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Abstract

We study the well-posedness of the Hele-Shaw-Cahn-Hilliard system modeling binary
fluid flow in porous media with arbitrary viscosity contrast but matched density between
the components. For initial data in H*,s > %—i— 1, the existence and uniqueness of solution
in C([0,T); H*)NL2(0,T; H*™2) that is global in time in the two dimensional case (d = 2)
and local in time in the three dimensional case (d = 3) are established. Several blow-
up criterions in the three dimensional case are provided as well. One of the tools that
we utilized is the Littlewood-Paley theory in order to establish certain key commutator
estimates.

1 Introduction

The modeling and analysis of multi-phase fluid flow is a fascinating, challenging and important
problem [I8, 4]. Well-known two phase fluid examples include the coupled atmosphere-ocean
dynamical system with water and air being the two phases, as well as the system describing
displacement of oil by water in oil reservoir (usually porous media) [5].

A common approach to two phase flow that are macroscopically immiscible is the sharp
interface approach where the two phases are separated by a sharp interface I'(¢). In the case
of flow in porous media, the dynamics of the system is then governed by the two phase Hele-
Shaw (Darcy) system (Muskat problem) [20] 17, 25] together with two interface boundary
conditions: (1) continuity of the normal velocity; and (2) pressure jump proportional to the
(mean) curvature. The normal velocity of the interface is set to be the normal velocity of the
fluids. The local in time well-posedness of the sharp interface model with or without surface
tension is known [2] 3], I3]. Global in time well-posedness with surface tension[14] [10] and
2D without surface tension [27] is also known under the assumption that the initial data is
a small perturbation of a flat interface or a sphere. Nevertheless, the sharp interface model
encounters serious difficulty with physically important topological changes of the interface
(possibly undefined curvature), especially in terms of pinchoff and reconnection that are
important in applications [4], 20].
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As an alternative approach, one could consider the so-called phase field models (or diffuse
interface models) where an order parameter c is introduced and a capillary stress tensor is
used to model the interface between the two fluids and the forces associated [4]. The sharp
interface is then replaced by a thin transition layer and hence we avoid the difficulty of
discontinuity. In this paper, we will consider phase field approach to two phase fluid flow
with matched density in a Hele-Shaw cell or porous media. The dynamical equations are
given by the following Hele-Shaw-Cahn-Hilliard system [20] [12]:

V-u=0,

U= _127;(6) (Vp - ﬁMVC), (11)
¢t +u-Ve= %A,u,

c(0,x) = co(w),

where u is the fluid velocity, c¢ is the order parameter which is related to the concentration
of the fluid, the chemical potential p depends on the order parameter ¢ and is given by

() = fale) — CAC, (1.2)

and Pe is the diffusion Péclet number, C is the Cahn number, and M is a Mach number.
Furthermore, 7(c) is the kinematic viscosity coefficient satisfying

neC®MRY, 0<X<nl) <A< o, (1.3)
the Helmholtz free energy fo(c) is given by the classical double well potential

fo(c) = (¢ = 1)2. (1.4)

In the above system (L.IJ), p is not the physical pressure but the combination of certain
generalized Gibbs free energy and the gravitational potential (see [20] for more details).
This model can be also viewed as the Boussinesq approximation of more general model with
arbitrary viscosity and density contrast [20]. One may formally recover the sharp interface
model by taking appropriate limit within the Hele-Shaw-Cahn-Hilliard system (LII) [20].
We will assume that the fluid occupies the two or three dimensional torus T% d = 2,3 for
simplicity.

Besides applications in two phase flow in porous media and Hele-Shaw cell, certain simpli-
fied versions of this HSCH model has been also used in tumor growth study [30]. Moreover,
unconditionally stable schemes has been developed [29] and the existence of certain type of
weak solutions (without uniqueness) is also derived [15] for the case with matched density
and viscosity.

The goal of this manuscript is to study the well-posedness of the matched density Hele-
Shaw-Cahn-Hilliard system (ILI]) with arbitrary viscosity contrast.

The Hele-Shaw-Cahn-Hilliard system can be formally viewed as an appropriate limit of
the classical Navier-Stokes-Cahn-Hilliard system [4, 20, [16] which is a popular phase field
model for two phase flow although no rigorous justification is known yet. There are a lot of
works on the Navier-Stokes-Cahn-Hilliard system including local in time well-posedness in 2
and 3 dimensional and global in time well-posedness in 2D under various assumptions [I} [7].
In fact the global in time well-posedness of the 2D Navier-Stokes-Cahn-Hilliard system is
recently resolved [I] using a very different set of tools than employed here. Mathematically



speaking, the difficulty associated with the Hele-Shaw-Cahn-Hilliard is about the same as
those associated with the Navier-Stokes-Cahn-Hilliard: we gain the advantage of dropping
the nonlinear advection term in the velocity equation but also lose the regularizing viscosity
term; and their scaling behaviors are very similar. We refer to [21), 22] 23] 4] and references
therein for more related works on the Navier-Stokes-Cahn-Hilliard system..

