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1. INTRODUCTION

Leibniz algebras are one of the new algebras introduced by Loday [11], [12] in
connection with the study of periodicity phenomena in algebraic K-theory. Leibniz
algebras have been introduced as a ”non-antisymmetric” analogue of Lie algebras.
A Leibniz algebra L is a vector space equipped with a bracket [-,-] satisfying the
identity

[z, [y, 2]] = [[z, y], 2] — [[z, 2], y].

If the antisymmetric relation is assumed, this identity is equivalent to the Jacobi
identity. Hence, a Lie algebra is a Leibniz algebra. It is well known that the natural
gradation of nilpotent Lie and Leibniz algebras is very helpful in investigating their
structural properties. A remarkable fact of the naturally graded algebras is the
relative simplicity of the study of the cohomological properties, (see for example
[6]- [10] and [13)).

Recently, some papers are focused to the study of some interesting families of
Leibniz algebras, such as p-filiform and quasi-filiform Leibniz algebras. These al-
gebras have their characteristic sequences equal to (n —p,1,1,...,1) and (n — 2,2)
with dim(L) = n, [4]-[5].

Naturally graded p-filiform Leibniz algebras are already classified in [2] and
[]. The classification of naturally graded nul-filiform and filiform Leibniz alge-
bras reader can find in [I]. The quasi-filiform n-dimensional Leibniz algebras have
characteristic sequence (n — 2,1, 1) (the case of 2-filiform) or (n — 2,2) [3] and [5].

For a given Leibniz algebra L we define the descending central series as follows:

LY=L, L[M'=[LF L], k>1.

If there exists a natural number s such that L® = 0, then the Leibniz algebra L is
said to be nilpotent and minimal such number is called the nilindex of the algebra
L.

Bellow we present a gradation closely related to the descending central series.

Let L be a nilpotent Leibniz algebra with nilindex s. We put L; = L?/L**! for
1<i<s—1l,and grL = L1 & La® --- @ Ls_1. It is easy to check embedding
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[Li, L;] C L;;; and therefore, the algebra grL is graded algebra, which is called the
naturally graded Leibniz algebra.

Let x be a nilpotent element of the set L\ L?. For the nilpotent operator of right
multiplication R, we define a decreasing sequence C(z) = (ni,na,...,nx), which
consists of the dimensions of Jordan blocks of the operator R,. On the set of such
sequences we consider the lexicographic order, that is, C(z) = (n1,n2,...,nk) <
C(y) = (mi1,ma,...,ms) <= there exists ¢ € N such that n; = m; for any j < ¢
and n; < m;.

The sequence C(L) = max C(x)zer\r2 is called characteristic sequence of the
algebra L. If C(L) = (1,1,...,1) then evidently, the algebra L is abelian.

Theset R(L) = {x € L|[y,z] =0for anyy € L} issaid to be a right annihilator
of the algebra L.

In this work we classify a subclass of naturally graded Leibniz algebras with
nilindex n — 3. In case of Leibniz algebras with nilindex equal to n — 3, for the
characteristic sequence we have the following tree possibilities:

(n—-3,1,1,1), (n—3,2,1) and (n — 3,3).

The first one is 3-filiform case. We will focus our attention on the study of those
with characteristic sequence (n — 3,3). Throughout all the work, we use the
software Mathematica. Since in the case of non-Lie Leibniz algebras the skew-
symmetric identity is not valid, this classification is very complex and we should
overcome the difficulties, which need a lot of computations. Using computer pro-
grams is very helpful for computing the Leibniz identity in low dimension and
formulate the generalizations of the calculations, which are proved for arbitrary
finite dimension. The used program can be find in [5]. Some examples of the pro-
grams for various types of Leibniz algebras classes are in the following Web site:
http://personal.us.es/jrgomez.

