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Abstract

We consider the Gel’fand inverse problem and continue studies of [Mandache,2001].
We show that the Mandache-type instability remains valid even in the case of Dirichlet-
to-Neumann map given on the energy intervals. These instability results show, in
particular, that the logarithmic stability estimates of [Alessandrini,1988|, [Novikov,
Santacesaria,2010] and especially of [Novikov,2010] are optimal (up to the value of the
exponent).

1. Introdution
We consider the Schrédinger equation
— A +o(z)p = EY, x€D, (1.1)

where
D is an open bounded domain in RY, d > 2, 9D € C?, v € L>(D). (1.2)

Consider the map ®(E) such that

o
O(F = —|sp- 1.
(E)(Wlop) = - "lop (1.3)
for all sufficiently regular solutions ¢ of (1)) in D = DUAD, where v is the outward normal

to 0D. Here we assume also that
E is not a Dirichlet eigenvalue for operator —A + v in D. (1.4)

The map ®(FE) is called the Dirichlet-to-Neumann map and is considered as boundary
measurements.
We consider the following inverse boundary value problem for equation (I.T]).

K
Problem 1.1. Given ®(E) on the union of the energy intervals S = (J I;, find v.

j=1
Here we suppose that condition (I4) is fulfilled for any E € S.
This problem can be considered as the Gel’fand inverse boundary value problem for the

Schrodinger equation on the energy intervals (see [2], [6]).

Problem 1.1 includes, in particular, the following questions: (a) uniqueness, (b) reconstruction,

(c) stability.
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Global uniqueness for Problem 1.1 was obtained for the first time by Novikov (see
Theorem 5.3 in [4]). Some global reconstruction method for Problem 1.1 was proposed for
the first time in [4] also. Global uniqueness theorems and global reconstruction methods in
the case of fixed energy were given for the first time in [6] in dimension d > 3 and in [9] in
dimension d = 2.

Global stability estimates for Problem 1.1 were given for the first time in [I] in dimension
d > 3 and in [§] in dimension d = 2. The Alessandrini result of [I] was recently improved by
Novikov in [7]. In the case of fixed energy, Mandache showed in [3] that these logarithmic
stability results are optimal (up to the value of the exponent). Mandache-type instability
estimates for inverse inclusion and scattering problems are given in [12].

In the present work we extend studies of Mandache to the case of Dirichlet-to-Neumann
map given on the energy intervals. The stability estimates and our instability results for
Problem 1.1 are presented and discussed in Section 2. In Section 5 we prove the main
results, using a ball packing and covering by ball arguments. In Section 3 we prove some
basic properties of the Dirichlet-to-Neumann map, using some Lemmas about the Bessel
functions wich we proved in Section 6.

2. Stability estimates and main results

As in [7] we assume for simplicity that

D is an open bounded domain in R?, 9D € C?,

v € W™L(R?) for some m > d, suppv C D, d > 2, (2.1)

where
W™ RY) = {v: 0've L'RY), |J| <m}, m e NUO, (2.2)

where

oMlu(x)
Je(Nu0), |J Ji, 07( — 2.3
€ = Z ax‘lh. Q) (2:3)
Let

||0]|m,1 = max ||8Jv||L1(Rd). (2.4)

|J]<m
We recall that if vy, vy are potentials satisfying (L4)),(3]), where £ and D are fixed, then

®; — ®, is a compact operator in L*(9D), (2.5)
where ®;, @5 are the DtN maps for vy, vy respectively, see [6]. Note also that (2.1) = (L2]).