The rest of the paper is organized as follows. We prove a key estimate on the “pressure”
in the second section. This estimate is nontrivial due to the variable coefficient introduced
with the mismatched viscosity. New estimates on certain commutator operators in fractional
derivative spaces are needed and they are derived in the Appendix. In section three we
present the local in time well-posedness based on certain modified Galerkin approximation
of the HSCH system and the “pressure” estimate from section 2. In section 4 we provide a
Beale-Kao-Majda type blow-up criterion and prove that the system is global in time well-
posed in the two dimensional case. We provide a refined blow-up criterion in the 3D case in
section 5.

2 The estimate of the pressure

In this section, we present the estimate of the modified pressure p. Taking the divergence for
the second equation of (ILI]), we find that

div(ivp> - div(iu(c)vc> 4 QivE(c). (2.1)

n(c) n(c)

This variable coefficient problem is dealt with utilizing commutator estimates that we derived
in the Appendix. The commutator estimates themselves are derived utilizing Littlewood-
Paley decomposition.

Proposition 2.1 Let s > 0 and ¢ € H**2(TY), and p be a smooth solution of (Z1)). Then
the solution p satisfies

IVlls < F(llellz=) (1 + 1Vellzo) (1 + llell ) lell grese. (2.2)
Here k = [2s] + 1 and F is an increasing function on R*.
Proof. Thanks to (L3]), a straightforward energy estimate yields that
IVplLe < Cllu(e)llz2 Vel oo < O+ [lel|Foo ) IVell oo el 2. (2.3)

Taking the operator (D)* to (ZI]) to obtain

,u(c)Vc) — div<<D>s<LVp> — (LV(Dfp))

div<iv<D>sp> - div(D>s< s

1

n(c) n(c)
= div(A+ B),

from which and the energy estimate, we infer that

IVpllas < C(IIAllL2 + 1Bl 12)-



Due to the definition of p(c), we have

1 1, a1
——p(c)Ve = —fo(c)Ve Cn(c)

AcVe= Vg (c) — AcVga(c),

"o 10 10 = AV

for some g1, go with g1(0) = g2(0) = 0. We have by Lemma that
{D)*Vg1(c)llrz < F(llellze)llcl s+,

and using Bony’s decomposition to write

AcVga(c) = TacVga(c) + E(Ac, Vga(c))
= divIiv.Vga(c) — Ty - VVga(c) + R(Ac, Vga(c)),

then from the proof of Lemma [6.2], it is easy to see that
I{D)*AcVga()ll Lz < F(llcllLe)[[Vel oo [lefl re+e-
Thus we obtain
1Al L2 < Fllellze) (L + [Vellzee ) el o+
and by Lemma [6.4H6.3] and (23]), for s € (0, 1],
[1Bllz2 < Flllcllzo)llell s+ IVPl2 < F(llellzo) Vel e llell g2 llell mrs+2-
Thus we obtain that for s € (0, 1],
IVpllas < Fllelzoe) (1 + [Vellzee) (1 + llell ) llell grs+2, (2.4)

For general s, we will prove it by the induction argument. Let us assume that for s €

(552, &), we have

k
IVpllzs < Fllelzoe) (1 + [Vellzoe) (L + el mz) " el move.

Note that (2.4) means that the cases of k = 1,2 hold. Now let us assume s € (£, ££1]. We
infer from Lemma [6.4] and Lemma [6.3] that
I1Bllz2 < F(llellzee) (el zrs+2IVpllzz + el a2 Vol oy )-
Then from (23] and the induction assumption, it follows that
k+1
1Bl < Fllellzoe) (1 + [Vellzoe) (1 + llellm2) ™" llellzre+e-
Thus for s € (£, £1], we have
k+1
IVpllas < Fllelree) (1 + [Vellzoe) (1 + llellm2)™" llell grs+2-
This completes the proof of Lemma 211 |



Remark: Instead of relying on the estimates from the appendix which depend on the Littlewood-
Paley theory, classical energy method might work as well if we are content with less sharp
and less general results. For instance, if Ve € L®(T%) and ¢ € H*(TY) for k € Z7, classical
elliptic estimates may lead to

