
CONTACT HOMOLOGY OF ORBIT COMPLEMENTS AND

IMPLIED EXISTENCE

AL MOMIN

Abstract. For Reeb vector fields on closed 3-manifolds, cylindrical contact

homology is used to show that the existence of a set of closed Reeb orbit with
certain knotting/linking properties implies the existence of other Reeb orbits

with other knotting/linking properties relative to the original set. We work

out a few examples on the 3-sphere to illustrate the theory, and describe an
application to closed geodesics on S2 (a version of a result of Angenent in

[Ang05]).

1. Introduction

Let V be a closed 3-manifold with a contact form λ and associated Reeb vector
field Xλ. In this article we will be concerned with the following question about
closed orbits:

General Question: If one has a Reeb vector field with a known
set of closed Reeb orbits L, can one deduce the existence of other
closed Reeb orbits from knowledge about L?

Let us call an affirmative answer to such a question an implied existence result.
It is perhaps noteworthy that one might not expect positive conclusions in the

larger class of smooth vector fields, one reason being that one may destroy closed or-
bits using plugs in the way that a smooth vector field on S3 without closed orbits is
constructed in [Kup94]. However, affirmative answers to such a question have previ-
ously been given in [Ang05, GVV03, GVVW] for other low-dimensional dynamical
systems with an action principle (curve-shortening, second-order Lagrangians, area-
preserving disc maps respectively) by associating a Conley-index to a gradient flow
of a certain functional, or in the latter a Floer-theory for the Hamiltonian action
functional in the case of a disc-map (associated to a given closed orbit set). We
will find similar results in the following, namely we will find an “invariant” (rela-
tive to the given closed orbit set L) whose non-triviality implies existence of other
closed orbits together with some topological information about those orbits. The
major technical difference in the present work is that we use instead the analytic
tool of contact homology, due to [EGH00], a kind of Morse-Floer theory for the
(S1-equivariant) action functional on loops.

Specifically, to exhibit implied existence we study cylindrical contact homology
on the complement of L for non-degenerate contact forms λ imposing as few con-
ditions on the orbit set as we can manage. We will show in detail one approach
to such a theory inspired by the intersection theory of [Sie08] for the necessary
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2 AL MOMIN

compactness arguments1.1. We show by an example (Example 7.1) that the infini-
tesimal dynamics near the orbit set L can have an effect on homology (see Corollary
1.8). Thus the result is not always purely topological, but Corollary 1.8 indicates
this may be interesting for dynamics. The theory can often be applied when (V, ξ)
is over-twisted and we will give such an application for an over twisted contact
structure in the 3-sphere in Proposition 7.16.

Some concrete applications to the dynamics of Reeb vector fields will be given,
which come from an understanding of some examples described in Section 7. That
is, we will construct some contact forms for which one can understand the cylin-
drical contact homology on the complement of certain orbits well, and then use
the invariance properties of cylindrical contact homology to deduce similar dynam-
ical properties for large perturbations of the original examples in Corollaries 1.8,
1.11 1.13, 7.5. The examples come from two sources: Morse-Bott Reeb flows, and
certain open book decompositions. These examples can be computed using the
techniques of [Bou02, CH08a] respectively. In particular, for Reeb flows on the
tight S3, we draw conclusions about the existence of closed Reeb orbits with the
homotopy type (and sometimes the knot type) of torus knots in the complement of
the Hopf link when certain non-resonance conditions are met. Such conclusions can
be drawn sometimes using prior work such as the surface of section of [HWZ98],
but the present results apply in many cases where [HWZ98] (or even a broader
set of conditions for which such surfaces of section exist given in [HS10]) may not
apply i.e. even when there may not be any such surface of section. We will also
give an example on an over-twisted contact structure on S3 constructed using the
figure-eight knot, and draw conclusions for its Reeb flow using cylindrical contact
homology.

Finally, there are technical issues in the theory of contact homology (even in the
cylindrical case). However, we point out to the reader that all results stated in this
article are proved using only “traditional methods” (for example, [Hof93, HWZ96,
HWZ95, Sie08, Sie09, BEH+03, Dra04, BM04] almost1.2 suffice as background).
This requires us to make some technical restrictions: we consider only simple ho-
motopy classes of loops (in V \L) as in [Bou06], and place stronger hypotheses on
contractible orbits on the complement of L than “näıve perturbation theory” would
suggest. The program of Hofer-Wysocki-Zehnder to create an abstract perturba-
tion theory for sections of polyfold bundles and use this as a foundation for moduli
spaces in SFT should apply to this theory as well, and in many cases should allow
the results that one might expect from näıve perturbation theory to be proved rig-
orously. We will only state results that can be proved by the “traditional methods”
mentioned above, and point out as remarks stronger conclusions one might expect
from a polyfold Fredholm theory.

1.1. A version of cylindrical contact homology on Reeb orbit comple-
ments. We very briefly recall a few notions. A contact form is a one-form such
that λ ∧ dλ is everywhere non-zero. Such a one-form uniquely determines its Reeb
vector field Xλ by the equations λ(Xλ) ≡ 1, dλ(Xλ, ·) ≡ 0. It also determines a
distribution ξ = kerλ, which is a contact structure, and two forms λ± induce the

1.1It has been pointed out to the author that other approaches are possible e.g. using convexity

for compactness arguments, see e.g. [CGHH10].
1.2For the non-linear gluing arguments the reader can refer to [HT09a], though the present

situation is considerably less complicated.
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same contact structure if and only if λ+ = f · λ− for some nowhere vanishing func-
tion. The Conley-Zehnder index of a closed orbit for this vector field is a measure
of the rotation of the flow around the closed orbit - see Proposition 2.4 for one
characterization of the Conley-Zehnder index. The Conley-Zehnder index usually
depends on a choice of trivializations, but in many cases we will consider, e.g. the
tight 3-sphere, there is a global trivialization which is used to define Conley-Zehnder
indices independently of choices.

1.1.1. The hypotheses (E) and (PLC). We introduce two types of technical hy-
potheses below, which are not mutually exclusive. They simplifty the construction
of contact homology on V \L which we use to deduce implied existence. We will
give some examples of forms on the 3-sphere later which we hope will help to clarify
these hypotheses.

Suppose V is a closed 3-manifold, and (λ, L) is a pair consisting of a non-
degenerate contact form λ on V and a link L composed of closed orbits for the
Reeb vector field of λ. Sometimes it may be convenient to refer to the subset of
closed Reeb orbits with image contained in L; we will abuse language and denote
this subset of closed Reeb orbits by L again1.3.

Following standard terminology1.4, an orbit is elliptic if the eigenvalues of its
linearized Poincaré return map (a linear symplectic map on ξ) are non-real.

Definition 1.1. We will say (λ, L) satisfies the “ellipticity” condition (which we
abbreviate (E)) if

• each orbit in L is non-degenerate elliptic (including multiple covers)
• each contractible Reeb orbit y not in L “links” with L in the sense that for

any disc with boundary y, L intersects the interior of the disc.

We shall see these hypotheses force the compactness of moduli of holomorphic
cylinders in V \L necessary to define cylindrical contact homology. Before we con-
tinue, let us note a very simple example:

Example 1.2. Consider the “irrational ellipsoid” λ′, obtained by restricting the
form (use polar coordinates (ri, θi) on each R2 factor of R4)

λ0 =

2∑

i=1

1

2
r2
i ∧ dθi

to the boundary of an ellipsoid determined by the equation (where a, b are positive
constants with irrational ratio):

r2
1

a
+
r2
2

b
= 1

When the ratio a : b is irrational there are precisely two geometrically distinct closed
Reeb orbits, P ′ = S ∩ C × {0}, Q′ = S ∩ {0} × C. They are both non-degenerate
and elliptic with Conley-Zehnder indices

CZ(P ′k) = 2
⌊
k
(

1 +
a

b

)⌋
+ 1, CZ(Q′k) = 2

⌊
k

(
1 +

b

a

)⌋
+ 1

1.3i.e. L refers to both a closed embedded submanifold which is tangent to the Reeb vector

field X, as well as the set of solutions x : R/(T ·Z)→ V, ẋ = X(x) modulo reparametrization with
image contained in L (this includes multiple covers of components of L).

1.4e.g. [KH95]; see also Proposition 2.4 for another characterization of elliptic.
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First component of L

Second component of L

The loop "a"

(1) The homotopy class of a is a proper link class for

the two component link L above.

aL

(2) Here a does not represent

a proper link class for L.

Figure 1.1. Example and counter-example of proper link classes
in Definition 1.3.

Since the linking numbers `(P ′k, Q′) = k, `(P ′, Q′k) = k, the pairs (λ, P ′), (λ,Q′),
(λ, P ′ tQ′) all satisfy (E).

See Example 7.1 in section 7 for a more interesting class of examples.
There is another way to control compactness of holomorphic cylinders. Again

assume L is a link of closed orbits for λ, and let [a] be a homotopy class of loops in
V \L.

Definition 1.3. We will say that (λ, L, [a]) satisfies the “proper link class” condi-
tion (PLC) if

• for any connected component x ⊂ L, no representative γ ∈ [a] can be
homotoped to x inside V \L i.e. there is no homotopy I : [0, 1] × S1 → V
(with I(0, ·) = γ and I(1, ·) = x) such that I([0, 1)×S1) ⊂ V \L. See Figure
1(1) for an example, and Figure 1(2) for a counter-example. We will call
such a [a] a proper link class for L.
• for every disc F with boundary ∂F = y a closed (non-constant, but possibly

multiply covered) Reeb orbit (possibly in L), there is a component x of L
that intersects the interior of F .

The class [a] is meant to be analogous to a proper braid class studied in [GVV03,
GVVW]. Both conditions (E) and (PLC) contain a “no contractible orbits” hy-
pothesis. Such a hypothesis is necessary to preclude “bubbling”, which is an ob-
struction to defining cylindrical contact homology in general [EGH00]1.5. We point
to Examples 7.1, 7.4 below for concrete examples of orbits and (Morse-Bott) contact
forms on the tight S3 satisfying conditions (E) and (PLC) respectively.

1.1.2. An invariant, contact homology. We define a relation on pairs (λ, L) as
above. Suppose we have two such pairs, (λ±, L). We write (λ+, L+) ∼ (λ−, L−)
if ker(λ+) = ker(λ−) and L+ = L−. We say (λ+, L) ≥ (λ−, L) if they are related
by ∼ and the Conley-Zehnder indices of the orbits in L (including multiple covers)
are always greater or equal when considered as orbits for λ+ than when consid-
ered as orbits for λ−. If (λ0, L) ≥ (λ1, L) and (λ1, L) ≥ (λ0, L) then we write
(λ0, L) ≡ (λ1, L).

1.5The necessary hypotheses can actually be weakened with greater care. We remark that the
“no contractible orbits” hypothesis in (PLC) is more restrictive.
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We will describe in Section 4 an “invariant” CCH
[a]
∗ ([λ] rel L) to a pair (λ, L)

satisfying (E) and homotopy class [a] of loops, or to a triple (λ, L, [a]) satisfying
(PLC). It is invariant in the sense that it depends only on the equivalence class
≡ in case (λ, L) satisfy (E) (that is, it depends on the Conley-Zehnder indices of
the elliptic orbits in L), and in the case (PLC) it depends only on equivalence

classes of ∼ (i.e. only on the contact structure ξ). CCH
[a]
∗ ([λ] rel L) will be an

isomorphism class of graded vector spaces, so it makes sense to say whether or not

it is zero. We will also define a similar “invariant” eCCH
[a]
∗ ([λ] rel L) in section 5.

This invariant can be split by the knot types of orbits; that is, for each knot type
K in the homotopy class [a] we have an invariant eCCHK

∗ ([λ] rel L) and the direct

sum of them gives eCCH
[a]
∗ ([λ] rel L).

It follows easily from the constructions of the invariants in Section 4 and Section
5 that:

Theorem 1.4. If λ is non-degenerate and (λ, L) satisfies (E) or (λ, L, [a]) sat-

isfies (PLC), and CCH
[a]
∗ ([λ] rel L) 6= 0, then there is a closed Reeb orbit in

the homotopy class [a]. If (λ, L) satisfies (E) or (λ, L, [a]) satisfies (PLC), and
eCCHK

∗ ([λ] rel L) 6= 0, then there is a closed Reeb orbit with knot type K.

See Propositions 4.2, 4.8, 5.11, 5.12.

1.2. Some general implied existence results. The non-degeneracy assumption
on the form λ in Theorem 1.4, and the implicit assumptions about contractible
orbits are unfortunate, but can be weakened considerably by stretching-the-neck
and compactness arguments given in Section 6.

Theorem 1.5. Suppose λ is a contact form with a closed orbit set L. Suppose
either

• L is non-degenerate and elliptic, or
• (1) L is such that every disc F with boundary ∂F ⊂ L and [∂F ] 6= 0 ∈

H1(L) has an interior intersection with L, and
(2) [a] is a proper link class relative to L.

If [a] is simple and CCH
[a]
∗ ([λ] rel L) 6= 0 (meaning there is a λ′ ≡ λ resp. λ′ ∼ λ

satisfying (E) resp. (PLC) for which CCH
[a]
∗ can be computed and is non-zero),

then there is a closed Reeb orbit in the homotopy class [a].

When [a] is a proper link class, this theorem requires no non-degeneracy hy-
potheses whatsoever on λ, and in the ellipticity case requires only non-degeneracy
of the orbits in L. For a concrete example where this is applicable see Example 7.4,
and Section 7.4.

If one wishes to conclude something about the knot type K, we unfortunately
must assume that there are no closed Reeb orbits which are contractible in V \L.
We do not know yet whether some kind of hypothesis of this sort is absolutely
necessary (see the remark following the statement of Theorem 1.6) or is due to a
deficiency in the proof.

Theorem 1.6. Suppose the pair (λ, L) satisfies one of the hypotheses of Theorem
1.5, and that moreover there are no closed Reeb orbits contractible in V \L. If

eCCH
[a]
∗ ([λ] rel L) 6= 0, then for some K ∈ K[a] we have eCCHK

∗ ([λ] rel L) 6= 0
and there is a Reeb orbit for λ with the knot type K.
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Remark 1.7. It is reasonable to guess that the hypothesis about contractible orbits
on the complement V \L in Theorems 1.4, 1.6 can be weakened to “There are no
closed Reeb orbits of Conley-Zehnder index 0, 1 or 2 contractible in V \L”: one
might be able to prove this using a more sophisticated perturbation theory such as
polyfold Fredholm theory [HWZ07].

1.3. Some applications in S3. The results here are corollaries of the results in
Section 1.2 and the examples and computations of Section 7.

One application is the existence of analogs of “(p, q)-type orbits” if a certain pair
of closed Reeb orbits exists and satisfy a “non-resonance” condition (namely the
pair violates the “resonance” condition described in [BCE07] when the differential
of cylindrical contact homology in the tight S3 vanishes). In the following statement
`(·, ·) denotes the linking number of two knots in S3.

Corollary 1.8. Let λ be a tight contact form on the 3-sphere. Suppose that there
is a pair of periodic orbits L1, L2 such that L1tL2 is the Hopf link with self-linking
01.6. Suppose L1 and L2 (and all multiple covers) are non-degenerate elliptic, and
let θ1, θ2 be the unique irrational numbers satisfying

CZ(Lk1) = 2 bk (1 + θ1)c+ 1, for all k ≥ 1

CZ(Lk2) = 2 bk (1 + 1/θ2)c+ 1, for all k ≥ 1

Then

(1) If θ1, θ2 > 0 and θ1 6= θ2, then for each relatively prime pair (p, q) such that
q

p
∈ (θ1, θ2) t (θ2, θ1)

there is a simple closed Reeb orbit P(p,q) such that `(P(p,q), L1) = q and
`(P(p,q), L2) = p.

(2) If θ1 < 0 < θ2 (if θ2 < 0 < θ1), relabel the orbits so that this is the case),
then for each relatively prime pair (p, q) such that

p > 0, and
q

p
∈ (θ1, θ2)

there is a simple closed Reeb orbit P(p,q) such that `(P(p,q), L1) = q and
`(P(p,q), L2) = p.

(3) If θ1, θ2 < 0, then for each relatively prime pair (p, q) such that

p > 0 and
q

p
∈ (θ1, 1]; or q > 0 and

p

q
∈ (

1

θ2
, 1]

there is a simple closed Reeb orbit P(p,q) such that `(P(p,q), L1) = q and
`(P(p,q), L2) = p.

Moreover, if there are no closed orbits contractible in S3\L, then in fact the knot
type of P(p,q) is that of a (p, q)-torus knot.

Remark 1.9. There are no hidden hypotheses on the contact form being either
dynamically convex or non-degenerate (except in the explicit hypotheses on the
orbits L1, L2). There are other approaches to prove such a result using the surface of
section constructed by [HWZ98], [HS10] and applying the result of [Fra88]; however,

1.6By Theorem 4.1 in [EHM], all such links are transversely isotopic. The pair H1 t H2 of
Example 7.1 is one such example.
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the construction of these surfaces of section require additional hypotheses, so it is
not clear that they always exist. The result above applies even when there may be
no such surface of section.

Proof. By Theorem 4.1 in [EHM], there is a transverse isotopy from L1 tL2 to the
link H1 t H2 in Example 7.1, which extends to an ambient contact isotopy, and
therefore a contactomorphism taking L1 t L2 to H1 tH2. By applying the given
contactomorphism we can assume (λ, L1 t L2) ≡ (λ′, H1 tH2) with (λ′, H1 tH2)
from Example 7.1. It follows immediately from Theorems 1.5, 1.6 (each component
is elliptic by hypothesis) and the computation in Example 7.1. �

It is interesting to interpret this result in the case the contact form is obtained
from a metric on S2. Angenent [Ang05] proved that if one has a simple, closed
geodesic for a C2,µ-Riemannian metric on S2, then whenever Poincaré’s inverse
rotation number ρ 6= 1, for every p/q ∈ (ρ, 1) ∪ (1, ρ) there is a geodesic γp,q
with the flat-knot type of a (p, q)-satellite geodesic. The following Corollary is a
version of this result with stronger hypotheses on the rotation number and weaker
conclusions about the resulting geodesics, but allowing the metric to be reversible
Finsler. It is a direct consequence of Corollary 1.8 applied to the geodesic flow of
a reversible Finsler metric on S2. We will explain how to derive it in Section 7.2

Corollary 1.10. Let F be a reversible Finsler metric on S2. Suppose γ is a simple,
closed geodesic with irrational inverse rotation number ρ 6= 1. Then for every pair
of relatively prime integers p, q such that

p+ q

2q
or

p+ q

2p
∈ (ρ, 1] ∪ [1, ρ)

there is a geodesic γp,q with the following topological property. If γ, γ denote the
lifted double covers of the geodesic to S3 (traversed “forwards” and “backwards”),
then γp,q has linking number p with γ and q with γ. In particular, the geodesics are
geometrically distinguished (up to a double-count by traversing γp,q oppositely).

Considering other fibered knots or links in the 3-sphere gives other examples,
some for which conclusions can be drawn without any non-degeneracy hypotheses
whatsoever1.7. One class of examples is obtained as follows. Let us say that a knot
B in the tight 3-sphere is a tight fibered hyperbolic knot if the following conditions
hold:

(1) (fibered) The knot B is the binding of an open book decomposition of S3

(2) (tight) The contact structure supported by the open book is the tight con-
tact structure on S3

(3) (hyperbolic) The monodromy map h of the associated open book decom-
position is pseudo-Anosov

(4) The map h∗ − I : H1(S;R) → H1(S;R) (where S is a page of the open
book) is invertible

Here are some general remarks on these properties. First, there are approaches
to decide whether or not a given knot is fibered ([Gab86], [Ni07]). Second, a knot
forms the binding of an open book decomposition for the tight S3 if and only if
it has a transverse representative which realizes the Thurston-Bennequin bound

1.7In Corollary 7.5 we will also give another example, related to the example used in the
previous Corollary, which does not assume non-degeneracy of the orbit set L. We postpone the

statement to section 7 where it will be easier to describe the link L.
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(2g − 1 where g is the three-genus) in the tight S3 [Hed08]. Third, a sufficient
(and necessary) condition for the monodromy map to be pseudo-Anosov is that the
knot is a hyperbolic knot [Thu98]. Finally, the fourth condition actually follows
automatically from the first (evaluating the Alexander polynomial ∆(t) = det(t ·
I − h∗) at t = 1 shows that h∗ − I is invertible since ∆(1) = ±1 for any knot); it
will be a convenient fact (see section 7.5).

Matt Hedden pointed out to the author that there is an abundance of knots
satisfying all these properties including, for example, the Fintushel-Stern knot (see
Figure 1.2, 12n0242), also known as the Pretzel knot (−2, 3, 7). An easy way to see
that there are infinitely many examples is to notice that one can positively stabilize
many times to make the genus g of the page arbitrarily large, thus increasing the
self-linking number of the binding (it will be 2g− 1) which distinguishes the knots.
Positive stabilization does not change the manifold or contact structure, so 1, 2
continue to hold. It is shown in e.g. [CH08b] that if one positively stabilizes an open
book appropriately enough times that the monodromy can be made pseudo-Anosov
(thus will satisfy 3), so this infinite family will possess infinitely many tight fibered
hyperbolic representatives. Using the search form in [CL] and the observations
above, the 35 tight fibered hyperbolic knots with crossing number at most 12 were
found and are listed in Figure 1.2 (by knot diagram and Alexander-Briggs notation)

For tight fibered hyperbolic knots in S3 (see Section 7.5)

Corollary 1.11. Suppose λ is a tight contact form on S3. If its Reeb vector field
has a closed orbit which is a tight fibered hyperbolic knot realizing the Thurston-
Bennequin bound as a transverse knot, then there are infinitely many geometrically
distinct closed Reeb orbits and the number of such orbits of period at most T is
bounded below by an exponential function of T .