Theorem 2.1 (variation of the result of [I], see [7]). Let conditions (1-4), (21) hold for
potentials vy and vy, where E and D are fized, d > 3. Let ||vj||m1 < N, j = 1,2, for some
N > 0. Let &1, &y denote DtN maps for vy, vy respectively. Then

o2 — vl w0y < ex(In(3 + [|®3 — @] )~ (2.6)
where C1 = cl(N,D,m), ap = (m — d)/m, ||(I)1 — (I>2|| = ||(I)1 — (I>2||L°°(8D)—>L°°(8D)-

An analog of stability estimate of [I] for d = 2 is given in [§].
A disadvantage of estimate (2.6]) is that

ay < 1 for any m > d even if m is very great. (2.7)
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Theorem 2.2 (the result of [7]). Let the assumptions of Theorem [21 hold. Then
[[o1 = vl L () < ca(In(3+ [|®y — Pof| 1)) 77, (2.8)
where c; = co(N,D,m), ag =m —d, ||®1 — Do|| = ||P1 — P2||1c9D)— L (0D) -
A principal advantage of estimate (2.8)) in comparison with (2.6]) is that
Qs — +00 as m — +00, (2.9)

in contrast with (Z7). Note that strictly speaking Theorem [22] was proved in [7] for £ = 0
with the condition that suppv C D, so we cant make use of substitution vg = v — F, since
condition supp vy C D does not hold.

We would like to mention that, under the assumptions of Theorems[2.I]and 2.2], according
to the Mandache results of [3], estimate (2.8) can not hold with as > m(2d — 1)/d for real-
valued potentials and with as > m for complex potentials.

As in [3] in what follows we fix D = B(0, 1), where B(z, ) is the open ball of radius r
centred at x. We fix an orthonormal basis in L?*(S¢71) = L?(dD)

fjp is a spherical harmonic of degree j, '

where p; is the dimension of the space of spherical harmonics of order j,

C(jtd—1\ [(j+d-3
w= (30050 .11

CQ n(n—1)-(n—k+1)

where

= o forn >0 (2.12)

and

(Z) —0 forn<0. (2.13)

The precise choice of f}, is irrelevant for our purposes. Besides orthonormality, we only need
fjp to be the restriction of a homogeneous harmonic polynomial of degree j to the sphere
and so |z)’ f;,(x/|z|) is harmonic. In the Sobolev spaces H*(S%1) we will use the norm

|| chpfjp| %{S = Z(l +j)2s|cjp|2' (2-14)
3P

Jip
The notation (aj,;,) stands for a multiple sequence. We will drop the subscript

0<j, 1<p<p;, 0<4i, 1 <qg<ps (2.15)

We use notations: |A] is the cardinality of a set A, [a] is the integer part of real number a
and (r,w) € R, x S%! are polar coordinates for rw = z € R%.

The interval I = [a, b] will be referred as o-regular interval if for any potential v € L>(D)
with ||v]|L=(p) < 0 and any E € I condition (L4]) is fulfilled. Note that for any £ € I and
any Dirichlet eigenvalue X\ for operator —A in D we have that

E— )\ >o0. (2.16)

It follows from the definition of o-regular interval, taking v = E — .
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K
Theorem 2.3. For o > 0 and dimension d > 2 consider the union S = |J I; of o-regular
j=1
intervals. Then for any m > 0 and any s > 0 there is a constant > 0, such that for
any € € (0,0/3) and vy € C™(D) with ||vo||r~py < 0/3 and suppvy C B(0,1/3) there are
real-valued potentials vy, vy € C™(D), also supported in B(0,1/3), such that

sup (1|1(E) = ®2(E) |-+ ) <exp (=€),

EeS

[[v1 = vo| Lo () = €, (2.17)
llvi —vollompy < B,
|vi — vol|L(p) <€,

where ©1(E), ®o(E) are the DN maps for vy and vy respectively.

Remark 2.1. We can allow 3 to be arbitrarily small in Theorem 2.3 if we require € < ¢
1

and replace the right-hand side in the instability estimate by exp(—ce™2n ), with ¢y > 0 and

¢ > 0, depending on /.

In addition to Theorem 2.3 we consider explicit instability example with a complex
potential given by Mandache in [3]. We show that it gives exponential instability even in case
of Dirichlet-to-Neumann map given on the energy intervals. Consider the cylindrical variables
(r1,0,2') € Ry x R/27Z x R4=2, with 2’ = (x3,...,24), 71 cos @ = 11 and 71 sin§ = 5. Take
¢ € C*(R?) with support in B(0,1/3) N {x; > 1/4} and with ||@||r~ = 1.