2. NATURALLY GRADED LEIBNIZ ALGEBRAS WITH CHARACTERISTIC SEQUENCE
(n—3,3).

Let L be a naturally graded n-dimensional Leibniz algebra which characteristic
sequence equal to (n — 3,3). From the definition of the characteristic sequence, it
follows the existence of a basis {ej, e, ..., e,} such that element e; € L\L? and
the operator of right multiplication R., has one of the following forms:

Jn73 0 Jg 0
0 J3 ’ 0 Jn—3

Definition 2.1. A naturally graded Leibniz algebra L which characteristic sequence
is equal to (n—3,3), is called algebra of the second type if there exists a basic element
e1 € L\L? such that the operator R., has the form:

Jos 0\
0 Js )’

if Re, has the other form, then it is called algebra of the second type.

Since the classification of Leibniz algebras of the second type is more complicated
and it needs to use more original technics, first we present the description of the
second type.
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Theorem 2.1. Let L be an n-dimensional naturally graded Leibniz algebra of the
second type (n > 9). Then it is isomorphic to one of the following pairwise non-
isomorphic algebras:

B [» [dim(D) |

L(()(}To,o,o,o) odd or even
L((Jéfo,o,,\,q) A€ {0,1} odd or even
L(()ifo,o,/\,fl) reC odd or even
L((Jiz,ko,l/4,,\,,1) recC odd or even
L((Jé?o,l,,\,q) recC odd or even
L(()(’)(,)l,o,x,ﬂ) A e{0,1} odd or even
L((),L,L(Tl,(),A,—l) reC ue {1,2} odd or even

((J(’)Tl,u,x,ﬂ) recC ueC\{0} odd or even
L((]f2>\,1,7x,2,71) A€ {-2,-4/3} odd or even
L((];;,l,)\,(),—l) AeC\{o,1} odd or even
L((]iﬁ),1/4,1/4,71) odd or even
L((]ﬁ),1/4,1/2,71) odd or even
L((]éﬁ),1,1,71) odd or even
L((]éﬁ),l,o,—l) odd or even
L?i?i,uz;,o,q) AeC\{0,1/2} odd or even
Lz(fo,o,,\,q) Ae {01} even
L?ifo,o,/\,fl) reC even
L?fo,lm,,\,fl) recC even
inl,o,A,,l) recC necC even
Liomur -y |MEC 7, € C\{0} | even
Lgf2>\,1,)\,y.,71) AeC\{o0,1} peC even
L;’;&,v/z;,#,fl) AeC\{-2,0} |peC even
L?ff,o,o,x,ﬂ) A e{0,1} even
L}f;,o,m,ﬂ) AeC even
L}fio,z,x,ﬂ) AeC even
L}&g,ﬂ,x,ﬂ) reC even
L}fg,(),fl,)\,fl) reC even
L}éil,o,,\,q) Ae {01} even
L}fiq,o,x,q) reC even
L}f§,71,0,1,71) even
Léfgl,o,)\,fl) AeC \ {_1/2} even
L?ifll/s,o,,\,fl) recC even
sz;,fl,l)\,—l) Ae {01} even
L;iff/2,1/4,,\,71) reC even
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A ‘ Yy W ‘ dim(L) ‘
L%fi—l,zA,—l) recC even
Léfa?,fz;/s,z,xfl) reC even
Lééz/%,zz/s,x,fl) reC even
Léé%\’/\’l%il) AeC\{-1,0,1} | € C | even
Lg/51/2,-4s50,—1) | A EC even
Lz;,971,x2/4,0,71) AeC\{-2,0} even
sz)gl,l/él,/\,—l) Axe{-1/2,1/4} even
sz;gyw’k’,l) recC even
sz;,k,l,o,—l) AeC\{-1,0} even
sz;,l,l,k,—l) re{-1,1} even

where the algebra
Lyl ec{0,1}, 1<;<33 Be{-10}

(a1,a2,a3,a4,8) *

has the following multiplication:

e1, eq] = ares + Pes,
e2, e4] = azes,
e4, e4] = Qzey,

| = ayes,

]

]

= (063—064)83,
61,81'] = ﬂ€i+1, 6 S ) S n — 1,
€irents—i] = €(—=1)epn, 4 <i<n-—1.