The required calculation is essentially due to Colin-Honda [CH08a], but turns
out simpler because one does not need to consider holomorphic curves that intersect
the binding.

Remark 1.12. Again, there are no hidden non-degeneracy hypotheses, and it ap-
plies to all tight contact forms (not only dynamically convex ones). If there are no
contractible orbits (contractible in the knot complement) then Theorem 1.6 allows
one to draw conclusions about knot types that must appear as closed Reeb orbits, and
in any case Theorem 1.5 allows one to draw conclusions about the free homotopy
class.

Finally, cylindrical contact homology is usually thought to be only applicable
to tight contact structures. However, after removing a certain orbit set, it may
be possible to apply cylindrical contact homology on the complement of the orbit
set. For example, we can take the figure eight knot in the 3-sphere, which satisfies
properties 1, 3, 4 in the definition of fibered hyperbolic supporting knots, but not
property 2 (that is, it is fibered and hyperbolic, but does not support the tight
contact structure). Hence it supports an over-twisted contact structure; Theorem
1.5 still applies from which one can deduce the following:

Corollary 1.13. Let λ be a contact form for the (over-twisted) contact structure
on S3 supported by the open book decomposition with binding the figure eight knot,
page diffeomorphic to a once-punctured torus, and monodromy map given by the
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(1) 10139 (2) 10145 (3) 10152 (4) 10154 (5) 10161

(6) 11n077 (7) 11n183 (8) 12n0091 (9) 12n0105 (10) 12n0136

(11) 12n0148 (12) 12n0187 (13) 12n0242 (14) 12n0276 (15) 12n0328

(16) 12n0329 (17) 12n0366 (18) 12n0402 (19) 12n0417 (20) 12n0426

(21) 12n0472 (22) 12n0518 (23) 12n0528 (24) 12n0574 (25) 12n0591

(26) 12n0640 (27) 12n0642 (28) 12n0647 (29) 12n0660 (30) 12n0679

(31) 12n0688 (32) 12n0694 (33) 12n0725 (34) 12n0850 (35) 12n0888

Figure 1.2. The 35 tight fibered hyperbolic knots with crossing
number at most 12 [CL]
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matrix transformation [
2 1
1 1

]

Suppose λ has a closed Reeb orbit transversely isotopic to the binding. Then the
number of geometrically distinct periodic orbits of action at most N grows at least
exponentially in N .

Remark 1.14. One can describe homotopy classes that must contain a closed orbit,
and if every contractible orbit links with the given figure eight knot then one can
describe knot types that must be realized by closed orbits by Theorem 1.6.

We will go over the details of this particular example in Section 7. An analogous
result will hold for any (non-tight) fibered hyperbolic knot in S3, examples of which
are plentiful [CL].

Remark 1.15. We repeat that one might expect to be able to weaken the hypothesis
that there are no contractible orbits to the hypothesis that any contractible orbit has
Conley-Zehnder index at least 3. If so, then it will automatically be satisfied for
dynamically convex forms.

1.4. Further comments, outline, and acknowledgements.

1.4.1. Comments. It is possible to study the cylindrical contact homology of stable
Hamiltonian structures on complements of elliptic Reeb orbits (or in proper link
classes) in general. For example, the mapping tori of Hamiltonian diffeomorphisms
of surfaces fits in this category. In this case there are clearly no contractible Reeb
orbits, and bubbling of spheres is not difficult to rule out in most cases. The portion
of the loops space corresponding to the first return map are all simple homotopy
classes and thus CCH∗ is well-defined (and is the same thing as eCCH∗) and
coincides with Floer homology. This particular case has been carried out explicitly
(at least in the case the surface is a disc) and is called “braid Floer homology” in
[GVVW].

1.4.2. Outline. In section 2 we recall the geometric and analytic set-up. Section 3
describes an intersection theory of pseudoholomorphic curves in symplectizations
[Sie09] and derives some compactness results from this intersection theory. In sec-
tion 4 we describe the chain complexes, maps and homotopies. In section 5 a slightly
modified differential (counting only embedded cylinders) is considered, which splits
the chain complexes according to knot types in simple homotopy classes. In section
6, we describe how to draw conclusions when the contact form might be degenerate
or there may be contractible (in V \L) closed Reeb orbits. In section 7 some explicit
examples on the 3-sphere are worked out in detail.

1.4.3. Acknowledgments. This work is a continuation of the author’s Ph.D. thesis;
I thank my adviser Helmut Hofer for his invaluable guidance and support. I thank
Alberto Abbondandolo, Umberto Hryniewicz, Richard Siefring, Robert Vander-
vorst, and Chris Wendl for influential discussions, and Matt Hedden for answering
some questions about fibered knots in S3. Finally, I thank Peter Albers, Umberto
Hryniewicz, and Pedro Salomão for many helpful suggestions.
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2. Review of geometric and analytic set-up

2.1. Symplectizations. Let (V, ξ) be a co-oriented contact manifold. Then there
is a symplectic manifold associated with it, Wξ=̇ξ

⊥\0 (the annihilator of ξ in T ∗V
minus the zero section) which is a sub-bundle and symplectic submanifold of T ∗V
with respect to the exterior derivative of the Liouville form, dθcan. The symplectic
manifold (Wξ, ωξ = dθcan|Wξ

) is called the symplectization of (V, ξ). Because ξ is
co-oriented there are two components, Wξ,±. We will consider only the component
Wξ,+ and when we write Wξ we mean this component only. There is a natural R
action (a, λ) 7→ a ∗ λ = ea · λ given by scalar multiplication in the fibers, and a
natural projection to V by restricting the projection T ∗V → V to Wξ.

Any positively co-oriented contact form λ for ξ defines a global section of Wξ

which gives an identification

ψλ : Wξ
∼= R× V, λ′ 7→

(
a = ln

λ′

λ
, x = π(λ′)

)

(where π denotes the restriction to Wξ of the projection T ∗V → V ) in which the
symplectic form for Wξ is d(ea · λ).

Given such a λ we denote by X the Reeb vector field, defined by

X¬λ ≡ 1, X¬dλ ≡ 0

We will later assume that λ is non-degenerate, a generic condition meaning that
no closed periodic orbit has a Floquet multiplier equal to 1; for the moment this is
not necessary. Given a contact form λ, we define a splitting of TWξ:

Tλ0(x)Wξ = R · ∂a ⊕ R · d(ψ−1
λ )ψ(λ0)(0, X)⊕ d(ψ−1

λ )ψ(λ0)(0× ξ)
=: R · ∂a ⊕ R · X̂ ⊕ ξ̂

We might abuse notation and use X to denote X̂ and ξ for ξ̂2.1.

2.1.1. Almost-complex structures. Given a contact form λ for ξ, consider the sym-
plectic vector bundle (ξ, dλ) over V and let J (ξ) be the set of dλ-compatible almost-

complex structures. This defines a set of almost-complex structures on ξ̂ via

Ĵ(λ0) = (dψ−1
λ )ψ(λ0)|ξ ◦ J ◦ (dψλ)λ0

|ξ̂
Finally this extends to all of Tλ0Wξ by

∂a 7→ X̂ X̂ 7→ −∂a
We denote the set of almost-complex structures on TWξ that arise in this way

J (λ); we can identify this with J (ξ). The almost-complex structures in J (λ) are
called cylindrical almost-complex structures.

2.1.2. Cylindrical ends. To compare contact homology between different choices of
λ, one studies the symplectization and almost-complex structure with cylindrical
ends. We define an order relation on the fibers of π : Wξ → V as follows: given
λ0, λ1 ∈ π−1(x), we say λ0 ≺ λ1 (resp. λ0 � λ1) if λ1/λ0 > 1 (resp. λ1/λ0 ≥ 1).
Given two contact forms λ0, λ1 for ξ, we write λ0 ≺ λ1 if λ0(x) ≺ λ1(x) on each
fiber, or equivalently when we write λ1 = rλ0 we have r > 1 pointwise. If λ− ≺ λ+,
then we set

W (λ−, λ+) = {λ ∈Wξ|λ−(π(λ)) � λ � λ+(π(λ))}
2.1The subspaces R · X̂ and ξ̂ both depend on the choice of λ.
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This is an exact symplectic cobordism between (V, λ−), (V, λ+). Let

W−(λ−) = {λ ∈Wξ|λ � λ−(π(λ))}
W+(λ+) = {λ ∈Wξ|λ+(π(λ)) � λ}

so2.2

Wξ = W−(λ−)
⋃

∂+W−(λ−)=

∂−W (λ−,λ+)

W (λ−, λ+)
⋃

∂+W (λ−,λ+)

=∂−W+(λ+)

W+(λ+)

An almost-complex structure with cylindrical ends is then an almost-complex
structure J such that

• J agrees with Ĵ± = Ĵ±(λ±) on (a neighborhood of) W±

• J is ωξ-compatible on all of W

We denote the set of such almost-complex structures by J (Ĵ−, Ĵ+). A well-known

argument shows that this is a non-empty contractible set. For J ∈ J (Ĵ+, Ĵ−) the
almost-complex manifold (W,J) is said to have cylindrical ends W±.

It is also necessary to consider families of almost-complex structures; we will

denote by Jτ (Ĵ−, Ĵ+) the space of smooth paths [0, 1]→ J (Ĵ−, Ĵ+), τ 7→ Jτ .

2.1.3. Splitting almost-complex structures. Suppose we have λ− ≺ λ0 ≺ λ+. Con-

sider cylindrical almost-complex structures Ĵ−, Ĵ0, Ĵ+ and almost-complex struc-

tures J1 ∈ J (Ĵ−, Ĵ0), J2 ∈ J (Ĵ0, Ĵ+). Then there is a smooth family of almost-
complex structures J ′R on Wξ for R ≥ 0 defined by (using the coordinates ψλ0

):

J ′R(a, x) =

{
J1(a+R, x) if a ≤ R
J2(a−R, x) if a ≥ −R

which fits together smoothly because Ĵ0 is R-translation invariant.
Let δ > 0 be an arbitrarily small but fixed number. Choose diffeomorphisms

g−δ : R → (−∞, 0), g+
δ : R → (0,∞) such that g−δ (a) = a − δ if a ≤ 0 and

g+
δ (a) = a+ δ if a ≥ 0. Choose a smooth family of diffeomorphisms g(δ,R) : R→ R

(for R ≥ δ) with the properties

• g(δ,δ)(a) = a

• g(δ,R)(a) =

{
a−R+ δ if a ≥ R
a+R− δ if a ≤ −R

• g(δ,R)(·+R), g(δ,R)(· −R) converge to g+
δ , g

−
δ in C∞loc(R,R) as R ↑ ∞

Then we have diffeomorphisms G(δ,R)(a, x) = (g(δ,R)(a), x) (using the coordinates

ψλ0 for Wξ), and almost-complex structures JR = G
(δ,R)
∗ J ′R.

We may concatenate the matching Hamiltonian structured ends of (Wξ, J1),
(Wξ, J2) to get (Wξ, J1)�(Wξ, J2) (see section 3.1). Then we have a diffeomorphism
to the concatenation G : Wξ → (W,J1)� (W,J2) defined by

• eg−δ (a) · λ0(x) 7→ eaλ0(x) = ψ−1
λ0

(a, x), on W−(λ0)\λ0(V ) ⊂Wξ

• eg+δ (a) · λ0(x) 7→ eaλ0(x) = ψ−1
λ0

(a, x), on W+(λ0)\λ0(V ) ⊂Wξ

• e0 · λ0(x) 7→ (∞, x) ∼ (−∞, x) ∈ {+∞}× V ∼ {−∞}× V , on λ0(V ) ⊂Wξ

2.2By ∂+ we mean ∂a is outward pointing and by ∂− we mean ∂a is inward pointing.
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It follows from the construction of JR that G∗JR converges to the concatenated
almost-complex structure J1 � J2 uniformly on compact subsets of Wξ\λ0(V ).

In (Wξ, JR), denote the regions W± = W±(λ±), and denote by W0 the region

(−δ, δ) ∗ λ0(V ). Note that JR|W± = Ĵ±, (W0, JR|W0) ∼= ([−R,R] ∗ λ0(V ), Ĵ0). Let
us denote the set of such almost-complex structures JR constructed in this way
from J1, J2 by J (J1, J2) ∼= [0,∞).

2.1.4. Holomorphic maps and finite energy. A J-holomorphic map on a punctured
Riemann surface (Σ, j,Γ) is a map U : Σ\Γ→Wξ that satisfies the PDE

DU + J ·DU · j = 0

We only consider the subset of solutions with finite energy, to which we refer to
[BEH+03] for the definitions as we will only need the properties of finite energy
solutions.

A crucial example for cylindrical almost-complex structure J are the trivial cylin-
ders over a periodic Reeb orbit x of some period T : it is a solution of the form (for
(s, t) ∈ R×S1) ψλ ◦U(s, t) = (Ts+a0, x(T · t)). If the contact form is (Morse-Bott)
non-degenerate2.3, then for general finite-energy solutions one has that at any punc-
ture the solution is asymptotic to a half-trivial cylinder over a closed Reeb orbit in
one of the ends W± ([HWZ95], or [BEH+03] Proposition 6.2). Moreover, then the
convergence is exponential and one has an asymptotic formula [HWZ96, Sie08]. If
one looks at the space of maps asymptotic to fixed given orbits with a given rate of
exponential convergence, then there is a Fredholm theory for the Cauchy-Riemann
operator above [Dra04, Wen10].

One more crucial property of finite-energy holomorphic curves is the compact-
ness theory of [BEH+03]. In section 8 of [BEH+03], a notion of a k−|1|k+ level
holomorphic building and convergence of a sequence of holomorphic maps to that
building is given. We refer to that paper for the definitions. Theorem 10.3 of
[BEH+03] extends to the case where W has cylindrical ends as well, so that the
space of JR-holomorphic maps can be compactified for sequences with R ↑ ∞. The
compactification consists of a holomorphic building in (W−(λ0), J ′1)t(W−(λ0), J ′2)

together with a Ĵ0(λ0) holomorphic building, all of which glue together to W−(λ0)�
W+(λ0) = Wξ. We can think of these as k−|1|k0|2|k+ level holomorphic buildings,
which we describe presently.

Let S be a decorated Riemann surface [BEH+03] S, with each smooth component
assigned a level labeled 1, 2 or (λi, ji) where i ∈ {1, 0,+} and 1 ≤ ji ≤ ki. Write
S = S1 ∪ S2, where S1 consists of the levels labeled either (λ−,0, ·) or 1, while S2

consists of the parts of the domain labeled (λ0,+, ·) or 2. If k0 6= 0 then S1∩S2 6= ∅.
Let (U) be an assignment of a map to each smooth part of the domain S such that

• If one considers the portion of (U) restricted to S1, it is a holomorphic
building in W1 := (Wξ, J1)
• If one considers the portion of (U) restricted to S2, it is a holomorphic

building in W2 := (Wξ, J2)

• The maps glue together to give a continuous map (U) : S →W1 �W2

This data will be called a k−|1|k0|2|k+ holomorphic building. It is called stable if
both (U)i = (U)|Si (i = 1, 2) are stable.

2.3We will always assume that all contact forms have non-degenerate asymptotic orbits, so this
condition is always satisfied in everything that follows.
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Let Uk be a sequence of JRk holomorphic maps with the same asymptotic orbits
and genus; denote the domains by Σk (each a Riemann surface). Let (U) be a
building as above with domain S. If Rk is bounded then there is a limit which is
a JR∞ -holomorphic building, where R∞ is an accumulation point of the sequence.
Else, suppose without loss of generality that Rk ↑ ∞. The sequence Uk converges
to the building (U) if there exists a sequence of diffeomorphisms φk : S → Σk
converging as decorated Riemann surfaces [BEH+03] so that

C1 For each level (λi, ji) (i ∈ {−, 0,+}, 1 ≤ ji ≤ ki), the maps Uk ◦ φk|S(λi,ji)

lie in the Wi part of (Wξ, JRk)

C2 There is a sequence of constants c
(λi,ji)
k so that c

(λi,ji)
k ∗ Uk ◦ φk|S(λi,ji)

converges in C∞loc to U (λi,ji) = (U)|S(λi,ji)
.

C3 The mapsG◦Uk◦φk converge in C0(S,W ) to (U) (whereG : Wξ →W1�W2

is the identification map described above).

The asymptotic behavior of finite energy surfaces together with an application
of Stokes’ theorem shows - for finite energy solutions of the almost-complex struc-
tures that we consider - the energy E(U) is bounded by the action of the positive
asymptotic orbits. Then by [BEH+03]

Lemma 2.1. For J ∈ J (Ĵ−, Ĵ+), or J (λ), or J = JR ∈ J (J1, J2), the space of
J-holomorphic finite energy cylinders positively asymptotic to a closed orbit x of
λ+ is precompact in MJ .

2.1.5. A restricted class of almost-complex structures. Suppose λ± are two contact
forms for ξ, that λ− ≺ λ+, and that L ⊂ V is a link that is tangent to the Reeb
vector fields for both. With the projection π : Wξ → V consider ZL = π−1(L);
which is a union of embedded cylinders. We have

Lemma 2.2. ZL is an embedded symplectic submanifold of (Wξ, ωξ).

Proof. ZL is embedded, and each component of ZL is Ĵ(λ)-holomorphic for any λ
with kernel ξ and Reeb vector field tangent to L, and any J ∈ J (ξ). By hypothesis

on L there exist such λ. Since each Ĵ(λ) is ωξ-compatible, we see ZL must be
symplectic. �

Lemma 2.3. The subset J (Ĵ−, Ĵ+ : ZL) of J (Ĵ−, Ĵ+) such that TZL is J invariant
is non-empty and contractible.

The proof of this fact is standard after the observations that (1) ZL is an em-

bedded symplectic manifold, and (2) that regardless of Ĵ±(λ±), ZL is J holomor-
phic in W±. One considers the space of metrics for which, along ZL, TZL and
(TZL)ω (the symplectic complement) are orthogonal and then mimics the usual
proof that the space of almost-complex structures is non-empty and contractible
(e.g. [HZ94]). We therefore omit the details. Denote the space of smooth paths

[0, 1]→ J (Ĵ−, Ĵ+ : ZL) by Jτ (Ĵ−, Ĵ+ : ZL). Notice that if J1 ∈ J (Ĵ−, Ĵ0 : ZL) and

J2 ∈ J (Ĵ0, Ĵ+ : ZL) then for each JR ∈ J (J1, J2) the set π−1(L) is JR-holomorphic
as well.

2.2. Review of some facts about Conley-Zehnder Indices. Let x be a closed
Reeb orbit, x be the simple Reeb orbit with the same image as x, and Φ be a
trivialization Φ : S1 × C → x∗ξ. We denote by CZΦ(x) the Conley-Zehnder index
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of x with respect to the trivialization obtained from Φ by the obvious degree mx

covering of S1 × C (where mx is the covering number of x over x), unless it is
specified that Φ is a trivialization of x∗ξ itself (in which case we will compute with
respect to Φ). If the trivialization is clear in a given context we may neglect to
denote it.

One very useful fact about the Conley-Zehnder index is that it grows almost-
linearly for Reeb orbits in dimension 3 (see e.g. [HWZ03] Theorem 8.3, or [Hut02])
in the following precise sense.

Proposition 2.4. Let γ be a periodic orbit of minimal period T , and Ψ a trivial-
ization of the contact structure over that orbit. The Conley-Zehnder index CZΨ(γk)
is monotone in k. Moreover, one has the following characterization of the index of
its coverings γk:

• If γ is elliptic, we may choose θ uniquely so that the complex eigenvalues
of ΦT are e±2πiθ, and for all covering numbers k, CZΨ(γk) = 2bk · θc+ 1.
• If γ is hyperbolic then there exists an integer n so that CZΨ(γk) is k · n.

Another very useful fact is a relationship between the Conley-Zehnder index and
the winding of eigensections of the asymptotic operator associated to the orbit x.

Definition 2.5. Let P be a simple, closed Reeb orbit, and k ≥ 1 be an integer.
We define α−Φ(P, k) to be the winding of the eigensection associated to the largest
negative eigenvalue of the asymptotic operator of (P, k) (the k-fold covering of P )
with respect to Φ, and α+

Φ(P, k) to be the winding associated to the least positive
eigenvalue (see [Sie09]).

It is proved in [HWZ95] that the the eigenvalues can be ordered (with multi-
plicity) so that the winding of the corresponding eigensections is non-decreasing
and increases by 1 every second eigenvalue, and that the Conley-Zehnder index is
related by the next formula. The second equality can be taken to define p(P, k), the
parity of the Conley-Zehnder index, which is either 0 or 1 depending on whether the
winding numbers of the ‘extremal’ positive/negative eigenvalues agree or disagree:

CZΦ(P, k) = α−Φ(P, k) + α+
Φ(P, k) = 2α−Φ(P, k) + p(P, k)

In particular, the Conley-Zehnder index is odd if and only if the winding of the
eigensections associated with the eigenvalues nearest zero differ. This is important
because it implies by the asymptotic formulas of e.g. [HWZ96, Sie08] that at
odd index orbits that the holomorphic curves necessarily wind around the orbit
differently (depending on whether they approach positively or negatively).

Using Proposition 2.4 we see easily that α−Φ(P, k) is given by bkθc if P is elliptic,

and bk·n2 c if it is hyperbolic (even or odd), and α+
Φ(P, k) is given by dkθe if P is

elliptic, and dk·n2 e if it is hyperbolic.

2.3. Transversality for cylinders. Let λ be a non-degenerate contact form on a
3-manifold V in this section. We will consider J-holomorphic cylinders in the sym-
plectization and transversality of the Cauchy-Riemann operator for these cylinders.

