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ON MEAGER FUNCTION SPACES, NETWORK CHARACTER AND MEAGER
CONVERGENCE IN TOPOLOGICAL SPACES

TARAS BANAKH, VOLODYMYR MYKHAYLYUK, LYUBOMYR ZDOMSKYY

ABSTRACT. For a non-isolated point x of a topological space X let nw, (z) be the smallest cardinality of a
family AV of infinite subsets of X such that each neighborhood O(z) C X of = contains a set N € A/. We prove
that
e each paracompact space X admitting a closed map onto a non-discrete Fréchet-Urysohn space contains
a non-isolated point z with nw, (z) = Ro;
e for each point € X with nwy (z) = Rg there is an injective sequence (zn)necw in X that F-converges to
z for some meager filter F on w;
e if a functionally Hausdorff space X contains an F-convergent injective sequence for some meager filter
F, then for every Ti-space Y that contains two non-empty open sets with disjoint closures, the function
space Cp(X,Y) is meager.

This paper was motivated by a question of the second author who asked if the function space Cp(w*,2) is
meager. Here w* = fw \ w is the remainder of the Stone-Cech compactification of the discrete space of finite
ordinals w and 2 = {0, 1} is the doubleton endowed with the discrete topology. According to Theorem 4.1 of
[6] this question is tightly connected with the so-called meager convergence of sequences in w*.

A filter F on w is meager if it is meager (i.e., of the first Baire category) in the power-set P(w) = 2¢
endowed with the usual compact metrizable topology. By the Talagrand characterization 8], a free filter F
on w is meager if and only if {(F) = §r for some finite-to-one function £ : w — w. A function € : w — w is
finite-to-one if for each point y € w the preimage £~ !(y) is finite and non-empty. A filter F on w is defined to
be £-meager for a surjective function & : w — w if £(F) = Fr.

We shall say that for a filter F on w, a sequence (2, )necw of points of a topological space X F-converges
to a point xo € X if for each neighborhood O(zs) C X of 2o the set {n € w : z, € O(rx)} belongs
to the filter F. Observe that the usual convergence of sequences coincides with the Fr-convergence for the
Fréchet filter §r = {A C w : w\ A is finite} that consists of all cofinite subsets of w. The filter convergence
of sequences has been actively studied both in Analysis [, [2] and Topology [3]. A sequence (z,,)nec. Will be
called meager-convergent if it is F-convergent for some meager filter 7 on w. A sequence (&, )ne. is called
injective if x,, # x,, for all n # m.

We shall prove that the function space Cp(X,2) is meager if X is functionally Hausdorft and contains an
injective meager-convergent sequence. We recall that a topological space X is functionally Hausdorff if for any
distinct points x,y € X there is a continuous function A : X — I such that A(z) # A(y). Here I = [0, 1] is the
unit interval.

Theorem 1. Let X be a functionally Hausdorff space and'Y be a topological T -space that contains two open
non-empty subsets with disjoint closures. Assume that X is zero-dimensional or Y is path-connected. If X
contains an injective meager-convergent sequence, then the function space Cp(X,Y) is meager.

Proof. Let (2y)new be a sequence in X that F-converges to £, € X for some meager filter F in w. Then there
is a finite-to-one surjection € : w — w such that {(F) = Fr. By our assumption, Y contains two non-empty
open subsets Wy, W; with disjoint closures.

For every n € w consider the subset

Co={fE€CHX,Y):Vie{0,1} (f(#s) E Wi =VYVm>n3k & (m) (flzx) ¢ Wi))}.
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The meager property of C,(X,Y") will follow as soon as we check that Cp,(X,Y) =J
is nowhere dense in C(X,Y).

To show that C,(X,Y) = U, c,, Cn, fix any continuous function f € Cp(X,Y). Since Y = (Y\Wo)U(Y \W1),
there is i € {0,1} such that f(z.) ¢ W;. Since (z,) is F-convergent to zo, and f~1(Y \ W;) is an open
neighborhood of zo, the set F' = {n € w: f(z,) ¢ W,} belongs to the filter F and thus the image £(F), being
cofinite in w, contains the set {m € w : m > n} for some n € w. Then f € C,, by the definition of the set C,,.

Next, we show that each set C,, is nowhere dense in C,(X,Y"). Fix any non-empty open set U C C,(X,Y).
Without loss of generality, U is a basic open set of the following form:

U={feCpX)Y):VzeZ f(2)eU,}

for some finite set Z C X and non-empty open sets U, C Y, z € Z. We can additionally assume that z,, € Z.
We need to find a non-empty open set V C Cp(X,Y) such that ¥V C U\ C,. If U NC, is empty, then put
V =U. So we assume that U NC,, contains some function fy. For this function we can find ¢ € {0, 1} such that
fo(roo) & Wi, Since fo(7oo) € Uy, we lose no generality assuming that U, C Y \ W,.