Proof. From the condition of the theorem we have the following multiplication of
the basic element e; on the right side:
leiser] = eiy1, 1<i<n—1,i#3, [e3,e1] = [en,e1] = 0.
From these products we conclude that
L1 =<ey,eq >, Lo =<eo,e5 >, Ly =<es, e >, L; =< €;r3 >, 4<i<n-3
and eg, e € R(L).
Let us introduce denotations

[e1,e4] = ares + Bies, [e2, e4] = azes + Baes, les, ea] = Bser,
[ea, e4] = azes + Baes, [es, e4] = aues + Bses,
lei,ea] = Bieir1, 6<i<n—1, [en,es] =0.

The equalities [e;, e5] = [[es, ea], €1] — [[ei, €1], ea], 1 <@ < n derive

le1, e5] = (a1 — az)es + (B1 — B2)es, le2,e5] = (B2 — Ba)er,  [es,es] = faes,
[ea,e5] = (a3 — as)es + (Ba — Bs)es, [es, es] = (85 — Bs)er,

lei,es] = (Bi — Bit1)eir2, 6 <i<n—2 [en_1,e5] = [en,e5] =0.

Using induction on j for any value ¢ it can be proved that

j—4 .

lei, ] = <Z(—1)’“(j;4 )Bi+k>ei+j_3, F<i<n—3, 6<j<n+3—i.
k=0

0,1

In the case of e4 € R(L) we obtain the algebra L(o,o,o,o,o)'
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Let now e4 ¢ R(L). Then we consider the following cases:

es € R(L)

Then e; € R(L) for 2 < i <mn, i #4.

From the equalities [[e;, e1], e4] = [[es, 4], €1], 1 <@ < n, we have

ay=aq, ag=a3, B3=LPo=pF1, Bi=PB4, 5<i<n—1

For n > 8 we have also 81 = 0.
The change of basis taken as

egzei,lﬁiﬁnai#‘la&& el':ej_ﬁ4ej—374§j§6

J
deduces 4 = 0.
If we take the change of basis in the following way:

ey = Ae1 + Bey, €, 5 =e1, ¢ =[ej_q,€]], 2<j<n, jF#Fn—2

with condition AB(A 4+ a1 B) # 0, then we obtain the algebra of the first type.
Therefore, this case is impossible for the algebra of the second type.

The embedding [e4, 4] € R(L) implies 84 = 0 and from [e;, [e4, €1]] = —[es, [e1, €4]],
with 1 <17 < n we obtaing; = —1.

If e € R(L), then for n > 9 it follows 81 = 0, which is a contradiction with the
condition $; = —1. Therefore, eg ¢ R(L).

It is easy to check that [e;,e;] + [e;, e;] € R(L) for any values of 4, j. Applying
this for ¢ = 1 and j = 5 we obtain s = 0.

The following equalities:

[61,61'] = —€i+1, [62,6i] = [eg,ei] = 0, 6 S ’L S n — 1

are proved by induction on i.
Fl“OIIl [61, [64, €2j+1]] = —[65, €2j+1] + [€2j+2, 64], ] 2 2, we have that

2j—4 .
28242 = Bs + Bojr1 + »_ (-1 ( 23,; s > (Bs+k = Batr), J = 2.

k=1

Similar as in [5] we derive

B =PB5 6<j<n-—1, forn odd,
B =ps, 6<j<n—2, forneven

and
[e4,€n—1] = —P5e, for n odd,
le4, en—1] = (Bn—1 — 2B5)en for n even,
[eisentz—i] = (=1)(Bn_1 — Bs)en, b <i <mn—2, for n even.

If B,,—1 = Bs, then by the change of basis defined as e}, = ¢;, 1 <i <n,i#4,5,6,
and e, = e; — fBse;_3, 4 < i < 6 we can assume [5 = 0.
If 8,,—1 # B5 (the case of n even), then by using the change of basis:

= (Bn-1— B5)"es, 1<i<3,
= e4 — Psea,

4
i5 = (Bn—1— Bs)(e5 — Psez),
6

€
€

@

= (Bn-1 = B5)*(e6 — Pses),
= (Bn—1 = B5)" e, T<i<n

L
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we obtain [e;, en13_;] = (—1)%e, for 4 <i < n — 1. Thus, multiplication in L is as
follows:

€i,e1] = €it1, 1<i<n—1,i#3,
€1,€4] = (x1€2 — €5,

€2, €4 = (2€3,

€4,€4] = (3€2,

e1, €] = —€iy1, 6<i<n-—1,
eiseniz_i] = e(—=1)ley, 4<i<n-—1, e {0,1}.