Here J = Ĵ will be a cylindrical almost-complex structure. The constructions of the
chain complexes in Section 4 requires the Cauchy-Riemann operator to be trans-
verse on enough moduli spaces. In particular we will prove:
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Theorem 2.6. By [Dra04] there is a residual subset Jgen(λ) of J (λ) such that
for all somewhere injective J-holomorphic curves the Cauchy-Riemann operator is
transverse for J ∈ Jgen(λ). Let J ∈ Jgen(λ):

(1) At a J-holomorphic cylinder U of index Ind(U) ≤ 1, the Cauchy-Riemann
operator is transverse at U . In particular the only index ≤ 0 cylinders are
trivial cylinders.

(2) At a J-holomorphic cylinder U of index Ind(U) = 2, and such that both
asymptotic orbits are SFT-good, the Cauchy-Riemann operator is transverse
at U .

Therefore the corresponding moduli spaces (modulo the free smooth R-action) con-
sist of isolated points (index 0 or 1 case) or of isolated intervals or circles (index 2
case).

We recall that a Reeb orbit is SFT-good if it is not an even cover of another
orbit with odd Conley-Zehnder index.

2.3.1. Some Inequalities. Let π denote the projection of TV to the contact struc-
ture ker(λ). Given a finite energy surface U = (a, u)2.4, the section π ◦ Tu of
Ω0,1(TΣ, u∗ξ) is quite useful. It is proved in [HWZ95] that either it vanishes iden-
tically or it has isolated zeros. We let windπ(U) denote the oriented count of zeros
of this section, which is proved in [HWZ95] to be non-negative. Also, we will use
the following topological quantities:

• Γ denotes the set of punctures, and Γ± denotes the subsets of positive and
negative punctures of the domain U . Also, #Γ0 denotes the number of
punctures asymptotic to orbits of even Conley-Zehnder index, and #Γ1 de-
notes the number of punctures asymptotic to orbits of odd Conley-Zehnder
index.
• CZ(U) =

∑
z+∈Γ+ CZ(z+)−∑z−∈Γ− CZ(z−) (this requires a choice of triv-

ialization of U∗ξ, but is independent of that choice).
• Ind(U) = CZ(U)− χ(Σ) + #Γ, and 2cN (U) = Ind(U)− χ(Σ) + #Γ0

The following is Theorem 5.8 in [HWZ95]:

Theorem 2.7. Suppose π ◦ Tu does not vanish identically. Then it vanishes only
a finite number of times, and 0 ≤ windπ(U) ≤ cN (U).

We will use this to show that certain curves are immersed to apply the automatic
transversality Theorem 2.8.

2.3.2. Review of some results about transversality. The Fredholm theory here was
developed in [Dra04]. There the author defines a Banach manifold

B1,p;d
g (x1, . . . , xk; y1, . . . , yl),

where p > 2, of W 1,p
loc maps from a surface of genus g with k ‘positive’ punctures

and l ‘negative’ punctures into R× V which converge exponentially with weight d
in W 1,p to the periodic orbits x1, . . . , xk at positive punctures and to y1, . . . , yl at
negative punctures. We will really only need the cases g = 0, k = 1, l = 1. Given
this structure we have a section

∂J(U) = dU + J ◦ dU ◦ j
2.4We use the identification ψλ : Wξ → R× V and let a = πR ◦ U , u = πV ◦ U .
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defined over B into a smooth bundle E over B with fibers

E =
⋃

U∈B
{U} × Lp,δ(Ω0,1(T Σ̇⊗C U

∗TW ))

At a zero of this section, U , we define FU to be the projection of D∂J(U) to the
vertical part TUE ∼= TUB ⊕ EU . It is then proved in [Dra04] that FU is a Fredholm
operator. We say the Cauchy-Riemann operator is transverse or regular at U (or
U is a transverse solution, etc.) if FU is a surjective operator, and that a subset of
solutions is transverse if each element is a transverse solution. Its index (computed
in [Dra04]) gives the dimension of parameterized (j, J)-holomorphic maps near U
when U is transverse. The dimension of the moduli space (allowing j to vary and
dividing by automorphisms of the domain) is then given by the topological quantity

Ind(U) = CZ(U) +
(

dim(R×V )
2 − 3

)
(χΣ −#Γ) which coincides with the definition

of Ind(U) given earlier since dim(R×V)
2 = 2.

We cite a special case of Theorem 0.1 in [Wen10] (valid for dim(R×V) = 4):

Theorem 2.8. [Wen10] Suppose that U is an immersed finite energy surface. Let-
ting g denote the genus of the curve, the linearized operator is surjective if

Ind(U) ≥ 2g + #Γ0 − 1

We also need results for somewhere-injective curves. Following the notation
of [Dra04], define the set M = M(x1, . . . , xn; y1 . . . , yn) the set (C, J) of pairs
consisting of non-parametrized curves C and compatible almost-complex structures

J ∈ J (where J = J (λ) or J (Ĵ−, Ĵ+)) for which C is J-holomorphic (for some
parametrization) positively asymptotic to the Reeb orbits xi and negatively to the
yj . In case J = J (λ) one quotients by the free R-action on solutions as well. We
have the following from [Dra04] (Theorem 1.8 and its Corollary) which holds in any
dimension:

Theorem 2.9. The setM carries a structure of a separable Banach manifold. The
projection map η :M→ J , η(C, J) = J , is a Fredholm map with Fredholm index
Ind(C) = Ind(U), where U : (S, j)\Γ→ R× V parametrizes C.

For regular values J of η,MJ = η−1(J) is a smooth, finite dimensional manifold
whose dimension agrees with the above index Ind(C). By the Sard-Smale theorem,
the set of regular values is a residual set. Consequently there is a residual set
Jgen ⊂ J of compatible almost-complex structures such that for every J ∈ Jgen

if U : S\Γ → R × V is a somewhere injective finite energy surface for J , then
Ind(U) ≥ 1 provided π ◦ Tu does not vanish identically.

Theorem 2.9 can be done for J = J (Ĵ−(λ−), Ĵ+(λ+) : Z) as well because any
somewhere injective curve for such a J will have a point of injectivity in W\(W+∪
W−∪Z) (except for components of Z and holomorphic planes for Ĵ(λ+), for which
we will not be concerned about transversality anyway and therefore can ignore).
This will be needed in section 4.

2.3.3. Proof of Theorem 2.6. Theorem 2.6 is a direct consequence of

Proposition 2.10. There is a residual subset Jgen of dλ-compatible almost-complex
structures on ξ such that:
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(1) At any somewhere injective finite energy solution, the Cauchy-Riemann
operator is transverse, by [Dra04].

(2) For any compatible J (not necessarily in Jgen), if U ∈MJ(x; y) is of index
1, then the linearization of the Cauchy-Riemann operator is surjective at
U .

(3) Let J be any compatible almost-complex structure, and suppose U is a J-
holomorphic finite-energy cylinder. Then its index is at least 0.

(4) For J ∈ Jgen, if U ∈MJ(x; y) is an index 2 cylinder, and both asymptotic
orbits are SFT-good, then the linearization of the Cauchy-Riemann operator
is surjective at U .

(5) For J ∈ Jgen, all index zero holomorphic cylinders are trivial cylinders. The
linearized Cauchy-Riemann operator is surjective at any trivial cylinder.

This is in fact what we will prove.

Proof. To begin the proof, take Jgen to be as in Theorem 2.9. The first item is an
assertion in Theorem 2.9. The third item was already observed in [HWZ95]; we
include the short proof.

Proof. (of item (3), Prop. 2.10) π ◦ Tu vanishes identically on a cylinder if and
only if the cylinder is a trivial cylinder. If a non-trivial finite energy cylinder has
index less than 0, then by Theorem 2.7 0 ≤ 2windπ(U) < 0− 4 + #Γ1+ 2#Γ0 ≤ 0,
which is impossible. �

Proof. (of item (2), Prop. 2.10) The map U is an immersion if windπ(U) = 0.
For finite energy cylinders of index 1, Theorem 2.7 implies 0 ≤ windπ(U) ≤ 1 −
2(2) + 1 + 2(1) = 0 (since there must be one odd puncture and one even puncture).
Thus, finite energy cylinders of index 1 are always immersed. We have g = 0 and
#Γ0 = 1 (since the index difference is 1, there is one even and one odd puncture),
so by Theorem 2.8 the linearized Cauchy-Riemann operator is surjective. �

Lemma 2.11. Suppose U is a cylinder of index 2 with asymptotic limits x, y. If x
and z have even Conley-Zehnder index and are SFT-good, then U is simply covered.

Proof. Let k be the covering number of U , so that U = U ′ ◦ τk where U is a simple
curve and τk is the degree k holomorphic cover of R× S1. Choose a trivialization
Φ′ for U ′∗ξ, which induces trivializations Φ of ξ over U , x and y. We then have
CZΦ(x)−CZΦ(y) = 2 by the index formula. Let CZΦ(x) = 2l+ 2, so CZΦ(y) = 2l.
Letting x′, y′ denote the limits of U ′, so that x, y are k-covers of x′, y′, by Proposition
2.4 we have k|2l+2, and k|2l, from which it follows that k = 2 or 1. Suppose k = 2.
Then CZΦ′(x

′) = l + 1,CZΦ′(y
′) = l. Therefore, one of these has odd Conley-

Zehnder index, so either x or y is a ‘bad’ orbit. Since both orbits are assumed
SFT-good, k = 1. �

Proof. (of item (4), Prop. 2.10) The parity of the Conley-Zehnder indices are either
both even or both odd. If they are both even, then by Lemma 2.11 all curves in
the index 2 component of the moduli space are simple. Transversality of the index
2 component of the moduli space for J ∈ Jgen follows from Theorem 2.9.

In the case of an index-2 cylinder with odd asymptotic orbits, we observe
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0 ≤ windπ(U) ≤ 2− 2(2) + 2(1) + 2(0) = 0

Ind(U) = 2 ≥ 2g + #Γ0 − 1 = 2(0) + 0− 1

so automatic transversality applies by Theorem 2.7 and Theorem 2.8, in particular
for any J chosen for the case of even, SFT-good orbits. �

Proof. (of item (5), Prop. 2.10) Choose any J ∈ Jgen. For simply covered index 0
cylinders, the inequality of Corollary 2.9 implies π ◦ Tu vanishes identically, which
implies the cylinder is trivial. If a cylinder is multiply covered of index 0, the
underlying simple cylinder has index 0 - by the monotone growth of the index of a
cylinder under covering. Hence, it is a cover of a trivial cylinder so is trivial itself.
Transversality is proved directly (see e.g. [Sch95]). �

�

3. Intersections and compactness

3.1. Intersections. We recall the intersection theory described in [Sie09].

Definition 3.1. A stable Hamiltonian structure [Sie09, EKP06] on a 3-dimensional
manifold V is a pair H = (λ, ω) such that

(1) λ ∧ ω is a volume form for V
(2) ω is closed
(3) dλ|kerω ≡ 0

It defines a H-Reeb vector field by X¬λ ≡ 1, X¬ω ≡ 0.

Example 3.2. If V is a 3-manifold with a contact form λ, the associated stable
Hamiltonian structure is Hλ = (λ, dλ).

Let W be a 4-manifold. A cylindrical Hamiltonian structure on W is the data
(Φ, V,H) where Φ : W → R×V is a diffeomorphism and H is a stable Hamiltonian
structure on V . A positive (resp. negative) Hamiltonian structured end is the
data (W±,Φ±, V ±,H±) where W± is a subset, Φ± : W± → ±[0,∞) × V ± is a
diffeomorphism and H± is a stable Hamiltonian structure on V ±. We will usually
refer only to W± with the rest of the data implicit. A cobordism is a manifold W
such that W\W± is compact oriented with boundary.

Example 3.3. Suppose λ± are contact forms with kernel ξ on V , and λ− ≺ λ+

in W = Wξ. We can equip Wξ with the Hamiltonian structured ends W± =
W±(λ±), V ± = V , H± = (λ±, dλ±)

Φ±(λ) =

(
log

λ

λ±(π(λ))
, π(λ)

)

Suppose Wi are two such cobordisms. We say that we can concatenate W1

and W2 if (V +
1 ,H+

1 ) = (V −2 ,H−2 ). Then we can define the manifold W1 �W2 by
compactifying the positive end of W1 with {∞}×V +

1 , the negative end of W2 with
{−∞} × V −2 (using the diffeomorphisms Φ± to do so), and identifying them. This
can be generalized to n-fold concatenations W1 � · · · �Wn for any n ≥ 2 as long
as one can concatenate Wi and Wi+1 for each i.

Suppose W1 is a cylindrical Hamiltonian structured manifold i.e. W1
∼= R × V ,

and that we can form W1 �W2. Then obviously W1 �W2 is homeomorphic to W2
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and is equipped with the same Hamiltonian ends. This identification in convenient
and we will use it often in the following without comment.

3.1.1. A homotopy invariant intersection number. Let H be a Hamiltonian struc-
ture on V , and let W ∼= R × V . Let (Σ, j,Γ, U,W ) be a C1 map U : Σ\Γ → W .
For a closed T -periodic Reeb orbit δ, denote by Zδ the trivial cylinder over δ:

Zδ(s, t) = (Ts, δ(Tt))

Definition 3.4. [Sie09] Suppose γ is a simple T -periodic orbit for XH. We say U
is asymptotically cylindrical over γm at z ∈ Γ if there is a holomorphic embedding
φ : [0,∞)× S1 → Σ\{z} with φ(s, t)→ z (as s→∞) so that

lim
c→∞

(−mTc) ∗ U ◦ φ(s+ c, t)|[0,∞)×S1 = Zγm |[0,∞)×S1

(with convergence in C1([0,∞) × S1,W ), and where c ∗ U denotes the action by
translation of the R co-ordinate by c)). We say U is asymptotically cylindrical if
at each puncture z ∈ Γ U is asymptotically cylindrical to some H-Reeb orbit γm.

If U is a map into a 4-manifold W with Hamiltonian structured ends H±, then
say (Σ, j,Γ, U,W ) is asymptotically cylindrical if for each puncture z ∈ Γ there
is a neighborhood Oz of z such that U |Oz is contained in one of the ends and is
asymptotically cylindrical as defined above.

We denote by C∞g,p+,p−(V,H) the set of smooth asymptotically cylindrical maps
smooth of genus g with p+ positive punctures and p− negative punctures, and set
C∞(V,H) to be the union over all g, p−, p+ ≥ 0. Similarly in [Sie09] the author
defines asymptotically cylindrical maps in a 4-manifold W with Hamiltonian struc-
tured ends W± and denotes these by C∞(W,H+,H−). We will extend this notation
to include continuous, piecewise smooth maps which are smooth on neighborhoods
of the punctures and satisfy the same asymptotic conditions.

Definition 3.5. Suppose U, V are asymptotically cylindrical maps, and z is a punc-
ture for V asymptotic to γm. Choose a trivialization Φ : S1 ×C→ γ∗ξ. There is a
neighborhood Oz of z that is mapped entirely into a cylindrical end and so that

V (φ(s, t)) = (ms, expγm(t) h(s, t))

Let β be a cut-off function supported in Oz which is identically 1 on a smaller
neighborhood of z. Consider the perturbation

V ′(φ(s, t)) =
(
ms, expγm(t) [h(s, t) + β(φ(s, t)) · Φ(mt) · ε]

)

which is well-defined for all ε > 0 sufficiently small. Let VΦ,β,ε be the map that re-
sults from making such a perturbation at each puncture of V . Then set ιΦ(U, V ) =
int(U,VΦ,β,ε). It depends only on the homotopy classes of the maps and the trivi-
alizations Φ, and is symmetric in the arguments U, V (see [Sie09]).

Definition 3.6. Let P be a closed, simple Reeb orbit, and let k1, k2 be two positive
integers.

Ω+
Φ(P, k1, k2) = +k1k2 max

{
α−Φ(P, k1)

k1
,
α−Φ(P, k2)

k2

}

Ω−Φ(P, k1, k2) = +k1k2 min

{
α+

Φ(P, k1)

k1
,
α+

Φ(P, k2)

k2

}
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Let ΩΦ(z, z′) be equal to zero if U, V are asymptotic to covers of different Reeb
orbits at the punctures z, z′; if they are positively asymptotic to covers of the same
Reeb orbit, then let it be Ω+

Φ(P, k1, k2) (where P is the common underlying simple
orbit, and k1, k2 are the respective multiplicities); and if they are negatively asymp-
totic to covers of the same Reeb orbit, then let it be Ω−Φ(P, k1, k2; Φ) (same notation
as the positive case). With this notation, set

ΩΦ(U, V ) =
∑

z∈Γ+
U

z′∈Γ+
V

ΩΦ(z, z′)−
∑

z∈Γ−U
z′∈Γ−V

ΩΦ(z, z′)

It follows from Proposition 4.1 and Lemma 3.4 of [Sie09] that ιΦ(U, V )+ΩΦ(U, V )
depends only on the homotopy classes of U, V .

Definition 3.7. For a pair of punctures z, z′ of U, V , if U, V are asymptotic to
covers of different orbits at z, z′ then set ∆(z, z′) = 0; else, let P denote the un-
derlying simple orbit, k1(z), k2(z′) the respective covering numbers of the orbit, and
set

∆(z, z′) = Ω−(P, k1(z), k2(z′))− Ω+(P, k1(z), k2(z′)) ≥ 0

Sum this quantity over all pairs of punctures to get

∆(U, V ) =
∑

z∈Γ+
U

z′∈Γ+
V

∆(z, z′) +
∑

z∈Γ−U
z′∈Γ−V

∆(z, z′) ≥ 0

Definition 3.8. Let [U ], [V ] be homotopy classes of asymptotically cylindrical maps
with representatives U, V (resp.). Set

[U ] ∗ [V ] = ιΦ(U, V ) + ΩΦ(U, V ) +
1

2
∆(U, V )

By the above comments this only depends on the homotopy classes [U ], [V ] of the
maps U, V in C∞(V,H) (or C∞(W,H+,H−)) and is therefore well-defined.

Asymptotically cylindrical maps Ui in Wi can be concatenated3.1 if the asymp-
totics match in the obvious way so that the maps can be glued together (after
choosing asymptotic markers) to form a (piecewise smooth) C0 map U1 � U2 in
W1 �W2. One can also form n-fold concatenations U1 � · · · � Un in the obvious
way to make a map into W1 � · · · �Wn; every holomorphic building defines such
a concatenation. Proposition 4.3 of [Sie09] states (except for the last item which
differs slightly; see the remark following the statement):

Proposition 3.9. Let W,W1, . . . ,Wn be 4-manifolds with Hamiltonian structured
cylindrical ends. Then:

(1) If (Σ, j,Γ,W,U) and (Σ′, j′,Γ′,W, V ) ∈ C∞(W,H+,H−) then U ∗ V de-
pends only on the homotopy classes [U ], [V ].

(2) [U ] ∗ [V ] = [V ] ∗ [U ]

3.1The concatenation is well-defined only up to a Dehn twist of the domain Σ1 ◦ Σ2, since a

gluing of these domains may require a choice of asymptotic markers. This data is determined

when the concatenation occurs as a holomorphic building, which is the only case that interests
us. Regardless, different choices of asymptotic markers yield the same intersection number (see

the proof of Proposition 4.3 of [Sie09]).
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(3) Using “+” to denote disjoint union of maps, we have [U1 + U2] ∗ [V ] =
[U1] ∗ [V ] + [U2] ∗ [V ].

(4) If U1�. . . Un and V1�. . . Vn are concatenations of asymptotically cylindrical
maps in W1 � . . .Wn then

[U1 � . . . Un] ∗ [V1 � . . . Vn] =

n∑

i=1

[Ui] ∗ [Vi]

Remark 3.10. The last assertion differs from the one made in [Sie09]; however,
it is shown in the proof that the difference

[U1 ◦ U2]∗̃[V1 ◦ V2]− [U1]∗̃[V1]− [U2]∗̃[V2]

(where ∗̃ denotes the intersection number minus the term 1
2∆(U, V ), which is what

is used in [Sie09]) is equal to

∆ = ∆+((U)1, (V )1) = ∆−((U)2, (V )2)

where we use ∆± to denote the sum of the terms in the definition of ∆ corresponding
to the positive (resp. negative) punctures only (in particular ∆ = ∆+ + ∆−). It is
easy to see that we get the above identity from our definition of “[U ] ∗ [V ]”.

The statement in [Sie09] is extended above to n-fold concatenations above.

Suppose U : Σ\Γ→W is in C∞(W,H+,H−). Considering the oriented blow-up
Σ [BEH+03], because U is asymptotically cylindrical it extends over Σ to define a
map U : Σ→W , with the property that if B is a boundary component of Σ, then
U |B is a closed Reeb orbit in ∂W . Let us consider the subclass C0(W,H+,H−)
of those U ∈ C0(Σ,W ) such that for each boundary component B of Σ, U |B is a
closed Reeb orbit in (∂±W ∼= V ±,H±). By standard arguments the intersection
number extends to the class C0(W,H+,H−) and is homotopy invariant within that
class.

In particular, the above discussion extends the intersection number to holomor-
phic buildings: a building (U) defines a map (U) ∈ C0(W,H+,H−), which we use
to set

[(U)] ∗ [(V )] =̇ [(U)] ∗ [(V )]

Once the intersection number is extended this way, it is clear that

Lemma 3.11. Suppose Uk → (U) and Vk → (V ) in the SFT-sense. Then lim[Uk]∗
[Vk] = [(U)] ∗ [(V )].