Theorem 2.4. For o > 0, m > 0, integer n > 0 and dimension d > 2 consider the union
K
S = U I, of o-regular intervals and define the complex potential
j=1
o

Upm () = gn_mei”‘g(ﬁ(rl, |2']). (2.18)

Then ||Vmnl|L~py = §n~™ and for every s > 0 and m > 0 there are constants c, ¢’ such that
||Vmn]lompy < ¢ and for every n

sup (|| pun(E) = @o(E)|[5-snrs) < 271, (2.19)
EeS

where ®,,,(E), ®o(E) are the DN maps for vy, and vy = 0 respectively.

g h—m

In some important sense, this is stronger than Theorem 2.3l Indeed, if we take € = gn™"™ we
obtain (Z.I7) with exp(—Ce~*/™) in the right-hand side. An explicit real-valued counterexample
should be difficult to find. This is due to nonlinearity of the map v — ®.

Remark 2.2. Note that for sufficient large s one can see that

Hq)l - (D2||L°°(8D)—>L°°(8D) S C| |(I)1 - @2”[{75_)[{5 . (220)
So Theorem and Theorem 24 imply, in particular, that the estimate

o = Lo < casup (In(3 +|1(E) = Ba(B)]| )™ (2.21)
S

where c3 = c3(N, D, m,S) and ||®1(E) — ®o(E)|| = ||®1(£) — P2(E)||L(09D)— L= (0D), can not
hold with a3 > 2m for real-valued potentials and with a3 > m for complex potentials. Thus
Theorem 2.3]and Theorem 2.4l show optimality of logarithmic stability results of Alessandrini
and Novikov in considerably stronger sense that results of Mandache.
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3. Some basic properties of Dirichlet-to-Neumann map

We continue to consider D = B(0,1) and also to use polar coordinates (r,w) € R, x %1,
with z = rw. Solutions of equation —Aw = E1 in D can be expressed by the Bessel functions
J, and Y, with integer or half-integer order «, see definitions of Section 6. Here we state
some Lemmas about these functions (Lemma Bl Lemma B2 and Lemma [3.3)).

Lemma 3.1. Suppose k # 0 and k? is not a Dirichlet eigenvalue for operator —A in D.
Then
J. a2 (k‘?“)

d—2 Y j44==
-5 I

¢0(T, w) =r 7J'+%(k‘)

fip(w) (3.1)

j
is the solution of equation (I1) with v=0, E = k? and boundary condition 1¥|sp = f;p-

Remark 3.1. Note that the assumptions of Lemma B imply Jj+%(/€) # 0.

Lemma 3.2. Let the assumptions of Lemma[31l hold. Then system of functions

{¢jp(r> w) = Rj(k>r)fjp(w) : ] > 0; 1< p < pj}> (32)

where
d—2

Ri(k,r) =r (Yﬁ%(mwﬁ%(kz) - Jj+%(k‘r)Yj+%(k)>, (3.3)

is complete orthogonal system (in the sense of Lo ) in the space of solutions of equation (1.1))
in D' = B(0,1)\ B(0,1/3) withv =0, E = k* and boundary condition 1|,—, = 0.

Lemma 3.3. For any C > 0 and integer d > 2 there is a constant N > 3 depending on C
such that for any integer n > N and any |z| < C

1 (jel/2)° 3 (21/2)°
2T+ 1) = N < 5ra Ty 34

oy < 52
7.(2)] < 31— (35
S-(1/2)"T(0) < [Ya(2)] < 2 (12l/2)"T(0) (3.
V()] < 2(12l/2) T + 1) (3.7

where ' denotes derivation with respect to z, a = n + d;22 and I'(x) is the Gamma function.
Proofs of Lemma [3.1] Lemma and Lemma [B.3] are given in Section 6.