(n 0dd or even)

Applying the general change of generators of the basis:

n n
I E : / 2 :
€1 = Aiei, Ch_o = Biei,
i=1 =1

we determine the other elements of the new basis and the products in this basis.
Then the new parameters are the following:

o — (a1A1 4+ 2a3A4) By ol — a2 By
! A? + a1 A1 As + a3 AT’ 2T A + an Ay’
’ OZSBZ ’ (064141 + 042043A4)BZ

a3 g =

- A? + a1 A1 As + a3 AT’ (A1 + a2A4) (A2 + a1 A1 As + a3 A3)’
satisfying the restriction A;(A; + aoAs) (A2 + a1 A1 Ay + a3A2)By # 0.
Note that for new parameters we have
(of — 4a3) AT B
(A2 + a1 A1 Ay + a3 A3)?’
(a1an — 2a3)A1 B3
(A1 + a2 Ay)(A? + 0y A1 Ay + a3 A%)’

(0110[2 — 20[4)A1B2
(A1 + a2 Ay)(A? + 0 A1 Ay + a3 A%)

af —daly =

! ! A
ooy — 205 =

! ! !/
ooy — 20 =

Consequently, the nullity of a? — 4« is invariant in the following sense:
if a? — 4a3 = 0, then o/% —4a’3 = 0 and if o2 — 4az # 0, then o/% —4a'3 # 0.
Analogously, the expressions ajas — 2a3 and ajas — 2y are nullity invariants.
Consider the following subcases:
Qo = 0, a3 = 0

Ole4 OZ4BZ
Then, 0 = ———— a4, =0,a=0and oy = ————=——.
1 Al + a1y 2 3 4 Aq (Al + a1A4)
e a1 =0.
If @y = 0, then the algebra L((J(’fo 0.7,—1) with A = 0 is obtained.
If ay # 0, then we obtain the algebra L((J(fo,o,A,fl) with A = 1.
® (v 7§ 0.
If gy = 0, then we easily obtain «f = 1. Thus, we have the algebra
L{o0a_1) With A =0.
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If ay # 0, then choosing appropriate values of A4 and By we derive

o) = o) = 1. Hence, the algebra L?igo.o A1) With A = 1 is obtained.

012:0,043750‘

Al + 2a3A4)B4

Th . =0
M N T A Ay A2 2T

- O[gBZ O/ - O[4BZ

- A%+a1A1A4+a3Ai’ 47 A%+a1A1A4+a3Ai'

e If a? — 4a3 = 0, then taking adequate value of By we obtain oy =1, o} =

1/4 and o) = % = A. So, we obtain the family of algebras L?i%0,1/4.),—1)

with A € C.
o If a? —4agz # 0, then taking suitable values of A4 and By we deduce o = 0,
a5 =1and o) = X _ )\ The family L((J(’J?O71)/\7_1), A € C is obtained.

!
ag

a3
‘ (0%} # 0, a3 = 0 ‘
Then,
Ot/ _ Ole4 o/ _ OQB4 Ot/ -0 O/ _ OA4BZ
! Al + 04114.47 2 A1+ 0421447 3 P (Al + a1A4)(A1 + a2A4) '
e a1 =0.

If a4 = 0, then the choosing appropriate By leads oy = 1. Thus, we

. 70,6 _
obtain L(o,l,O,A,—l)’ A=0.
If ay # 0, then taking adequate A4 and By we derive oy = oy = 1. The
algebra L?(fl,o,hfl)’ A =1 is obtained.
® (v 7§ 0.

v Qg = 0.
If a3 — ag = 0, then for suitable By we have o} = of, = 1, i.e. we
obtain the algebra L?fl,o),fl) with p =1, A =0.
If a1 — ap # 0, then for adequate Ay and By it follows that of = 2,
af = 1. The algebra L?fl 01 with p = 2, A = 0 is obtained.

v Qg # 0.
If a3 — ag = 0, then for appropriate value of By we have of = o =
1 and o) = a_;; = A. Therefore, we obtain the family of algebras

aq
L?f,l,o,)\,fl)’ where p =1, A € C\ {0}.
If a3 — s # 0, then taking suitable values of A4 and By we obtain
20[4 . . 0,6

af =20, =1, o = 1o = ), i.e., the family L(Ml)o)\)_l)7

uw=2,x¢€ C\ {0} is obtained.