VDl < CIIE@)| e,
where C' depends on ||Ve||r= and ||¢| gx. And a straightforward product estimate gives
IF@llme < Cllel o) (el mrr + Vel llel gre + | Ac] oo el 1) -

This estimate is enough to obtain the local well-posedness of the system (LLI]) and global
well-posedness in the 2D case in the space of

ce C([0,T]; HX(T%) n L*(0,T; HY(TY), we C([0,T]; L*(T%) n L*(0,T; H*(T%)

when combined with the L>(H?) N L?(H*) a priori estimates from (Theorem A1) for initial
data in H* k > 2. However, in order to obtain the sharp blow-up criterion which in partic-
ular implies the global existence of the 2-D system in general Sobolev spaces as specified in
Theorem B.I] we need to establish the refined pressure estimate (2.2]). Notice that (2.2) is
established for general (Hilbert) Sobolev spaces, and only a linear in ||Ve||z factor in the
estimate appears in contrast to pure energy estimates.

3 Local well-posedness

In this section we prove the local well-posedness of the Hele-Shaw-Cahn-Hilliard system. The
procedure is mostly standard except the pressure estimate.

Theorem 3.1 Let co(z) € H*(T?) for s > % + 1. Then there exists T > 0 such that the
system (L) has a unique solution (c,u) in [0,T] with

ce C([0,T); H*(T%) N L2(0,T; H*+**(T9)), we C([0,T]; H*~2(T%) N L2(0,T; H*(T%));

and satisfying the following energy estimate

t t
le(t) 13 +-jﬁ le(P)|Bgesadr < [lcoll s exp (jﬁ G(r)dr). (3.1)
fort € [0,T], where

2 52\2 2([2s]+1
G(t) = F(llellzee) (1 + [[Vellze) " (IVellze + llell 3 ) (L + llella2) ([2s1+1).

Proof. We will use the energy method to prove Theorem [3.11

Step 1. Construction of an approximate solution sequence.
The construction of the approximate solutions is based on Galerkin method. Let us define
the operator P, by

Puf@) = 32 At fo= [ e e

k|<n



Then we consider the following approximate system of (L.II):

V -u, =0,

Up = —m(Vpn — ﬁ,u(Pncn)VPncn),
Ocn + Pp(uy - VPhey) = %APn,u(Pncn),
Cn(()’x) = PnCO($)‘

It is easy to see that
|AP,1(Pacy,) = APyp(Pocy)| 2 < Cn, [lenllze, €l z2) llen — il e

Taking the divergence to the second equation in ([B.2]) gives

1 1
—div

div<mVpn) = 4 (mu(zﬁncn)vzﬂncn).

Thanks to (L3]), straightforward energy estimate yields that

IVPallzz < C(n, llenllp2)lenll 12,

thus we infer from the second equation of (3.2]) that
[unllrz < C(n,llenllr2)llenl| L2
Therefore, we have
1Pt - VPrcy) = Palup - VEacp)l g2 < Cn, llenllzz, llepllz2)llen — el e

Thus, the Cauchy-Lipschtiz theorem ensures that there exists T;, > 0 such that the approx-
imate system (32) has a unique solution ¢, € C([0,T},]; L?>(T%)). Note that P2 = P,, Pyc,
is also a solution of ([3:2). So the uniqueness implies that P, ¢, = ¢,. Thus, the approximate
system (B.2)) reduces to

V- u, =0,
tn = 13007 (VPn = gpi(en) Ven),
Ocn + Prp(uy - Vep) = ﬁAPnu(cn),

cn(0,) = Pyeo(z).

(3.3)

In what follows, we denote T, by the maximal existence time of the solution ¢,. Due to
P,c, = ¢, the solution ¢, is in fact smooth.

Step 2. Energy estimates.

Although the HSCH model (L)) has a natural energy (which is somewhat equivalent to
H' estimate, see [20, 29] and section 4 below), it is not sufficient for the strong solution.
Therefore we have to derive estimates in Sobolev spaces with higher derivatives.