Lemma 3.4. Consider a compact W C C. Suppose, that v is bounded, suppv C B(0,1/3)
and condition (1.4)) is fulfilled for any E € W and potentials v and vy, where vy = 0.
Denote Ay g = ®(FE) — ®o(E). Then there is a constant p = p(W,d), such that for any
0<5,1<p<p;, 0<4,1<q<p;, we have

(Ao fips fig)l < p27 ™00l | oo || (A + v = B) |22y, (3.8)

where ®(E), ®y(E) are the DtN maps for v and vy respectively and (—A +v — E)™! is
considered with the Dirichlet boundary condition.



6 M.I. Isaev

Proof of Lemma[3.4) For simplicity we give first a proof under the additional assumtions
that 0 ¢ T and there is a holomorphic germ v/E for E € W. Since W is compact there is
C > 0 such that for any z € W we have |z| < C. We take N from Lemma for this C.
We fix indeces j, p. Consider solutions ¥(E), 1o(E) of equation (LI) with £ € W, boundary
condition ¥|sp = f;j, and potentials v and vy respectively. Then ¢(E) — ¢)o(E) has zero
boundary values, so it is domain of —A 4+ v — F, and since

(A +v—E) (W(E) —(E)) = —vi(E) in D, (3.9)

we obtain that
V(E) —ho(E) = —(—A +v — E) oy (E). (3.10)
If j > N from Lemma B.1] and Lemma [3.3] we have that

1/3
160(B) Z2(z01/3y = IFspl Fagsasy /

v (B2 (e (3.11)
S/O (2 P(]—l— —|—1)>/<2F(]—|—u—|—1)> rdr =

Y3 2j+d—1 3 1+ 2
=3 T dr = = <27%
/0 Y 2j+d<3)

For j < N we use fact that |[¢o(E)||r2(B(0,1)) is continuous function on compact W and,
since N depends only on W, we get that there is a constant p; = p; (W, d) such that

o (B 22(B0,1/3)) < P27 (3.12)
Since v has support in B(0,1/3) from (B.I0) we get that
1W(E) = ¢o(B)ll 201y < 127 |[v][ 1oy |(=A + v = E) "] 12(p). (3.13)

Note that ¢(E) — ¢y(E) is the solution of equation (LI in D' = B(0,1) \ B(0,1/3) with
potential vg = 0 and boundary condition v|,—; = 0. From Lemma we have that

W(E) — ¢o(E) = Z Ciqo(E)bi(E) in D' (3.14)
for some c;;, where -
Vig(B)(r,w) = Ri(VE, 1) fig(w), (3.15)

Since R;(vVE,1) =0

, 0 T’%QR,' VE,r
8Rz(f, Nl ( ai )) . (3.16)
For i > N from Lemma we have that :
W A ]
Ya(\/E)J (JE) Yo(WE)  Ju(VE)| ™ (3.17)

1/2 /9\—a—1 1/2 /9ya—1
§6|E|1/2<|E| /2" T(a+1) | (E[V/2) W“)):m,

[EI'?/2)7T () (1E['2/2)°T(a)
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_d-2 2 o 2
[|r™ 2 Yo (VET)|| L2(11/3< 2| <2/5}) 25 (L(|E[V?r/2)=°T (a)
> rdr
1

Ya(VE) o \3 (B[2/2)72T(a) (318)
2 N1 /1. .\
> (5-5) 3 (50r)
=" Ja(VEN) leusetmtzssn | [ (2 0B ?r/2)°T (@) 27’ r
( [ Jo(VE)] ) S/1/3 (3 (|E|1/2/2)“F(0‘)) ‘ (3.19)

< @ - ;) - (3(2/5)°)

where o =i + %2, Since N > 3 we have that o > 3. Using (3.I8) and (BI9) we get that

|[%iq (B L2(11/3<]2]<2/5)) 2 1\1 1/2 1 . No 1 )
Ya(\/E)Ja(\/E)) Z ((5 3>3) <3(5/2) 3(2/5) ) > 555(5/2)% (3.20)

For ¢+ > N we get that

ORZ (\/E, T)

p < 1000a(5/2)™|[¢ig (B[ 2({1/3< <1} - (3.21)

r=1

For i < N we use the fact that ‘ %‘F’T’)
on compact W and get that for any ¢ > 0 there is a constant py = p2(W, d) such that