[a2 #0, a3 0 |
e o —4az # 0, ajaz — 2a3 # 0. Taking appropriate A, and By we derive

2
/70 /71 r (041042—2043) _
al_ b a2_ ) ag__— )

a3(af —das)
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r (alag — 2&3)(&1&2 — 2(14) N
oy = — 55 =\
as(af — 4as)

Hence, we obtain the family of algebras L(()(’)leuy)\ﬁl), where u € C\{0}, A €
C.
e o —4az # 0, ajaz — 2a3 = 0.
It yields
ag _ ail _ (043 — 054)052A1B2

(A1 + a2As)(a2A? + 203 A1 As + asaz A2)’

2/ 05;1 _ 05,2205, _ Oéf _ (2043044 - O‘%OCS - O‘Z)QEA%BE
3 3 (A1 + a2 A4)?(a2A? 4+ 203 A1 A4 + a3 A2)?

v a3—a4:0.

Therefore, 2a304 — a3az — af # 0 and taking the suitable values of A4
and By we obtain of =4, o, = 1, a4 = 2, )y = 2. Thus, the algebra

L1 x2._1) With A = =2 is obtained.
vV oaz—a4 #0.
2 o2
If 2aza4 — a3a3 — a3 = 0, then ay # 0, az = 5, U F —2 . Choos-
2004 — a5 2
ing adequate values of Ay and B4 we obtain of = 8/3, o}, = 1,
af = 4/3, o = 2, i.e., we derive the algebra L?’iA L-A2,—1) with

A=—4/3.

If 2a3004 — @3 — a3 # 0, then as before we deduce o) = 204, o = 1,

C ey and the family 199
20304 — adaz —ai Gq = VAt ¢ 1amuy Lo 1,0,0,-1)

with A € C\ {0, 1} is obtained.

af =

e o —4az =0, ayas — 2a3 # 0.

2 _ 4ay)4A,B?
Then, aq # 20427 0/12 — 4041 — (al 044) 1Dy

(2A1 4+ a1 A4)? (A1 + a2 Ay) '

v a% — 4oy = 0.
Then, ajas — 2a4 # 0 and from the above we deduce of = 1,0, =

1,a5 = 1/4,a) = 1/4. So, we obtain the algebra L?i%?1A2/47#771) with
A=1,pu=1/4.
Voai—das £0, qae —204 =0= o) =1, =1,a5 =1/4, o) = 1/2,
i.e., we obtain L?}\lg 2 /d 1) with A=1,u=1/2.
-2
V oad—day #0, 0100204 #0= o) =1,a} = 0413274%1, as =1/4,
Q] — 40y
oy = 0. The family L?il)l\ 1/4,0,—1)» Where A € C \ {0,1/2} is obtained.

[ ] O[% —40[3 = O, 102 —20&3 =0.
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(a3 — ay) A1 BE
(A1 + agAy)? -

Then, a1 = 20, a3z =a3, of —

v a% —ay = 0.
Taking an appropriate value of By it follows that of = 2, o = 1,

af =1, o) = 1. Hence, we obtain L?;\l,(l),,\2/4,u,—1) with A=2,u=1.

oy =

vV a3 —ay #0.
2 —ay)A
Choosing adequate Ay and By = % yields of = 2, oy =1,
Qs
af = 1and o)y = 0. Thus, the algebra L(()i\l,(1)7>\2/47u7—1) withA=2,u=0

is obtained.

Now, we consider the other case.

