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ARENS REGULARITY AND MODULE ARENS REGULARITY OF
MODULE ACTIONS

KAZEM HAGHNEJAD AZAR

ABSTRACT. In this paper, we extend some problems from Arens regularity and
module Arens regularity of Banach algebras to module actions.

1.Introduction and Preliminaries

In [13], for Banach algebras A and O, authors extended the concept of Arens regularity
of Banach algebra A to the case that there is an O-module structure of A which is
called module Arens regularity of A as O-module. In this note, we study this problem
for a right module action 7, : B x A — B where B is a Banach A-bimodule and we
extend some problems from Arens regularity of Banach algebras to the left and right
module actions.

Let X,Y, Z be normed spaces and m : X XY — Z be a bounded bilinear mapping.
Arens offers two natural extensions m*** and m™*** of m from X** x Y** into Z**
as follows:

1. m*: Z* x X — Y*, given by (m*(2,2),y) = (z/,m(x,y)) where x € X, y € Y,
2 ez,

2. m** Y™ x 7% — X*, given by (m**(y”,2'),z) = (y",m*(z',x)) where z € X,
y// 6 Y**, Z/ e Z*7

3. M L X*F X YR — Z** given by (m***(x”,y”),z’) _ <x1/7m**(ylljzl)>

where 2" € X**, ¢y e Y** 2/ € Z*.

The mapping m*** is the unique extension of m such that " — m***(2”,y") from
X** into Z** is weak* — to — weak* continuous for every y” € Y**, but the mapping
Yy — m** (2", y") is not in general weak* —to—weak* continuous from Y** into Z**
unless "/ € X. Hence the first topological center of m may be defined as following

Zi(m) ={a" € X : ¢ - m*™*(2",y") is weak™ — to — weak™ — continuous}.

Let m' : Y x X — Z be the transpose of m defined by m!(y, z) = m(z,y) for every
z € X and y € Y. Then m! is a continuous bilinear map from ¥ x X to Z, and so
it may be extended as above to m™** : Y** x X** — Z**. The mapping m!***! :
X* x Y** — Z** in general is not equal to m*** see [1], if m*** = m"****_ then
m is called Arens regular. The mapping y” — m™***! (2", y") is weak* — to — weak*
continuous for every y” € Y**  but the mapping x” — m™***(z” y") from X** into
Z** is not in general weak™ —to — weak™® continuous for every y” € Y**. So we define
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the second topological center of m as
Zo(m) ={y" € Y* : 2’ = m"*** (2" y") is weak* — to — weak® — continuous}.

It is clear that m is Arens regular if and only if Z;(m) = X™** or Za(m) = Y**. Arens
regularity of m is equivalent to the following

lim lim (2", m(z;, y;)) = lim lim (2", m(z;, y;)),
i g V]

whenever both limits exist for all bounded sequences (x;); € X , (y;); € Y and
z' € Z*, see [5, 12].

The regularity of a Banach algebra A is defined to be the regularity of its algebra
multiplication when considered as a bilinear mapping such as m. Let a” and b be
elements of A**, the second dual of A. By Goldstin’s Theorem [6, P.424-425], there are
nets (aq ) and (bg)g in A such that a” = weak* —lim, a, and b” = weak™ —limg bg.
So it is easy to see that for all ' € A*, we have

limlig1<a',m(aa,bg)> = (a"V",d’)
and
lién lim(a’, m(aq,bg)) = (a”0b",d’),

where a”b"” and a’ob” are the first and second Arens products of A**, respectively,
see [10, 12].

The mapping m is left strongly Arens irregular if Z;(m) = X and m is right strongly
Arens irregular if Z3(m) =Y.

2. The topological centers of module actions

Let B be a Banach A — bimodule, and let

m: AxB—Bandm,.: BxA— B.

be the left and right module actions of A on B. Then B** is a Banach A** —bimodule
with module actions

WZ** : A** X Bmk — Bmk and W:** : B** X A** — Bmk

Similarly, B** is a Banach A** — bimodule with module actions

ﬂ_é***t . A** % B** — B** and Wi***t . B** % A** — B**
We may therefore define the topological centers of the right and left module actions
of A on B as follows:

Zawe(B*) = Z(m,) = {b" € B : the map o — n**(b",a") : A*™ — B**
is weak™ — to — weak™ continuous}

Zpe(A™) = Z(mp) = {a" € A** : the map b" — 7;**(a",b") : B*™ — B**
is weak™ — to — weak™ continuous}

Zhe (B™) = Z(r}) = {b" € B** : the map a’ — n**(V",ad") : A* — B**

is weak™ — to — weak™ continuous}



Zg**(A**) = Z(ﬂ':) ={d" € A" : the map V' — wﬁ***(a”, b") : B** — B**
is weak™ — to — weak™ continuous}

We note also that if B is a left(resp. right) Banach A — module and 7y : A X B —
B (resp. m : B x A — B) is left (resp. right) module action of A on B, then B* is
a right (resp. left) Banach A — module.