Proof. By property C3 of SFT-convergence, G ◦ Uk ◦ φk → (U) uniformly, and

similarly G◦Vk ◦φ′k → (V ) uniformly. Therefore they represent the same homotopy

classes in C0(W,H+,H−) for k sufficiently large and therefore

lim[Uk] ∗ [Vk] = lim[Uk] ∗ [Vk] = [(U)] ∗ [(V )] = [(U)] ∗ [(V )]

�

In a concatenation W1�· · ·�Wn, if both ends of each Wi correspond to contact
forms for which L consists of closed orbits, then the cylinder π−1(L) = ZL is
asymptotically cylindrical for each Wi, and the concatenated map ZL � . . . ZL
identifies with ZL under the homeomorphism W1� . . .Wk

∼= Wξ. So it makes sense
to speak about the intersection of a holomorphic building (U) and the cylinder ZL
if all the ends of all pieces in the concatenation in which (U) lives are such that
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L is a closed orbit for the form defining the Hamiltonian structure for that end.
Moreover, if we index the levels of (U) by U i i.e. (U) = U1 � · · · � Uk then

[(U)] ∗ [ZL] =

k∑

i=1

[U i] ∗ [ZL]

by the level-wise additivity property (Property (4) of Proposition 3.9) of the inter-
section number.

3.1.2. Positivity and local computations. It is shown in [Sie09] that if U, V are both
pseudoholomorphic asymptotically cylindrical with no components sharing identical
images then [U ] ∗ [V ] ≥ 1

2∆(U, V ), with strict inequality if there is an interior
intersection. Moreover we see that if U, V are both asymptotic to covers of an orbit
γ either of which has odd Conley-Zehnder index then [U ] ∗ [V ] > 0.

Theorem 3.12 ([Sie09] Theorem 4.4). Suppose U, V are asymptotically cylindri-
cal pseudoholomorphic maps in an almost-complex cobordism with cylindrical ends,
with no common components. Then [U ] ∗ [V ] = int(U,V) + δ∞(U,V) + 1

2∆(U,V),
with δ∞(U, V ) ≥ 0 and int(U,V) equal to the sum of all local intersections (also
non-negative by e.g. [McD91, MW95]).

We recall [Sie09] how to compute δ∞(U, V ) and ∆(U, V ) in the case V = ZLi
where Li is a closed Reeb orbit for both λ± in a cobordism of the form W (λ−, λ+) ⊂
Wξ and ZLi = π−1(Li).

For a map U ∈ C∞(W,H+,H−) asymptotic to a k-covered orbit xk at a puncture
z, let Φ be a trivialization of x. The trivialization gives coordinates φΦ with values
in S1 × C on a neighborhood of x. Choose cylindrical coordinates s + it near the
puncture z. Because U ∈ C∞(W,H) there is s0 sufficiently large so that for s ≥ s0

the loop πV ◦ U(s+ it) lies in the coordinate neighborhood. Then the following is
a loop in C:

t 7→ πC ◦ φΦ(πV ◦ U(s+ it))

If this number is independent of s ≥ s0 (equivalently, if U has only finitely many
intersections with the cylinder ZLi) then denote it by wλ,Φ(U,w). It clearly only
depends on the homotopy class of Φ. The asymptotic formula of [HWZ96] shows
that it always exists if U is holomorphic and that it is given by the winding of an
eigensection for the asymptotic operator.

In the following formula, let Li ∼ U(w) mean that U is asymptotic to a cover
of Li at w, let kw be the covering number of the Li to which U is asymptotic
at w, let wλ,Φ(U,w) be as above, which is computed by the asymptotic formula
to be (Φkw)−1eU , where eU is an eigensection of the asymptotic operator; let
α±λ,J,Φ(Li, k) be the extremal winding number of the asymptotic operator asso-

ciated with (Lki , λ, J) and trivialization Φk, and finally let pλ(x) ∈ {0, 1} be the
parity of the orbit x with respect to the form λ. Then
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δ∞(U,ZLi) =
∑

w∈Γ+
U

Li∼U(w)

−wλ+,Φ(U,w) + α−λ+,J+,Φ
(Li, |kw|)

+
∑

w∈Γ−U
Li∼U(w)

+wλ−,Φ(U,w)− α+
λ−,J−,Φ

(Li, |kw|)

∆(U,ZLi) =
∑

w∈Γ+
U

Li∼U(w)

pλ+
(Lkwi ) +

∑

w∈Γ−U
Li∼U(w)

pλ−(Lkwi )

Remark 3.13. This formula for the intersection number works as well when U
is not pseudoholomorphic, as long as int(U,ZLi) is finite, but the terms (and the
intersection number itself) may be negative.

3.1.3. Moduli spaces. Let (W,J) be a symplectic 4 manifold with Hamiltonian
structured ends and compatible J adjusted to the ends. We use MJ(x; y1, . . . , yk)
to denote the moduli space of finite energy J-holomorphic spheres with one pos-
itive asymptotic orbit x and perhaps several negative asymptotic orbits y1, . . . yk
(modulo reparametrizations of the domain). Usually we are interested in moduli
space of cylinders with one positive and one negative end, MJ(x; y). If it is clear

we may drop the subscript. If J is a cylindrical almost-complex structure J = Ĵ(λ)
then we will actually mean the moduli space modulo the further R-action by trans-
lations. We assume that all Hamiltonian structures considered are non-degenerate,
so we have the asymptotic formula [HWZ96, BEH+03] which implies all solutions
are asymptotically cylindrical and the intersection theory described above applies.

Given a holomorphic curve Z, we denote

MJ(x; y1, . . . , yk : Z) = {[U ]|[U ] ∗ [Z] = 0} ⊂ MJ(x; y1, . . . yk)

For homotopies l 7→ Jl, we write

M{Jl}(x; y1, . . . , yk) =
⋃

l∈[0,1]

{l} ×MJl(x; y1, . . . , yk)}

and
M{Jl}(x; y1, . . . , yk : Z) =

⋃

l∈[0,1]

{l} ×MJl(x; y1, . . . , yk : Z)}

In the following, Z will almost always be ZL = π−1
V (L) (recall πV : Wξ → V is

the projection T ∗V → V restricted to V ), though we do not specialize yet.

Lemma 3.14. Suppose Z is a finite energy surface with all asymptotic orbits elliptic
(e.g. ZL = π−1(L) under condition (E)), and [U ] ∈MJ(x; y1, . . . , yn) is such that
no component has image contained in a component of Z. Then [U ] ∈MJ(x; y, · · · :
Z) if and only if U and Z never intersect and are never asymptotic to covers of the
same asymptotic orbit with the same sign (in the case Z = ZL this is the same as
saying x, y /∈ D′± and U never intersects Z).

Proof. If U intersects Z, by positivity of intersections U ·Z > 0, and since all other
terms are non-negative [U ] ∗ [Z] > 0. Since the asymptotic orbits of Z are elliptic,
if U,Z share a common asymptotic orbit we would have ∆(U,Z) > 0. Therefore in
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either case [U ] ∗ [Z] > 0 by Theorem 3.12. If [U ] ∗ [Z] = 0 both of these terms must
be zero so the converse holds as well. �

3.2. Compactness. Let us call a subset C of M closed under compactification
if for every [(U)] ∈ ∂C ⊂ M, each component U i of (U) represents an element
[U i] ∈ C. For example, letMJ(1; k) denote the union of allMJ(x; y1, . . . , yk), and
MJ(1; ∗) the union over all k ≥ 0. ThenMJ(1; ∗) is closed under compactification.

The main obstacle for cylindrical contact homology is to show thatM≤2
J (1; 1), the

of cylinders of index at most 2, is closed under compactification. Similarly set
M(1; k : Z) to be the union of all MJ(x; y1, . . . , yk : Z). Our goal is to show

the subsets M[a]
J (1; 1 : ZL) of cylinders in MJ(1; k : ZL) connecting asymptotic

orbits in the homotopy class of loops [a] are closed under compactification when
(λ+, L) ≥ (λ−, L) satisfy (E), or when (λ±, L, [a]) satisfy (PLC).

3.2.1. Condition (E). We investigate the compactification of finite energy holomor-
phic curves in Wξ with intersection number 0 with [Z = ZL = π−1

V (L)] (in the sense
defined above). We assume (λ+, L) ≥ (λ−, L) throughout, and later that both sat-

isfy condition (E). We suppose J ∈ J (Ĵ−, Ĵ+ : Z) (in the cylindrical case λ+ = λ−
and J ∈ J (λ±); then Z is automatically J-holomorphic).

Lemma 3.15. Suppose (λ+, L) ≥ (λ−, L) (with L± all elliptic), Z = π−1
V (L)

and J ∈ J (Ĵ−(λ−), Ĵ(λ+) : Z) (allow the possibility J is cylindrical i.e. J ∈
J(λ−) = J (λ+)). Let Li be a connected component of L, and C = π−1(Li). Let
U be a possibly branched cover of C with 1 positive puncture and genus 0. Then
[U ] ∗ [C] ≥ 1

2 (1−#Γ−), where #Γ− is the number of negative punctures of U .

Proof. Let S2\Γ(U) be the domain of U , so we have a lift Û : S2\Γ→ R× S1 i.e.

U = C◦Û . Using the metric gJ , since J ∈ J (Ĵ−, Ĵ+ : Z) we can identify the normal
bundle to C with ξ, and with the exponential map and a unitary trivialization
Φ : C∗ξ → R×S1×C we can identify a tubular neighborhood of C with (R×S1)×Dε,

where Dε is a disc containing the origin in C. Let us denote this map f̂ = exp ◦Φ−1 :
(R×S1)×Dε →W . Consider the pull-back bundle N = U∗ξ over S2\Γ(U). Using

the trivialization and lift, we have a map f = f̂ ◦ (Û × Id) : S2\Γ(U) ×Dε → W ,
with the property that f(z, c) ∈ C if and only if c = 0 (possibly taking Dε smaller
if needed). It is a local-diffeomorphism away from the branch points.

Sufficiently small sections of N can be identified with functions σ : S2\Γ(U) →
Dε by this trivialization, and it defines a map Sσ : S2\Γ(U) → Wξ by z 7→
f(z, σ(z)). Choose any section σ̂ of N such that

• near the punctures it has the form3.2

σ̂(s, t) = eλseλ(t)

where λ is the extremal eigenvalue of the asymptotic operator of the or-
bit to which U is asymptotic at that puncture, and eλ(t) represents an
eigensection associated to λ,
• it has only finitely many transverse zeros none of which occur at branch

point,
• it is small enough to be represented by a function σ : U → Dε.

3.2In cylindrical coordinates at the puncture: (s, t) ∈ [0,∞)× R/Z ∼= Dz+\{z+} at a positive

puncture z+, and (s, t) ∈ (−∞, 0]× R/Z ∼= Dz−\{z−} at a positive puncture z−.
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We compute [C]∗ [U ] by computing [C]∗ [Sσ] using the formula of Theorem 3.12
(see Remark 3.13), since Sσ is homotopic to U via τ 7→ Sτ ·σ. By the formula for σ̂
we imposed on a disc-like neighborhood of the punctures

w ∈ Γ+(Sσ) : −wλ+,Φ(Sσ, w) + α−λ+,Φ
(Li, kw) = 0

w ∈ Γ−(Sσ) : +wλ−,Φ(Sσ, w)− α+
λ−,Φ

(Li, kw) = 0

Therefore the δ∞(C, Sσ) portion of [C] ∗ [Sσ] = 0. Since all asymptotic limits
are elliptic and therefore odd, it follows that at each puncture w ∈ Γ(Sσ) that
pλ±(Sσ(w)) = 1. Therefore the 1

2∆(C, Sσ) portion of [C] ∗ [Sσ] = 1
2#Γ(U).

It remains to compute C ·Sσ. Since the map f̂ : R×S1×Dε →W is an orientation
preserving local-diffeomorphism away from branch points, and all zeros occur away
from branch points by construction, the computation reduces to a signed count of
intersections of this map σ with 0 ∈ C (the mapping degree deg(σ; 0)). This degree
is computed by the homology class of σ|∂S ∈ H1(C\0) (where S is S2 minus the
small disc-like neighborhoods Dz± of the punctures Γ(U) on which the asymptotic
expression holds, i.e. σ(s, t) = eλseλ(t)). The extremal winding numbers are given
by α∓λ±,Φ(Li; ki) where ki is the covering degree of each puncture of U , using α−

with respect to λ+ at positive punctures, and α+ with respect to λ− at negative
punctures. We know that there are irrational numbers θ± so that

α−λ+,Φ
(Li; k) = bkθ+c

α+
λ−,Φ

(Li; k) = dkθ−e = bkθ−c+ 1

Therefore, the mapping degree is

bk+θ+c −
∑

z−

(bk−i θ−c+ 1)

where k+ is the covering degree of the positive puncture, and the k−i are the covering
degrees at each negative puncture, so k+ =

∑
k−i . But the hypothesis on the index

of Ck is equivalent to θ+ ≥ θ− which implies

bk+θ+c −
∑

z−

bk−i θ−c ≥ 0,

so the mapping degree is at least −#Γ−. Summing everything together,

[C] ∗ [U ] = C · Sσ + δ∞(C, Sσ) +
1

2
∆(C,U)

≥ −#Γ−(U) + 0 +
1

2
#Γ(U)

=
1

2
(1−#Γ−(U))

�

Remark 3.16. If we drop the hypothesis (λ+, L) ≥ (λ−, L), then we lose this
control on this intersection number since bk+θ+c −

∑
z−
bk−i θ−c could be negative.

Lemma 3.17. Suppose (λ+, L) ≥ (λ−, L) satisfy condition (E) (actually we only

need to assume (λ+, L) satisfies (E)) and J ∈ J (Ĵ−(λ−), Ĵ+(λ+) : Z). Then for
every finite energy J-plane P in Wξ, [P ] ∗ [Z] ≥ 1/2. If it is not asymptotic to an
orbit in L then [P ] ∗ [Z] ≥ 1.
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If (λ+, L) ∼ (λ−, L) satisfy condition (PLC) instead, then for every finite energy
J-plane P in Wξ [P ] ∗ [Z] ≥ 1.

Proof. If P is asymptotic to d ∈ L+ then the first assertion is immediate by the
formula of Theorem 3.12 since the parity term will contribute 1/2 and all terms
are non-negative. Suppose instead that P is asymptotic to an orbit x /∈ L+. Then
πV ◦ P : C → V must intersect L by hypothesis, and therefore P must intersect
ZL. Since both are J-holomorphic the intersection contributes 1 to the intersection,
which bounds below [P ] ∗ [Z] ≥ 1 by positivity of intersections.

If (λ+, L) satisfies (PLC) then πV ◦P intersects L by hypothesis, so [P ]∗ [Z] ≥ 1
as explained above. �

We will call a puncture of a holomorphic building (V ) a free puncture if there is
a path from the puncture to an end of the tree such that all nodes along this path
represent trivial cylinders.

Lemma 3.18. Suppose that (λ+, L) ≥ (λ−, L), and J ∈ J (Ĵ−(λ−), Ĵ+(λ+) : Z).
Let (V ) be any genus 0 holomorphic building with only 1 positive end. Then

• If no component of (V ) is a branched cover of a component of Z, then
[(V )] ∗ [Z] ≥ 0. It is strictly greater than zero if either

– there is an edge in the bubble tree corresponding to an orbit in L, or
– the projection of some component intersects L

In particular, if both (λ+, L), (λ−, L) satisfy (E) and some component of
(V ) is a plane then one of these holds necessarily, so [(V )] ∗ [ZL] > 0.

• If some components of (V ) are branched covers of components of Z, then
[(V )] ∗ [Z] ≥ 1

2 (1−#Γ−free(V,L)), where Γ−free(V,L) denotes the set of free
negative punctures belonging to components which are branched covers of
components of Z.

Proof. Let Ui be the vertices of (V ) which represent curves that are not branched
covers of components of Z, and let Vj be the vertices of (V ) which represent curves
that are branched covers of components of Z. The level-wise additivity and disjoint
union properties of the intersection number (Proposition 3.9) imply

[(V )] ∗ [Z] = [
∑

Ui +
∑

Vj ] ∗ [Z]

=
∑

[Ui] ∗ [Z] +
∑

[Vj ] ∗ [Z]

In the first case, the second sum is empty. Since [Ui] ∗ [Z] ≥ 0, and is strictly
positive if it is asymptotic to some x ∈ L± or if πV ◦ U i intersects L in its interior
(Lemma 3.14), the first statement is clear.

For the second case, using the estimate from Lemma 3.15 we have

∑

Vj

[Vj ] ∗ [Z] ≥
∑

Vj

1

2
(1−#Γ−(Vj))

=
1

2
#Vj + (

∑

Vj

∑

Γ−(Vj)

−1

2
)
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Consider a negative puncture z ∈ ∪Γ−(Vj) which is not a free puncture for (V ).
There is a first vertex on the path below this puncture which does not represent
a trivial cylinder, which is either a Ui or a Vj′ (and which conversely determines
(Vj , z)). If this vertex is is not a Vj′ , then it is a Ui asymptotic to an orbit in L
and therefore [Ui] ∗ [Z] ≥ 1/2. Else, it is a Vj′ . Therefore, given a term in the
sum

∑
Vj

∑
Γ−(Vj)

− 1
2 which does not represent a free negative puncture, we find a

uniquely determined term in the sum
∑

[Ui] ∗ [Z] +
∑
Vj

1
2 that combines with it to

make the total non-negative. By this grouping of terms we determine

[(V )] ∗ [Z] =
∑

[Ui] ∗ [Z] +
∑

[Vj ] ∗ [Z]

=
∑

[Ui] ∗ [Z] +
1

2
#Vj + (

∑

Vj

∑

Γ−(Vj)

−1

2
)

≥ 1

2
(1−#Γ−free(V,L))

the extra 1 coming from the fact that there is at least one Vj that is not used to
cancel one of the terms in

∑
Vj

∑
Γ−(Vj)

− 1
2 (there must be one Vj not on a lower

level than some other Vj). �

It follows easily from Lemma 3.18 (in view of Lemma 3.14 since #Γ−free(L) = 0

if the second case applies):

Proposition 3.19. Suppose (λ+, L) ≥ (λ−, L) satisfy (E), x ∈ P(λ+), y ∈ P(λ−)
are not in L, and (U) ∈MJ(x; y) has genus 0. Then [(U)] ∗ [Z] ≥ 0.

If [(U)]∗[Z] = 0, then each level U i of (U) is a cylinder with [U i] ∈MJ′(a; b : Z)

(where J ′ ∈ {Ĵ+(λ+), J, Ĵ−(λ−) determined by the level i). In particular, this holds
whenever (U) is a SFT-limit of a sequence Uk in MJ(x; y : ZL), since Lemma 3.11
implies [(U)] ∗ [Z] = 0.

If instead we only have (λ+, L) ≥ (λ−, L) and each component of L is elliptic
for both λ±, then if (U) is a holomorphic building with one positive puncture, no
asymptotic limits in L (so Γ−free((U), L) = 0), and [(U)] ∗ [ZL] = 0, then no compo-
nent U i of (U) is asymptotic to L or such that πV ◦U i intersects L in the interior.

In particular, the compactified projected image πV ◦ (U) ⊂ V \L.

3.2.2. Compactness under splitting. In the following, suppose λ+ � λ0 � λ−,
(λ+, L) ≥ (λ0, L) ≥ (λ−, L), and L is elliptic for each. Consider almost-complex

structures J1 ∈ J (Ĵ−(λ−), Ĵ0(λ0) : ZL), J2 ∈ J (Ĵ−(λ−), Ĵ0(λ0) : ZL), and the
almost-complex structures JR ∈ J (J1, J2) described in section 2.1 obtained from
J1, J2.

Proposition 3.20. Suppose further that (λ+, L) ≥ (λ0, L) ≥ (λ−, L) all satisfy
condition (E). Then each level U i of (U) is a cylinder [U i] ∈ MJ(a; b : Z) where

J ∈ {Ĵ+(λ+), J2, Ĵ0(λ0), J1, Ĵ−(λ−)}.
Proof. Let (U) be a SFT-limit for the sequence Uk; by continuity of the intersection
number (Lemma 3.11) we must have [(U)] ∗ [ZL] = 0. Let (U)2 be the building
obtained by looking only at the top |1|k+-levels of (U), and (U)1 be the building
obtained by looking only at the bottom k−|1|k0 levels of (U). Then (U)1 represents
a homotopy class of asymptotically cylindrical maps in W1 = (Wξ, J1), [(U)1],
and (U)2 represents a homotopy class of asymptotically cylindrical maps in W2 =
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(Wξ, J2), [(U)2], and [(U)] = [(U)2�(U)1]. The map (U)2 has a connected domain,
while the map (U)1 may have a disconnected domain: let us denote by (U i1) the
connected components of (U)1. Then

[(U)] = [(U)2 ◦ (U)1] =
(∑

[(U i1)]
)
◦ [(U)2]

The level-wise additivity and disjoint union properties of Proposition 3.9 imply

[(U)] ∗ [ZL] = [(U)2] ∗ [ZL] +
∑

[(U i1)] ∗ [ZL]

Let k be the number of negative punctures of (U)2. Then there are k-components
(U i1): label them so that for 1 ≤ i ≤ k−1, the component (U i1) is planar (has no neg-
ative punctures), while (Uk1 ) is cylindrical (has one negative puncture asymptotic
to y).

