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SINGULAR INTEGRALS ON SELF-SIMILAR SETS AND

REMOVABILITY FOR LIPSCHITZ HARMONIC FUNCTIONS IN

HEISENBERG GROUPS

VASILIS CHOUSIONIS AND PERTTI MATTILA

Abstract. In this paper we study singular integrals on small (that is, measure zero and
lower than full dimensional) subsets of metric groups. The main examples of the groups
we have in mind are Euclidean spaces and Heisenberg groups. In addition to obtaining
results in a very general setting, the purpose of this work is twofold; we shall extend
some results in Euclidean spaces to more general kernels than previously considered, and
we shall obtain in Heisenberg groups some applications to harmonic (in the Heisenberg
sense) functions of some results known earlier in Euclidean spaces.

1. Introduction

The Cauchy singular integral operator on one-dimensional subsets of the complex plane
has been studied extensively for a long time with many applications to analytic functions,
in particular to analytic capacity and removable sets of bounded analytic functions. There
have also been many investigations of the same kind for the Riesz singular integral op-
erators with the kernel x/|x|−m−1 on m-dimensional subsets of Rn. One of the general
themes has been that boundedness properties of these singular integral operators imply
some geometric regularity properties of the underlying sets, see, e.g., [DS], [M1], [M3],
[Pa], [T2] and [M5]. Standard self-similar Cantor sets have often served as examples
where such results were first established. This tradition was started by Garnett in [G1]
and Ivanov in [I1] who used them as examples of removable sets for bounded analytic
functions with positive length. Later studies of such sets include [G2], [J], [JM], [I2],
[M2], [MTV1], [MTV2] and [GV] in connection with the Cauchy integral in the complex
plane, [MT] and [T4] in connection with the Riesz transforms in higher dimensions, and
[D2] and [C] in connection with other kernels. In this paper we shall first derive criteria
for the unboundedness of very general singular integral operators on self-similar subsets
of metric groups with dilations and then give explicit examples in Euclidean spaces and
Heisenberg groups on which these criteria can be checked.

Today quite complete results are known for the Cauchy integral and for the removable
sets of bounded analytic functions. The new progress started from Melnikov’s discovery
in [Me] of the relation of the Cauchy kernel to the so-called Menger curvature. This
relation was applied by Melnikov and Verdera in [MeV] to obtain a simple proof of the L2-
boundedness of the Cauchy singular integral operator on Lipschitz graphs, and in [MMV]
in order to get geometric characterizations of those Ahlfors-David regular sets on which
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the Cauchy singular integral operator is L2-bounded and of those which are removable for
bounded analytic functions. This progress culminated in David’s characterization in [D1]
of removable sets of bounded analytic functions among sets of finite length as those which
intersect every rectifiable curve in zero length, and in Tolsa’s complete Menger curvature
integral characaterization in [T1] of all removable sets of bounded analytic functions.
Much less known is known in higher dimensions for the Riesz transforms and removable
sets for Lipschitz harmonic functions, for some results, see e.g. [MPa], [M3], [Vi], [L], [Vo],
[T3], [T4] and [ENV]. There are various reasons why the Lipschitz harmonic functions are
a natural class to study, one of them is that by Tolsa’s result in the plane the removable
sets for bounded analytic and Lipschitz harmonic functions are exactly the same. Also
the analog for the Lipschitz harmonic functions of the above mentioned David’s result for
sets of finite length was first proved in [DM].

In [CM] analogs of the results in [MPa] and [M3] were proven in Heisenberg groups for
Riesz-type kernels. They imply in particular that the operators are unbounded on many
self-similar fractals. An unsatisfactory feature is that these kernels are not related to any
natural function classes in Heisenberg groups in the same way as the Riesz kernels are
related to harmonic functions in Rn. This is one of the main reasons why we wanted to
study more general kernels in this paper. Our kernels are now such that they include
the (horizontal) gradient of the fundamental solution of the sub-Laplacian (or Kohn-
Laplacian) operator which is exactly what is needed for the applications to the related
harmonic functions. For many other recent developments on potential theory related to
sub-Laplacians, see [BLU] and the references given there.

We shall now give a brief description of the main results of the paper. In Section 2 we
study a general metric groupG which is equipped with natural dilations δr : G→ G, r > 0.
All Carnot groups are such. For a kernel K : G × G \ {(x, y) : x = y} → R and a finite
Borel measure µ on G the maximal singular integral operator T ∗

K is defined by

T ∗
K(f)(x) = sup

ε>0

∣

∣

∣

∣

∫

G\B(x,ε)

K(x, y)f(y)dµy

∣

∣

∣

∣

.

Suppose that C =
⋃N

i=1 Si(C) is a self-similar Cantor set generated by the similarities
Si = τqi ◦ δri , i = 1, . . . , N , where τqi is the left translation by qi ∈ G and ri ∈ (0, 1).
Let s > 0 be the Hausdorff dimension of C and suppose that the kernel K := KΩ is
s-homogeneous:

KΩ(x, y) =
Ω(x−1 · y)

d(x, y)s
, x, y ∈ G \ {(x, y) : x = y},

where Ω : G→ R is a continuous and homogeneous function of degree zero, that is,

Ω(δr(x)) = Ω(x) for all x ∈ G, r > 0.

In Theorem 2.3 we prove that if there exists a fixed point x for some iterated map Sw :=
Si1 ◦ · · · ◦ Sin such that

∫

C\Sw(C)

KΩ(x, y)dH
sy 6= 0
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then T ∗
KΩ

is unbounded in L2(Hs⌊C), where Hs⌊C is the restriction of the s-dimensional
Hausdorff measure Hs to C. We shall give a simple example in the plane where this
criterion can be applied.

In Section 3 we shall study in the Heisenberg group Hn removable sets for the ∆H-
harmonic functions, that is, solutions of the sub-Laplacian equation ∆Hf = 0. As in the
classical case in R

n, see [Ca], the removable sets for the bounded ∆H-harmonic functions
can be characterized as polar sets or the null-sets of a capacity with the critical Hausdorff
dimension Q− 2 where Q = 2n+ 2 is the Hausdorff dimension of Hn, see Remark 13.2.6
of [BLU]. We shall verify in Theorem 3.13 that the critical dimension for the Lipschitz
∆H-harmonic functions is Q − 1, in accordance with the classical case, by proving that
for a compact subset C of Hn, C is removable, if HQ−1(C) = 0, and C is not removable,
if the Hausdorff dimension dimC > Q − 1. For this and the later applications to self-
similar sets, we need a representation theorem for Lipschitz functions which are ∆H-
harmonic outside a compact set C with finite (Q − 1)-dimensional Hausdorff measure.
This is given in Theorem 3.12 and it tells us that such a function can be written in a
neighborhood of C as a sum of a ∆H-harmonic function and a potential whose kernel is
the fundamental solution of ∆H. Finally in Section 4 we present a family of self-similar
Cantor sets with positive and finite (Q − 1)-dimensional Hausdorff measure which are
removable for Lipschitz ∆H-harmonic functions.

Throughout the paper we will denote by A constants which may change their values at
different occurrences, while constants with subscripts will retain their values. We remark
that as usual the notation x . y means x . Ay for some constant A depending only on
structural constants, that is, the dimension n, the regularity constants of certain measures
and the constant arising from the global equivalence of the metrics d and dc defined in
Section 3.

2. Singular Integrals on self-similar sets of metric groups

Throughout the rest of this section we assume, as in [M4], that (G, d) is a complete
separable metric group with the following properties:

(i) The left translations τq : G→ G,

τq(x) = q · x, x ∈ G,

are isometries for all q ∈ G.
(ii) There exist dilations δr : G → G, r > 0, which are continuous group homomor-

phisms for which,
(a) δ1 = identity,
(b) d(δr(x), δr(y)) = rd(x, y) for x, y ∈ G, r > 0,
(c) δrs = δr ◦ δs.
It follows that for all r > 0, δr is a group isomorphism with δ−1

r = δ 1
r
.

The closed and open balls with respect to d will be denoted by B(p, r) and U(p, r). By
d(E) we will denote the diameter of E ⊂ G with respect to the metric d.
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We denote by Hs, s ≥ 0, the s-dimensional Hausdorff measure obtained from the metric
d, i.e. for E ⊂ G and δ > 0, Hs(E) = supδ>0 H

s
δ(E), where

Hs
δ(E) = inf

{

∑

i

d(Ei)
s : E ⊂

⋃

i

Ei, d(Ei) < δ

}

.

In the same manner the s-dimensional spherical Hausdorff measure for E ⊂ G is defined
as Ss(E) = supδ>0 S

s
δ (E), where

Ss
δ (E) = inf

{

∑

i

rsi : E ⊂
⋃

i

B(pi, ri), ri ≤ δ, pi ∈ G

}

.

