1, g] € Diff s+r+1(C™,0) and this is dicritic, given by

hz)=z+(r—s)g(z)f(z)z + -
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Lemma 11. Let G < Diﬂ“((C”, 0) be a solvable group, then G has no dicritic diffeomorphisms
of different orders.

Proof. Assume that there are fl, fg € G dicritic diffeomorphisms of different orders, we say
p1 + 1 and po + 1 respectively then by above lemma f3 = | f1, fg] is dicritic of order p3 =
p1+p2+1>pr+1, snnllarly, we have that f4 = fg, fg] is dicritic of order py = p3 +p2 > p3
and recurrently fn = fn 1, fn 9] is dicritic of order p,, = pp—1 + Pn—2 > pn—1, thus there is
no n € N such that G" = {Id} and this contradicts the fact G is solvable. O

Proof of Theorem D. Let G < Diff (C™,0) be a subgroup of diffcomorphisms tangent to the
identity containing a dicritic diffeomorphism f with order of tangency k + 1. It is immediate
to verify that (1) = (2). Let us now prove (2) = (3). Suppose that fz) =24 f(z)z +

Suppose by contradiction that there is f (1) € @ with order of tangency p; > k+1 then obtam

fOZ[fO fl= ot fO 1

we affirm that flg) # 0 and thus f(z) has order of tangent ko = k + k1 > k1 + 1. In fact,
as the j-th coordinate of f,gz), is (k1 — 1)f.q,(i) — (V£.Qp,)z;, where fO =24 Qk, + ... and
Qr, = (qkl), . ,qg)), ( in consequence ko = k + k1), now if f,g) = 0, then (k — 1)f.qlgi) =
(Vf.Qp )z, for j = 1,...,n. So following the same argument of Lemma [ we have that

Qr, = (9.21,...,9.2n), with g homogeneous polinomial of degree p, thus Qj, has degree
k + 1, but this is impossible. Repeating this process we can define:

Fo = [, ) = 2 SO+

Analogously f,g:) # 0 and thus f(”) we has order of tangency k, = k+k,—1 > kp—1+1 > n,
thus there is no n € N, such that v, (A) = {Id}, what contradicts the fact that A is nilpotent.
Therefore, we have A C Iﬁkﬂ((@”, 0).

Now we prove (3) = (1). From Lemma [ we have that for h,§ € G, [h,§] = {Id} or
[h, ] € Diff4(C",0), £ > 2k + 1 thus [k, §] = {Id} and therefore G is abelian. O

Proof of Corollary[2. Let G < Diff((C",O) be a subgroup such that [G,G] is a flat group
containing a dicritic element f € G. Suppose that [G,G] is nilpotent. Then, since by
hypothesis the group [G,G] contains a dicritic element, Theorem D implies that [G,G] is
abelian. Therefore G is metabelian. O
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