Suppose the second alternative of Lemma 3.18 holds for (U)2. Then

[(U)2] ∗ [ZL] ≥ 1

2
− 1

2
· k

If for (Uk1 ) the positive asymptotic orbit is not in L, the stronger inequality

[(U)2] ∗ [ZL] ≥ 1

2
− 1

2
· (k − 1)

holds. By Lemma 3.18, for the k − 1 planar components (U i1):

[(U i1)] ∗ [ZL] ≥ 1

2

For (Uk1 ) (by Lemma 3.18 as well):

[(Uk1 )] ∗ [ZL] ≥ 0

Moreover, if (Uk1 ) has a positive asymptotic limit in L, then the last inequality is
strengthened to ≥ 1/2. This is because if the second alternative to Lemma 3.18
holds for (Uk1 ), the inequality implies [(Uk1 ] ∗ [Z] ≥ 1/2. If the first holds, then
some level of (Uk1 ) is asymptotic to L: Lemma 3.18 asserts both that level will have
strictly positive intersection, and that each level has non-negative intersection, so
by level-wise additivity [(Uk1 )]∗ [Z] ≥ 1/2 again. It follows that whether or not (Uk1 )
has positive asymptotic orbit in L, the inequality [(U)]∗ [Z] ≥ 1/2 holds. Therefore
the first alternative to Lemma 3.18 must apply to (U)2.

Since the first alternative to Lemma 3.18 holds for (U)2, [(U)2]∗ [Z] ≥ 0. Lemma
3.18 implies that for 1 ≤ i ≤ k − 1, [(U i1) ∗ [Z] ≥ 1/2 and that [(Uk1 )] ∗ [Z] ≥ 0.
Therefore 0 = [(U)] ∗ [Z] ≥ k−1

2 , and therefore k = 1 i.e (U)1 = (Uk1 ). Lemma 3.18
implies that [(U)1] ∗ [Z] ≥ 0. Since [(U)2] ∗ [Z] ≥ 0, it must be that [(U)2] ∗ [Z] =
[(U)1]∗ [Z] = 0. Lemma 3.18 therefore asserts that (U)2 has no planar components
and is never asymptotic to an orbit in L - because k = 1 it must be that every
level of (U)2 is a single cylinder. Since [(U)1] ∗ [Z] = 0 and #Γ((U)1, L) = 0,
the first alternative to Lemma 3.18 applies and says that (U)1 also has no planar
components and is never asymptotic to an orbit in L - similarly every level of (U)1

is a cylinder. Therefore, every level U i for (U) is a cylinder and [U i] ∗ [Z] ≥ 0
- it follows by level-wise additivity [U i] ∗ [Z] = 0 for all levels i, in particular
U i ∈MJ′(a, b : Z). �

In case (λ+, L) ≥ (λ0, L) ≥ (λ−, L) do not necessarily satisfy condition (E) (but
are each such that L is elliptic), it will be useful in the proof of Theorem 1.5 to
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note the following. Let Jn be a sequence of almost-complex structures splitting into
J1 � J2.

Proposition 3.21. Suppose Un ∈ MJn(x; y : Z) (x, y /∈ L) has a SFT-limit
(U) = (U)2 � (U)1. Then [(U)1] ∗ [ZL] = 0, [(U)2] ∗ [ZL] = 0, and therefore by
Lemma 3.18 each component U i of the limit satisfies the following properties:

• No asymptotic limit of U i is an orbit in L
• πV ◦ U i has no interior intersections with L

In particular, the compactified image πV ◦ (U)i ⊂ V \L (in particular it defines a
homotopy from x to y since its domain is a compactified cylinder).

Proof. The proof is similar to the proof of Proposition 3.20. First, by continuity of
the intersection number [(U)] ∗ [Zl] = 0. Let (U i1) be the connected components of
(U)1. Then

0 = [(U)] ∗ [ZL] = [(U)2] ∗ [ZL] +
∑

[(U i1)] ∗ [ZL]

Let k be the number of negative punctures of (U)2, and l = #Γ−free((U)2, L) ≤ k−1.
Then by Lemma 3.18

[(U)2] ∗ [ZL] ≥ 1

2
− 1

2
· l

and for each puncture of Γ−free((U)2, L) there is a planar component of (U)1, say

(U)1
1, . . . , (U)l1 such that [(U)i1] ∗ [ZL] ≥ 1

2 (again by Lemma 3.18). Taken together
this implies [(U)] ∗ [ZL] > 0, which is impossible so in fact l = 0. Thus every
component (U)2, (U)1

1, . . . (U)k1 satisfies Γ−free((U)ij , L) = ∅. Applying Lemma 3.18
it follows that each term in the above sum is non-negative, and therefore each term
is zero. Reading Lemma 3.18 once again, it now asserts that the components have
the properties stated above. �

3.2.3. Proper link classes (PLC). If (λ±, L, [a]) satisfy (PLC), we can prove a com-
pactness theorem for holomorphic cylinders within the class of broken trajectories
such that all asymptotic limits lie within the class [a]:

Proposition 3.22. Suppose (λ+, L) ∼ (λ−, L), and both (λ±, L, [a]) satisfy (PLC).

Let J ∈ J (Ĵ−(λ−), Ĵ+(λ+) : Z) and x± be λ±-Reeb orbits in the class [a]. If
[Uk] ∈ MJ(x+;x− : Z) converges to a building [(U)] in MJ , then each level U i

of (U) represents an element in MJ′(b; c : Z) (J ′ ∈ {Ĵ+(λ+), J, Ĵ−(λ−)}) and
b, c ∈ [a].

Remark 3.23. The same proof goes for the limit of a sequence of such Jk-holo-

morphic cylinders where the Jk converge in C∞ to a J ∈ J (Ĵ+, Ĵ− : Z); in partic-
ular we get a similar statement when considering M{Jl}(1; 1 : Z).

Proof. Condition (PLC) prevents bubbling off as follows. Let Uk be a convergent
subsequence with limit building (U). Denote the connected components by U i

(vertices of the bubble tree) indexed by i ∈ I. Let S be the underlying nodal
domain of the building with components Si corresponding to the U i. By properties
CHCE2, CHCE3 of SFT-convergence there are maps φik : Si → R × S1 from Si to
the domain of Uk such that Uk ◦ φik|Si converges to U i in C∞loc (up to a translation
in cylindrical levels). Suppose U i is a plane for some i. Then by Lemma 3.17 and
condition (PLC) [U i]∗ [Z] ≥ 1. It follows that Uk ◦φik|Si ·Z 6= 0, because Uk ◦φik|Si
converges to U i in C∞loc and positivity of intersections implies that all maps C0-near
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U i intersect Z as well. Therefore int(Uk, Z) 6= 0 and so [Uk] ∗ [Z] > 0 contrary to
the hypothesis [Uk] ∈ M(x+;x− : Z). This shows that the bubble tree is linear
i.e. all components are cylinders.

Since x /∈ L, it is easy to see as follows that no asymptotic orbit between levels
is in L or not in [a]. If not, there would be a first level U i with positive asymptotic
orbit x′ ∈ [a] and negative asymptotic orbit y′ either in L or not in [a]. But πV ◦U i
provides a homotopy between x′ and y′, so by condition (PLC) there must be an
interior intersection with L in either case. But then the C∞loc-convergence property
of SFT convergence cited in the previous paragraph implies by the same argument
used above that for large k, int(Uk, Z) > 0, which violates Theorem 3.12 since
Uk, ZL have non-identical images and [Uk] ∗ [ZL] = 0. After establishing this fact
about the asymptotic limits, no U i can have identical image with Z and the same
C∞loc-convergence argument shows that int(U i, Z) = 0 for each level. The formula
of Theorem 3.12 shows [U i] ∗ [Z] = 0. So [U i] ∈MJ′(x

′; y′ : Z) and x′, y′ ∈ [a]. �

A similar result holds for a sequence of JR ∈ J (J1, J2). In the following, suppose
λ+ � λ0 � λ−, that (λ+,0,−, L, [a]) each satisfy (PLC), and that JRk ∈ J (J1, J2)

with Rk ↑ ∞ (where J1 ∈ J (Ĵ−, Ĵ0 : Z), J2 ∈ J (Ĵ0, Ĵ+ : Z)).

Proposition 3.24. Consider a sequence Uk of cylinders in MJRk
(x; y : Z), with

Rk ↑ ∞ and [x] = [y] = [a]. Then any SFT-limit (U) is such that each level
U i represents a cylinder [U i] ∈ MJ(b; c : Z) where [b] = [c] = [a] and J ∈
{Ĵ+(λ+), J2, Ĵ0(λ0), J1, Ĵ−(λ−)}.
Proof. The proof is similar to the previous proposition. Properties C2, C3 of SFT-
convergence and condition (PLC) prohibit the bubbling of planes as in the above
proof, so each level U i is connected and cylindrical. Similarly, the arguments in the
second paragraph of the proof of Proposition 3.22 prevent any level from intersecting
ZL, prevent any level from being asymptotic to any component of L, and force any
asymptotic orbit x between levels to be in the homotopy class [a]. So the SFT-limit
must have the form stated. �

In the proof of Theorem 1.5, we will require a more general fact. Suppose that
L satisfies the linking condition of Theorem 1.5, namely:

L is such that every disc F with boundary ∂F ⊂ L and [∂F ] 6= 0 ∈
H1(L) has an interior intersection with L

and that [a] is a proper link class for L (Definition 1.3). Suppose only that λ+, λ0, λ−
are each non-degenerate and such that L is closed under the Reeb flow. Then

Proposition 3.25. Consider a sequence Uk of cylinders in MJRk
(x; y : Z), with

Rk ↑ ∞ and [x] = [y] = [a]. Then any SFT-limit (U) = (U)1 � (U)2 is such that
[(U)1] ∗ [ZL] = 0, [(U)2] ∗ [ZL] = 0, and each component U i of the limit satisfies the
following properties:

• No asymptotic limit of U i is an orbit in L
• πV ◦ U i has no interior intersections with L

In particular, the compactified images πV ◦ (U) ⊂ V \L.

Proof. The assertion that for each component U i that πV ◦U i has no interior inter-
sections with L is argued using the C∞loc convergence properties of SFT-convergence
in a familiar way. By properties CHCE2, CHCE3 of SFT-convergence there are maps
φik : Si → R × S1 from Si = the domain of U i to the domain of Uk such that
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Uk ◦ φik|Si converges to U i in C∞loc (up to a translation in cylindrical levels). Since
U i intersects ZL positively, it follows that Uk must intersect ZL for all k large
enough, but this contradicts [Uk] ∗ [ZL] = 0. So we conclude U i has no interior
intersections with ZL.

The assertion that no asymptotic orbit of any component is in L (equivalently, no
edge in the bubble tree represents an orbit in L) is argued as follows. Suppose some
edge E in the bubble tree represents an orbit in L. Suppose first that the portion
of the holomorphic building corresponding to the subtree below this edge is planar.
Choose an edge E′ in this subtree such that no edge lower on the bubble tree lies in
L (this is possible because the tree is planar so there are no free negative asymptotic
orbits, thus every edge has a vertex below it). Let (P ) be the holomorphic building

corresponding to the subtree below this edge E′. Then πV ◦ (P ) has an interior
intersection with L, which must correspond to an interior intersection of one of its
components (since no asymptotic orbit is in L), contradicting the first assertion
which we have already proved.

Otherwise, the portion below E has one free negative puncture. E is therefore
on the unique path from the free positive puncture to the free negative puncture.
Without loss of generality, suppose E is the highest edge along this path (i.e. closest
to the positive free puncture). Let (X) be the tree obtained by removing from
the original bubble tree the portion below this edge E (by hypothesis E is not
the positive free puncture so this is non-empty). By the previous step, any free
negative puncture for (X) bounds a planar building (P ) such that each component
satisfies the conclusions of this proposition. Hence, its compactified image satisfies
πV ◦ (P ) ⊂ V \L. It will now follow that the interior of πV ◦ (X) ⊂ V \L, since no
edge of (X) represents an orbit in L (except E) and we have already shown that
no component of (U) has an interior intersection with ZL. However, the negative
asymptotic orbit of (X) is in L (since by hypothesis E represents an orbit in L), and

πV ◦ (X) realizes a homotopy between this orbit in L and the positive asymptotic
orbit x ∈ [a] through V \L. But this contradicts the hypothesis that [a] is a proper
link class, by definition. Therefore no such edge E can exist, which finally proves
that no asymptotic orbit of any component U i is in L as claimed. �

4. Cylindrical Contact Homology of Complements

The two crucial requirements for the definition of contact homology are compact-
ness and regularity of the moduli spaces. Proposition 3.19, 3.22, 3.20, 3.24 supply
the required compactness for the spaces MJ(x; y : Z). In the cylindrical case,
Theorem 2.6 provides the required transversality for the moduli spaces (to prove
∂2 = 0), but in the non-cylindrical case these arguments do not apply and we need
to make some hypotheses. When considering non-cylindrical almost-complex struc-
tures, we will consider only simple homotopy classes of loops in V \L. Then follow-
ing well-known arguments as in e.g. [FHS95, Dra04, Bou06, EKP06], for each fixed

choice of cylindrical ends Ĵ± there is a residual subset4.1 Jgen = Jgen(Ĵ−, Ĵ+ : Z)
of admissible almost-complex structures for which the Cauchy-Riemann operator
will be regular for all J-holomorphic cylinders connecting loops in simple classes

4.1One should specify a Banach space of perturbations; the procedure is now standard so we

refer to [FHS95, Dra04, EKP06]. The key point is that each holomorphic cylinder with a positive
and negative puncture which is not a cover of a cylinder in Z has a point of injectivity outside

W+ ∪W− ∪ Z where we are free to infinitesimally perturb the almost-complex structure.
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[a] if J ∈ Jgen. Similarly, there are generic paths of almost-complex structures

Jτ,gen = Jτ,gen(Ĵ−, Ĵ+ : Z).

4.1. Boundary Maps; Chain maps and homotopies. With the properties
of intersections from Section 3.1, we can describe our cylindrical contact chain
complex on V \L in detail and show that it has the required properties. The proofs
of Propositions 4.2, 4.5, 4.7 stated below are postponed to the end of the section.

Suppose (λ, L) satisfies (E), or that (λ, [a], L) satisfies (PLC), and choose J ∈
Jgen(λ). Let Z = ZL be the cylinders over L (Z = π−1

V (L)). Let G denote the
set of SFT-good Reeb orbits, and G′ denote G\L. Let I be an ideal in ker(c1(ξ))
where c1(ξ) : H2(V ;Z) → Z is the first Chern class of ξ, and let R be the ring
R = Q[H2(V ;Z)/I]4.2. Consider the R-module CC∗(λ rel L) freely generated by
elements qx (one for each x ∈ G′)4.3, graded as in [EGH00]. Recall that this also
determines a homology class A ∈ H2(V ;Z) for each asymptotically cylindrical curve
U , and we denote by MA

J the moduli space of solutions representing the class A.
Define a degree −1 map ∂L = ∂L(J) on the generators of CC∗(λ rel L) (resp.

CC
[a]
∗ (λ rel L)) by summing over index 1 solutions (and extend linearly):

nAxy =
∑

[U ]∈MA
J (x;y:Z)

mx ·
ε([U ])

cov([U])

nxy =
∑

A∈H2(V ;Z)

nAxye
[A] ∈ R

∂Lqx =
∑

y∈G′
nxyqy

(4.1)

Here mx denotes the covering number of the orbit x, and cov(U) denotes the cov-
ering number of the map U . The sign ε[U ] = ±1 is determined by comparing a
choice of coherent orientation [BM04] with the canonical orientation given by the
free R-action (it is well-defined since both asymptotic orbits are SFT-good). Since
the moduli spaces we consider are open/closed subsets of the moduli space for
(V, J), a coherent orientation chosen in the usual way will restrict to one for our
moduli spaces and it does not require further comment (see [BM04] or [EGH00] for
details). Though we suppressed it in the notation, it is an essential ingredient in
the above definition. This sum will always be finite by compactness (Proposition
3.19, or 3.22) and transversality (Theorem 2.6).

Proposition 4.2. Under the above hypotheses ∂2
L = 0. Denote the chain complex

(CC∗(λ rel L), ∂L(J)) by CC∗(λ, J rel L) (or CC
[a]
∗ (λ, J rel L) for (PLC)).

If we are considering hypothesis (E), then the complex splits according to homo-
topy classes of loops in V \L:

CC∗(λ, J rel L) =
⊕

[a]∈π0(ΩV )

CC
[a]
∗ (λ, J rel L)

4.2Denote elements of R as sums
∑
qie

[Ai], where qi ∈ Q, {Ai} ⊂ H2(V ;Z) is a finite set and
[Ai] denotes its image in the quotient H2(V ;Z)/I.

4.3When considering (PLC) we only consider orbits in the homotopy class [a] and denote it

by CC
[a]
∗ (λ rel L) instead.
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We remark that this is the usual definition of the cylindrical contact homology
chain complex for the pair (λ|V \L, J |V \L) on V \L.

4.1.1. Chain maps. Suppose that (λ+, L) ≥ (λ−, L) satisfy (E) and [a] is a homo-
topy class of simple loops, or that (λ+, L, [a]) ∼ (λ−, L, [a]) satisfy (PLC) and [a]
is simple. Choose J± ∈ Jgen(λ±). Then the chain complexes

CC
[a]
∗ (λ+, J+ rel L), CC

[a]
∗ (λ−, J− rel L)

are defined as in section 4.1. We fix them for the rest of this section. We will denote
their boundary maps ∂L(J±) when it is needed to clarify. Also, we use G′(λ±) to
denote the set of SFT-good Reeb orbits not in L±.

Choose and fix a J ∈ Jgen(Ĵ−, Ĵ+ : Z). We will define a map

Φ
[a]
−+(J) : CC

[a]
∗ (λ+, J+ rel L)→ CC

[a]
∗ (λ−, J− rel L)

For x ∈ G′(λ+), we sum over index 0 components of the moduli space of cylinders
to define4.4:

mA
xy =

∑

U∈MA
J (x;y:Z)

mx ·
ε(U)

cov(U)

mxy =
∑

A∈H2(V ;Z)

mA
xye

π(A) ∈ R

Φ
[a]
−+(J)qx :=

∑

y∈G′(λ−)

mxyqy

(4.3)

This sum is finite by compactness (Proposition 3.19, or 3.22) and transversality
([a] simple plus Theorem 2.9). It decreases the action by Stokes’ theorem (see the
comment after Lemma 2.1) and preserves the classes [a] (else the cylinders would
have non-trivial intersection with Z).

Remark 4.4. Note that since we restrict to homotopy classes of loops with only
simple Reeb orbits, the numbers mx and cov(U) will actually be equal to 1.

Proposition 4.5. Under the hypotheses used to define the operators above (includ-
ing the regularity hypothesis and that [a] is simple):

∂L(J−) ◦ Φ
[a]
−+(J)− Φ

[a]
−+(J) ◦ ∂L(J+) = 0

4.1.2. Homotopies between chain maps. Again, let (λ+, L) ∼ (λ−, L) and suppose
either they both satisfy (E) and (λ+, L) ≥ (λ−, L) or that [a] is a proper link class

and both satisfy (PLC). Let Ĵ± ∈ Jgen(λ±) so the chain complexes

CC∗(λ±, J± rel L)

are defined as above.

4.4The sign ε(U) is again determined by the choices of coherent orientations assigned [EGH00,
BM04].
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Consider two choices J0, J1 ∈ Jgen(Ĵ−, Ĵ+ : Z), which defines chain maps

Φ[a](J0),Φ[a](J1) as above in the simple homotopy classes [a]. Choose a homo-

topy Jl ∈ Jτ,gen(Ĵ−, Ĵ+ : Z) between the two. Define (summing only over the
index 0 part of the moduli space M{Jl}(x; y : Z))4.5

kAxy =
∑

(µ,U)∈MA
{Jl}

(x;y:Z)

mx
ε(µ,U)

cov(U)

kxy =
∑

A∈H2(V ;Z)

kAxye
[A] ∈ R

K
[a]
−+(Jτ )qx :=

∑

y∈G′(λ−)

kxyqy

(4.6)

(again, mx, cov(U) are 1 because [a] is simple, and this sum is finite by compactness
(Proposition 3.19, or 3.22) and transversality (Theorem 2.9)). Then

Proposition 4.7. Under the above hypotheses

K
[a]
−+(Jτ ) ◦ ∂L(J+) + ∂L(J−) ◦K [a]

−+(Jτ )

= Φ
[a]
−+(J1)− Φ

[a]
−+(J0)

Proof. The proofs of Proposition 4.2, 4.5, 4.7 are standard in contact homology
(see [EGH00] sections 1.9.1, 1.9.2); the only parts that need to be verified are that
the moduli spaces have the correct boundary structure, which is done as follows:

• Each proof involves the count of two level holomorphic buildings of cylin-
ders, each in M(1; 1 : ZL). For example, in the proof ∂2 = 0, one counts
pairs of index 1 cylinders in MJ(1; 1 : ZL) which can be concatenated,
U1 � U2. By level-wise additivity (Proposition 3.9), this configuration also
has intersection number 0 with ZL.
• After choosing asymptotic markers, the pair can be glued, and by SFT-

continuity of the intersection number (Lemma 3.11), the glued cylinders
must be in M(1; 1 : ZL).
• By index additivity and transversality, the glued solutions belong to a con-

nected component of the moduli space diffeomorphic to an interval (after
quotienting the free R-action in the R-invariant case). By homotopy invari-
ance of the intersection number it is a subset of M(1; 1 : ZL).
• At the other end of the interval, there is an SFT-limit. The compactness

Propositions 3.19 and 3.22 show that the limit is necessarily a broken tra-
jectory with each cylinder in M(1; 1 : ZL) again; transversality implies
there are only two levels and determines the index of both cylinders, so it
represents an object corresponding to another term in the algebraic identity.
• Comparison of the orientations shows that the terms representing opposite

ends of the moduli space cancel, proving the required algebraic identity
(Proposition 4.2, 4.5, or 4.7).

In the cylindrical case the required transversality for non-simple curves is guar-
anteed by Theorem 2.6, so ∂2

L = 0 even in non-simple homotopy classes [a].