Translation invariance and homogeneity under dilations of the Hausdorff measures follows
as usual, therefore for A ⊂ G, p ∈ G and s, r ≥ 0,

Hs(τp(A)) = Hs(A) and Hs(δr(A)) = rsHs(A)

and the same relations hold for the spherical Hausdorff measures as well.
Let µ be a finite Borel measure on G and let a Borel measurable K : G×G \ {(x, y) :

x = y} → R be a kernel which is bounded away from the diagonal, i.e., K is bounded in
{(x, y) : d(x, y) > δ} for all δ > 0. The truncated singular integral operators associated
to µ and K are defined for f ∈ L1(µ) and ε > 0 as,

Tε(f)(y) =

∫

G\B(x,ε)

K(x, y)f(y)dµy,

and the maximal singular integral is defined as usual,

T ∗
K(f)(x) = sup

ε>0
|Tε(f)(x)|.

We are particularly interested in the following class of kernels.

Definition 2.1. For s > 0 the s-homogeneous kernels are of the form,

KΩ(x, y) =
Ω(x−1 · y)

d(x, y)s
, x, y ∈ G \ {(x, y) : x = y},

where Ω : G→ R is a continuous and homogeneous function of degree zero, that is,

Ω(δr(x)) = Ω(x) for all x ∈ G, r > 0.

In the classical Euclidean setting homogeneous kernels have been studied widely, see e.g.
[Gr]. The Hilbert transform in the line, the Cauchy transform in the complex plane and
the Riesz transforms in higher dimensions are the best known singular integrals associated
to homogeneous kernels. In [H] Huovinen studied general one-dimensional homogeneous
kernels in the plane.

In Rn the lower dimensional coordinate s-Riesz kernels,

Ri
s(x, y) =

xi − yi
|x− y|s+1

, s ∈ (0, n), i = 1, . . . , n,

are often studied in conjunction with Ahlfors-David regular measures:
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Definition 2.2. A Borel measure µ on a metric space X is Ahlfors-David regular, or
AD-regular, if for some positive numbers s and A,

rs/A ≤ µ(B(x, r)) ≤ Ars for all x ∈ spt µ, 0 < r < d(sptµ),

where sptµ stands for the support of µ.

The related central open question in Rn asks if the L2(µ)-boundedness of the s-Riesz
transforms, s ∈ N ∩ [1, n), forces the support of µ to be s-uniformly rectifiable or even
simply s-rectifiable. In the case of s = 1 it was answered positively in [MMV], and it
remains an open problem for s > 1. It originates from the fundamental work of David
and Semmes, see e.g. [DS], and it can be heuristically understood in the following sense:

Does the L2(µ)-boundedness of Riesz transforms impose a certain geometric regularity
on the support of µ?

In order to achieve a better understanding for this problem, it is very natural to examine
the behavior of Riesz transforms on fractals like self-similar sets. This is because although
geometrically irregular they retain some structure. It should be expected that s-Riesz
transforms cannot be bounded on typical self similar sets. Indeed this is the case as
follows by results proved in [M3] and [Vi]. In [CM] it was shown that an analogous result
holds true even in the setting of Heisenberg groups. On the other hand it is not known
if singular integrals associated to more general s-homogeneous kernels are unbounded
on s-dimensional self-similar sets. In this direction Theorem 2.3 provides one criterion
for unboundedness for homogeneous singular integrals valid in the general setting of this
section.

Let S = {S1, . . . , SN}, N ≥ 2, be an iterated function system (IFS) of similarities of
the form

(2.1) Si = τqi ◦ δri

where qi ∈ G, ri ∈ (0, 1) and i = 1, . . . , N . The self-similar set C is the invariant set with
respect to S, that is, the unique non-empty compact set such that

C =
N
⋃

i=1

Si(C).

The invariant set C will be called a separated self-similar set whenever the sets Si(C)
are pairwise disjoint for i = 1, . . . , N . It follows by a general result of Schief in [S] that
separated Cantor sets satisfy

0 < Hd(C) <∞ for

N
∑

i=1

rdi = 1,

and the measure Hd⌊C is d-AD regular.
We denote by I the set of all finite words w = (i1, . . . , in) ∈ {1, . . . , N}n with n ≥ 0.

Given any word w = (i1, . . . , in) ∈ I its length is denoted by |w| = n and we adopt the
following conventions:

Sw := Si1 ◦ · · · ◦ Sin and Cw = Sw(C).
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The fixed points of S are exactly those x ∈ C such that Sw(x) = x for some w ∈ I. In
this case

{x} =
∞
⋂

k=1

Swk(C)

where |wk| = k|w| and wk = (i1, . . . , in, . . . . . . , i1, . . . , in).

Theorem 2.3. Let S = {S1, . . . , SN} be an iterated function system in G generating a

separated s-dimensional self-similar set C and let KΩ be an s-homogeneous kernel. If

there exists a fixed point x for S,

{x} =

∞
⋂

k=1

Swk(C),

such that
∫

C\Cw

KΩ(x, y)dH
sy 6= 0,

then the maximal operator T ∗
KΩ

is unbounded in L2(Hs⌊C), moreover ‖T ∗
KΩ

(1)‖L∞(Hs⌊C) =
∞.

Proof. Let µ = Hs⌊C which as explained earlier satisfies

rs/Aµ ≤ µ(B(x, r)) ≤ Aµr
s for all x ∈ C, 0 < r < d(C).

Without loss of generality we can assume that
∫

C\Cw

KΩ(x, y)dµy = η > 0.

Notice that the homogeneity of Ω implies that for all v ∈ I,

(2.2) Ω(Sv(x)
−1 · Sv(y)) = Ω(δri1 ...ri|v| (x

−1 · y)) = Ω(x−1 · y).

Therefore for all k ∈ N, after changing variables y = Swk(z),
∫

C
wk\Cwk+1

KΩ(x, y)dµy =

∫

C
wk\Cwk+1

Ω(x−1 · y)

d(x, y)s
dµy

=

∫

C\Cw

Ω(x−1 · Swk(z))

d(x, Swk(z))s
(ri1 . . . ri|w|

)ksdµz

=

∫

C\Cw

Ω(Swk(S−1
wk (x))

−1 · Swk(z))

d(Swk(S−1
wk (x)), Swk(z))s

(ri1 . . . ri|w|
)ksdµz

=

∫

C\Cw

Ω(S−1
wk (x)

−1 · z)

d(S−1
wk (x), z)s

dµz

=

∫

C\Cw

Ω(x−1 · z)

d(x, z)s
dµz

= η,

since Sw(x) = x and hence S−1
wk (x) = x.
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Let M be an arbitrary big positive number and choose m ∈ N such that mη > M .
Then

∫

C\Cwm

KΩ(x, y)dµy =
m−1
∑

i=0

∫

C
wi\Cwi+1

KΩ(x, y)dµy > M.

Therefore by the continuity of KΩ away from the diagonal there exist m,m′ ∈ N, m < m′,
such that

(2.3)

∫

C\Cwm

KΩ(p, y)dµy > M for all p ∈ Cwm′ .

To simplify notation let C1 = Cwm and C2 = Cwm′ . Then

C \ C2 =

j2
⋃

i=1

C2,i

where the C2,i’s are cylinder sets belonging to the same generation with C2, i.e., for
all i = 1, . . . , j2, C2,i = Cvi for some vi ∈ I with |vi| = |wm′

|. Let S2,i, i = 1, . . . , j2,
be the iterated similarities such that C2,i = S2,i(C) and denote C1

2,i = S2,i(C
1) and

C2
2,i = S2,i(C

2). Then exactly as before for i = 1, . . . , j2, and p ∈ C2
2,i,

∫

C2,i\C1
2,i

KΩ(p, y)dµy =

∫

C\C1

KΩ(S
−1
2,i (p), y)dµy > M

by (2.3) since S−1
2,i (p) ∈ C2.

Continuing the same splitting process, we can write for n ≥ 3,

C \

(

C2 ∪

j2
⋃

i=1

C2
2,i ∪ · · · ∪

jn−1
⋃

i=1

C2
n−1,i

)

=

jn
⋃

i=1

Cn,i,

where for all 3 ≤ k ≤ n:

(i) The Ck,i’s for i = 1, . . . , jk, are cylinder sets in the same generation with any
C2

k−1,i, i = 1, . . . , jk−1.

(ii) C1
k,i = Sk,i(C

1), i = 1, . . . , jk where by Sk,i we denote the iterated map such that
Sk,i(C) = Ck,i.

(iii) For all p ∈ C2
k,i = Sk,i(C

2),

(2.4)

∫

Ck,i\C
1
k,i

KΩ(p, y)dµy > M.

Next we define the cylindrical maximal operator

(2.5) T ∗
C(f)(p) = sup

v,w∈I
p∈Cv⊂Cw

∣

∣

∣

∣

∫

Cw\Cv

KΩ(p, y)f(y)dµy

∣

∣

∣

∣

for p ∈ C and f ∈ L1(µ). It follows by (2.4) that for every n ∈ N, n ≥ 2,

(2.6) T ∗
C(1)(p) > M

for p ∈ C2 ∪
⋃n

k=2

⋃jk
i=1C

2
k,i.
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Let λ = µ(C2)
µ(C)

< 1. Since µ(C \C2) = (1−λ)µ(C) it follows easily that for n ∈ N, n ≥ 2,

µ

(

C \

(

C2 ∪
n
⋃

k=2

jk
⋃

i=1

C2
k,i

))

= (1− λ)nµ(C).