(n even)

Similar to the case 1, we apply the general change of generators of basis. Then,
we obtain all products and the following expressions for o}, 1 < i < 4:

, (A1 — As) (a1 A1 + 2a3A4) / az(A1 — Aq)

T T A A+ A2 0 T At anAs

/ as(Ar — Ag)?

as = (A1 — Ag)? (s Ay + azaz Ag)
: A% +a1A1 Ay + Oc:aAﬁ7

(A + 042A4)(A% + a1 A1As + ongﬁ) ’

’
Qg4 =

verifying the restriction A;(A; — A4)(A1 + a2 Ag)(A? + a1 A1 Ay + a3 A%) # 0.
Note that for these parameters we have

(af — das)A(A — Ay)?
(A% —|— O[1A1A4 + OégAz)Q ’

(alag — 2043)141 (Al — A4)2
(Al + O[2A4)(A% + 041A1A4 + O[gAi) ’
(alag — 2044)141(141 — A4)2
(Al + 042A4)(A% + O[1A1A4 + OégAi)7
(a1 +2a3)(A1 — A4)A1
A% + O[1A1A4 + OégAi '

2 / —
o — 4as =

N / —
ooy —2a = —

!’ ] / —
o0y — 20y =

oy + 204 =

Consequently, the nullity of the expressions a% —4dag, e —2as, ayas—2ay, a1+
2«3 are invariants.
Applying arguments as in the case 1 for the following subcases:

012:003:0

)

042:0, 013#() ‘, ‘042750043:0 ‘, ‘012750,043750‘

we obtain the rest algebras and families of the theorem. ([

The next theorem completes the classification of naturally graded Leibniz alge-
bras with characteristic sequence (n — 3, 3).
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Theorem 2.2. Let L be an n-dimensional naturally graded Leibniz algebra of the
first type (n > 9). Then it is isomorphic to one of the following pairwise non-

isomorphic algebras:

34 .
Lo 0

[ei,e1] =eir1, 1<i<n—1,i#n-3,

[e1,en—2] = Nen—1,
[62, enfz] = Xen, A €C.

LE¥ 0t

[ei,er] =eir1, 1<i<n—1,i#n-3,

[e1,en—2] = €2+ Aen—1,
[e2,en—2] = €3+ Aen, A € {—1,0}
lei,en—2] =eit1, 3<i<n—4.

L(o 0,A) *

leisel] =eiy1, 1<i<n-—1, i#n—3,
[e1, en—2] = —en_1,

[e2, en—2] = —(1 4+ Aen,

[e1, en—1] = Aen, A € C.

leisel] =eiy1, 1<i<n-—1 i#n—3
le1, en—2] = €2 — en—1,

le2, en—2] = €3 — (1 + p)en,

leisen—2] = €it1, 3< i< n—4,
[en—1,€n—2] = —Aen,

le1, en—1] = pen,

[en—2,en—1] = Xen, A € {0,1}, peC.

L ¢

leise1] =eip1, 1 <i<n—1,i#n—3,
le1, en—2] = pez2 + Aen—1,

le2, en—2] = pes + Aen, A\, u € {0,1}

[€iy €n—2] = peit1, 3<i<n-—4,
leiyen—2] =€it1, n—2<i<mn-—1,

L 52

leise1] = €41, 1<i<n—1,i#n—3
le1, en—2] = €2 + Aen—1,

le2, en—2] = €3+ Aen, A€ C

[eiy€n—2] = €it1, 3<i<n—4,
lei,en—2] =2€41, n—2<i<n-—1

Loy !
lei,e1] =eiy1, 1<i<n—1 i#n—3
[e1,en—2] = —€n—1,
le2,en—2] = —(1 + Nen,
[en7176n72] = —€n,

[e1,en—1] = Aen,

[en—2,en—1] = €n, A € {—1,0}.
Lz(lll,fl,k) :

[ei,erl] =eiy1, 1<i<n-—1,i#n—3
[e1,en—2] = €2 — en—1,

le2,en—2] = ez — (1+ Nen,

[6,‘767172] = €i+1, 3 S 7 S n — 47
[enflven*Q] = €n,

[e1,en—1] = Aen,

[en—2,en—1] = —en, X € {-1,0}.