4.5Again, everything must be oriented appropriately, the details of which we omit. Also,
by “index 0” we refer to the total Fredholm index including the parameter µ: this means that

Ind(µ,U) = Ind(U) + 1, so we mean that Ind(U) = −1.
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It is clear that all maps preserve the class [a]; else, some curve in the count (say
[U ]) is such that πV ◦ U intersects L, but then [U ] ∗ [Z] > 0 because int(U,Z) 6= 0
(see Theorem 3.12), contradicting [U ] ∈MJ(1; 1 : Z). �

4.2. Consequences of chain maps/homotopies. The following proposition im-
plies Theorem 1.4 as an obvious corollary; most of it follows already from Proposi-
tions 4.2, 4.5, 4.7:

Proposition 4.8. Given (λ+, L) ≥ (λ−, L) both satisfying (E), and a simple class
[a] of loops in V \L: for each generic J ∈ Jgen(λ−, λ+ : ZL) there is a chain map

Φ
[a]
−+(J) : CC

[a]
∗ (λ+, J+ rel L)→ CC

[a]
∗ (λ−, J− rel L)

Moreover, given two such chain maps Φ
[a]
−+(J1),Φ

[a]
−+(J2) and a generic homotopy

Jτ ∈ Jτ,gen(λ−, λ+ : ZL), there is a chain homotopy operator K(Jτ ) i.e.

Φ
[a]
−+(J1)− Φ

[a]
−+(J2) = K(Jτ ) ◦ ∂+ +K(Jτ ) ◦ ∂−

Therefore, there are natural maps in homology
(

Φ
[a]
−+

)
∗

: CCH
[a]
∗ (λ+, J+ rel L)→ CCH

[a]
∗ (λ−, J− rel L)

which furthermore satisfy

(Φ
[a]
−0)∗ ◦ (Φ

[a]
0+)∗ = (Φ

[a]
−+)∗

If (λ−, L) ≡ (λ+, L) then this map is an isomorphism.
Similarly, if (λ+, L, [a]) ∼ (λ−, L, [a]) both satisfy (PLC) and [a] is simple then

for each generic J as above there is a chain map Φ
[a]
−+(J), and given two such

maps and a generic homotopy between them Jτ there is a chain homotopy K(Jτ )
satisfying the above identity, so there are natural maps

(
Φ

[a]
−+

)
∗

: CCH
[a]
∗ (λ+, J+ rel L)→ CCH

[a]
∗ (λ−, J− rel L)

which obey the above composition law and are also isomorphisms.

The proof of Proposition 4.8 is complete once the composition law is verified and
we prove that the chain maps give isomorphisms, which is done in a standard way.
The composition law is verified by a gluing/compactness argument, and we only
need to check that we have compactness under stretching and enough transversality;
the required compactness is guaranteed by Propositions 3.20, 3.24, and the required
transversality is guaranteed by choosing J1, J2 ∈ Jgen and considering only simple
homotopy classes of loops. Once the composition law is verified, one considers
the compositions (Φ−+(J1) ◦ Φ+−(J2))∗

∼= (Φ−−)∗, and (Φ+−(J2) ◦ Φ−+(J1))∗
∼=

(Φ++)∗ (under condition (E), both compositions can only be made if (λ+, L) ≡
(λ−, L), hence the hypothesis in Proposition 4.8). The maps (Φ±±)∗ are computed
(using a cylindrical almost-complex structure) to be the identity. This proves the
maps (Φ±∓)∗ are both injective and surjective and therefore isomorphisms.

Remark 4.9. It will be useful to note that the condition “[a] is simple” can be
relaxed to the condition “[a] is such that, for one of λ±, all closed Reeb orbits in
[a] are simple”. First, the chain complexes are defined even for [a] not simple.
Then the condition that one of λ± has only simple closed orbits in [a] guarantees
that holomorphic cylinders in a cobordism used to define the chain maps above
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are somewhere injective [HWZ96, Sie08] (hence also have an open set of some-
where injective points), and therefore chain maps/homotopies can be constructed
for almost-complex structures in Jgen just as above and still satisfy 4.8 (even if the
contact form at the opposite end of the cobordism has multiply covered Reeb orbits
in [a]). We will use this observation in Section 7.

4.3. Action filtration. As in Morse theory, the chain complexes can be filtered

by action. One considers CC
[a],≤N
∗ (λ, J rel L), the subspace of CC

[a]
∗ (λ, J rel L)

generated only by orbits of action A(x) =
∫
x
λ ≤ N . The differential decreases the

action (by Stokes’ theorem). For A ≤ B (one may take B =∞ as well here) there
are natural chain maps

ιB,A : CC
[a],≤A
∗ (λ, J rel L)→ CC

[a],≤B
∗ (λ, J rel L), qx 7→ qx

and clearly ιC,B ◦ ιB,A = ιC,A. The morphisms Φ and homotopies K respect the

filtration: specifically, given Φ10 : CC
[a]
∗ (λ0, J0 rel L)→ CC

[a]
∗ (λ1, J1 rel L)

Φ10

(
CC

[a],≤A
∗ (λ0, J0 rel L)

)
⊂ CC [a],≤A

∗ (λ1, J1 rel L)

again by Stokes’ theorem, and any two such maps (defined by different choices of
J) are chain homotopic.

In fact, the reader will notice that the conditions on λ can be weakened to

construct CC
[a],≤N
∗ for N < ∞. We will say λ satisfies (E) (resp. (PLC)) up to

action N if the assertion in (E) (resp. (PLC)) about contractible (in V \L) Reeb

orbits holds for orbits of action ≤ N . Then even though CC
[a]
∗ (λ rel L) may not

be defined, for every A < N one can define the chain complexes

CC
[a],≤A
∗ (λ, J rel L)

as above, and they are filtered by the action in the same way. This follows exactly
as the construction of the above chain complexes. The proofs of compactness are
carried out as straightforward extensions of Propositions 3.19, 3.20, 3.22, 3.24, using
the fact that any contractible (in V \L) Reeb orbits have action greater than N to
rule out bubbling for moduli spaces of holomorphic cylinders. The Fredholm theory
remains the same. We will use these filtered chain complexes later.

5. Embedded cylinders and knot types of Reeb Orbits

Using embedded cylinders, we can further separate the chain complex according
to knot types. The idea of using embedded curves in SFT is not new and by now
well-known due to the work of Hutchings in developing ECH and its applications
(see e.g. [Hut, HT09b] and references), but may be unfamiliar to the reader so we
provide some details in the very simple case of cylinders with simple asymptotic
orbits, which is the only type of surface we wish to consider.

Throughout this section, we assume all contact forms λ are non-degenerate,
that L is a collection of closed Reeb orbits for λ, and that either (λ, L) satisfies
(E) or (λ, L, [a]) satisfies (PLC), and [a] is simple. Moreover, all almost-complex
J structures will be assumed generic and such that the trivial cylinder over L is
J-holomorphic.
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5.1. Minimal cylinders and Isotopies. The adjunction formula for finite energy
holomorphic maps [Sie09, Hut02] is

[U ] ∗ [U ]− 1

2
µ([U ]) +

1

2
Γodd + χ(Σ)− σ([U ]) = d([U ]) ≥ 1

2
∆([U ], [U ])

where

d([U ]) = 2 [δ(U,U) + δ∞(U,U)] +
1

2
∆([U ], [U ]) ≥ 1

2
∆([U ], [U ])

where δ∞(U,U) was defined earlier and δ(U,U) is a non-negative quantity formed
from a sum of positive integers associated with self-intersection points and non-
injective points (points z where the derivative DU(z) is not injective) counted
with appropriate multiplicity (see [Sie09] for details). In particular, δ(U,U) is
zero if U is embedded. If both δ(U,U) and δ∞(U,U) are zero then all holomorphic
maps homotopic to U through asymptotically cylindrical maps are embedded (since
δ(U,U) + δ∞(U,U) is homotopy invariant and both terms are non-negative for
holomorphic maps).

Remark 5.1. We will consider only cylinders with simply covered asymptotic or-
bits, in which case σ is just the number of punctures (2), χ(Σ) = 2, and Γodd = ∆,
so the formula becomes

[U ] ∗ [U ]− 1

2
µ([U ]) +

1

2
Γodd = d([U ]) ≥ 1

2
∆([U ], [U ]) =

1

2
Γodd

Definition 5.2. We say an asymptotically cylindrical J-holomorphic cylinder (or
more generally a cylindrical J-holomorphic building) U is algebraically minimal if
its self-intersection number [U ] ∗ [U ] satisfies:

[U ] ∗ [U ] =
1

2
µ([U ])− 1

2
Γodd +

1

2
∆([U ]) =

1

2
µ([U ])

We remark that this depends only on the homotopy class of the map [U ] since all
terms in the defining equality are homotopy invariant in the class of asymptotically
cylindrical maps.

Lemma 5.3. If [U ] and [V ] are two algebraically minimal cylinders with simple
asymptotic orbits, then [U � V ] is algebraically minimal.

Proof. This holds because both sides of the defining equality are additive under
concatenation of asymptotically cylindrical maps: [U � V ] ∗ [U � V ] = [U ] ∗ [U ] +
[V ] ∗ [V ], and µ([U � V ]) = µ([U ]) + µ([V ]). �

Lemma 5.4. If [U � V ] is an algebraically minimal J-holomorphic building and
each asymptotic orbit of U, V is simple then [U ], [V ] are both algebraically minimal.

Proof. If one of [U ] or [V ] were not minimal, say [U ] ∗ [U ] > 1
2µ(U), then using

the additivity property observed in the proof of the Lemma 5.3 [V ] would have to
satisfy

[V ] ∗ [V ] <
1

2
∆([U ], [U ])

but this contradicts the adjunction inequality. �

Combining these two lemmas, it follows that the set of algebraically minimal
broken trajectories with good asymptotic orbits in [a] of index at most 2 form an
open/closed subset of the compactified moduli space for J ∈ Jgen if there are no
contractible Reeb orbits in V \L (assuming (E) or (PLC)).
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Remark 5.5. If the asymptotic orbits are not assumed simple then the additivity
may fail because ∆ is more complicated than the total parity of the asymptotic orbits.

The following is our main reason for considering algebraically embedded cylin-
ders:

Lemma 5.6. Let J ∈ J (λ) be cylindrical. Suppose U is an algebraically minimal
J-holomorphic cylinder of index 1. Let x+, x− be its asymptotic limits. Suppose
x+, x− are simple. Then there is an isotopy of embeddings from x+ to x− (hence
they have the same knot type).

Proof. It follows from the computation windπ(U) = 0 [HWZ95] that πV ◦ U is an
immersion. Moreover, it is in fact an embedding: otherwise, U would intersect a
vertical translation of itself at a double-point of the projection πV ◦ U , yielding
[U ] ∗ [U ] ≥ 1 which contradicts [U ] ∗ [U ] = 1

2µ(U) = 1
2 < 1. Therefore πV ◦ U is

an embedding and the map s 7→ πV ◦ U(s, ·) gives an isotopy of knots from x− to
x+. �

If J is not cylindrical the behaviour of the cylinder may be more complicated,
and one should not expect the projection to V to be embedded. So instead we
define

Definition 5.7. An asymptotically cylindrical map U ∈ C∞(W,H+,H−) with sim-
ple asymptotic orbits is called an isotopy only if U can be homotoped to a map U ′

such that πV ◦ U ′(s, ·) is an isotopy from πV ◦ U(+∞, ·) to πV ◦ U(−∞, ·). Since
this notion is homotopy invariant in the class of asymptotically cylindrical maps,
the definition makes sense for homotopy classes of asymptotically cylindrical maps
as well.

We will always be considering W = Wξ\ZL, the symplectization of V \L.

Lemma 5.8. If U, V are isotopies and can be concatenated i.e. [U � V ] makes
sense, then [U � V ] is also an isotopy.

Proof. Consider perturbations U ′, V ′ so that πV ◦ U ′, πV ◦ V ′ are isotopies. In a
local neighborhood of the asymptotic orbits it is possible to further perturb so that
these maps are constant in s for |s| large if desired. Then one may define WR

πV ◦WR(s, t) =

{
πV ◦ U ′(s+R, t) s ≤ 0
πV ◦ V ′(s−R, t) s ≥ 0

(the exact definition of πR ◦WR is unimportant as long as it has the correct asymp-
totic behaviour) which will be smooth for large enough R. The WR are in the same
homotopy class of asymptotically cylindrical maps as [U � V ] = [U ′ � V ′]; since
πV ◦U ′(s, ·) and πV ◦V ′(s, ·) are embeddings for each s it follows that πV ◦WR(s, ·)
is an embedding for each s as well. Therefore the homotopy class of U � V has
a representative WR which is an isotopy and therefore the homotopy class is an
isotopy. �

For J ∈ J (J+, J− : Z) (or asymptotically cylindrical J ∈ J (λ : Z)) we will
denote by EMJ(x; y : Z) the subset of the moduli space MJ(x; y : Z) consisting
of maps which are algebraically minimal and isotopies (this only makes sense if
both x, y are simple). Lemma 5.6 asserts that for cylindrical J every algebraically
minimal holomorphic U is an isotopy, so in this case the condition is merely that
U is algebraically minimal.
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Since both the property of being algebraically minimal and the property of being
an isotopy are homotopy invariant in the class of asymptotically cylindrical maps,
EMJ(x; y : Z) is an open-closed subset ofMJ(x; y : Z). The property of being an
isotopy does not have an analog of Lemma 5.4 in general; however,

Lemma 5.9. Suppose x, y are SFT-good orbits, J ∈ Jgen(J+, J− : Z) (possibly
cylindrical, J ∈ Jgen(λ : Z)) and suppose Un ∈ EMJ(x; y : Z) is a sequence
with SFT-limit (U). Suppose moreover that the index of Un is at most 2 if J is
cylindrical, and at most 1 if J is not. Then the limit is a once broken trajectory
[U+ � U−], and both [U+] ∈ EMJ′(x; z : Z) and [U−] ∈ EMJ′′(z; y : Z) for some

SFT-good orbit z and J ′, J ′′ ∈ {J, Ĵ+, Ĵ−}.

Proof. That the limit is a once-broken trajectory follows by a familiar argument
using knowledge about the compactification, transversality and additivity of the
index as explained in the proof of Propositions 4.2, 4.5, 4.7.

In the cylindrical case J = Ĵ(λ), this follows from Lemmas 5.4, 5.6 because
[U+�U−] ∼ Un (for n large) in the equivalence class of homotopies of asymptotically
cylindrical maps and being algebraically minimal is homotopy invariant (so in fact
πV ◦ U± are both embedded).

If J is non-cylindrical, it still follows that [U+ � U−] is an isotopy and U± are
algebraically minimal (Lemma 5.4). One of U±, say U+ (the argument is similar in
the other case), lies in a cylindrical level [U+] ∈ EMĴ+

(x; z : Z). Then by Lemma

5.6 U+ is an isotopy so [U+] ∈ EMĴ+
(x; z : Z). We can see that U− is an isotopy

as it is itself isotopic to [U+]� [U+ � U−], where

πR ◦ U+(s, t) = −πR ◦ U+(−s, t), πV ◦ U+(s, t) = πV ◦ U+(−s, t)

However, U+ is an isotopy, U+ � U− is an isotopy, and the property of being
an isotopy is closed under concatenation of asymptotically cylindrical cylinders
(Lemma 5.8), so U− is an isotopy. Since it is an isotopy and algebraically minimal
it follows that [U−] ∈ EMJ(z; y : Z) which completes the proof of the lemma.

�

5.2. Separating the chain complex. We consider the R-module CC
[a]
∗ (λ) as

before (which is also a graded Q-vector space). Let us consider the set K([a]) of
isotopy classes of embeddings whose representatives are in the connected component
[a] of loops in V \L. Since each Reeb orbit in [a] is an embedded submanifold it
represents a class 〈x〉 ∈ K([a]) as well. Setting

CCK∗ (λ) =
⊕

x∈G
x∈K

R · qx

we have the splitting

CC
[a]
∗ (λ) =

⊕

K∈K([a])

⊕

x∈G
x∈K

R · qx =
⊕

K∈K([a])

CCK∗ (λ)

We define a differential in a familiar way, but instead we will only count rigid
elements of EMĴ(x; y : Z) (instead of MĴ(x; y)). That is, the formula for the
differential ∂∗ will be:
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nAxy =
∑

[U ]∈EMJ,A(x;y:Z)

ε([U ])

nxy =
∑

A∈H2(V ;Z)

nAxye
[A] ∈ R

∂qx =
∑

y∈G
nxyqy

(5.10)

It is immediate from Lemma 5.6 that ∂∗ preserves the splitting.

Proposition 5.11. ∂∗ preserves the above splitting of CC
[a]
∗ (λ) and (∂∗)2 = 0.

The continuation homomorphisms Φ∗ similarly only count algebraically minimal
cylinders. It follows from definition 5.7 that these maps also preserve the knot type.

Proposition 5.12. The maps Φ∗ are chain maps, respect the splittings by knot
types, and any two are chain homotopic (we consider only symplectization cobor-
disms).

The chain homotopies also count index −1 elements of EMJ(x; y : Z). The
proofs of these facts follow the typical arguments as described in [EGH00] (and
section 4). Since EM is a subset and the properties defining EMJ ⊂ MJ are
homotopy invariant, the transversality is already guaranteed. The structure of the
closure of EMJ(x; y : Z) in MJ(1; 1 : Z) checked in Lemmas 5.3, 5.8, 5.9 shows
that the boundary structure is as required to complete the proofs of the required
algebraic identities as in [EGH00].

Thus for each knot type K ∈ K([a]) we get an invariant (if the above chain
complex is defined for some λ ∈ [λ])

eCCHK
∗ ([λ] rel L)

where [λ] is the equivalence class being considered (≡ for (E), ∼ for (PLC)), by
taking the homology of the chain complexes associated with the differential ∂∗.
These complexes are also filtered by the action x 7→

∫
x
λ in the usual way.

6. Forms with degeneracies

It is possible to obtain existence results which include cases where the form λ
may be degenerate or have closed orbits which are contractible in V \L, namely
Theorems 1.5, 1.6. The strategy is to take a sequence of small perturbations of
a degenerate form to sufficiently non-degenerate approximating forms and deduce
the existence of closed Reeb orbit for the approximating forms by a stretching
argument. Then, using the action filtration to bound the action of the orbits found
this the way (which provides C1-bounds), the Arzela-Ascoli theorem is used to find
the desired Reeb orbit for the original degenerate form.

We will also briefly justify the use of the Morse-Bott complex (when λ satisfies

(PLC) or (E) but is Morse-Bott non-degenerate) to compute CCH
[a]
∗ ([λ] rel L) for

L 6= ∅
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6.1. Perturbing degenerate contact forms. The following Lemma is based on
the proof in [CH08a] Lemma 7.1 (pages 36-37) of the fact that non-degeneracy is
dense.

Lemma 6.1. Suppose (λ, L) is such that L consists of non-degenerate closed Reeb
orbits for λ (including multiple covers). Given any N > 0, there is a sequence
λn = fn · λ → λ (i.e. fn → 1 in C∞(V ;R)) such that (λn, L) ≡ (λ, L) and such
that all periodic orbits of the Reeb vector field for λn of action at most N are
non-degenerate.

Proof. Around each Reeb orbit x of action at most N choose neighborhoods x ⊂
Ui ⊂ Vi ⊂ V satisfying

(1) For all such x, Vx ∼= S1×D2(2), and in these coordinates Ux ∼= S1×D2(1)
(2) The Reeb vector field Xλ is transverse to the pages {t} ×D2(2) of Vx
(3) For all t ∈ S1, any orbit starting at a point {t} ×D2(1) (i.e. starting at a

point in Ux) stays inside Vx for at least time N + 1, and thus at least until
the first return to {t} ×D2(2) which occurs before N + ε

If x is an orbit of action at most N and x does not have image in L, then let
us suppose that Vx ∩ L = ∅ by making it choosing Ux, Vx smaller if necessary, and
similarly that the components Li of L that the VLi are mutually disjoint. Moreover,
suppose that λ has no other orbits of period at most N in VLi (other than iterates
of Li).

The set ΓN of periodic orbits of action at most N is compact (by Arzela-Ascoli).
By the compactness of the orbit set, it is not difficult to see that the image of these
orbits in V (also denoted ΓN ) may be covered by finitely many of the above sets
Ui, i.e. ΓN ⊂ U1 ∪ · · · ∪ Uk. Order them so that U1, . . . , Um are the neighborhoods
of the form ULi ⊂ VLi for components Li of L among {U1, . . . , Uk}.

We modify λ on V1, . . . , Vk so that there are no degenerate orbits of period
at most N in these Vi by the method of [CH08a] Lemma 7.1. Choose any of the
neighborhood pairs (Ui, Vi). Let U be any neighborhood of λ. The proof in [CH08a]
shows how one can find a form λ′ ∈ U such that

(1) λ′ differs from λ only on a compact subset of Vi,
(2) any λ′ orbit that originates in Ui of action at most N remains in Vi for time

N + 1− ε,
(3) all closed orbits of period at most N contained in Ui are non-degenerate,
(4) there are no closed orbits of action at most N originating in the complement

V \⋃kj=1 Uj (for λ′n sufficiently near λ); therefore all closed orbits are still

contained in
⋃k
j=1 Uj .

Proceeding one neighborhood pair at a time, one finds a form λi ∈ U such that⋃k
j=1 Uj still covers all the closed Reeb orbits, but all closed Reeb orbits in

⋃i
j=1 Uj

are non-degenerate (the above procedure shows how to make all Reeb orbits in

Ui non-degenerate without introducing new ones in V \⋃kj=1 Uj , and by choosing
the perturbation small enough all Reeb orbits contained in Uj for j ≤ i remain
non-degenerate). The form λk will be the desired form.