If n is chosen large enough such that (1− λ)n < 1
2
,

µ({p ∈ C : T ∗
C(1)(p) > M}) ≥ µ(C2 ∪ ∪n

k=2 ∪
jk
i=1 C

2
k,i) >

1

2
µ(C).

This implies that

‖T ∗
C(1)‖L∞(µ) ≥M and

∫

(T ∗
C(1))

2dµ >
M2µ(C)

2
.

Since M can be selected arbitrarily big, ‖T ∗
C(1)‖L∞(µ) = ∞ and the operator T ∗

C is un-
bounded in L2(µ).

Lemma 2.4. There is a constant Ac depending only on the Cantor set C and the kernel

KΩ such that for all w, v ∈ I and p ∈ Hn for which Cv ⊂ Cw and dist(p, Cv) ≤ d(Cv),
∣

∣

∣

∣

∫

Cw\Cv

KΩ(p, y)dµy

∣

∣

∣

∣

≤

∣

∣

∣

∣

∫

B(p,2 d(Cw))\B(p,2 d(Cv))

KΩ(p, y)dµy

∣

∣

∣

∣

+ Ac.

Proof. After writing

Cw \ Cv = (Cw \B(p, 2 d(Cv))) ∪ ((B(p, 2 d(Cv)) \ Cv) ∩ Cw)

and

B(p, 2 d(Cw)) \B(p, 2 d(Cv)) = (B(p, 2 d(Cw)) \ (Cw ∪B(p, 2 d(Cv))∪ (Cw \B(p, 2 d(Cv)))

it follows that for p ∈ Cv,
∣

∣

∣

∣

∫

Cw\Cv

KΩ(p, y)dµy

∣

∣

∣

∣

≤

∣

∣

∣

∣

∫

B(p,2 d(Cw))\B(p,2 d(Cv))

KΩ(p, y)dµy

∣

∣

∣

∣

+

∣

∣

∣

∣

∫

B(p,2 d(Cw))\(Cw∪B(p,2 d(Cv))

KΩ(p, y)dµy

∣

∣

∣

∣

+

∣

∣

∣

∣

∫

(B(p,2 d(Cv))\Cv)∩Cw

KΩ(p, y)dµy

∣

∣

∣

∣

.

Let,

I1 =

∣

∣

∣

∣

∫

B(p,2 d(Cw))\(Cw∪B(p,2 d(Cv))

KΩ(p, y)dµy

∣

∣

∣

∣

and I2 =

∣

∣

∣

∣

∫

(B(p,2 d(Cv))\Cv)∩Cw

KΩ(p, y)dµy

∣

∣

∣

∣

.

There exists a constant A depending only on the set C such that for every v ∈ I

(2.7) dist(Cv, C \ Cv) ≥ A d(Cv).

This follows from the fact that the sets Ci, i = 1, . . . , N, are pairwise disjoint. Hence we
can finish the proof by estimating,

I1 ≤

∫

B(p,2 d(Cw))\Cw

‖Ω‖L∞(µ)

d(p, y)s
dµy ≤

‖Ω‖L∞(µ)µ(B(p, 2 d(Cw))

As d(Cw)s
≤

2sAµ‖Ω‖L∞(µ)

As
,
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and in the same way

I2 ≤

∫

B(p,2 d(Cv))\Cv

‖Ω‖L∞(µ)

d(p, y)s
dµy ≤

2sAµ‖Ω‖L∞(µ)

As
.

�

Lemma 2.4 implies that for all p ∈ C,

T ∗
C(1)(p) ≤ 2T ∗

KΩ
(1)(p) + Ac,

therefore ‖T ∗
KΩ

(1)‖L∞(µ) = ∞ and T ∗
KΩ

is unbounded in L2(µ). �

Remark 2.5. Even when the ambient space is Euclidean, Theorem 2.3 provides new
information about the behavior of general homogeneous singular integrals on self-similar
sets. For example it follows easily that the operator associated to the kernel z3/|z|4, z ∈
C \ {0}, is unbounded on many simple 1-dimensional self-similar sets, perhaps the most
recognizable among them being the Sierpiński gasket. Furthermore for any kernelKΩ(x) =
Ω(x/|x|)

|x|s
, x ∈ Rn \ {0}, s ∈ (0, n), where Ω is continuous one can easily find Sierpiński-type

s-dimensional self-similar sets Cs for which one can check using Theorem 2.3 that the
corresponding operator TKΩ

is unbounded.

3. ∆H-removability and singular integrals

For an introduction to Heisenberg groups, see for example [CDPT] or [BLU]. Below we
state the basic facts needed in this paper.

The Heisenberg group Hn, identified with R2n+1, is a non-abelian group where the group
operation is given by,

p · q =

(

p1 + q1, · · · , p2n + q2n, p2n+1 + q2n+1 − 2
n
∑

i=1

(piqi+n − pi+nqi)

)

.

We will also denote points p ∈ Hn by p = (p′, p2n+1), p
′ ∈ R2n, p2n+1 ∈ R. Recall that for

any q ∈ Hn and r > 0, the left translations τq : H
n → Hn are given by

τq(p) = q · p.

Furthermore we define the dilations δr : H
n → Hn by

δr(p) = (rp1, .., rp2n, r
2p2n+1).

These dilations are group homomorphisms.
A natural metric d on Hn is defined by

d(p, q) = ‖p−1 · q‖

where

‖p‖ = (|(p1, . . . , p2n)|
4
R2n + p22n+1)

1
4 .

The metric is left invariant, that is d(q · p1, q · p2) = d(p1, p2), and the dilations satisfy
d(δr(p1), δr(p2)) = rd(p1, p2).

The (2n+1)-dimensional Lebesgue measure L2n+1 on Hn is left and right invariant and
it is a Haar measure of the Heisenberg group. We stress that although the topological
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dimension of Hn is 2n + 1 the Hausdorff dimension of (Hn, d) is Q := 2n + 2, see e.g.
[BLU], 13.1.4, which is also called the homogeneous dimension of Hn.

The Lie algebra of left invariant vector fields in Hn is generated by

Xi := ∂i + 2xi+n∂2n+1, Yi := ∂i+n − 2xi∂2n+1, T := ∂2n+1,

for i = 1, . . . , n.
The vector fields X1, . . . , Xn, Y1, . . . , Yn define the horizontal subbundle HHn of the

tangent vector bundle of R2n+1. For every point p ∈ Hn the horizontal fiber is denoted by
HH

n
p and can be endowed with the scalar product 〈·, ·〉p and the corresponding norm | · |p

that make the vector fields X1, . . . , Xn, Y1, . . . , Yn orthonormal. Often when dealing with
two sections ϕ and ψ whose argument is not stated explicitly we will use the notation
〈ϕ, ψ〉 instead of 〈ϕ, ψ〉p. Therefore for p, q ∈ Hn, 〈p, q〉 = 〈p′, q′〉R2n and |p| = |p′|2n.
Furthermore for a given p ∈ H

n we define the projections

πp(q) =
n
∑

i=1

qiXi(p) +
n
∑

i=1

qi+nYi(p) for q ∈ H
n.

Definition 3.1. An absolutely continuous curve γ : [0, T ] → H
n will be called sub-unit,

with respect to the vector fields X1, . . . , Xn, Y1, . . . , Yn, if there exist real measurable
functions a1(t), . . . , a2n(t), t ∈ [0, T ], such that

∑2n
j=1 aj(t)

2 ≤ 1 and

γ̇(t) =

n
∑

j=1

aj(t)Xj(γ(t)) +

n
∑

j=1

aj+n(t)Yj(γ(t)), for a.e. t ∈ [0, T ].

Definition 3.2. For p, q ∈ Hn their Carnot-Carathéodory distance is

dc(p, q) = inf{T > 0 : there is a subunit curve γ : [0, T ] → H
n

such that γ(0) = p and γ(T ) = q}.

Remark 3.3. It follows by Chow’s theorem that the above set of curves joining p and q
is not empty and hence dc is a metric on Hn. Furthermore the infimum in the definition
can be replaced by a minimum. See [BLU] for more details.

As well as with d the metric dc is left invariant and homogeneous with respect to
dilations, see, for example, Propositions 5.2.4 and 5.2.6 of [BLU]. The closed and open
balls with respect to dc will be denoted by Bc(p, r) and Uc(p, r).

The following result is well known and can be found for example in [BLU] and [CDPT].

Proposition 3.4. The Carnot-Carathéodory distance dc is globally equivalent to the met-

ric d.

If f is a real function defined on an open set of Hn its H-gradient is given by

∇Hf = (X1f, . . . , Xnf, Y1f, . . . , Ynf).