For this purpose we take the H*(T¢) inner product of the third equation ([Z3) with ¢,
and obtain

%%HCHH%{S - % (AP, p(cn) en) o = = (tn - Ven, en) - (3.4)



Due to (L.2), we see that
—(APuen).ea) o = ClAcalll = (Afhen).en)
We deduce, thanks to Lemma that
[(Afo(en), en) gro
and by Lemma with o =1,

< I fo(en)llzs | Acallzs < C(1+ llenllZoe) llen s | Acnllss. (3.5)

< Nun - Veul msllen | ms
< CllunllasVenllze + lunll ¢ IVenll ) llenll s (3.6)

|(Un : vcna CTL)Hs

Thanks to (33, we find that
1 1
Vol +
e P e

By Lemma[6.2] Lemma [6.3] and Proposition 2], the first term on the right hand side of (3.7))
is bounded by

[unllzs < C(I plen)Venlme). (3.7)

Fllenllzoe) (lenll i g VPl 22 + VPl 10)

< Flllenllzee) (1 + [ Venllzoe) (1 + llenl| a2 [enllprs+2,

)[28}+1|
and the second term is bounded by
Flllenllze) (1 + [[Ven oo )l grete-
Thus we obtain
2s]+1

22 < Flllenllze) (1 + 1 Venllzoe) (1 + llenllm2) 2 el zrese,

and similarly,
d—1
lunll g1 < Flllenllze) (L + 1Venllzoe) (L + lenllmz)™ llenll g

from which and (B.6), we infer that

< Flllenllze) (1 + [[Venl )

‘ (un ' Vcna Cn)Hs

)[28}4‘1

d—2
X ([IVenllLee + llenll s ) (1 + llenll a2 llenllzs+2llenllms- (3.8)

Here we used the following interpolation inequality:

24 d_q
leall ,g41 < lenllgr®llenll s

Plugging (33 and [B.8) into (34 yields that

1d C
S =llealld + pollAcall
a—2

- 2s]+1
< Flllenlloe) (1 + 1Venllzoe) (IVenllzoe + lenllg ) (1 + lenllm) 2 lleall mesellenllae,
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which along with Young’s inequality implies that

lallz + llenlidera

2 =2 9 2(]2s]+1
< Fllleallz) (1 + [IVenllz) (IVenll + lleall 2 )7 (1 + llenllm) 4 flenl 3.
Then Gronwall’s inequality applied gives
def 2 t 2 t
EL@t) = llen®) 5 +/0 len (T gps2dr < |lcol| s exp(/0 Gp(7)dr) (3.9)

for t € [0,T}), where

2 =2 9 2([2s]+1
G () = F(llenll o) (1 + [[Venll o) 2 (IVenllzo + llenll 2 )2 (1 + llenllzz)*ETHY.

Step 3. Uniform estimates and existence of the solution.
Let us define
T sup {t € [0,17) : E2(r) < 2l|eol|%e for 7 € [0,]}.

From (3.9) and Sobolev embedding, we find that

1240

IN

leoll s exp (A(lcol =) /0 (1+ [le(r) [ 4:2)dr)

< leollas exp (A(llcoll ) (£ +£2)), ¢ € [0,T7).

A

Here A(-) is some increasing function. Take 7" be small enough such that

N W

1
exp (A([leoll=)(T +T2)) <
Now we can conclude that T, »>T. Otherwise, we have
S 3 2 Tk
En(t) < §||CO||HS for te [07Tn]7

which contradicts with the definition of T, . Thus the approximate solution (¢, u,) exists on
[0,T] and satisfies the following uniform estimate

t
lew ()17 +/0 len ()| Frer2dr < 2l|coll s (3.10)

for t € [0,7]. On the other hand, it is easy to verify from the third equation of (B3]
that d;c, is uniformly bounded in L?(0,T; H*~2(T%)). Thus, Lions-Aubin’s compactness
theorem ensures that there exist a subsequence (¢, ,un, ) of (¢n,upn), and a function ¢ €
L>®(0,T; H*(TY) N L2(0,T; H¥*2(T%)) and u € L>®(0,T; H*~2(T%)) N L?(0, T; H*(T%)) such
that

ey —> ¢, in L20,T; H (1)),
Up, — u,  in L*0,T; H® (T9)),



as k — +oo0, for any s’ < s. Then passing to limit in (3.3]), it is easy to see that (¢, u) satisfies
(LI) in the weak sense and (c,u) satisfies (3.)).

Step 4. Continuity in time of the solution.
Revisiting the proof of ([B.9]), we can in fact obtain better estimate for ¢, (thus for ¢):

def is
HCH%OO(O,T;HS(Td)) - Z 2% HAJ'CH%oo(o,T;Lz) <C,
j>-1
which will imply ¢ € C([0,T]; H*(T%)). In fact, for any ¢ > 0, take N big enough such that
” c
Z 2% HAJCH%“’(O,T;L?) ST
J>N

For any ¢t € (0,7) and § such that ¢ + 6 € [0, 7], we have

N
le(t +6) —c®)F: < Y 29[| Aje(t +8) — Aje(t) 172 + %
j=—1
N .
< > 29%0]l|0kel 2 0.2y + B
j=—1
<

€
2N22NHatCH%2(o,T;L2)‘5\ + 5%
Thus for || small enough, we have
le(t +8) — c()]* < e.