Proof. Let L be a Leibniz algebra of the first type. Then we have the following
multiplication:

[eivel] = €i+1, 1 < 1 <n-— 47 [€n73,61] = 07
[en—2,€e1] = en—1, [en—1,€1] = €n, [en,e1] = 0.

It is not difficult to verify that
Ly =<eyen—2>, La=<eg,en_1>, Lz =<esz,en, > Li=<e; > 4<i<n-—-3

and {ea, €3,...,e,_3} C R(L). Therefore, to define the multiplication in L it suffice
to study the multiplication of the element e, _o from the right side.
Introduce denotations [e1, e,—2] = area+2en—1, [€n—2,€n—2] = Brea+ Paen_1,
le2,en—2] = 713 + Y2€n, [En—1,en—2] = d1€3 + d2€.
Then to verify the Leibniz identity [e;, [e;, ex]] = [[eise;], ex] —
suffice to consider
j=land k=n—-2n—1,n;
j=n—land k=1,n—2n;

[[eiv ek]? ej] it

j=n—-2and k=1,n—1,n;
j=nandk=1n—-2n—1.

We consider several cases.
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en—2 € R(L)

Then {es,e3,...,e,} C R(L) and, consequently, we have ap = S = v =

0 =0, 1 <k < 2. Thus, we obtain the algebra L%l,o,o)'

\eH ¢ R(L), en_1 € R(L).‘

Then, e, € R(L) and v = o, 0 = P, 1 < k < 2, 81 = 0. Thus, the
multiplication table of L can be expressed in the form:

[es, e1] = €11, 1<i<n-—1,i#n-3,
ler,en—2] = aiez +agen_q,

[e2,en—2] = aies+ azen,

leisen—2] = i€, 3<i<n—4,

[ei,en,g] = ﬂ26i+1, n—2§z§n—1

Taking the general change of generators of basis:

n n

/ /

€1 = E Aiei, €h_o2 = E Bl-el-
i=1 i=1

we obtain the new basis {e},e5,...,e,_1,en}.
We compute all products and the new parameters are the following;:
o — a1Bn—2 ol — Ai(a2A1 4 B2An—2 — a1 An—2) 8, = B2Bn—2
P A FaiA, o 2 (A1 + a1 An—2)(A1 + f2An_2)’ 2T A+ BoAn—_2’

satisfying the restrictions
A1 Bno(A1 + a1 An_2) (A1 + B2An—2) # 0,
B; =0, 1<1<n—6,
(y — B2)B; =0, n—5<i<n-—4,
asB; =0, n—5<i<n-—4,

and By, _2(B24n-1 + oAy — a1 Ap_1) = By_1(B2An—2 + a2 A1 — a1 4, ).

Note that only coefficients A1, A,,—2, B,_2 participate in the expressions for the
parameters o}, o, B5. Hence, we can suppose that A; = 0, i # {1,n — 2} and
B; =0, with j #n — 2.

It can be proved that the nullity of oy — B2 is invariant.

If @y = 0, then the nullity of 1 — a3 is invariant and if S = 0, then the nullity
of 1 4+ a is invariant, as well.

Similar as in the proof of Theorem 2.1 we consider the possible cases and in each
of them we have the following pairwise non-isomorphic algebras of the theorem:

Lig o A€ C—{0}; LE) 5 1) A€ {0,1}; L ) A € {=1,0}; L{ 15, A€C.

\en,l ¢ R(L), e, € R(L). \

Then, e,,_o ¢ R(L). Therefore, for defining the multiplication of Ly and Ly it is
enough to study the multiplication of e,,_o and e,_1 on the right side.
Introduce the notations
le1,en—2] = ares + azen_1, [en—2,en—2] = Prea + Paen_1,
[e2, en—2] = 7163 + Y20, [en—1,€n—2] = 0163 + 02€n,
[e1,en—1] = are3 + azen, [en—2,€n—1] = bie3 + bae,
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From equality [e;41,en—1] = [[€:,en—1],€1], 1 <i <n —1 we obtain

[eisen—1] = a1€i42, 2<i<n-—05,
[ei,en—1] =0, n—4<i<n-3,
[en—1,en—1] = b1ey,

[en,en,l] = b165.