The H-divergence of a function φ = (φ1, . . . , φ2n) : H
n → R2n is defined as

divH φ =
n
∑

i=1

(Xiφi + Yiφi+n).
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The sub-Laplacian in Hn is given by

∆H =

n
∑

i=1

(X2
i + Y 2

i )

or equivalently
∆H = divH∇H.

Definition 3.5. Let D ⊂ Hn be an open set. A real valued function f on D is called
∆H-harmonic, or simply harmonic, on D if ∆Hf = 0 on D.

Definition 3.6. Let D be an open subset of Hn. We say that f : D → R is Pansu
differentiable at p ∈ D if there exists a homomorphism L : Hn → R such that

lim
r→0+

f(τp(δrν))− f(p)

r
= L(ν)

uniformly with respect to ν belonging to some compact subset of Hn. Furthermore, L is
unique and we write L := dHf(p).

The proof of the following proposition, as well as a comprehensive discussion about
calculus in Hn, can be found in [FSSC1].

Proposition 3.7. If f is Pansu differentiable at p, then

dHf(p)(ν) = 〈∇Hf(p), πp(ν)〉p.

We shall consider removable sets for Lipschitz solutions of the sub-Laplacian:

Definition 3.8. A compact set C ⊂ Hn will be called removable, or ∆H-removable for
Lipschitz ∆H-harmonic functions, if for every domain D with C ⊂ D and every Lipschitz
function f : D → R,

∆Hf = 0 in D \ C implies ∆Hf = 0 in D.

As usual we denote for any D ⊂ Hn and any function f : D → R,

Lip(f) := sup
x,y∈D

|f(x)− f(y)|

d(x, y)
,

and we will also use the following notation,

Liploc(f) := sup{Lip(f |Uc(p,r)) : p ∈ D, r > 0, Uc(p, r) ⊂ D}.

Proposition 3.9. Let D ⊂ Hn be a domain and f : D → R a Borel function. Then f is

locally Lipschitz in D with Lip
loc
(f) <∞ if and only if ‖∇Hf‖∞ <∞.

Proof. By Pansu’s Rademacher type theorem, see [Pan], f is a.e. Pansu differentiable in
D. Let q be a point where f is Pansu differentiable, then for all ν ∈ Hn,

|dHf(q)(ν)| = lim
r→0+

∣

∣

∣

∣

f(q · δr(ν))− f(q)

r

∣

∣

∣

∣

≤ Liploc(f)‖ν‖.

By Proposition 3.7,

dHf(q)(ν) = 〈∇Hf(q), πq(ν)〉q = 〈∇Hf(q), ν
′〉R2n,

and choosing ν = (∇Hf(q), 0) we get |∇Hf(q)| ≤ Liploc(f).
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On the other hand we check that if f : D → R satisfies ‖∇Hf‖∞ < ∞, then it
is locally Lipschitz with Liploc(f) < ∞. For any q ∈ D there exists a radius rq such
that Uc(q, rq) ⊂ D. Then by the definition of the Carnot-Carathéodory metric for any
p ∈ Uc(q, rq) there exists a subunit curve γ : [0, T ] → Uc(q, rq), as in Definition 3.1, such
that γ(0) = q, γ(T ) = p and T = dc(q, p). Then,

|f(q)− f(p)| =

∣

∣

∣

∣

∫ T

0

d

dt
(f(γ(t)))dt

∣

∣

∣

∣

=

∣

∣

∣

∣

∫ T

0

〈∇f(γ(t), γ̇(t)〉dt

∣

∣

∣

∣

≤

∫ T

0

∣

∣

∣

∣

∣

n
∑

j=1

aj(t)〈∇f(γ(t)), Xj(γ(t))〉+ aj+n(t)〈∇f(γ(t)), Yj(γ(t))〉

∣

∣

∣

∣

∣

dt

≤

∫ T

0

(

2n
∑

j=1

aj(t)
2

)
1
2
(

n
∑

j=1

〈∇f(γ(t)), Xj(γ(t))〉
2 + 〈∇f(γ(t)), Yj(γ(t))〉

2

)
1
2

dt

≤

∫ T

0

(

n
∑

j=1

(Xjf(γ(t)))
2 + (Yjf(γ(t)))

2)
1
2dt

=

∫ T

0

|∇Hf(γ(t))|dt

≤ ‖∇Hf‖∞dc(q, p),

where in the fourth line we used that

〈∇f(γ(t)), Xj(γ(t))〉 = Xj(f)(γ(t)) and 〈∇f(γ(t)), Yj(γ(t))〉 = Yj(f)(γ(t)).

�

Fundamental solutions for sub-Laplacians in homogeneous Carnot groups are defined
in accordance with the classical Euclidean setting. In particular in the case of the sub-
Laplacian in Hn:

Definition 3.10 (Fundamental solutions). A function Γ : R2n+1\{0} → R is a fundametal
solution for ∆H if:

(i) Γ ∈ C∞(R2n+1 \ {0}),
(ii) Γ ∈ L1

loc(R
2n+1) and lim‖p‖→∞ Γ(p) → 0,

(iii) for all ϕ ∈ C∞
0 (R2n+1),

∫

R2n+1

Γ(p)∆Hϕ(p)dp = −ϕ(0).

It also follows easily, see Theorem 5.3.3 and Proposition 5.3.11 of [BLU], that for every
p ∈ Hn,

(3.1) Γ ∗∆Hϕ(p) = −ϕ(p) for all ϕ ∈ C∞
0 (R2n+1).

Convolutions are defined as usual by

f ∗ g(p) =

∫

f(q−1 · p)g(q)dq

for f, g ∈ L1 and p ∈ Hn.
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One very general result due to Folland, see [Fo], guarantees that there exists a funda-
mental solution for all sub-Laplacians in homogeneous Carnot groups with homogeneous
dimension Q > 2. In particular the fundamental solution Γ of ∆H is given by

Γ(p) = CQ‖p‖
2−Q for p ∈ H

n \ {0}

where Q = 2n + 2 is the homogeneous dimension of Hn. The exact value of CQ can be
found in [BLU].

Let K = ∇HΓ, then K = (K1, . . . , K2n) : H
n → R2n where

Ki(p) = cQ
pi|p

′|2 + pi+np2n+1

‖p‖Q+2
and Ki+n(p) = cQ

pi+n|p
′|2 − pip2n+1

‖p‖Q+2
,(3.2)

for i = 1, . . . , n, p ∈ Hn\{0} and cQ = (2−Q)CQ. We will also use the following notation,

Ωi(p) = cQ
(pi|p

′|2 + pi+np2n+1)

‖p‖3
and Ωi+n(p) = cQ

(pi+n|p
′|2 − pip2n+1)

‖p‖3
,(3.3)

for i = 1, . . . , n and p ∈ H
n \ {0}. Hence,

Ki(p) =
Ωi(p)

‖p‖Q−1
and K(p) =

Ω(p)

‖p‖Q−1
,(3.4)

for i = 1, . . . , 2n,Ω = (Ω1, . . . ,Ω2n) and p ∈ Hn \ {0}. It follows that the functions Ωi are
homogeneous and hence, recalling Definition 2.1, the kernels Ki are (Q−1)-homogeneous.

The following proposition asserts that K is a standard kernel.

Proposition 3.11. For all i = 1, . . . , 2n,

(i) |Ki(p)| . ‖p‖1−Q for p ∈ Hn \ {0},
(ii) |∇HKi(p)| . ‖p‖−Q for p ∈ Hn \ {0},

(iii) |Ki(p
−1 · q1)−Ki(p

−1 · q2)| . max

{

d(q1, q2)

d(p, q1)Q
,
d(q1, q2)

d(p, q2)Q

}

for q1, q2 6= p ∈ Hn.

Proof. The size estimate (i) follows immediately by the definition of the kernel K. It also
follows easily that for p ∈ H

n \ {0},

|∂jKi(p)| .
1

‖p‖Q
for j, i = 1, . . . , 2n,

and

|∂2n+1Ki(p)| .
1

‖p‖Q+1
for j, i = 1, . . . , 2n.

Hence

|XiKj(p)| .
1

‖p‖Q
and |YiKj(p)| .

1

‖p‖Q
for i = 1, . . . , n, j = 1, . . . , 2n,

and (ii) follows.
For the proof of (iii) let q1, q2 6= p ∈ Hn. Without loss of generality assume that

dc(q1, p) ≤ dc(q2, p). We are going to consider two cases.
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First Case: dc(q1, q2) ≥
1
2
dc(q1, p)

Since dc is globally equivalent to d we can use (i) to obtain

|Ki(p
−1 · q1)−Ki(p

−1 · q2)| .
1

dc(q1, p)Q−1
+

1

dc(q2, p)Q−1

≤
2

dc(q1, p)Q
−1

≤
4dc(q1, q2)

dc(q1, p)Q

. max

{

d(q1, q2)

d(p, q1)Q
,
d(q1, q2)

d(p, q2)Q

}

.