That is, ¢(t) is continuous in H*(T?) at the time ¢, thus so does u.

Step 5. Uniqueness of the solution
Assume that (c1,u1) and (c2,ug) are two solutions of (ILI]) with the same initial data. We
introduce the difference of two solutions:

50261—62, 5u:u1—u2.
Then (., d,) satisfies
Opbe +uq - Ve + 0y - Vg = %A(/L(Cl) — M(Cz)),
o = B (T, — () er) — ey (V01— ) — (o) Ver — () V),
9:(0) = 0.
Making L?(T?) energy estimate yields that

1d

C 1
55”&”%2 + RHA%H%Z < R(A(fé(cl) — fo(c2),0¢)) 2 — (Ou - Ve, 0c) 1o

C (1A%l 2 + 1Idull 2)1|0c| 2-

IN

On the other hand, we can deduce from the equation of §, that

8ullzz < C(l10cllze + IV (p1 = p2)llz2 + [|Ad] 2)
< C(l0cllzz + [|Ad] 2).-

9



Thus we obtain
d
Ell&lliz < Cl6clF2,  118.(0)]| =0,

which along with Gronwall’s inequality implies . = 0, and the uniqueness follows. |

4 Blow-up criterion and global existence in 2D

In this section we prove a Beale-Kato-Majda type blow-up criterion [24] for the Hele-Shaw-
Cahn-Hilliard system. As an application, we obtain the global well-posedness in 2D.

Theorem 4.1 Let cg(z) € H*(T?) for s > 4 + 1, and (c,u) be a solution of (I1) stated in
Theorem [31l. Let T* be the maximal existence time of the solution. If T* < 400, then

T*
/ IV e(t)|| mdt = +oc. (4.11)
0

In particular, this implies T* = +oo for d = 2. That is, the system (I.1) is globally well-posed
m 2D.

Proof. First of all, we derive the basic energy law of the system. Multiplying by x on both
sides of the third equation of (ILI]), we get by integration by parts that

1
/ crpdx +/ u - Veudr = ——/ |V u|?dz.
T4 Td Pe J1d

Due to the definition of u, we have
d C 9
/rd cepdr = E</rd fole)dz + E/Td |Vl d:n),
and due to V-u =0,
1
/ uw-Vepdr =-M | u-(Vp— —upVe)de = 121\/[/ n(c)|ul?dz.
Td Td M Td

Thus we obtain the following classical energy equality [20]

d C 9 1 ) 0
a(ﬂdfo(c)d$+§/rd |Vl daz) +E/_{!d |V 1l da:+12M/Td77(c)|u| dr = 0.

That is,

E(t) + %/0 /Td |V u(7) Pdwdr + 121\/1/0 /Td n(e)u(r)|*dedr = E(0), (4.12)
where

Bt) /T olet, x))da + % /T |Ve(t, z)Pda.

10



From the energy equality (4.12), it follows that

1 t
IOl + g [ IValEedr < BO)
€Jo
On the other hand, we have
IVAel2 < C([Vallz + Vel 2 + 12 Vel 2).

and by Sobolev inequality,

N

le* Vel 2 CliellzslIVellzs < Cleliznlle]

IN

Cllellinlels < Cleli + glells,
which implies that
lellzzs < C(IVallzz + llelar + llellz)-
Therefore we conclude that
llell oo o711y + el 20703 < C (T llcol ) (4.13)

Next, we derive H? energy estimate of the solution. We have

1d

C 1
§a||AC||%2 + RHA%H%? = —(U -V, AzC)Lz + E(Afé(c),Azc)

IN

1
lullz2 [ Vel A%l 2 + 5 l1Afo(e)][ 2] A% 2(4.14)

It is easy to verify that

lulle < C(IVPlL2 + llu(c) Vel 2)
< O(IVellz=llAc] g2 + (lellzs + llellzo)lIVellzs)
< O(IVellze + llellzs + lelizo) llell 2,

and
1A S5Ol < C A+ [lelliee) llell 2.