The equahty [ei+17 en—?] = [[ei7 en—?]u 61] - [ei7 en—1]7 1<i<n-1 yields
az=—1, 1 =01 —a1, 2= —(1+az), 61 =p1 — b1, d2 = B2 — by,
[eisen—2] = (o — (1 — 1)ar)eir1, 3 <i<n-—4,

[en—3,en—2] =0, [en,en_2] = (B1 — 2b1)ea.

Since [e1, en—1] € R(L), then [[e;, en—1],€1] = [€it1, €n—1], which implies b; = 0
for n > 9. From [e,, [e1, €n—2]] = —[[en, en—2], €1], we obtain 5; = 0. Consequently,
[en—2,en—2] € R(L) and e,—1 ¢ R(L) we have 2 = 0.

Moreover, [e,—2,en—1] € R(L). Then [[e;, en—2],en—1] = [[€i, €n—1], €n—2], with

1 <i < n and hence, a; =0 for n > 9.
Thus, the multiplication in L is as follows

[es, e1] = eit1, 1<i<n-—1,i#n-3,
le1,€n—2] = aiez —e€p-1,

[62, €n— 2] = «j1€3 — (1 + ag)en,

[6 En— 2] = (1€i41, 3§ 7 STL—4,

[en 1,En— 2] = _b2enu

le1,€n—1] = azey,

[en 2, En— 1] = b2en-

Similar as above we take the general change of generators of basis and then
we generate the new basis. After that we determine all products and the new
parameters are the following:

o — a1Bn 2 ;o b2Brn_2 b — (a2A1 + b2 An—2)
YT A+ aiAn s P Al—bA, o A1 —b2An_2
with the restrictions
A1By_o(Ar + a1 Ap_2)(Ar —baA,_2) #0,
Bi =0, 1<i<n-—3,
(1+a2)(—(A2 + a14n_1)Bpn_2+ (A1 + a1An—2)By—1) = 0.

Note that only coefficients A1, A,,—2, B,_2 participate in the expressions for the
parameters o}, by, a,. Therefore, we can assume that A; = 0,7 # 1,n — 2 and
Bj=0,j#n—2.

It is proved that the nullity of 1 + a2, a; + be are invariants. Similarly as in the

proof of Theorem 2.1 we consider the possible cases and for each of them we have
the following pairwise non-isomorphic Leibniz algebras:

(00>\ A e G L(ou A e {-1,0};
L A€{0,1}, peC; Ly, A€ {~1,0}.
en ¢ R(L).

Then, e,_2, e,-1 ¢ R(L), as well. We set [e1,e,] = A1eq, [en—2,en] = Aaeq.
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From [[e;, e1], en] = [[€s, en], 1], 1 < i < n it follows that
i, en] = Meiy3, 2<i<n—6,
[e:, en] = 0, n—5<i<n-—3,
len-1,en] = Ases,
[en7 en] = )\266'

However, [[en, €], e1] = 0 implies Ay = 0 for n > 9 and hence, A\; # 0.

If we denote [e1, en—1] = a1es + aze, and [e,—2,€,-1] = bies + baey,. Then due

to [e1,en—1] + [en—1,€1] € R(L) we have as = —1.
From [[e;, e1], en—1] = [[€ss en—1],€1] — [€isen], 1 < i < n it follows that by = 0
for n > 9 and
[61', enfl] = (CLl - (’L - 1)A1)6i+2, 2 S ) S n — 5,
e, en—1] = 0, n—4<i<n-3,
[en—2u en—l] = b2enu
[en—luen—l] = 07
[€n, €n—1] = 0.
The equality [[e;, en], en—1 = [[€:, en—1],€n], 1 < i < n implies A\; = 0, which is
a contradiction with condition \; # 0. Consequently, in this case there does not
appear any naturally graded Leibniz algebra. ([l

Summarizing the results of the Theorems 2.1. and 2.2 we complete the classifica-
tion of naturally graded Leibniz algebras with the characteristic sequence (n—3, 3).
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