Second Case: dc(q1, q2) <
1
2
dc(q1, p)

By the definition of the Carnot-Carathéodory metric there is a sub-unit curve γ : [0, dc(q1, q2)] →
H

n such that γ(0) = p−1 · q1 and γ(dc(q1, q2)) = p−1 · q2. Furthermore,

γ([0, dc(q1, q2)]) ⊂ Bc(p
−1 · q1, dc(q1, q2)).

Hence for every t ∈ [0, dc(q1, q2)],

‖γ(t)‖ & dc(0, γ(t)) ≥ dc(0, p
−1 · q1)− dc(γ(t), p

−1 · q1)

≥ dc(p, q1)− dc(q1, q2)

≥
1

2
dc(q1, p).

(3.5)

Therefore if T = dc(q1, q2) we can estimate as in Proposition 3.9 for i = 1, . . . , 2n:

|Ki(p
−1 · q1)−Ki(p

−1 · q2)| = |Ki(γ(0))−Ki(γ(T ))|

=

∣

∣

∣

∣

∫ T

0

d

dt
(Ki(γ(t))dt

∣

∣

∣

∣

≤

∫ T

0

(

n
∑

j=1

(Xj(Ki)(γ(t))
2 + Yj(Ki)(γ(t))

2

)
1
2

dt

=

∫ T

0

|∇HKi(γ(t))|dt

.

∫ T

0

dt

‖γ(t)‖Q

.
dc(q1, q2)

dc(q1, p)Q

. max

{

d(q1, q2)

d(p, q1)Q
,
d(q1, q2)

d(p, q2)Q

}

.

where we used (ii) and (3.5) respectively. �

In the following we prove a representation theorem for Lipschitz harmonic functions of
Hn outside a compact set of finite HQ−1 measure.
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Theorem 3.12. Let C be a compact subset of Hn with HQ−1(C) <∞ and let D ⊃ C be

a domain in Hn. Suppose f : D → R is a Lipschitz function such that ∆Hf = 0 in D \C.
Then there exist a bounded domain G,C ⊂ G ⊂ D, a Borel function h : C → R and a

∆H-harmonic function H : G→ R such that

f(p) =

∫

C

Γ(q−1 · p)h(q)dHQ−1q +H(p) for p ∈ G \ C

and ‖h‖L∞(HQ−1⌊C) + ‖∇HH‖∞ . 1.

Proof. It suffices to prove the theorem with HQ−1 replaced by SQ−1. Without loss of
generality we can assume that D is bounded. Let D1 be some domain such that C ⊂
D1 ⊂ D and dist(D1,H

n \D) > 0. For every m = 1, 2, . . . there exists a finite number jm
of balls Um,j := U(pm,j , rm,j) such that Um,j ∩ C 6= ∅,

(3.6) C ⊂

jm
⋃

j=1

Um,j ⊂ D1, rm,j ≤
1

m
and

jm
∑

j=1

rQ−1
m,j ≤ SQ−1(C) +

1

m
.

Furthermore let Gm = ∪jm
j=1Um,j and

0 < εm < min{dist(C,Hn \Gm), dist(D1,H
n \D)}.

By the Whitney-McShane extension Lemma there exists a Lipschitz function F : Hn → R

such that F |D = f and F is bounded.
Let J ∈ C∞

0 (R2n+1), J ≥ 0, such that spt J ⊂ B(0, 1) and
∫

J = 1. For any ε > 0 let
Jε(x) = ε−QJ(δ1/ε(x)). We consider the following sequence of mollifiers,

fm(x) : = F ∗ Jεm(x) =

∫

F (y)Jεm(x · y
−1)dy

=

∫

F (y−1 · x)Jεm(y)dy,

(3.7)

for x ∈ Hn. Since F is bounded and uniformly continuous

‖fm − F‖∞ → 0

and furthermore for all m ∈ N,

(i) fm ∈ C∞,
(ii) ‖∇Hfm‖∞ ≤ ‖∇HF‖∞ <∞,
(iii) fm is harmonic in the set

Dεm := {p ∈ D \ C : dist(p, ∂(D \ C)) > εm}.

It follows from (iii) that every mollifier fm is harmonic in the set D1 \ Gm. We continue
by choosing another domain D2 such that Gm ⊂ D2 ⊂ D1 for all m = 1, 2, . . . , and an
auxiliary function ϕ ∈ C∞

0 (R2n+1) such that

ϕ =

{

1 in D2

0 in Hn \D1.

For m = 1, 2, . . . set gm := ϕfm and notice that gm ∈ C∞
0 (R2n+1) and

‖∇Hgm‖∞ ≤ A1
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where A1 does not depend on m. It follows by (3.1) that for all m ∈ N,

(3.8) − gm(p) = Γ ∗∆Hgm(p) for all p ∈ H
n.

Notice that

(i) gm = 0 in H
n \D1,

(ii) gm = fm in D2 \Gm and hence ∆Hgm = ∆Hfm = 0 in D2 \Gm.

Therefore for all m ∈ N and p ∈ D2 \Gm,

(3.9) − fm(p) =

∫

Gm

Γ(q−1 · p)∆Hgm(q)dq +

∫

D1\D2

Γ(q−1 · p)∆Hgm(q)dq

by (3.8).
For m ∈ N set Hm : D2 → R,

(3.10) Hm(p) = −

∫

D1\D2

Γ(q−1 · p)∆Hgm(q)dq

and Im : D2 \Gm → R, m = 1, 2, . . . ,

(3.11) Im(p) = −

∫

Gm

Γ(q−1 · p)∆Hgm(q)dq.

Since the functions ∆Hgm are uniformly bounded in D1 \D2, for all m ∈ N

(i) Hm is harmonic in D2,
(ii) ‖∇HHm‖∞ . 1, since ∇HΓ is locally integrable.

Notice that by Proposition 3.9, (ii) implies that the functions Hm are locally Lipschitz
with Liploc(Hm) . 1.

The functions Im can be expressed as,

(3.12) Im(p) = −

∫

Gm

divH,q(Γ(q
−1 · p)∇Hgm(q))dq +

∫

Gm

〈∇HΓ(p
−1 · q),∇Hgm(q)〉dq,

where divH,q stands for the H-divergence with respect to the variable q and we also used
the left invariance of ∇H and the symmetry of Γ to get that

∇H,q(Γ(q
−1 · p)) = ∇H,q(Γ(p

−1 · q)) = ∇HΓ(p
−1 · q).

By the Divergence Theorem of Franchi, Serapioni and Serra Cassano, see [FSSC1] (in
particular Corollary 7.7 ),

−

∫

Gm

divH,q(Γ(q
−1 · p)∇Hgm(q))dq

= A2

∫

∂Gm

Γ(q−1 · p)〈∇Hgm(q), νm(q)〉b(q)dS
Q−1q

(3.13)

where νm is an SQ−1-measurable section of HHn such that |νm(q)| = 1 for SQ−1-a.e
q ∈ Gm and b is a non-negative Borel function such that ‖b‖L∞(SQ−1) ≤ A3.

1

1The divergence theorem in [FSSC1] is stated in terms of the spherical Hausdorff measure SQ−1
∞

with respect to the norm ‖p‖∞ := max{|p′|,
√

|p2n+1|}. Since the corresponding norm d∞ is globally

equivallent to d we get that SQ−1 << SQ−1
∞ << SQ−1 and the function b is the Radon-Nikodym derivative

dSQ−1

∞

dSQ−1 .
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By (3.6), L2n+1(Gm) → 0, therefore for p ∈ D2 \ C,

(3.14) lim
m→∞

∣

∣

∣

∣

∫

Gm

〈∇HΓ(p
−1 · q),∇Hgm(q)〉dq

∣

∣

∣

∣

→ 0,

since |∇Hgm| is uniformly bounded in D2 and ∇HΓ is locally integrable.
Notice that the signed measures,

(3.15) σm = A2〈∇Hgm(·), νm(·)〉bS
Q−1⌊∂Gm,

have uniformly bounded total variations ‖σm‖. This follows by (3.6), as

‖σm‖ ≤ A2‖∇Hgm‖∞‖b‖L∞(SQ−1)S
Q−1(∂Gm)

≤ A1A2A3

∑

j

SQ−1(∂Um,j)

= A4

∑

j

α(Q− 1)rQ−1
m,j

≤ A5(S
Q−1(C) +

1

m
),

(3.16)

for A4 := A1A2A3, A5 = α(Q − 1)A4 and α(Q − 1) := SQ−1(∂B(0, 1)). Therefore, by
a general compactness theorem, see e.g. [AFP], we can extract a weakly converging
subsequence (σmk

)k∈N such that
σmk

→ σ.

Furthermore spt σ := spt |σ| ⊂ C. To see this let p /∈ C. Let δ = dist(p, C) and choose
i0 big enough such that 1/mi0 < δ/4. Then by (3.6), p /∈ ∂Gmi

for all i ≥ i0. Since
spt σmi

⊂ ∂Gmi
and B(p, δ

2
) ∩Gmi

= ∅,

|σ|(U(p, δ/2)) ≤ lim inf
i→∞

|σmi
|(U(p, δ/2)) = 0,

which implies that p /∈ spt σ.
Notice also that by (3.16)

(3.17) ‖σ‖ ≤ lim inf
k→∞

‖σmk
‖ ≤ A5S

Q−1(C).