Since the sequence (xy,)ne, is injective, we can find m > n such that the set X, = {z) : k € £ (m)} does
not intersect the finite set Z. Choose any function g : ZU X, — Y such that ¢g(z) = fo(z) for all z € Z and
g(x) € Wh_; for all x € X,,.

We claim that the function ¢ has a continuous extension g : X — Y. By our assumption, X is zero-
dimensional or Y path-connected. In the first case we can find a retraction r: X — ZU X,,, and put g =gor.
If Y is path-connected, then take any topological embedding ¢ : g(Z U X,;,) — I and extend the function
¢pog:ZUX,, — I toa continuous function A : X — I using the functional Hausdorff property of X. Since
Y is path-connected, the map ¢~! : (40 g)(ZU X,,,) — Y extends to a continuous map v : I — Y. Then the
continuous map g =¥ o\ : X — Y is a required continuous extension of g.

In both cases the set

V={feCyX,Y):Vze Z f(z) € U,, and Vx € X,,, f(x) € W1_;}
is an open neighborhood of g that lies in U \ C,,, witnessing that the set C, is nowhere dense in C,(X,Y). O

C,, and each set C,

new

In light of Theorem [it is important to detect topological spaces that contains injective meager-convergent
sequences. This will be done for spaces containing a point with countable network character.

A family N of subsets of a topological space X is called a m-network at a point x € X if each neighborhood
O(z) C X of z contains some set N € . If each set N € NV is infinite, then N will be called an i-network at
x. An i-network at z exists if and only if each neighborhood of z in X is infinite. In this case let nw, (z; X)
denote the smallest cardinality |[N| of an i-network N at x. If some neighborhood of z in X is finite, then let
nw, (z; X) = 1. If the space X is clear from the context, then we write nw, (z) instead of nw, (x; X) and call
this cardinal the network character of x in X. If X is a Ti-space, then nw, (x) > Xq if and only if the point
x is not isolated in X. The cardinal hnw, (z) = sup{nw, (z; A) : * € A C X} is called the hereditary network
character at x. Points € X with hnw, (z) < Xq are called Pytkeev points, see [9].

Theorem 2. If some point x of a topological space X has nw, (x) = Ro, then for each finite-to-one function
€ w — w with lim, o [€71(n)| = oo there is an injective sequence (T )new in X that F-converges to x for
some £-meager filter F.

Proof. Let (N;)icw be a countable i-network at z. Since each set N; is infinite, we can choose an injective
sequence (T )kew in X such that for everyn € wand 0 < i < |¢71(n)| the set N; meets the set {zy : k € £ (n)}.
It is clear that the sequence (z,,)ne, F-converges to x for the filter

F={{new:z, €O(x)}: O(x) is a neighborhood of z in X}}.

It remains to check that the filter F is £&-meager. Given any neighborhood O(z) C X of & we need to find
n € w such that for every m > n there is k € £~1(m) with 2, € O(z). Since (N;);cy is a network at z, there is
i € w such that N; C O(x). Taking into account that lim,, o |£7(n)| = oo, find n € w such that [~ (m)] > i
for all m > n. Now the choice of the sequence (x)) guarantees that for every m > n there is k € £~1(m) with
T € N; C O(CC) O

In light of Theorem [ it is important to detect points x with countable network character nw, (z). Let us
recall that the character x(x) (resp. the w-character mx(z)) of a point x in a topological space X is equal to
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the smallest cardinality of a neighborhood base (resp. a w-base) at x. A w-base at z is any m-network at x
consisting of non-empty open subsets of X. These definitions imply the following simple:

Proposition 1. For any non-isolated point x of a T1-space X,

(1) nwy(z) < x(x);
(2) nwy (x) < mx(x) provided that x has a neighborhood containing no isolated point of X ;
(8) nwy(x) = Rg if © is a limit of an injective sequence in X.

The following simple example shows that the usual convergence of the injective sequence in Proposition[I(3)
cannot be replaced by the meager convergence. Also it shows that Theorem [2] cannot be reversed.

Example 1. Let F be the meager filter on w consisting of the sets F' C w such that
Fnigr,ontt
L Enn ey

n—oo on

=1

On the space X = wU{w} consider the topology in which all points n € w and isolated while the sets FU{w},
F € F, are neighborhoods of co. It is clear that the sequence x,, = n, n € w, F-converges to co in X. On the
other hand, a simple diagonal argument shows that nw, (co; X) > No.

A continuous map f : X — Y between two topological spaces is called irreducible (at a point x) if f(X) =Y
but f(A) #Y for each closed subset A C X (with = ¢ A).