‘ [|Viq(E)||L2({1/3<|2|<1}) is continuous function
r=1

8RZ \/E,’/’ —
‘¥ < p2 27| [ ()| L2 ({1 /3<]2)<1})- (3.22)

or

r=1

Proceeding from (3.14)) and using the Cauchy—Schwarz inequality we get that

(W(E) = %o(E), il B))

ris<iei<ny) | o [[O(E) = o(E)llr250.1)

el ®)] = R ][ * Ty 2
Taking into account
usfi i) = (FHEZED] g ) ) OR(VE,) e
and combining ([B:22]) and (3:23]) we obtain that
(Ao, fips fig)| < P27 [[W(E) — o (E)||2(B0,1))- (3.25)

From (B.13) and ([3.25) we get (3.8)).

For the general case we consider two compacts

We=Wn{z| £Imz > 0}. (3.26)
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Note that 2222070 g Ltz ble singularity in £ = 0 isel
ote that T sl 7B an Y 12 (VE) ave removable singularity in £/ = 0 or, more precisely,
B EAN
Jj+%( ET) ., +d;2
J a2 (VE)
ViespVED) (3.27)
as B — 0.

Considering the limit as £ — 0 we get that (313]), (8.25) and consequently (B.8) are valid
for W,. To complete proof we can take p = max{p,,p_}. [

Remark 3.2. From (3] and (BI0) we get that

(Ao.efjp, fig) 1s holomorphic function in W. (3.28)

4. A fat metric space and a thin metric space

Definition 4.1. Let (X, dist) be a metric space and € > 0. We say that a set Y C X is an
e-net for X7 C X if for any z € X there is y € Y such that dist(z,y) < e. We call e-entropy
of the set X; the number H.(X;) := log, min{|Y| : Y is an e-net fot X }.

A set Z C X is called e-discrete if for any distinct 21, 20 € Z, we have dist(z1, z2) > €. We
call e-capacity of the set X; the number C, := log, max{|Z| : Z C X; and Z is e-discrete}.

The use of e-entropy and e-capacity to derive properties of mappings between metric
spaces goes back to Vitushkin and Kolmogorov (see [10] and references therein). One notable
application was Hilbert’s 13th problem (about representing a function of several variables
as a composition of functions of a smaller number of variables). In essence, Lemma [1.1] and
Lemma [4.2] are parts of the Theorem XIV and the Theorem XVII in [I0].

Lemma 4.1. Let d > 2 um > 0. Fore, 8 > 0, consider the real metric space
Xmeﬁ = {f € Cm(D) ‘ Suppf C B(07 1/3)7 ||fHL°°(D) < €, ||fHCm(D) < 5}7

with the metric induced by L*. Then there is a p > 0 such that for any f > 0 and € € (0, uf3),
there is an e-discrete set Z C Xyep with at least exp <2_d_1(,u5/e)d/m> elements.

Lemma [Tl was also formulated and proved in [3].

Lemma 4.2. For the interval I = [a,b] with a <b and v > 0 consider ellipse Wi, € C

a+b a-—0>b
_l_

WLV:{ 9

cosz | [Imz| <~} (4.1)
Then there is a constant v = v(C,~) > 0, such that for every § € (0,e™"), there is a §-net
for the space functions on I with L*-norm, having holomorphic continuation to Wy, with
module bounded above on Wi ., by the constant C, with at most exp(v(Ind—1)?) elements.
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Proof of Lemma[{.3. Theorem XVII in [10] provides asymptotic behaviour of the entropy
of this space with respect to 6 — 0. Here we get upper estimate of it. Suppose g(z) is
holomorphic function in Wy, with module bounded above by the constant C'. Consider the
function f(z) = g(“42 + %t cosz). By the choise of Wy, we get that f(z) is 2m-periodic
holomorphic function in the stripe |Im z| < . Then for any integer n

2T
/ e f(x)dx
0

Let ng be the smallest natural number such that 2rCe ™7 < 67~ 2(n+1)726 for any n > n,.
Taking natural logarithm and using In5=! > 1, we get that