Plugging them into (&I4]) yields that

d

%HACH% +[1A%)72 < C(1+ [[Vellzeo + et + lelizs + llellzd) llelZ2,
which along with Gronwall’s inequality leads to

t
lella < llcollzz exp (c/ H(r)dr), (4.15)
0

where H(t) = 1+ [[Vel|7 + [lell7 + llells + llell 73

11



Now we are in position to prove the blow-up criterion. We will prove it by way of
contradiction argument. Assume that 7" < +oo and

T*
/ IVe() |4 dt < +00,
0

which together with (£I3]) and Sobolev’s inequality implies that

T*
H(t)dr < +o00,
0

for example,

T T
| e < [ el < o
Then we infer from (£I5]) that
HCHLOO(O,T*;HZ) < 00,

which implies that

T*
G(t)dt < +o0o, G(t) Dbe as in Theorem B.11
0

Then the energy inequality (B.I]) ensures that

T*
sup le(t)|3 + / () [Zyesadr < +o00,
te[0,77%] 0

which means that the solution can be continued after ¢ = T, and thus contradicts with the
definition of 1.

As an application of blow-up criterion, we can deduce the global existence in 2D. Indeed,
in two dimensional case, we get by Gagliardo-Nirenberg inequality and (£I3]) that

T T
| 1wttt < € [ IOl I ot <+,
which implies T* = +o0 by the blow-up criterion. |

5 A refined blow-up criterion in 3D

We first turn to a simple model relating to the Hele-Shaw-Cahn-Hilliard system:

{ u=—-Vp+ AcVe, V- -u=0,

¢t +u-Ve+ A?c=0. (5.16)

For this system, we still have the energy equality:
¢
VeI +2 [ IVACIEs + [u(r)Fadr = [V

12



Moreover, if ¢ is a solution of (5.16]), then c) (¢, x) def c(At, \z) is also a solution. It is easy
to see that

d [e.e] [ee)
IVen(t, @)l g2 = A2~ H[Ve(N, 2) 2, / IV AeA(T)|Z2dr = /\2_d/ IV Ac(T)|72dr.
0 0
Thus, the energy is scaling invariance for d = 2. From this view of point, the 2D system is
critical and the 3D system is supercritical like the 3D Navier-Stokes equations. Due to the

bi-Laplacian A?, there is no maximum principle for this system, which is the main obstacle
to obtain the global existence in 3D case. For the 2D critical QG equation

O+ (~A)20+u-VO=0, u=(—(~A)"205,0,(~A)"20,,0),

Caffarelli and Vasseur [8] proved the global regularity of weak solution. The key step of
their proof is to prove the Holder continuity of the solution by using the DeGiorgi method.
Note that the QG equation has maximum principle. For the 3D Hele-Shaw-Cahn-Hilliard
system, we also show that the Holder continuity of the solution will control the blow-up of
the solution.

Theorem 5.1 Let o € (0,1) and co(z) € H*(T3) for s > 3. Assume that (c,u) be a solution
of (I1l) stated in Theorem [31l. Let T* be the mazimal existence time of the solution. If
T < 400, then

T* 8
/0 le(t) | dt = +oo.
Proof. We will prove it by contradiction argument. Assume that T* < +o0o and
T* 8
/ le(t)l|Zadt < +oo. (5.17)
0
Taking A; to the third equation of (LI]) to obtain
C 2 1 /
8tAjC + EA A]’C = —Aj(u : VC) + EAA]]CO(C)
Making L?(T?) energy estimate, we get by Lemma that for j7 > 0,
d .
Azellze + 2V Agelze < C(1A; (- Ve)lzz + 1Af()llz2) 1A el 22
Dividing the above inequality by [|Ajc|/z2 gives
d .
5 1Bsellzz + 29 Azell 2 < O(1A;(u- Vo)l 2 + A ()] 2),
which implies that

i .
1Aje(®)ll L2 < [[Ajcoll2 +C/O e~ P18 (u - Vo) r) g2 + A fi(e(7))ll 2 )dr. (5.18)
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We denote

def :
lellBy . = sup 27°[|Ajel| 2.
’ j>=1

Using the definition of Sobolev space, it is easy to find that

lelFre—e < D 27 el < Clleli . Ve >0.
j=-1

It follows from (5.I8)) that
le@lips , < lle@®lL> + llcollms

t .
+C'sup 2% / 6_024J(t_7)(||Aj(u-Vc)(T)HLz—|—||Af6(c(7'))||L2)dT. (5.19)
7=>0 0

Now we claim that
1A (u- Vel 2 < C2707 [l pzlcl| o (5.20)
Now we have

Cllu(e)Vellzz < Cliellgs-allclce + C(llellzs + lelfsllel o) [ Vell s
C1+ el + llelzp ) lellelcli s -