However, we have to take care about the perturbations so that they satisfy
the conclusions stated above. By hypothesis all periodic orbits originating in
U1, . . . , Um of period at most N are non-degenerate, by the choice of the VLi and
the choice of the ordering. In this case, in the above process we do not need to
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perturb the form for the first m steps, i.e. we can take λm = λ. In subsequent

steps, the new perturbations λi, i > m differ from λm only on
⋃i
j=m+1 Vj , which is

disjoint from L by choice; in particular there is a neighborhood N containing L on
which λi|N = λ|N . Therefore in the end (λk, L) ≡ (λ, L).

To summarize, for any neighborhood U of λ, there is a λ′ such that

(1) λ′ has only non-degenerate periodic orbits of period at most N contained
in U1 ∪ · · · ∪ Uk.

(2) λ′ has no periodic orbits of period at most N which enter V \⋃ki=1 Ui.
(3) There is a neighborhood N of L such that λ′|N = λ|N , thus (λ′, L) ≡ (λ, L)

The desired sequence is obtained by choosing a countable neighborhood basis Un
at λ and choosing λn ∈ Un as above. �

Let [(λ, L)] denote the subset of the set of (positive) contact forms µ for ξ (which
we will denote Λ(ξ)) such that (µ,L) ≡ (λ, L), equipped with the C∞ topology as a
subspace of Λ(ξ). It is a closed subset of Λ(ξ) so its topology can be obtained from
a complete metric space structure on it. Let us denote by Λgen(ξ) the set of non-
degenerate contact forms - as is well-known this is the intersection of a countable
set of open dense sets (a Gδ), and therefore dense in Λgen(ξ). Then in fact

Lemma 6.2. Suppose λ is such that all orbits in L are non-degenerate. The set

[(λ, L)]gen := {µ|µ ∈ [(λ, L)], µ ∈ Λgen(ξ)}
is the intersection of a countable collection of open, dense sets (in [(λ, L)]) and
therefore also dense.

Proof. Let G̃N denote the subset of Λ(ξ) for which all periodic orbits of action ≤ N
are non-degenerate, and GN = G̃N ∩ [(λ, L)]. The argument of [CH08a] Lemma

7.1 shows that G̃N is open in Λ(ξ), and therefore GN is also open in the subspace
[(λ, L)]. In the previous Lemma it was shown that GN is dense in [(λ, L)]. The
conclusion follows from the observation that

[(λ, L)]gen =

∞⋂

N=1

GN

is a Gδ. �

Finally, we note the following

Lemma 6.3. If λ is a contact form and L is a closed link for the Reeb vector field,
then in any C∞-neighborhood U of λ there is a λ′ such that (λ′, L) ∼ (λ, L) and
each component of L (including multiple covers) is non-degenerate for λ′.

This can be achieved by an arbitrarily small perturbation to the 2-jet of λ along
L (leaving the 1-jet unperturbed so L is still tangent to the Reeb vector field).

6.2. The proofs of the implied existence Theorems 1.5, 1.6. First we prove
Theorem 1.5:

Proof. Let λ′ be any form such that L is closed for the Reeb vector field and
elliptic non-degenerate. Suppose (λ, L) ≡ (λ′, L) is non-degenerate and satisfies
(E), and by rescaling if necessary that λ′ ≺ λ. Choose a constant c such that
also cλ ≺ λ′. Choose J ∈ Jgen(λ), J ′ ∈ Jgen(λ′), and J1 ∈ Jgen(J, J ′ : ZL),
J0 ∈ Jgen(J ′, J : ZL) (to be specific J0 is equal to J on W−(cλ)). Then we have
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the path JR, R ≥ 0 of almost-complex structures in the symplectization splitting
along λ′ to (Wξ, J0)� (Wξ, J1).

Claim: for each R sufficiently large there is a JR-holomorphic cylinder U such
that [U ] ∗ [ZL] = 0 with positive asymptotic orbit having λ-action at most N and
asymptotic limits in [a]. To see why this is so, we may find a sequence Jn → JR
with each Jn ∈ Jgen (since Jgen is Baire), and each such defines a morphism

Φ(Jn) : CC [a],≤N (λ, J rel L)→ CC [a],≤N (c · λ, J rel L)

Such a chain map is chain homotopic to the morphism obtained from a cylindrical

almost-complex structure Ĵ , which can be identified with inclusion

ιN/c,N : CC [a],≤N (λ, J rel L)→ CC [a],≤N (c · λ, J rel L) ∼= CC [a],≤N/c(λ, J rel L)

qx 7→ qx

so Φ(Jn) is non-zero if the homology is non-zero. Let q be a ∂J -closed element

of CC
[a]
∗ (λ, J rel L) generated by orbits of action ≤ N such that [q] 6= 0 when

considered as an element of CCH
[a]
∗ (λ, J rel L). Since Φ(Jn) is chain homotopic to

the identity and q is closed but not exact, it is easy to deduce that Φ(Jn)(q) 6= 0,
so there must be a Jn finite energy holomorphic cylinder Un with [Un] ∗ [ZL] = 0
and positive asymptotic orbit of action at most N . Taking a SFT-limit as n→∞,
by Proposition 3.19 (and using the fact that (λ, L), (cλ, L) satisfy (E)) we obtain
a JR-holomorphic cylindrical building, which has a component UR which is a JR-
holomorphic cylinder with [UR] ∗ [ZL] = 0, positive asymptotic orbit of action at
most N , and asymptotic limits in [a] as claimed.

Since R was arbitrary, we make take a sequence of JRn finite energy cylin-
ders, Un, with Rn ↑ ∞, each with positive asymptotic orbit of action at most
N , [Un] ∗ [ZL] = 0, and both asymptotic limits in [a]. To continue, first suppose
that λ′ is non-degenerate up to action N . Then by SFT-compactness we obtain
a limit holomorphic building (U) = (U)0 � (U)1 in (Wξ, J0) � (Wξ, J1). Propo-

sition 3.21 asserts that the compactified image πV ◦ (U) ⊂ V \L. The image is a
piecewise-smooth cylinder with one boundary component equal to x and the other
boundary component equal to y. Suppose (U)1 has k free negative punctures. Let

(U)1
0, . . . , (U)k−1

0 be the planar components of (U)0. Consider now the connected
sub-building

(X) =
(
(U)1

0 + . . . (U)k−1
0

)
� (U)1

with one free negative puncture which is a negative asymptotic orbit for (U)1, and

therefore a closed Reeb orbit for λ′, say z. The compactified image πV ◦ (X) is
a compact cylinder with boundary components x and z and image ⊂ V \L, and
therefore [z] = [x] = [a]. Thus z is the desired closed λ′-Reeb orbit in [a] with
action at most N (since action is non-increasing as one descends levels).

To conclude in the case λ′ is degenerate, select λ′n → λ′ in C∞ with (λ′n, L) ≡
(λ′, L) such that λ′n is non-degenerate up to action N by Lemma 6.2. For each n
sufficiently large we obtain a closed λ′n-Reeb orbit xn as above (since eventually
λ′n ≺ λ). Applying the Arzela-Ascoli theorem, we obtain a closed λ′-Reeb orbit x
as a C∞ limit of the xn, which clearly must lie in the homotopy class [a] (since
xn → x, any loop C0-close enough to x is in the same homotopy class as x, and
every xn ∈ [a]). The orbit x also has action at most N .
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If instead L satisfies the linking condition of the Theorem and [a] is a proper
link class for L, select any (λ′, L, [a]) satisfying (PLC). Then repeat the above
argument using Proposition 3.25 instead. �

We now prove Theorem 1.6:

Proof. In the following, we use the eCCH differential and morphisms/homotopies
throughout.

First consider the case (λ, L) satisfies the ellipticity hypothesis of Theorem
1.6. Then there is a non-degenerate (λ+, L) ≡ (λ, L) that also satisfies (E) and

CCH
[a]
∗ ([λ+] rel L) 6= 0. Rescaling if needed, suppose λ+ � λ. Using Lemma 6.2,

we may choose a sequence λn of forms (λn, L) ≡ (λ, L) (non-degenerate for on all
orbits of action ≤ n) such that λn → λ in the C∞-topology. Then λ+ � λn for
large n.

By hypothesis, λ has no Reeb orbit contractible in V \L. Given any action
bound N0, for large enough n ≥ n(N0) there will be no contractible λn Reeb orbits
of action at most N0. To see this, if there were such an orbit for infinitely many
n then by then using the period bound and the Arzela-Ascoli theorem we find a
limit y which is a closed λ Reeb orbit and the limit of contractible loops in V \L. y
cannot be a l-fold cover of a component of L for any l ≥ 1, because if it were it then
one could show that 1 is an eigenvalue for the corresponding linearized lth-return
map of the Reeb flow, contradicting the hypothesis that each cover of L is elliptic
non-degenerate. Therefore y ⊂ V \L, in which case it must be contractible in V \L
(it is a C∞-limit of contractible loops), but this contradicts the hypotheses on λ.
Hence for n sufficiently large there are no contractible λn Reeb orbits of action at

most N0 in V \L. Hence the chain complexes (CCK,≤N0
∗ (λn, Jn rel L), ∂∗) defining

eCCH∗ make sense6.1 for all n large enough (n ≥ N0, n(N0)).
Let 0 6= [p] ∈ eCCHK

∗ ([λ+]), and for a fixed generic J+ choose a representative

p in the complex CCK∗ (λ+, J+). Choose N so large that [p] ∈ CCK,≤N∗ (λ+, J+).
Fix any J and choose Jn → J , with Jn generic for λn. Choose c so small that
cλ+ ≺ λ, so cλ+ ≺ λn for n large as well. Choosing generic J̃n ∈ Jgen(J+, Jn),

K̃n ∈ Jgen(Jn, J+), consider the eCCH-morphisms

Φn(J̃n) :CCK,≤N∗ (λ+, J+)→ CCK,≤N∗ (λn, Jn)

Ψn(K̃n) :CCK,≤N∗ (λn, Jn)→ CCK,≤N∗ (cλ+, J+)

Ψn ◦ Φn :CCK,≤N∗ (λ+, J+)→ CCK,≤N∗ (cλ+, J+) ∼= CC
K,≤N/c
∗ (λ+, J+)

Notice that Ψn ◦ Φn is chain homotopic to the morphism (by choosing a generic

homotopy to an almost-complex structure biholomorphic to a cylindrical Ĵ+):

iN/c,N : CCK,≤N∗ (λ+, J+)→ CC
K,≤N/c
∗ (λ+, J+), qx 7→ qx

Because p is closed in CCK,≤N∗ and not exact in CCK∗ , it is also closed but not

exact in CC
K,≤N/c
∗ , and since Ψn ◦Φn is chain homotopic to iN/c,N it follows that

Ψn ◦ Φn(p) 6= 0. Therefore Φn(p) 6= 0.

Let Φn(p) = pn 6= 0 ∈ CCK,≤N∗ (λn, Jn rel L). Since CCK,≤N∗ (λn, Jn rel L) is
non-zero there must be a closed Reeb orbit yn for λn in [a] with action bounded
by N . The action bound and the Arzela-Ascoli theorem provides a limit y after

6.1In the remainder of the proof we will abuse notation by neglecting to write “ rel L”.
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taking a subsequence, which must be a closed Reeb orbit for λ. y cannot be a l-fold
cover of a component of L for any l ≥ 1, because if it were it then one could show
that 1 is an eigenvalue for the corresponding linearized lth-return map of the Reeb
flow, contradicting the hypothesis that each cover of L is elliptic non-degenerate.
It follows easily then [y] = [a]. Since y is embedded, simple because it is in a simple
homotopy class [a], knot types are C1-stable, and yn converge to y, it must be that
y also represents the knot class K. This produces the claimed Reeb orbit for λ in
the knot class K of V \L (again, its action is also bounded by N).

In the case that L is not elliptic but [a] is a proper link class, the above argument
works for the same reasons if the orbits in L are non-degenerate. If any of the orbits
of L are degenerate, then according to Lemma 6.3 in any C∞-small neighborhood
of λ one can find a form λ′n for which L is closed for the Reeb vector field, each
component is non-degenerate, and such that λ = λ′n outside an arbitrarily small
neighborhood of L. Then (by the argument in the case L is non-degenerate) λ′n
must have a closed Reeb orbit in K (or a contractible Reeb orbit, contradicting
hypotheses). In fact, they can be found with a uniform action bound N . Now
repeat the limit argument above (i.e. take a limit of orbits obtained from a sequence
of λ′n converging to λ) to find the desired closed Reeb orbit with knot type K. �

6.3. A brief justification of Morse-Bott computations. Suppose that λ sat-
isfies (E) and is Morse-Bott non-degenerate (a similar argument will work if λ
satisfies (PLC) instead). Choose a Morse function on the Reeb orbit sets of λ.

The Morse-Bott chain complex CC
[a]
∗ (λ, J rel L) is generated by critical points of

the Morse function chosen on the orbit sets, removing the generators corresponding
to Reeb orbits with image in L. The differential counts generalized holomorphic
cylinders (holomorphic cylinders between orbit sets with cascades along the gradi-
ent flow lines of the Morse function, described in detail in [Bou02]) of index 1 which
neither intersect nor are asymptotic to L.

Using the perturbation of Lemma 2.3 of [Bou02] one finds, given any N > 0
and C∞-neighborhood of λ, a form λN (which in fact only differs from λ on an
arbitrarily small tubular neighborhood the orbits sets of action at most N+1) such
that

• λN is in the C∞-neighborhood chosen
• All closed orbits that have period at most N + 1 correspond to critical

points of a Morse function on the orbit sets of λ and are non-degenerate.
• There are no contractible (in V \L) Reeb orbits of period at most N (be-

cause a sequence of such orbits for a sequence of forms converging to λ
would produce a contractible in V \L Reeb orbit for λ of action at most N
by Arzela-Ascoli, contradicting hypotheses)

Such forms can be given explicitly in terms of the Morse functions on the orbit
set in [Bou02]. Given such a λN , one may construct the cylindrical chain complex
(for generic JN and Morse functions)

(
CC

[a],≤N
∗ (λN ), ∂(λN , JN )

)

For any fixed N , choosing a sequence of such λn → λ (with corresponding Jn → J),
the work of [Bou02] guarantees that for large n the cylindrical contact chain complex
generated by orbits of action at mostN is canonically identified with the Morse-Bott
complex for (λ, J) generated by the orbit sets of action at most N , so this portion of
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the homology can be canonically identified. It is not difficult to see that a sequence
Un of Jn-holomorphic cylinders with Un ∗ ZL = 0 will converge to a generalized
holomorphic cylinder of the type used to construct the differential above. Similarly,
if any sequence converges to such a generalized holomorphic cylinder, it is easy to
see that limUn ∗ ZL = 0. The results of [Bou02] imply that for large n

(
CC

[a],≤N
∗ (λn rel L), ∂L(λn, Jn)

)
∼=
(
CC

[a],≤N
∗ (λ rel L), ∂L(λ, J)

)

as chain complexes.
Now given any non-degenerate form λ′ satisfying (E) and (λ′, L) ≡ (λ, L), and

J ′ ∈ Jgen(λ′), we have chain maps (choosing C > 1 so Cλ � λ′, c < 1 so cλ ≺ λ′,
and n large enough)

CC
≤N/C
∗ (λn, Jn rel L)→ CC≤N∗ (λ′, J ′ rel L)→ CC

≤N/c
∗ (λn, Jn rel L)

with the composition chain homotopic to the filtration inclusion ιN/c,N/C . Given

any non-zero class in CCH
[a]
∗ (λ rel L), it is represented in CC

[a],≤N/C
∗ (λn) and

CC
[a],≤N/c
∗ (λn) by a closed, non-exact element (if N was chosen large enough

and λn is chosen near enough λ). Since the composition above is chain homo-

topic to ι, we get a closed, non-exact element in CC
[a],≤N
∗ (λ′ rel L). For any two

such choices of representatives, we can find N large enough so the elements repre-

sent the same (non-zero) class in CCH
[a],≤N
∗ (λ′ rel L). If this class were zero in

CCH
[a]
∗ (λ′, J ′ rel L), then it would be exact in CC

[a],≤N
∗ for some N . Thus we

have an inclusion in homology CCH
[a]
∗ (λ, J rel L) ↪→ CCH

[a]
∗ (λ′, J ′ rel L).

Similar considerations using instead the composition of morphisms

CC
≤N/C′
∗ (λ′, J ′ rel L)→ CC≤N∗ (λn, Jn rel L)→ CC

≤N/c′
∗ (λ′, J ′ rel L)

can be used to find a surjective map on homology

CCH
[a]
∗ (λ, J rel L) � CCH

[a]
∗ (λ′, J ′ rel L)

7. Examples in S3

We will use two approaches to computing contact homology on some orbit com-
plements in S3. The first is to use an integrable model for which the dynamics are
known precisely, usually because of some symmetry, and try to compute (using the
symmetry to make deductions about holomorphic curves as well). The Morse-Bott
technique introduced in [Bou02] is a particularly useful tool when computing using
such an approach. The second technique is to use open book decompositions (an ap-
proach used in [CH08a] to compute contact homology for a large class of examples).
In this section we will give sample computations using both approaches.

Since H2(S3;Z) = 0 we can use Q as the coefficient ring for all chain complexes,
and a global trivialization of the contact structure is used to compute all Conley-
Zehnder indices (and thus to grade the chain complexes) for the tight contact
structure.

7.1. Computations with Morse-Bott contact forms. First, consider the “ir-
rational ellipsoids” (Example 1.2). Since there is a unique orbit in each homotopy
class (labeled by linking number `) of loops in S3\P ′ it is trivial to compute

CCH`
∗(λ
′, J rel P ′) = Q · qQ′` , CCH`

∗(λ
′, J rel P ′, Q′) = 0
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In the following examples we will consider Morse-Bott non-degenerate forms, for
which we apply the techniques of [Bou02] to compute the homology.

We extend Example 1.2 as follows. Let θ1, θ2 be any irrational (possibly neg-
ative) real numbers. Let γ(t) = (x(t), y(t)) for t ∈ [0, 1] be a smooth embedded
parameterized curve in the first quadrant of R2. Suppose that γ has the following
properties:

• x(0) > 0, y(0) = 0, and y′(0) > 0;
• x(1) = 0, y(1) > 0, and x′(1) < 0;
• The ratio y′(t)/x′(t) is strictly monotone (has non-zero first derivative) on

the subdomains of [0, 1] for which it is defined
• x · y′−x′ · y > 0 for all t ∈ [0, 1]. Equivalently, γ and γ′ are never co-linear.

• −x
′(0)
y′(0) = θ1;

• −x
′(1)
y′(1) = θ2.

Given such a curve, we can construct a star-shaped hypersurface in C2 = R4

(which is thus of contact type) as follows:

Example 7.1. Given such a γ, consider the surface S = Sγ is defined by (where
ri, θi, i = 1, 2, are polar coordinates in each R2 factor of R4 = R2 × R2):

S = Sγ = {(r1, θ1, r2, θ2) ∈ R4|(r2
1, r

2
2) ∈ γ}

with the contact form λ′ = λ0|S. Alternately, it can be viewed as the contact form
f2 · λ0 on S3 = {r2

1 + r2
2 = 1}, where f : S3 → (0,∞) satisfies f(z) · z ∈ Sγ . There

are closed orbits H1 = S3 ∩ C× {0} and H2 = S3 ∩ {0} × C.

The closed orbits H1, H2 will have Conley-Zehnder indices

CZ(Hk
1 ) = 2bk(1 + θ1)c+ 1, CZ(Hk

2 ) = 2bk(1 + 1/θ2)c+ 1

It is not difficult to convince oneself that, once given real numbers θ1, θ2, such
a curve γ can be constructed. If θ1 = θ2 > 0 are irrational, if one took γ to be a
straight line then S would be the irrational ellipsoid (though, strictly speaking, it
violates the hypothesis that y′/x′ be strictly monotone).

First we will show that S is a smooth, star-shaped hypersurface (with respect
to the origin in R4). Let H(x, y) be any smooth function such that H ◦ γ ≡ 1 and
∇H 6= 0 along γ. Then S is realized as as the set H(r2

1, r
2
2) = 1 (at least in some

neighborhood of S). We compute

r1∂r1 + r2∂r2¬d(H(r2
1, r

2
2))

= r1∂r1 + r2∂r2¬2r1(∂xH)(r2
1, r

2
2)dr1 + 2r2(∂yH)(r2

1, r
2
2)dr2

= 2
(
r2
1(∂xH) + r2

2(∂yH)
)

However, since dH◦γ′ ≡ 0 we mush have that ∇H(γ(t)) is proportional to j ·γ′(t) =
(y′(t),−x′(t)) (since this vector is perpendicular to (x′, y′)) and therefore, using
x(t) = r2

1, y(t) = r2
2, the previous line is proportional to

2(x(y′) + y(−x′)) = 2(x · y′ − y · x′) > 0

The proportionality constant is nowhere zero, so we see that the original quantity is
nowhere vanishing and we can conclude that dH 6= 0 (so S is a smooth hypersurface)
and the radial vector field r1∂r1 + r2∂r2 is transverse to S and therefore S is star-
shaped with respect to the origin. (Thus the condition that γ, γ′ are never colinear
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Figure 7.1. Curves γ (given as level sets) with various endpoint
normal slopes θ1, θ2.

implies that S is smooth and star-shaped). We remind that since the radial vector
field is Liouville any star-shaped hypersurface is of contact type.