2T
S/ e " Cdx < 2mCem ", (4.2)
0

len| =

ns < C'lnd ", (4.3)

where C’ depends only on C' and 7. We denote ¢ = 37~2(ns + 1)~25. Consider the set

Y5 = 8'Z(\[—2nC,2xC] +i- L[ \[-2rC, 2xC]. (4.4)
Using (4.3), we have that
V5| = (1 + 2[20C/8))* < C"672In* 671, (4.5)
with C” depending only on C' and 7. We set
.
{Zd cos (n arccos ) | d, € Y5 for n <ng, d, =0 0therw1se} (4.6)
n=0 e

For given f(z) in case of n < ns we take d,, to be one of the closest elements of Yj to c,.
Since |c,| < 27C, this ensures |c, — d,| < 2'. For n > ns we take d,, = 0. We have then

len — dy| < 6772 (n 4+ 1)7%6. (4.7)

For n > ns this is true by the construction of ns, otherwise by the choise of §’. Since f(x) is
27-periodic even function, we get gy (x) € Y such that

o o 1
— wap) <Y o —dn| <6170y = =6 4.8
lg(x) = gy (@)l]L b_;c | < 6m ;ng (4.8)
We have that |Y| = |Y;|". Taking into account (&3),[#3) and Ind~! > 1, we get
Y| < (C"672In* 67" 0 < exp (€™ Ind 710" 6™t < exp(v(Ind~t)?). (4.9)
]

Remark 4.1. The assertion is valid even in the case of @ = b. As d-net we can take
1) )
Y = ;L (-C.Cl+i- 5L ¢ cl. (4.10)

Consider an operator A : H=*(S%1) — H*(S%!). We denote its matrix elements in the
basis {f;p} by @jpiq = (Afjp, fig)- From [3] we have that

|| A|| -5 zrs < 4 sup (1 + max(J, i))2s+d\ajpiq\. (4.11)

JPs%,q
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K
Consider system S = |J I; of o-regular intervals. We introduce the Banach space
j=1

Xss = {(%’piq(E)) | H (ajp,-q(E)>’

Denote by B> the ball of centre 0 and radius 20/3 in L*>°(B(0,1/3)). We identify in the
sequel an operator A(E) : H=*(S471) — H*(S%!) with its matrix (ajpiq(E)) Note that the
estimate (4.11]) implies that

= sup ((1 + max(j,1))** sup |ajpiq(E)|) < oo} :
E€S

XS,S j7p7i7q

up ACE) - ge < 4 | (o 2) )| (412)

XS,s

We consider operator A, g from Lemma 3.4 as

A: B* — {(ajpiq(E)>} , (413)
where a;p;,(E) are matrix elements in the basis {f;,} of operator A, .

Lemma 4.3. A maps B> into Xg, for any s. There is a constant 0 < n = n(S, s,
that for every § € (0,e71), there is a 6-netY for A(B*) in Xg s with at most exp(n(1
elements.

d), such
n 5—1)2d)

Proof of Lemma[{.3 For simplicity we give first a proof in case of S consists of only one
o-regular interval /. From (1)) we take W; = W, where constant v > 0 is such as for any
E € Wy there is Ey in [ such as |E — Ef| < ¢/6. From (Z106]) we get that

|E— X > |E; -\ — |E— E;| > 50/6, (4.14)

with A being Dirichlet eigenvalue for operator —A in D which is closest to E. Then for
potential v € B> and E € W} we have that

(=A+v—E) Y|2m < (A= E|—20/3)7" < (50/6 —20/3) " =6/0 (4.15)
and
[0l [[(=A +v = E) 7 [12(p) < (20/3)(6/0) = 4, (4.16)

where (—A +v — E)~! is considered with the Dirichlet boundary condition. We obtain from
Lemma [3.4] that
|@jpiq(B)| < 4p27 00, (4.17)
where p = p(W;,d). Hence ||(ajpiq(E))|| x5, < sup,(1+1)**44p27" < oo for any s and d and
so the first assertion of the Lemma [£.3]is proved.
Let l5s be the smallest natural number such that (1 + 1)25794p2=! < § for any [ > Is,.
Taking natural logarithm and using Ind=! > 1, we get that

lss < C'Ind 1, (4.18)

where the constant C’ depends only on s, d and I. Denote Y}, is §;pi-net from Lemma
with constant C' = sup,(1 + 1)*794p 27" where §;,;, = (1 + max(j,i))>"%5. We set