Finally combining (3.12)-(3.15) we get that for p ∈ D2 \ C,

lim
k→∞

Imk
(p) =

∫

C

Γ(q−1 · p)dσq

and by (3.9)-(3.11)

f(p) =

∫

C

Γ(q−1 · p)dσq + lim
k→∞

Hmk
(p).

Since the sequence of harmonic functions (Hmk
) is equicontinuous on compact subsets

of D2, the Arzela-Ascoli theorem implies that there exists a subsequence (Hmkl
) which

converges uniformly on compact subsets of D2. From the Mean Value Theorem for sub-
Laplacians and its converse, see [BLU], Theorems 5.5.4 and 5.6.3, we deduce that (Hmkl

)

converges to a function H which is harmonic in D2. Therefore for p ∈ D2 \ C,

f(p) =

∫

C

Γ(q−1 · p)dσq +H(p).
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Furthermore the function H is locally Lipschitz in D2 with Liploc(H) . 1, therefore

‖∇HH‖∞ . 1.

Set µ = SQ−1⌊C. In order to complete the proof it suffices to show that

(3.18) σ ≪ µ and h :=
dσ

dµ
∈ L∞(µ).

The proof of (3.18) is almost identical with the proof appearing in [MPa] but we provide
the details for completeness. It is enough to prove that for every open ball U and its
closure U

(3.19) |σ|(U) ≤ A5µ(U).

Then from (3.19) we deduce that for any closed ball B and open balls Ui ⊃ B,Ui → B,

(3.20) |σ|(B) ≤ lim
i→∞

|σ|(Ui) ≤ lim
i→∞

A5µ(Ui) = A5µ(B),

which implies (3.18).
Suppose that there exist an open ball U and a positive number ε such that

(3.21) |σ(U)| > A5(µ(U) + ε).

In case C ⊂ U , (3.17) implies that |σ|(U) ≤ A5µ(U) therefore we can assume that
C \ U 6= ∅. There exists a compact set F such that

(3.22) F ⊂ C \ U and µ(F ) > µ(C \ U)−
ε

4
.

Let δε := dist(F, U) and choose k ∈ N large enough such that 1/mk < min{δε/4, ε/2}.
Then by (3.6)

(3.23) max
j≤jmk

rmk,j ≤
1

mk
<
δε
4

and

jmk
∑

j=1

rQ−1
mk,j

≤ µ(C) +
1

mk
.

Let

J1
k = {j : Umk ,j ∩ U 6= ∅}, J2

k = {j : Umk ,j ∩ F 6= ∅}.

It follows that F ⊂ ∪j∈J2
k
Umk,j

, therefore
∑

j∈J2
k
rQ−1
mk,j

≥ SQ−1
1/mk

(F ). Choosing k large

enough

(3.24)
∑

j∈J2
k

rQ−1
mk,j

≥ µ(F )−
ε

4
.

It also holds that

Umk ,j1 ∩ Umk ,j2 = ∅ for j1 ∈ J1
k , j2 ∈ J2

k .

Therefore for k large enough, by (3.23),

∑

j∈J1
k

rQ−1
mk,j

+
∑

j∈J2
k

rQ−1
mk,j

≤

jmk
∑

j=1

rQ−1
mk,j

≤ µ(C) +
ε

2
,
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and by (3.24) and (3.22)
∑

j∈J1
k

rQ−1
mk,j

≤ µ(C)− µ(F ) +
3ε

4

< µ(C)− µ(C \ U) + ε

= µ(U) + ε.

(3.25)

For all k ∈ N large enough by the definition of σmk
, (3.15), and (3.25) we see as in (3.16)

that

|σmk
|(U) ≤ |σmk

|(
⋃

j∈J1
k

Umk,j
)

≤ A4

∑

j∈J1
k

SQ−1(∂Umk,j
)

= A4

∑

j∈J1
k

α(Q− 1)rQ−1
mk,j

≤ A5(µ(U) + ε).

Since σmk
→ σ, we deduce that

|σ|(U) ≤ lim inf
k→∞

|σmk
|(U) ≤ A5(µ(U) + ε)

which contradits (3.21) and thus the proof is complete. �

The following theorem, with Q replaced by n, is also valid for Lipschitz harmonic
functions in Rn.

Theorem 3.13. Let C be a compact subset of Hn.

(i) If HQ−1(C) = 0, C is removable.

(ii) If dimC > Q− 1, C is not removable.

Proof. The first statement follows from Theorem 3.12. To see this let D ⊃ C be a
subdomain of Hn. Applying the previous Theorem we deduce that if f : D → R is
Lipschitz in D and ∆H-harmonic in D \ C there exists a ∆H-harmonic function H in a
domain G,C ⊂ G ⊂ D such that

f(p) = −H(p) for p ∈ G \ C.

This implies that f = H in G. Hence f is harmonic in G (and so also in D). Therefore
C is removable.

In order to prove (ii) let Q− 1 < s < dimC. By Frostman’s lemma in compact metric
spaces, see [M1], there exists a Borel measure µ with sptµ ⊂ C such that

µ(B(p, r)) ≤ rs for p ∈ H
n, r > 0.

We define f : Hn → R+ as

f(p) =

∫

Γ(q−1 · p)dµq.
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It follows that f is a nonconstant function which is C∞ in Hn \ C and

∆Hf = 0 on H
n \ C.

Furthermore f is Lipschitz: For p1, p2 ∈ Hn exactly as in the proof of Proposition 3.11,
we obtain

|f(p1)− f(p2)| =

∣

∣

∣

∣

∫

Γ(q−1 · p1)dµq −

∫

Γ(q−1 · p2)dµq

∣

∣

∣

∣

. d(p1, p2)

(
∫

1

d(p1, q)Q−1
dµq +

∫

1

d(p2, q)Q−1
dµq

)

. d(p1, p2).

To prove the last inequality let p ∈ Hn, and consider two cases. If dist(p, C) > d(C),
∫

1

d(p, q)Q−1
dµ ≤

µ(C)

d(C)Q−1
. 1.

If dist(p, C) ≤ d(C), then C ⊂ B(p, 2 d(C)). Let A = 2d(C), then
∫

1

d(p, q)Q−1
dµ ≤

∞
∑

j=0

∫

B(p,2−jA)\B(p,2−(j+1)A)

dµq

d(p, q)Q−1

≤
∞
∑

j=0

µ(B(p, 2−jA))

(2−(j+1)A)Q−1

≤ 2Q−1As−(Q−1)

∞
∑

j=0

(2s−(Q−1))−j . 1.

Since f ≥ 0 by a Liouville-type theorem for sub-Laplacians, see Theorem 5.8.1 of [BLU],
we deduce that ∆Hf 6≡ 0 on C and hence it is not removable. �

In the following we fix some notation. Recalling (3.2), (3.3) and (3.4) for a signed Borel
measure σ set

Tσ(p) :=

∫

K(q−1 · p)dσq, whenever it exists,

T ε
σ(p) :=

∫

Hn\B(p,ε)

K(q−1 · p)dσq

and

T ∗
σ (p) := sup

ε>0
|T ε

σ(p)|.

The proof of the following lemma is rather similar to that of Lemma 5.4 in [MPa].

Lemma 3.14. Let σ be a signed Borel measure in Hn and Aσ a positive constant such

that |σ|(B(p, r)) ≤ Aσr
Q−1 for p ∈ Hn, r > 0. Then

|T ∗
σ (p)| ≤ ‖Tσ‖∞ + AT for p ∈ H

n,

where AT is a constant depending only on σ.
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Proof. We can assume that L = ‖Tσ‖∞ < ∞. The constants Ai that will appear in the
following depend only on n and σ. For ε > 0 and p ∈ Hn,

1

L2n+1(B(p, ε/2))

∫

B(p,ε/2)

∫

B(p,ε)

1

‖q−1 · z‖Q−1
d|σ|qdz

≈ ε−Q

∫

B(p,ε/2)

∫

B(p,ε)

1

‖q−1 · z‖Q−1
d|σ|qdz

≤

∫

B(p,ε)

ε−Q

∫

B(q,2ε)

dz

‖q−1 · z‖Q−1
d|σ|q

≈ ε1−Q|σ|(B(p, ε)) ≤ Aσ

where we used Fubini and that

∫

B(q,2ε)

dz

‖q−1 · z‖Q−1
≈ ε,

which is easily checked by summing over the annuli B(q, 21−iε) \B(q, 2−iε), i = 0, 1, . . . .
We can now choose z ∈ B(p, ε/2) with |Tσ(z)| ≤ L such that

∫

B(p,ε)

|K(q−1 · z)|d|σ|q .