Proposition 2. Assume that a closed surjective map f : X — Y between topological Ti-spaces is irreducible
at a point x € X and let y = f(x). Then nx(z) < wx(y) and nw,(z) < nw,(y).

Proof. If the point y is isolated, then so is the point x and hence nw, (z) = 1 = nw, (y).

So, we assume that y is not isolated in Y. Let Ny be an i-network at y with [Ny | = nw,(y). We claim that
the family Nx = {f"1(N) : N € Ny} is an i-network at x. Since f is surjective, each set f~1(N), N € Ny, is
infinite.

Given an open neighborhood O(z) C X of x, consider the closed set X \ O(z). Since f is closed and
irreducible at xz, the image f(X \ O(z)) is a closed subset in Y that does not contain the point y. Then its
complement O(y) =Y \ f(X \ O(xz)) is an open neighborhood of y. Since Ny is a network at y, there is a set
N € Ny with N C O(y). Then the preimage f~(NV) lies in O(x) and witnesses that Nx is an i-network at z
and hence nw, (z) < |[Nx| = |[Ny| = nw,(y).

The proof of the inequality mx(x) < wx(y) is analogous. O

Theorem 3. A paracompact space X contains a point x € X with nw,(x) = Ro provided that X admits a
closed map f: X =Y onto a non-discrete Fréchet-Urysohn space Y .

Proof. By the Lasnev Theorem [5] (see also [4, 5.5.12]), there is a closed subset A C X such that the restriction
flA : A = Y is irreducible. The space Y, being non-discrete and Fréchet-Urysohn, contains an injective
sequence that converses to some point y € Y. Consequently, this point has nw, (y) = Ng. Take any point x € A
with f(z) = y. Since f|A: A — Y is closed and irreducible, x is not isolated in A and hence nw, (x) > Ro.
Now Proposition 2] implies that nw, (z) = nw, (y) = Ro. O

Since each infinite compact Hausdorff space admits a closed map onto an infinite metric compact space,
Theorems [3 implies:

Corollary 1. Each infinite compact space X contains a point x € X with nw, (z) = Ro.
Theorems [l and Bl imply:

Corollary 2. If a zero-dimensional paracompact space X admits a closed map onto a non-discrete Fréchet-
Urysohn space, then for each Ti-space Y containing two non-empty open sets with disjoint closures the function
space Cp(X,Y) is meager. In particular, C,(w*,2) is meager.

Finally, we show that the condition lim, .« [€71(n)| = oo in Theorem 2] can not be weakened.

Let us recall that an infinite subset A C w is called a pseudointersection of a filter F on w if A C* F for all
F € F where A C* F means that A\ F is finite. If a sequence (z,)ney in a topological space F-converges to
a point z for some filter F with infinite pseudointesection A C w then the subsequence (xy)rca converges to
T in the standard sense.
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Lemma 1. Let I be a countable set and C = J,.; C;, where the sets C; are nonempty and mutually disjoint,
and sup;c; |Ci| < w. If H is a filter on C all of whose elements intersect all but finitely many C;’s, then H has
an infinite pseudointersection.

Proof. The proposition will be proved by induction on n = sup;c; |C;|. If n = 1 there is nothing to prove.
Suppose that it is true for all kK < n and let I, {C; : i € I}, H be as above with max{|C;| : i € I} = n. If for
every H € H the set {i € I : |C; N H| < n} is finite, then C itself is a pseudointersection of H. So suppose
that J = {i € I : |C; N Hy| < n} is infinite for some Hy € H. In this case we may use our inductive hypothesis
for J, {CiNHy:i€J}, G=H| (Uje; Ci N Hp), and n — 1. Thus G has an infinite pseudointersection, and
hence so does H. O

Proposition 3. If F is a &-meager filter on w for some surjective function € : w — w with lim,, ,__|¢71(n)| <
00, then any sequence (Tp)ncw in a topological space X that F-converges to a point xoo € X contains a
subsequence (Tn,, )kew that converges t0 Too.

Proof. Choose infinite set I C w such that sup;c; [€71(i)] < w. Let C; = £71(i) for every i € I, C' = {J,¢; Cs
and H ={FNC:F € F}. According to Lemma [I] there exists an infinite set D C C such that D C* H for
every H € H. Then the subsequence (z;);ep converges to Too. (Il

Thus Theorem Blis not true for any infinite compact Hausdorff space X C w* and any finite-to-one function
with lim,, , [67!(n)| < oo because X contains no non-trivial converge sequence.

Remark 1. After writing this paper the authors learned from V.Tkachuk that the meager property of the
function space Cp(w*,2) was also established by E.G. Pytkeev in his Dissertation [7), 3.24].
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