Y = {(a;pig(E)) | ajpig(E) € Yjpiq for max(j,i) < lss, ajpiq(E) =0 otherwise}.  (4.19)
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For any (ajpie(E)) € A(B*) there is an element (b;,,(E)) € Y such that

(1 + max(j, Z'))2S+d|ajzn'q(E) — bjpig(E)| < (1 4 max(j, ))28+d5ﬂnq 9, (4.20)

in case of max(j,7) < lss and
(1 4 max(j, ))28+d|aﬂmq(E) = bipig(£)] < (1 4 max(j, i) 2p 270D < g, (4.21)

otherwise.
It remains to count the elements of Y. Using again the fact that Ind~! > 1 and ([#IJ)
we get for max(7,4) < lss

Vi < exp(v(nd;})?) < exp(v/(n6")?). (4.22)

Jpiq

From [3] we have that ns, < 8(1 + I55)?¢~2, where ns, is the number of four-tuples (j, p, i, q)
with max(j,4) < lss. Taking 7 to be big enough we get that

Y| < (exp(v/(Iné~ )2))%5
<exp (V(Ind7")?8(1 + C'Ind~")*"?) (4.23)
< exp( (Ino~* d)

K

For S = |J I; assertion follows immediately, taking 7 to be in K times more and Y as
j=1

composition (Y7, ..., Yx) of é-nets for each interval. n

5. Proofs of the main results

In this section we give proofs of Theorem 2.3 and Theorem 2.4l
Proof of Theorem [Z.3. Take vy € L*(B(0,1/3)), ||vo||repy < 0/3 and € € (0,0/3). B
Lemma (1] the set vy + X,nes has an e-discrete subset vy + Z. Since for € € (0,0/3) we

have vy + Xynep C B, where B* is the ball of centre 0 and radius 20/3 in L>(B(0,1/3)).
The set Y constructed in Lemma .3 is also é-net for A(vyg + Xinep). We take 6 such that

80 = exp ( € 2m) Note that inequalities of (2.17)) follow from
lvg + Z| > Y. (5.1)

In fact, if |vg + Z| > |Y|, then there are two potentials vy, vy € vy + Z with images under A
in the same Xg ¢-ball radius 0 centered at a point of Y, so we get from (£.I2))

up |1 () — @a(B)] -+t < 4| Aug ol x5, < 85 = exp (~e=). 2
S

It remains to find § such as (5.1) is fullfiled. By Lemma (4.3

Y| < exp <n (1118 + e_ﬁ>2d) < max <exp ((21n8)*'n) , exp (22d77€_d/m> ) (5.3)
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Now we take

5>u*nmeﬂ&ﬁW%%z%#W%m@h@Ym> (5.4)
This fulfils requirement € < pf in Lemma 1] which gives
o0+ 2] = |2] 2 exp (2 (upjeyim) 5
53 (5.5)
>nmx0mp@ﬂkwwwﬁ%vqwﬂ,wp@ﬂ%%wwﬁm@hmfmwmﬁ) > Y.

Proof of Theorem[2.4]. In a similar way with the proof of Theorem 2 of [3] we obtain that
(Pmn(E) — @o(E)) fip, fig) = 0 (5.6)

for 5,1 < ["T_l} The only difference is that instead of the operator —A we consider the

operator —A — E. From (£11)), (4I7) and (5.0 we get

1 (E) = @o(B)||m-sme < 16p sup (1+1)*+927" < 27/, (5.7)
I>n/2
The fact that ||vym||cmpy is bounded as n — oo is also a part of Theorem 2 of [3]. (]

6. Bessel functions

In this section we prove Lemma B.I] Lemma and Lemma .3 about the Bessel functions.
Consider the problem of finding solutions of the form v (r,w) = R(r) f;,(w) of equation (L))
with v = 0 . We have that