We write ab = my(a,b), ba = 7-(b, a), m¢(araz, b) = me(ay, axd), m (b, a1az) = m(bay, as),
7wy (ab a2) = w0, azaq1), :(b'a,b) = 75, ab), for all a1,a2,a € A, b € B and
b € B* when there is no confusion.

A functional ¢’ in A* is said to be wap (weakly almost periodic) on A if the mapping
a — d'a from A into A* is weakly compact. In [12], Pym showed that this definition
to the equivalent following condition

For any two net (aq)q and (bg)g in {a € A: || a ||< 1}, we have

limalimg(a’, anbg) = limglima(a’, anbg),
whenever both iterated limits exist. The collection of all wap functionals on A is
denoted by wap(A). Also we have a’ € wap(A) if and only if (a”d”,a") = (a”0b",a’)
for every a”, b € A**.
Let B be a Banach left A — module. Then, & € B* is said to be left weakly almost
periodic functional if the set {7} (0/,a) : a € A, || a ||[< 1} is relatively weakly
compact. We denote by wapy(B) the closed subspace of B* consisting of all the left
weakly almost periodic functionals in B*.
The definition of the right weakly almost periodic functional (= wap,(B)) is the same.
By [12], ' € wapy(B) is equivalent to the following

<ﬂ_z*>s< (a/l, b/l)7 b/> _ <ﬂ_z***t ((l”, b”), b/>

for all a” € A** and b € B**. Thus, we can write

U}ap[(B) — {b/ c B* . <7TZ**(CLN,bN),b/> — <7TE***t(CLN,b”),b/>

forall " € A V' € B*}.

Theorem 2-1. Suppose that B is a left Banach A — module. Then the following
assertions are equivalents.

(1) The mapping a — 7, (b, a) from A into B* is weakly compact.

(2) Z5..(A*) = A,

(3) There are a subset E of B* with linE = B* such that for each sequence
(an)n € A and (by,)m C B and each b’ € B*, we have

lim im(V', an by, ) = Hm Bm (Y, a, by, ),

whenever both the iterated limits exist.



(4) Suppose that a” € A** and (aq)a C A such that a, “s a”. Then we have
73 (b, as) = 75t (b, "),
for each b’ € B*.
Proof. (1) = (2)

Suppose that ' € B*. Take T'(a) = m;(V/,a) where a € A. By easy calculation, we
have T%*(a") = m;***(V/,a”) for each a” € A**. Now let T be a weakly compact

ko k

mapping. Then by using Theorem VI 4.2 and VI 4.8, from [6], we have 7;***(V/,a”) €
B* for each o’ € A**. Suppose that (b)), C B** such that b] “ b on B**. Then
for every a” € A**, we have

<7T***( " b”) b/> _ <(1/I FZ*(b/I b/)> _ <ﬂ_z<****(bg7bl)7all>
It follows that 7;**(a”,bl)) “i; 7w (0" b”), and so a” € Z4.. (A™).
@)= (1) *
Let Z4..(A**) = A**. Suppose that (b"), € B** such that b’ % b” in B**. Then

for every a” € A**, we have 7;**(a”, b)) N w7 (a”,b"). It follows that

<T**(a//)7bg> - <T**(a//),b”>7

for each a” € A**. Consequently, T**(a") € B* for each a” € A**, and so T**(A") C
B*. By another using Theorem VI 4.2 and VI 4.8, from [6], we conclude that the
mapping a — (b, a) from A into B* is weakly compact.

(2) = (3)

By definition of Z§..(A**), since Z4&..(A**) = A**, proof hold.

(3) = (1)

Proof is similar to Theorem 2.6.17 from [5].