Julle <
<

Here we used the product estimate
[AcVe]| L2 < Cllefgs-ollcllce < Clielips _llcllce
which can be proved as in Lemma And similarly we have
1Af5(Oz2 < C L+ llellEe) el a2
Plugging the above estimates into (5.19]) yields that
le@llpz . < lle@llL> + llcoll s

t .
+C'sup 9i(4—a) / 6—024J(t—7')(1 + |lellgr + ”C”%{l) (1 + HCH%Q) HcHBg dr,
7>0 0 =

which along with Hélder inequality gives

el o 058 ) < (@)l o2) + lloll s

4
(1 lelloo o,y + el o o gm)) (£ + llell? s

La(o,t;ca)) HCHLC’O(O,t;Bgm)'

The above argument is still valid on the interval [T,T*) for T' < T*. Thus we get by using

#I13) that
el zee ;53 ) < ol + lleo(T) ] s
* 4 2
+C(|lcol g ) (T = T)= + ||C||L§(T7T*;Ca))||C||L°°(T,T*;B§’oo)'

14



Due to (5I7), we can choose T such that

Clleoll ) (T* = T) = + [le))? s

) < 1,
Lo (T,T*;,C%) 2

Then we obtain
lle@)ll oo (=3 ) < 2(llcollm + lleo(T) ] as)

which implies by ||Ve¢|| e < CHCHBS that

T*
/ IV e() [ mdt < +o0,
0

which is impossible by Theorem FT]if T < 4oo.
It remains to prove (5.20). As in proof of Lemma [6.2] we have

Ai(u-Ve) = A, Sk_1u - VArc+ A Apu-VSL_ic
J J J

lj—k|<4 li—k|<4

—I—Aj Z Aku . VAk/C = A1 + Ag -+ A3.

We get by Lemma [6.1] that

1Allle <C Y0 ISk—rull 2l VAkel| e < €270 Jull 2 el oo

li—k|<4
and for A,
A2l < C > [ Akl 2| VSp-rellz
li—k|<4
< Clulle D>, D 2Awe]
j—k|<40<k—2
< Olullliellea D> Y7 2079 < €207 lu| 2 el e,

|j—k| <4 0<k—2

and due to V-u =0,
[Asllz < (|4 > Ve (Awuldpo)
|k—k/|<1,k>j—3

< oY Y 27F 2V Ape]
|k—k/|<1,k>j—3

< C2Y |2 el e

Then the inequality (5.20]) follows from the estimates of A1, Ay and Az. The proof of Theorem
B.Ilis completed. [ |
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6 Appendix

Let us first recall some basic facts about the Littlewood-Paley theory. Let ¢, x be two
functions in C°°(T?) such that supp@ C {3 < |¢] < &}, suppx C {|¢| < 3} and

H+Y =1
Jj=0

Then the Littlewood-Paley operators are defined by

Ajf =pj*f= /Td pix =y fy)dy, ¢j(@) =2%(2z), j>0,
j—1
Sif=xjxf=> Auf, Af=xx*f
k=—1
Some classical spaces can be characterized in terms of A;. Let s € R, the Sobolev space
H*(T?) is defined by

def

) def
S {ueD(TY) : ||ullf: =

H* (T > 27| Ajull7s < oo}

j=-1

We denote by (u,v)gs the inner product in H*(T¢). And for s € (0,1), the Holder space
C*(T?) is defined by

def

O & fu e DT ¢ o & sup 274 ).

j>—
We refer to [28] for more details. Let us recall Bony’s decomposition from [6]:
fg=Trg+Tyf + R(f,9), (6.1)

where

Trg= Y SiafAjg, R(f,9)= > AjfAjg.

j=-1 j—71<1
We also denote E(f, 9) =T4f + R(f,9).

Lemma 6.1 [9] Let k € N,1 < p < q < oo. Then there exists a positive constant C
independent of j such that

1072, Fllza + 1098, £l pa < C2HFIG=D) £,
A flle < C279F |Sl‘1pk\|5aﬁjf\|m, j>0.

Lemma 6.2 Let s > 0. Then there holds

1 fallms < C(Ifllzllgllzs + 1l m=llgllze<)- (6.2)
If0<o < d , then there holds
I£gllas < C(fNmsllglle +NF11, g0 I9lee).- (6.3)
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Proof. The inequality (6.2]) is classical, see [19]. Here we only present the proof of (6.3]).
Using the Bony’s decomposition (6.1]) to write

Aj(f9) = Aj(Trg) + Aj(To f) + AjR(f 9)-

Taking into considering the support of Fourier transform of the term T'rg, we have

Nj(Trg) = D Aj(Si—1fAzg).