∫

B(p,ε)

1

‖q−1 · z‖Q−1
d|σ|q ≤ A6.

Therefore,

|T ε
σ(p)− Tσ(z)| =

∣

∣

∣

∣

∫

Hn\B(p,ε)

K(q−1 · p)d|σ|q −

∫

K(q−1 · z)d|σ|q

∣

∣

∣

∣

≤

∫

Hn\B(p,ε)

|K(q−1 · p)−K(q−1 · z)|d|σ|q +

∫

B(p,ε)

|K(q−1 · z)|d|σ|q

≤

∫

Hn\B(p,ε)

|K(q−1 · p)−K(q−1 · z)|d|σ|q + A6.

Furthermore, by Proposition 3.11 (iii), as z ∈ B(p, ε/2),

∫

Hn\B(p,ε)

|K(q−1 · p)−K(q−1 · z)|d|σ|q

.

∫

Hn\B(p,ε)

max

{

d(p, z)

d(p, q)Q
,
d(p, z)

d(z, q)Q

}

d|σ|q

≤

∫

Hn\B(p,ε)

d(p, z)

d(p, q)Q
d|σ|q +

∫

Hn\B(z,ε/2)

d(p, z)

d(z, q)Q
d|σ|q
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Since
∫

Hn\B(p,ε)

d(p, z)

d(p, q)Q
d|σ|q ≤

ε

2

∞
∑

j=0

∫

B(p,2j+1ε)\B(p,2jε)

1

d(p, q)Q
d|σ|q

≤
ε

2

∞
∑

j=0

|σ|(B(p, 2j+1ε))

(2jε)Q

≤ Aσ
ε

2

∞
∑

j=0

(2j+1ε)Q−1

(2jε)Q

= Aσ2
Q,

and in the same way,
∫

Hn\B(z,ε/2)

d(p, z)

d(z, q)Q
d|σ|q ≤ Aσ2

Q+1,

we deduce that
∫

Hn\B(p,ε)

|K(q−1 · p)−K(q−1 · z)|d|σ|q ≤ A7.

Therefore
|T ε

σ(p)| ≤ |T ε
σ(p)− Tσ(z)|+ |Tσ(z)| ≤ A6 + A7 + L.

The lemma is proven. �

4. ∆H-removable Cantor sets in Hn

In this section we shall construct a self-similar Cantor set C in Hn which is removable
although 0 < HQ−1(C) < ∞. The construction is similar to the one used in [CM] and
it is based on ideas of Strichartz in [St]. Notice that in Theorem 4.2 there is one piece
S0(Cr,N) of Cr,N well separated from the others. This is in order to make the condition
of Theorem 2.3 easily checkable. It is almost sure that also the more symmetric example
used in [CM] would satisfy that condition, but the calculation would become much more
complicated.

Definition 4.1. Let Q = [0, 1]2n ⊂ R2n, r > 0, N ∈ 2N be such that r < 1
N
< 1

2
. Let

zj ∈ R2n, j = 1, ..., N2n, be distinct points such that zj,i ∈ { l
N

: l = 0, 1, · · · , N − 1} for
all j = 1, · · · , N2n and i = 1, .., 2n.

The similarities Sr,N = {S0, .., S 1
2
N2n+2}, depending on the parameters r and N , are

defined as follows,

S0 = δr,

Sj = τ(z⌊j⌋
N2n

, 1
2
+ i

N2 )
◦ δr, for i = 0, · · · ,

N2

2
− 1 and j = iN2n + 1, · · · , (i+ 1)N2n.

where ⌊j⌋m := j mod m.

Theorem 4.2. Let Cr,N be the self-similar set defined by,

Cr,N =

1
2
N2n+2

⋃

j=0

Sj(Cr,N).
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Then there exists a set R ⊃ Cr,N such that for all j = 0, .., 1
2
N2n+2,

(i) Sj(R) ⊂ R and

(ii) the sets Sj(R) are disjoint.

This implies that the sets Sj(Cr,N) are disjoint for j = 0, .., 1
2
N2n+2 and

0 < Ha(Cr,N) <∞ with a =
log(1

2
N2n+2 + 1)

log(1
r
)

.

Proof. The proof is almost identical with that of Theorem 4.2 of [CM] but we present it
since later we shall need some of its components. Using an idea of Strichartz we show
that there exists a continuous function ϕ : Q→ R such that the set

R = {q ∈ H
n : q′ ∈ Q and ϕ(q′) ≤ q2n+1 ≤ ϕ(q′) + 1}

satisfies (i) and (ii). This will follow if we find some continuous ϕ : Q→ R which satisfies
for all j = 1, . . . , N2n,

(4.1) τ(zj ,0)δr(R) = {q ∈ H
n : q′ ∈ Qj and ϕ(q

′) ≤ q2n+1 ≤ ϕ(q′) + r2},

where Qj = τ(zj ,0)(δr(Q)). Since

τ(zj ,0)δr(R) = {p ∈ H
n : p′ ∈ Qj and r

2ϕ(
p′ − zj
r

)− 2

n
∑

i=1

(zj,ipi+n − zj,i+npi) ≤ p2n+1

≤ r2ϕ(
p′ − zj
r

)− 2

n
∑

i=1

(zj,ipi+n − zj,i+npi) + r2},

proving (4.1) amounts to showing that

(4.2) ϕ(w) = r2ϕ(
w − zj
r

)− 2
n
∑

i=1

(zj,iwi+n − zj,i+nwi) for w ∈ Qj , j = 1, . . . , N2n.

As usual for any metric space X , denote C(X) = {f : X → R and f is continuous}.
Let B = ∪N2n

j=1Qj and L : C(B) → C(Q) be a linear extension operator such that

L(f)(x) = f(x) for x ∈ B

and

‖L(f)‖∞ = ‖f‖∞.

Since the Qj ’s are disjoint the operator L can be defined simply by taking ε > 0 small
enough and letting

L(f)(x) =















f(x) when x ∈ B,
ε− dist(x,B)

ε
f(x̃) when 0 < dist(x,B) < ε,

0 when dist(x,B) ≥ ε,

where x̃ ∈ B and dist(x,B) = d(x, x̃).
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Furthermore define the functions h : B → R, f̃ : B → R,

h(w) = −2

n
∑

i=1

(zj,iwi+n − zj,i+nwi) for w ∈ Qj ,

f̃(w) = r2f(
w − zj
r

) for f ∈ C(Q), w ∈ Qj ,

and the operator T : C(B) → C(Q) as,

T (f) = L(f̃ + h).

Then

T (f)(w) = r2f(
w − zj
r

)− 2

n
∑

i=1

(zj,iwi+n − zj,i+nwi) for w ∈ Qj,

and for f, g ∈ C(B),

‖Tf − Tg‖∞ = ‖L(f̃ − g̃)‖∞ = ‖f̃ − g̃‖∞ ≤ r2‖f − g‖∞.

Hence T is a contraction and it has a unique fixed point ϕ which satisfies (4.2). The
remaining assertions follow from [S]. �

Remark 4.3. Notice that, by (4.1), for j = iN2n+1, · · · , (i+1)N2n and i = 0, · · · , N
2

2
−1,

Sj(R) = τ(z⌊j⌋
N2n

, 1
2
+ i

N2 )
δr(R)

= {q ∈ H
n : q′ ∈ Q⌊j⌋

N2n
and ϕ(q′) +

1

2
+

i

N2
≤ q2n+1 ≤ ϕ(q′) +

1

2
+

i

N2
+ r2}.

Therefore in order for all p ∈ Cr,N \ S0(Cr,N) to satisfy p2n+1 > 0 it suffices to have,

(4.3) ϕ(w) > −
1

2
for all w ∈

N2n
⋃

j=1

Qj .

For w ∈ Qj =
∏2n

i=1[zj,i, zj,i + r], j = 1, .., N2n,

|zj,iwi+n − zj,i+nwi| = |zj,iwi+n − wiwi+n + wiwi+n − zj,i+nwi|

≤ |(zj,i − wi)wi+n|+ |wi(wi+n − zj,i+n)| ≤ 2r,

for all i = 1, ..., n. Hence by (4.2) it follows that,

|ϕ(w)| ≤ r2‖ϕ‖∞ + 2
n
∑

i=1

|zj,iwi+n − zj,i+nwi| ≤ r2‖ϕ‖∞ + 4nr.

Therefore

‖ϕ‖∞ ≤
4nr

1− r2
≤ 8nr,

and (4.3) is satisfied if r < 1
16n
.
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Remark 4.4. Choose r0 <
1

16n
such that N0 =

1
r0

∈ 2N and consider the self similar sets

Cr,N0, r < r0. Then for r ∈ (0, r0),

{dimCr,N0 : r ∈ (0, r0)} =

(

0,
log(1

2
N2n+2

0 + 1)

log(N0)

)

.

Furthermore
log(1

2
N2n+2

0 + 1)

log(N0)
>

log(N0

2
) + log(N2n+1

0 )

log(N0)
> 2n+ 1.