)= (@) B

Let a” € A** and (a4)a C A such that a, = a”. Then for each b’ € B**, we have

hén<b” ( )> = 11(511<7T£ (buv bl)v aa)> = <W?**(a//= b”)v bl>

— <ﬂ_2***t( " b”),b/> <b// t**(a// b/)>

It follows that 7} (b, an) — 7t (b, a”"), so this completes the proof.
(4)=(2)
Let ' € B* and suppose that a” € A* and b’ € B**. Let (aq)a C A such that
Qo Y, o, Since
7y (b, an) = 7yt (b, "),
for each V' € B*, we have the following equality
(m;*(a”, "), b)) = (a”, 7 (b",0)) = lim(ﬂ'}*(b”,b’),aa}

_ lim<b”,7r;f(b', aa)> <b/l t**t(b ,a/l)

— <ﬂ_z***t(a//7 b”), b/>
It follows that b" € wape(B), and so Z&..(A**) = A, O
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Corollary 2-2. Suppose that B is a left Banach A — module. Then B*A** C B* if
and only if Z4§..(A**) = A**.

Example 2-3. Suppose that G is a locally compact group. In the preceding corol-
lary, take A = B = co(G). Therefore we conclude that Z{(¢!(G)**) = £*(G)**, see [5,
Example 2.6.22(iii)].

Theorem 2-4. Suppose that B is a right Banach A — module. Then the following
assertions are equivalents.

(1) Z4..(B**) = B**.

(2) The mapping b — m*(b’,b) from B into A* is weakly compact.

(3) There are a subset E of B* with linE = B* such that for each sequence
(an)n C A and (by,)m C B and each oY € B*,

lim lim/(b’, bpay,) = im im (b, bya,),

whenever both the iterated limits exist.

(4) Suppose that b € B** and (b)o C B such that b, "3 b on B**. Then
7T;f (bl, ba) E> Wi**t(b/, b”),

for all ¥/ € B*.

Proof. Proof is similar to Theorem 2-1. ]

Corollary 2-5. Suppose that B is a right Banach A — module. Then B*B** C A*
if and only if Z4..(B**) = B**.

Corollary 2-6. In the preceding corollary, if we take B = A, we obtain Lemma 3.1
(i) from [10] and in the Theorems 2-1, if we take B = A, we obtain Theorem 2.6.17
from [5].

Definition 2-7. The bilinear mapping 7, : Bx A — B is called module Arens regular
if satisfies in the following conditions:

i) the mapping Ty : b — b’b from B into A* is weakly compact for any b’ € B* for
which the mapping Ty is A—module homomorphism.

ii) Tprq from B into A* is A—module homomorphism when T} is A—module homo-
morphism ¥’ € B* and a € A.



Suppose that B is a Banach A — bimodule. We assume that J is the closed right
ideal of A generated by elements of the form aibas — bajas for all ay,as € A, b € B.

Theorem 2-8. Take J is defined as above. Then 7, is a module Arens regular if and
only if 72**(v",a") — wl***t(v',a") € J*+ for ' € A** and V' € B**.

Proof. The mapping Ty : b — b'b from B into A* is an A-module homomorphism if
and only if Ty (ab) = aTy (b) for all b € B and a € A,

< bab = ab'b,
&<V, abr —bra >=0 for all x € A.

In the above statements, if we replace Ty, with Ty where y € A, then the last
equality is equivalent with ' € J+. Consequently, the bilinear mapping 7, is module
Arens regular if and only Ty is weakly compact for any b’ € J+. By using Theorem
2.4, Ty is weakly compact if and only if for every a” € A** and V" € B** we have
< W:**(b”, a//), Y >=< Wﬁ***t(bnv CLH), g >, and so W:**(b/l7 CL”) _ﬂ,};***t(b//7 CL”) c JJ_J_'
This complete the proof. O

Theorem 2-9. Suppose that B is a right Banach A — module. Then the following
assertions are equivalents.

(1) m, is module Arens regular.

(2) the mapping Ty : b — b'b from B into A* is weakly compact and Ty, from B
into A* is A—module homomorphism for which the mapping T} is A—module
homomorphism whenever b’ € B* and a € A.

(3) There are a subset E of B* with linE = B* such that for each sequence
(an)n € A and (byn)m C B and each b’ € J*,

lim im(V', ba,,) = im Bim (Y, bpan),

whenever both the iterated limits exist.

(4) the mapping b — 7**(b",a") is o(B**, J*)—continuous for every a” € A**.

Proof. Proof is similar to the preceding theorem and Theorem 2.4. O
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