2

Rt

+(d—1)rt ar+r *Aga, (6.1)

0
where Aga—1 is Laplace-Beltrami operator on S¢~!. We have that
Dt fip = —j(j +d = 2) (6.2)
Then we have the following equation for R(r):
d—1 jG+d—-2)

ity R —ER. (6.3)
r r
Taking R(r) = r~“= R(r), we get
. d—2\2%\ .
r’R" +rR + (Er — <j + T) ) R=0. (6.4)

This equation is known as Bessel’s equation. For E = k% # 0 it has two linearly independent
solutions Jj+%(k5r) and Yj+%(kr), where

OO 22m+a
-3 "(2/2) , (6.5)
Fm+1 (m+a+1)

m=0
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Jo(2) cosma — J_o(2)
Ya(z) = f A .
(2) e or a ¢ (6.6)
and
Yo(2) = lim Y (2) for a € Z. (6.7)

The following Lemma is called the Nielsen inequality. A proof can be found in [5]

Lemma 6.1.

Tz = g,

MNa+1
) (6.8)
0] < exp <| 0+1‘) -1,
where |ag + 1| is the least of numbers | + 1|, |a + 2|, |a+ 3], ... .
Lemma implies that r—“z° J, =2 2 (kr) has removable singularity at » = 0. Using the

boundary conditions R(1) = 1 and R(1 ) = 0, we obtain assertions of Lemma [3.]land Lemma

3.2 respectively.
Proof of Lemma Formula (34]) follows immediately from Lemma We have from [5]
that

Jo(2) = Jara(2) = ZJa(2). (6.9)

Further, taking a big enough we get

3(121/2)°" | 3a (|2]/2)° (J21/2)*""
Gl s T T omtarn =% T - (610

! [0
‘Ja(z)‘ < ‘Ja—l(fz)‘ + ‘;Ja

For a = n+ 1/2 we have Y, = (—1)""'J_,. Consider its series expansion, see (G.5).

o (G2 ¢ ma
var — ot ) Zcmz/22 (6.11)
=0

Note that |¢p/cmi1] = (m 4+ 1)|m —a + 1] > n/2. As corollary we obtain that

(l=1/2)~*

[Ya(2)] = m

(14+6) = —(|21/2)“T(a)(1 + ),

[e§) 2\ 2m 2 (612)
e 5 (EEY" < Lt
2n 1—|z|2/2n
m=1
For aw = n we have from [5] that
n—1
2 z 1 z\2m=n (n —m — 1)!
Valz) = Zh()n (3) - 2 G
L (Y2 (Tt 1) D(mtnt1)Y 6.13
T = ml(m+n) I(m+1) F(m—l—n—l—l) B (6.13)

—_

n—

=20 (5) -2 Y enlz2pm -1 Zb (/2.

2 e

3
]
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Using well-known equality I''(z)/I'(z) < Inz, x > 1, see [11], we get following estimation for

the coefficients b,, are defined in (6.13).

In(m+1)+In(n+m+1) - 2(n+m) - 1
m!(n +m)! ml(n+m)l ~ ml

Note also that [¢p,/Gni1] = (m+1)(n—m —1) > n/2. Combining it with (6I3) and (G.14),
we obtain that

byl < (6.14)

Ya(2)] = §<|z|/2>-" (m)(1+6),
PPRELETCLR Z <|z|2) e ni (ETL
< 3wmax< /2 D bR (e
Formula (B8) follows from (G12) and @I5). We have from [5] that
Y/(2) = Yai(z) — %Ya(z). (6.16)
Taking n big enough, we get that
[Ya(2)] < Yt (2)] + | 2Ya(2)] <
< 2 (@ a1+ SErT@) < 20 e, O

Combining reqirements for n, stated above, we get that for any n > N + 1 all inequalities of
Lemma [3.3] are fullfiled, where N such that

N > 3,
C2/4
exp | o —-1<1/2, (6.18)
ma; x( (C/2>2N+1) C? (0/2)21\/602/4
() Tov—ert T SV
|
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