7/ =<4

Dueto 0 <o < %, this gives by Lemma that

d :
C2%| |2, ifo=4g,

, : d
183l = 0 37 25 )aufle < 027Wfl g0 o <5,
k<j—1
which implies that
185(Tpa)le < € 3 1Sp-aflle~l1Aygllse
li'—jl<4
< Clfllyge 3 27000l
i —jl<4
< 021l g lgllere (64)

here and hereafter {c;};>_1 denotes a sequence satisfying |[{c;};j>—1]p < 1.
Similarly, we have

1A (TNl < C Y 1ISiagl=llAg fllze
3" —jl<4
< C Y lglle=llAg flize
5" —jl<4
< C277%llgllzoe 1 N s (6.5)

Noticing that, after taking into account the support of the Fourier transforms,

AR(f,g) = > Aj(Aj fAjng),

33" 25=3;13'—3"<1

it follows from Lemma that

ARGl < C 3 DAzl
33" 25 =313" 3" <1
< o2 o TG G A £ 227 A gl o
33" 25 =313"=5"<1
< C27¢|fll g gl meso. (6.6)
Thanks to the definition of Sobolev space, (6.3]) follows from (6.4)-(6.6]). u
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Lemma 6.3 [28] Let s > 0. Assume that F(-) is a smooth function on R with F(0) = 0.
Then we have

IE) s < CQA [ fllzoe) e

where the constant C depends on sup ”F(k) ()| Lo -
k<|s|+2,[t|<[|fllLoe

Lemma 6.4 Let s > 0. Then there holds
IKD)*(fg) = f(D)*gllrz < C(Iflms+2llglrz + 11 flm2llgl y)-
If s € (0,1], then we have

IKD)*(fg) = F{D)’gllL2 < Cllflms+2llgllL2-

Here the Fourier multiplier (D)® is defined by

(DY*f(x) =Y (1+[k[*)2e>™* f (k).
keZd

Proof. Using Bony’s decomposition (6.1]) to write

(D)*(fg9) = (D)*(Trg) + (D)*Tyf + (D) R(f, 9),

(D)9 =T¢(D)*g + Tipysgf + R(f,(D)*9).
Thus we have

(D)*(fg) — F(D)*g = (D)*(Trg) — T¢(D)’g + =(f,9),
where
7(f.9) = (D)*Tyf + (D)*R(f,9) — Tipysqf — R(f, (D)%)

As in the proof of (6.3]), we can deduce by Lemma [6.1] that

7 (£ 9> < Cllflrs+2llgll L2

We illustrate the process by working out the estimate on the first term. Thanks to Lemma
[6.1] we have

DY Tyfl2: = S MDY T fl < C 3 2% AT, f1I2
j>-1 j>-1
< C 3 29)Sp 198 f |2
l7—5'|<4
< ¢ % 28y 1glie A I
l7—7'|<4
(542
< ¢ Y 2UEED|g)2A, £
l7—7'|<4
<

< ClgllZ I g < CllallZallF o
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Let m(&1,&2) be the symbol of the paraproduct operator Trg. Then (D)*(Trg) —T(D)%g
has the symbol

m(&1, &) ((6 + &)° — (£2)°),

which is supported in the region |£; + &2| ~ |£2]. By the fundamental theorem of calculus we
have

1
m(&1, &) ((& + &)° — (£2)°) = ]ﬁ & -m(&1,&)VRP(t& + &)dt,  h¥(€) = (£)°.

It is easy to verify that (£1)0m(&1, &) VA (1€ +E&9) (€)1 797 with 6 € [0,1] is a Coifman-Meyer
paraproduct uniformly for ¢ € [0,1]. Then we have

I(D)*(Trg) = Tr(D)*gll > < CI(D)Y' " fll o [|(D)* " gl o
= % and 1 < ¢ < oo, see P. 106 in [31]. Taking 0 = % ,(p,q) = (00,2) for
p,q) = (6,3) for d = 3, we obtain

IKD)*(Trg) = Tr(D)’gll2 < Cllfllm=2llgll .- 1-

for 0 € [0, 1],
d=2,and 0

_|_
0,

=

1
p

.

In case of s € (0, 1], taking § =1 — s and (p,q) = (00, 2) to obtain

IKD)*(Tyg) = Tr(D)*gll 2 < Cllf |+l 2

This completes the proof of Lemma |
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