Therefore there exists some rQ−1 <
1
N0

such that

0 < H2n+1(CrQ−1,N0) <∞.

We will denote CrQ−1,N0 by CQ−1.

Theorem 4.5. The Cantor set CQ−1 satisfies 0 < HQ−1(CQ−1) <∞ and is removable.

Proof. Suppose that CQ−1 is not removable. Then there exists a domain D ⊃ CQ−1 and
a Lipschitz function f : D → R which is ∆H-harmonic in D \ CQ−1 but not in D. By
Theorem 3.12 there exists a domain G,CQ−1 ⊂ G ⊂ D, a Borel function h : C → R and
a ∆H-harmonic function H : G→ R such that

f(p) =

∫

CQ−1

Γ(q−1 · p)h(q)dHQ−1q +H(p) for p ∈ G \ CQ−1

and ‖h‖L∞(HQ−1⌊CQ−1) + ‖∇HH‖∞ . 1. Let σ = hHQ−1⌊CQ−1. In this case, by the left
invariance of ∇H as in (3.12),

Tσ(p) = ∇Hf(p)−∇HH(p) for all p ∈ G \ CQ−1

which implies that

(4.4) |Tσ(p)| . 1 for all p ∈ G \ CQ−1.

Let δ = dist(CQ−1,H
n \G) > 0. Then for p ∈ Hn \G,

(4.5) |Tσ(p)| .

∫

1

‖q−1 · p‖Q−1
d|σ|q ≤

|σ|(CQ−1)

δQ−1
. 1.

By (4.4) and (4.5) we deduce that Tσ ∈ L∞. Hence by Lemma 3.14 we get that T ∗
σ is

bounded. Furthermore since f is not harmonic in CQ−1, h 6= 0 in a set of positive HQ−1

measure. Therefore there exists a point p ∈ CQ−1 of approximate continuity (with respect
to HQ−1⌊CQ−1) of h such that h(p) 6= 0. Recalling that CrQ−1,N0 := CQ−1 and Definition

4.1 let wk ∈ {0, . . . , 1
2
N2n+2}k be such that p ∈ Swk

(CQ−1). Then by the approximate
continuity of h,

(S−1
wk

)♯(σ⌊Swk
(CQ−1)) → h(p)HQ−1⌊CQ−1 as k → ∞,

and the boundedness of T ∗
σ implies that T ∗

HQ−1⌊CQ−1
is bounded. To see this let z ∈

Hn \ (CQ−1 ∪
⋃∞

k=1 S
−1
wk

(CQ−1)). If dist(z, CQ−1) > d(CQ−1), then

(4.6) |THQ−1⌊CQ−1
(z)| . 1.
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Therefore we can assume that dist(z, CQ−1) ≤ d(CQ−1). Recalling Remark 4.4 this implies
that for any w ∈ I,

dist(Sw(z), Sw(CQ−1)) = r
|w|
Q−1 dist(z, CQ−1)

≤ r
|w|
Q−1 d(CQ−1) = d(Sw(CQ−1))

(4.7)

Then by (2.2),

h(p)THQ−1⌊CQ−1
(z) = lim

k→∞

∫

K(q−1 · z)d(S−1
wk

)♯(σ⌊Swk
(CQ−1))q

= lim
k→∞

∫

Swk
(CQ−1)

K(S−1
wk

(q)−1 · z)dσq

= lim
k→∞

∫

Swk
(CQ−1)

K(q−1 · Swk
(z))dσq

= lim
k→∞

(

∫

CQ−1

K(q−1 · Swk
(z))dσq −

∫

CQ−1\Swk
(CQ−1)

K(q−1 · Swk
(z))dσq

)

.

Since z /∈
⋃∞

k=1 S
−1
wk

(CQ−1),
∣

∣

∣

∣

∣

∫

CQ−1

K(q−1 · Swk
(z))dσq

∣

∣

∣

∣

∣

≤ ‖T ∗
σ‖∞.

Furthermore by Lemma 2.4 and (4.7) we get that,
∣

∣

∣

∣

∣

∫

CQ−1\Swk
(CQ−1)

K(q−1 · Swk
(z))dσq

∣

∣

∣

∣

∣

≤ 2‖T ∗
σ‖∞ + Ac.

Therefore,
|h(p)THQ−1⌊CQ−1

(z)| ≤ 3‖T ∗
σ‖∞ + Ac,

and since

L2n+1

(

CQ−1 ∪
∞
⋃

k=1

S−1
wk

(CQ−1)

)

= 0

we get that THQ−1⌊CQ−1
∈ L∞. Hence by Lemma 3.14 T ∗

HQ−1⌊CQ−1
is bounded.

On the other hand notice that
∫

CQ−1\S0(CQ−1)

K1+n(q
−1)dHQ−1q

=

∫

CQ−1\S0(CQ−1)

cQ
(−q1+n)|q

′|2 − (−q1)(−q2n+1)

‖q‖Q+2
dHQ−1q

= −

∫

CQ−1\S0(CQ−1)

cQ
q1+n|q

′|2 + q1q2n+1

‖q‖Q+2
dHQ−1q

and since by Remark 4.3 q1+n|q
′|2 + q1q2n+1 > 0 for q ∈ CQ−1 \ S0(CQ−1), we obtain that

∫

CQ−1\S0(CQ−1)

K1+n(q
−1)dHQ−1q 6= 0.
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Therefore, by Theorem 2.3, since 0 is a fixed point for SrQ−1,
1

N0

, T ∗
Kn+1

(HQ−1⌊CQ−1) and

hence T ∗
HQ−1⌊CQ−1

is unbounded. We have reached a contradiction and the theorem is

proven. �

5. Concluding comments and questions

Here we shall discuss some questions that are left unanswered, or even not considered
at all, so far.

What (Q − 1)-dimensional subsets of Hn are not removable? The proof of Theorem
4.5 uses the special structure of CQ−1 only at the end to check the condition of Theorem
2.3. It is quite likely that the cases of self-similar sets where this condition fails are quite
exceptional, but checking it could be technically very complicated. In our case we set up
the example so that the integrand doesn’t change sign, but even for the sets considered in
[CM] one would need to compare carefully the positive and negative contributions. Note
also that there are actually infinitely many sufficient conditions for the unboundedness in
Theorem 2.3 corresponding to the dense set of fixed points.

The related question is on what (Q−1)-dimensional subsets of Hn the singular integral
operator related to the kernel K = ∇HΓ can be L2-bounded. Or on what m-dimensional
subsets of Hn the singular integral operators related to appropriate m-homogeneous ker-
nels can be L2-bounded. As mentioned in the introduction essentially complete results
are only known for the Cauchy kernel in the complex plane (or also for the Riesz kernel
|x|−2x in Rn). Form-dimensional Ahlfors-David-regular sets E andm-homogeneous Riesz
kernels in Rn we know that the L2-boundedness implies that m must be an integer, [Vi],
and E must be well approximated by m-planes almost everywhere at some arbitrarily
small scales, [MPa], [M3]. Similar results were proved for Riesz-type kernels in Hn in
[CM]. A property of these kernels R that was crucial for the proofs is that R(x) = −R(y)
if and only if x = −y. Obtaining similar results even for the simple kernel z3/|z|4 in C

does not seem to be trivial, and far less for the kernel K = ∇HΓ in Hn.
We have not studied here the converse: what regularity properties of the underlying sets

guarantee the L2-boundedness of the singular integral operators and the non-removability
of such sets? In Rn this is well understood by the results of David and Semmes, see
[DS]. They have proved that a large class of singular integral operators are L2-bounded
on uniformly rectifiable sets (which include Lipschitz graphs, for example), and this is
essentially the best one can say. It follows that compact subsets C of (n− 1)-dimensional
uniformly rectifiable sets with Hn−1(C) > 0 are not removable for Lipschitz harmonic
functions in Rn. In Hn it would be natural to start asking what smoothness properties
of surfaces guarantee the L2-boundedness of various singular integral operators? An
extensive study of surfaces in Hn is performed in [FSSC2]. The horizontal surfaces of
[FSSC2], being essentially Euclidean, should be easier to handle than the vertical ones
when one is dealing with antisymmetric kernels. The simplest vertical hypersurfaces are
the vertical planes which are of the form {(x, t) : x ∈ V, t ∈ R} where V is a linear
hyperplane in R

2n. Since the Fourier transform is not available, T (b)-theorems would be
natural tools to prove the L2-boundedness of the singular integral operator related to the
kernel K = ∇HΓ. A problem (perhaps just a technical one) is that since the kernel is not
odd, one has to verify the weak boundedness by some estimates. If true this would imply,
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for example by the methods used in [MPa], that the subsets of vertical hyperplanes of
positive measure are not removable for Lipschitz harmonic functions.

Our final comment is actually irrelevant for this paper, but we would like to straighten
one item of [CM]. As observed by Enrico Le Donne, the proof of Lemma 2.11 in [CM] is
too complicated and the question stated in Remark 2.12 has a positive answer. This was
also proved and used in a different setting in [AKL].
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