The characteristic foliation on S is easy to describe. Using the auxiliary H
described above, the Hamiltonian vector field, which defines a nowhere vanishing
section of the characteristic foliation on S, is

R ·XH = R · 2(∂xH)∂θ1 + 2(∂yH)∂θ2

= R · (y′(t)∂θ1 − x′(t)∂θ2)

In fact, (y′(t),−x′(t)) positively generates the characteristic foliation.
It is clear that r1, r2 are integrals for the flow, so S foliates (on the complement of

the Hopf link H1 tH2 = (r1 = 0t r2 = 0)) by tori, parameterized by points on the
curve (x(t), y(t)) = γ(t) on which the flow has slope (y′(t),−x′(t)). In particular,
we find for each t such that

(y′(t),−x′(t)) = C · (p, q), C > 0

is rational a torus foliated by closed Reeb orbits. The signs of p, q will be deter-
mined by the direction of the vector γ′(t). The condition that x′(t)/y′(t) is strictly
monotone implies that this torus is Morse-Bott, so we have a Morse-Bott flow on S.
We shall see that closed orbits in different tori represent different homotopy classes
of loops in S3\(H1 tH2) (which is homotopy equivalent to T 2). In the following,
let us denote the homotopy class of loops [a] such that for l ∈ [a] `(l,H2) = p and
`(l,H1) = q by [a] = (p, q) ∈ Z2: this classifies the set of homotopy classes of loops
in S\(H1 tH2).

Let us more explicitly describe the set of closed characteristics in S. First, the
knots H1, H2 corresponding respectively to the sets r2 = 0, r1 = 0 are closed
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Reeb orbits on S. Using that the characteristic foliation is positively generated by
y′(t)∂θ1 − x′(t)∂θ2 , one computes the Conley-Zehnder indices:

CZ(Hk
1 ) = 2bk(1− x′(0)

y′(0)
)c+ 1 = 2bk(1 + θ1)c+ 1

CZ(Hk
1 ) = 2bk(1− y′(1)

x′(1)
)c+ 1 = 2bk(1 + 1/θ2)c+ 1

The characteristic foliation on the torus at (r2
1, r

2
2) = γ(t) is (positively) gener-

ated by

XH = y′(t)∂θ1 − x′(t)∂θ2
The curve γ divides into three distinct arcs: on the first arc t ∈ [0, t1) (for some 0 ≤
t1 < 1), x′(t) > 0 and y′(t) > 0; on the second arc t ∈ (t1, t2) (where t1 < t2 ≤ 1),
x′(t) < 0 and y′(t) > 0; on the third arc, t ∈ (t2, t3] (where t2 ≤ t3 ≤ 1), x′(t) < 0
and y′(t) < 0. Note that the first and third arcs may be empty. We analyze the
Reeb orbits belonging to points on each arc separately.

On the first arc: y′(t) > 0, x′(t) > 0, so the ratio −x′(t)/y′(t) is negative and
increases until t1 where x′(t1) = 0.

Then for those t for which −x′/y′ is rational and equal to (−q)/p in least terms
(with p, q > 0), the leaves of the foliation form closed Reeb orbits which link p
times with H2 and −q times with H1, i.e. it is in the homotopy class (p,−q).

This arc is non-empty if and only if θ1 < 0. In this case, since −x′(t)/y′(t) is
initially θ1, and strictly increases. Thus, we find, for each relatively prime positive
pair of integers (p, q) such that

θ1 < (−q)/p < 0

a unique torus (corresponding to that t(p,−q) for which −x′(t(p,−q))/y′(t(p,−q)) =
(−q)/p) foliated by Reeb orbits in the homotopy class (p,−q) (where p, q > 0).

On the second arc: y′(t) > 0, x′(t) < 0, so the ratio y′(t)/x′(t) is negative and
strictly increasing until t2. Either t2 = 1, or, t2 < 1 and y′(t2) = 0.

Then, for those t for which −x′/y′ is rational and equal to q/p in least terms
(with p, q > 0, the leaves of the foliation form closed Reeb orbits which link p times
with H2 and q times with H1, i.e. it is in the homotopy class (p, q).

This arc is always non-empty. Let us consider the case −x′(t)/y′(t) is increasing,
first. If θ1 > 0, then −x′(t)/y′(t) is initially θ1; else, it is initially zero. If θ2 > 0,
then t2 = 1 and −x′(t)/y′(t) tends towards θ2 as t → 1−. Else, t2 < 1 and
−x′(t)/y′(t) is unbounded.

Thus, we find, for each relatively prime positive pair of integers (p, q) such that

max{0, θ1} < q/p <

{
θ2, if θ2 > 0
∞, if θ2 < 0

a unique torus (corresponding to the point γ(t(p,q)) where −x′(t(p,q))/y′(t(p,q)) =
q/p) foliated by Reeb orbits in the homotopy class (p, q) (where p, q > 0).

There is also the possibility that −x′(t)/y′(t) is decreasing, which happens if and
only if 0 < θ2 < θ1. In this case, we find for each

θ2 =
−x′(1)

y′(1)
< q/p = −x′(t(p,q)/y′(t(p,q) <

−x′(0)

y′(0)
= θ1

the torus (r2
1, r

2
2) = γ(t(p,q)) foliated by orbits in the homotopy class (p, q).
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On the third arc: both x′(t) and y′(t) are negative, and y′(t)/x′(t) increases
strictly until t = 1.

For those t for which −x′/y′ is rational and equal to q/(−p) in least terms (with
p, q > 0, the leaves of the foliation form closed Reeb orbits which link −p times
with H2 and q times with H1, i.e. it is in the homotopy class (−p, q).

This arc is non-empty if and only if θ2 < 0. In this case, −x′(t)/y′(t) tends to
−∞ as t → t+2 , and strictly increases to the limiting value θ2 as t → 1. Thus, we
find, for each relatively prime positive pair of integers (p, q) such that

q/(−p) < θ2

a unique torus (corresponding to that t(p,−q) for which −x′(t(−p,q))/y′(t(−p,q)) =
q/(−p)) foliated by Reeb orbits in the homotopy class (−p, q).

Finally, there are the points t1, t2. If t1 6= 0, then x′(t1) = 0 and y′(t1) > 0
so there will be a torus of closed orbits at γ(t1) representing the homotopy class
(1, 0) (i.e. linking once with H2 and zero times with H1). If t2 6= 1, then x′(t2) < 0
and y′(t2) = 0 so there will be a torus of closed orbits at γ(t2) representing the
homotopy class (0, 1) (i.e. linking 0 times with H2 and once with H1).

Thus, we can classify the closed characteristics on S as follows:

(1) If 0 < θ1, θ2 then for

q

p
∈ (θ1, θ2) t (θ2, θ1)

there is a torus of closed orbits with each closed orbit representing the
homotopy class (p, q);

(2) If θ1 < 0 < θ2, then for each fraction (written in least terms)

q

p
∈ (θ1, θ2)

(taking q < 0 when this fraction is negative) there is a torus of simple closed
orbits with each closed orbit representing the homotopy class (p, q);

(3) If θ2 < 0 < θ1, then for each fraction (written in least terms)

p

q
∈ (

1

θ2
,

1

θ1
)

(taking p < 0 when this fraction is negative) there is a torus of simple closed
orbits with each closed orbit representing the homotopy class (p, q);

(4) If θ1, θ2 < 0, then for p, q non-negative and relatively prime such that

−q
p
∈ (θ1, 0),

q

p
∈ [0,+∞],

q

−p ∈ (−∞, θ2)

(where we consider 1/0 = +∞), there is a torus of simple closed orbits with
each closed orbit representing the homotopy class (p,−q), (p, q) or (−p, q)
(respectively).

(5) In each case above, these are all the closed orbits i.e. there are no other
closed orbits (besides the closed orbits H1, H2).

Remark 7.2. The reader may have noticed that case (3) above is superfluous, since
by interchanging the roles of H1, H2 it can be realized by case (2).

In particular, there are no closed Reeb orbits which are contractible in S\H1 t
H2, and H1, H2 are elliptic, so CCH

[a]
∗ (S rel H1 tH2) exists. By the Morse-Bott
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calculation we find that for [a] = (p, q) satisfying the above conditions, CCH
(p,q)
∗

is isomorphic to the H1(S1) up to a grade shift.
Thus, given a transverse link Hopf link H1 t H2 (which realizes the maximal

Thurston-Bennequin bound), if the Conley-Zehnder indices of H1 and H2 satisfy

CZ(Hk
1 ) = 2bk(1 + θ1)c+ 1, CZ(Hk

2 ) = 2bk(1 + 1/θ2)c+ 1

then we have computed

(1) If θ1, θ2 are both positive and p, q are relatively prime, then

CCH
(p,q)
∗ (S rel H1 tH2) =

{
Q2, if p, q > 0 and q

p ∈ (θ1, θ2) ∪ (θ2, θ1)

0, otherwise

If θ1 < θ2, then the generators in the homotopy class (p, q) have grading
2(p + q), 2(p + q) + 1, and if θ2 < θ1, then the generators have grading
2(p+ q), 2(p+ q)− 1 instead.

(2) If θ1 < 0 < θ2 (relabel L1, L2, θ1, θ2 appropriately so that this is true, if
necessary) then for relatively prime p, q:

CCH
(p,q)
∗ (S rel H1 tH2) =

{
Q2, if p > 0 and q

p ∈ (θ1, θ2)

0, otherwise

The generators in the homotopy class (p, q) have grading 2(p+q), 2(p+q)+1
(3) If θ1, θ2 are both negative, then for p, q relatively prime such that:

p > 0 and
q

p
∈ (θ1, 1]; or q > 0 and

p

q
∈ (

1

θ2
, 1]

we have

CCH
(p,q)
∗ (S rel H1 tH2) ∼= Q2

and for all other (p, q) it is zero. The generators in the homotopy class
(p, q) have grading 2(p+ q), 2(p+ q) + 1.

Remark 7.3. The analog for eCCH∗ is true for the same reasons.

Example 7.4. We consider the same form λ′ as above, and (for simplicity) assume
that 0 < θ1 < θ2. Consider instead the two-component link T = T1 t T2 whose
components are

• T1 is the one leaf of the foliation of the torus T(p,q) by the Reeb vector field.
• T2 is the one leaf of the foliation of the torus T(p′,q′) by the Reeb vector

field.

where both pairs (p, q) and (p′, q′) are positive, relatively prime and

θ1 <
q′

p′
<
q

p
< θ2

Choose any relatively prime pair (p′′, q′′) such that

p

q
<
p′′

q′′
<
p′

q′

Let K = [T(p′′,q′′)] be the knot type of a leaf of the foliation of the torus T(p′′,q′′)

by the Reeb vector field, and let [a] = [[T(p′′,q′′)]] be its homotopy class in the space

of loops in S3\L. Then [[T(p′′,q′′)]] is a simple homotopy class and (λ′, T = T1 t
T2, [[T(p′′,q′′)]]) satisfies (PLC) at least if q′′ 6= q, p′ 6= p′′.
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To see this, first compute that if we have K(l,m) ⊂ T(l,m) and K(l′,m′) ⊂ T(l′,m′)

simple closed Reeb orbits and l/m < l′/m′ then

`(K(l,m),K(l′,m′)) = l′ ·m
This shows that the linking numbers

`(T1, [[T(p′′,q′′)]]) = p′′ · q 6= `(T1, T2) = p′ · q
`(T2, [[T(p′′,q′′)]]) = p′ · q′′ 6= `(T2, T1) = p′ · q

so [[T(p′′,q′′)]] cannot be homotopic to either T1 or T2 in the complement of T1 t T2

since these linking numbers are homotopy invariant in S3\T1 t T2. The linking
numbers of the orbits in T(p′′,q′′) with T1, T2 show that orbits in different orbit
sets do in fact lie in different homotopy classes of loops, so (as in the previous
example) the Morse-Bott complex is simply that of a Morse function on the orbit
set. Therefore for [[T(p′′,q′′)]]

CCH
[a]=[[T(p′′,q′′)]]
∗ (ξ rel T ) ∼=

{
Q, ∗ = 2 · (p′′ + q′′) or 2 · (p′′ + q′′) + 1
0 otherwise

and furthermore

eCCH
K=[T(p′′,q′′)]
∗ (ξ rel T ) ∼=

{
Q, ∗ = 2 · (p′′ + q′′) or 2 · (p′′ + q′′) + 1
0 otherwise

and for all other K (with the same homotopy type [a]) it is equal to zero.
From this example we can easily conclude the following, which assumes nothing

about non-degeneracy of the form λ whatsoever:

Corollary 7.5. Let λ be a tight contact form on the 3-sphere. Suppose there is a
pair of knots L′ = L′1 t L′2 such that there is a contactomorphism taking this pair
to the pair of torus knots described in Example 7.4:

T = T1 t T2

Then for any p′′, q′′ relatively prime and such that

p

q
<
p′′

q′′
<
p′

q′
, q′′ 6= q′, and p 6= p′′

there is a closed Reeb orbit in the homotopy class [a] = [[T(p′′,q′′)]] of S3\T . If there

are no closed orbits contractible in S3\T , then the knot type is that of K = [T(p′′,q′′)].

Again, we expect the result to hold even if there are contractible Reeb orbits as
long as their Conley-Zehnder indices are at least 3.

Proof. Applying the contactomorphism we can assume without loss of generality
that (λ, L′) ∼ (λ′, T ) from Example 7.4. Then this follows from Theorems 1.5, 1.6
and the computation in Example 7.4, since the homotopy class [a] of K (which has
the homotopy type of the leafs of the foliation of T(p′′,q′′) by the Reeb vector field in
that example) is simple and a proper link class relative to T1 tT2. The hypotheses
q′′ 6= q′, p 6= p′′ imply that that the linking numbers `(T1, [a]) 6= `(T1, T2) and
`(T2, [a]) 6= `(T2, T1) which ensures that [a] is a proper link class, though [a] might
be a proper knot class even if these inequalities are not satisfied. �

Remark 7.6. Similarly, one can consider the cases where at least one of θ1, θ2 is
negative and obtain an analogous result for certain cases where p, p′, q, q′ may be
negative.
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It is also true that (λ′, T, [Hi]) satisfies (PLC) for the knots H1, H2 in Example
7.1 (the components of the Hopf link) if p′ 6= 1 and q 6= 1. In this case, it is easiest

to compute CCH
[Hi]
∗ by choosing θ1, θ2 > 0 of λ′ appropriately. Select them such

that ⌊
p

q

⌋
<

1

θ2
<
p

q⌊
q′

p′

⌋
< θ1 <

q′

p′

This ensures that the only orbits in the homotopy classes [[H1]], [[H2]] are the orbits
H1, H2 themselves7.1 and therefore

CCH
[a]=[[H1]]
∗ (ξ rel T ) ∼= Q · q1,CCH

[a]=[[H2]]
∗ (ξ rel T ) ∼= Q · q2

eCCH
K=[H1]
∗ (ξ rel T ) ∼= Q · q1,eCCH

K=[H2]
∗ (ξ rel T ) ∼= Q · q2

where the generators q1, q2 have degrees

|q1| = 2

⌊
1 +

q′

p′

⌋
, |q2| = 2

⌊
1 +

p

q

⌋

7.2. Application to reversible Finsler metrics on S2. The geometric set-up
described in the next three paragraphs is well-known; a clear treatment can be
found in section 4 of [HP08].

Let us recall the double-covering map S3 ∼= SU(2)→ SO(3):[
a+ ib c+ id
−c+ di a− ib

]
7→

a2 + b2 − c2 − d2 2(ad+ bc) 2(−ac+ bd)
2(−ad+ bc) (a2 − b2 + c2 − d2) 2(ab+ cd)
2(ac+ bd) 2(−ab+ cd) (a2 − b2 − c2 + d2)


By taking the second and third columns7.2, we obtain a double-covering map G :
S3 ≡ SU(2)→M0, where M0 = {(x, v) ∈ R3 × R3||x|2 = |v|2 = 1, x · v = 0} is the
unit tangent bundle of S2 with the round metric



a
b
c
d


 7→




2(ad+ bc) 2(−ac+ bd)
(a2 − b2 + c2 − d2) 2(ab+ cd)

2(−ab+ cd) (a2 − b2 − c2 + d2)




which gives an explicit formula for the double-covering map S3 → S1TS2.
Let

• `0 : TS2\0 → T ∗S2\0 denote the Legendre transform with respect to the
round Riemannian metric of unit curvature. In general, `F denotes the one
obtained from a Finsler metric F .

• F is a Finsler metric on S2, while F ∗ is the co-metric obtained via F ◦ `−1
F .

• Set M∗F = {F ∗(p) = 1} be the unit co-sphere bundle with respect to F ∗,
and let M∗0 be the unit co-sphere bundle for F = | · | the norm for the round
Riemannian metric.

• gF : T ∗S2\0→ (0,∞) is such that F ∗(x, p) = gF (x, p)|p| i.e. gF (x, p) is the
homogeneous degree 0 part of F ∗. Also, let rF : M∗0 → M∗F be the map
rF (x, p) = (x, p/gF (x, p)).

• G is the map SU(2)→ S1TS2 = M0 considered above.

7.1This can be checked by a linking argument which we omit.
7.2One could take different pairs of columns instead.
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• λ is the Liouville form on T ∗S2, while λ0 is the standard contact form on
S3. Note that M∗F is contact type.

Lemma 7.7. [HP08] If f = 1
gF
◦ `0, then

G∗`∗0r
∗
F (λ|M∗F ) = 2(f ◦G)λ0

The Reeb flow of 2(f ◦G)λ0 is smoothly conjugate to the double cover of the geodesic
flow on MF .

A global frame X1, X2, X3 can be found with the property that X1 is the Reeb
vector field, and X2, X3 trivialize ξ = kerλ|M∗F . This can all be pulled back via

the double-cover rF ◦ `0 ◦ G : S3 → M∗F , so we may use this frame to compute
Conley-Zehnder indices. The linearized flow along a closed Reeb orbit z(t) can be
computed with the following result (see e.g. [HP08]). Let φt denote the Reeb flow.
Let x0X2(z(0)) + y0X3(z(0)) be in ξz(0). Let x(t), y(t) solve

dφt(z(0)) = x(t)X2(z(t)) + y(t)X3(z(t)), x(0) = x0, y(0) = y0

Then x(t), y(t) solves the linear system
{
ẋ = −K(π ◦ z(t))y
ẏ = x

where K : S2 → R is determined by the Finsler structure and agrees with the
curvature in the Riemannian case.

Poincaré’s rotation number of a geodesic γ can be described as [Ang05]

1/ρ = lim
n→∞

y2n

nL

where yk is the kth positive zero of y(t) which solves

y′′ +K(γ(t)) · y = 0

and L is the length of the geodesic. This limit can also be described by

ρ = lim
N→∞

L

2

#{zeros of y ∈ [0, N ]}
N

Let z be the closed Reeb orbit which double covers γ, such that z has period
T . We will now compare the Conley-Zehnder indices of z to the inverse rotation
number ρ. The Conley-Zehnder index of zk satisfies (see, for example, the Appendix
of [HWZ03])

|CZ(z)− 2∆| < 2

In the above, 2π∆ is the change in argument of the vector (x(t), y(t)) over the paths
domain [0, kT ], where (x, y) satisfies the linearized equation associated to z above.
However, if (x, y) solves this equation, then y solves the equation (recall G denotes
the double cover)

y′′ +K(G ◦ z(t))y = 0

Moreover, if there are k zeros of y, then k − 1 < 2∆ < k + 1. First, we notice
that all crossings of the x-axis are transverse: this is because if y = 0 and y′ = 0
then y ≡ 0 by uniqueness of solutions. Second, at any crossing, by the differential
equation we see that if y′ > 0 then x > 0, and if y′ < 0 then x < 0; thus each zero
contributes a transverse counterclockwise crossing of the path (x(t), y(t)) against
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the x-axis. From these observations it is not hard to infer the above claim. So
|2∆− k| < 1; hence (for any k):

|CZ(z|[0,kT ])−#{zeros of y ∈ [0, kT ]}| < 3

Since z has period T , zk has period kT . Then

0 ≤ lim
k→∞

|CZ(zk)−#{zeros of y ∈ [0, kT ]}|
k

≤ lim 3/k = 0

so

2ρ = lim
kT→∞

2L

2

#{zeros of y ∈ [0, kT ]}
kT

= lim
k→∞

T

2

#{zeros of y ∈ [0, kT ]}
kT

= lim
k→∞

1

2

#{zeros of y ∈ [0, kT ]}
k

= lim
k→∞

CZ(zk)/2k.

(The factor of 2 is due to the fact that z is a double cover of the simple geodesic γ,
thus the period T of z is equal to 2L, where L is the length of the geodesic γ.)

If ρ is irrational, then the characterization of Proposition 2.4 shows that z must
be elliptic with Conley-Zehnder indices

CZ(zk) = 2bk(1 + (2ρ− 1))c+ 1

Since the Finsler metric is reversible, the reversed geodesic gives rise to a second
closed Reeb orbit w which has the same Conley-Zehnder indices

CZ(wk) = 2bk(1 + (2ρ− 1))c+ 1

One may assume, without loss of generality, that γ is an equator on S2. One
sees by explicitly computing its preimage in S3 that z is an unknotted, self-linking
number −1 transverse knot in S3 (it will be, if γ is chosen correctly, S3 ∩C×{0}).
Similarly, the second Reeb orbit w corresponding to γ is also an unknotted, self-
linking number −1 transverse knot. Together, the pair forms a Hopf link of self-
linking number 0 (if γ is chosen correctly it will be ({0} × C ∪ C× {0}) ∩ S3).

Since ρ is irrational, z and w are elliptic and Corollary 1.8 applies. We find

θ1 = 2ρ− 1, θ2 = 1/(2ρ− 1)

Hence, if ρ > 1
2 , for each relatively prime pair (p, q) such that p, q > 0 and

q

p
∈
(

2ρ− 1,
1

2ρ− 1

)
∪
(

1

2ρ− 1
, 2ρ− 1

)

or equivalently
q + p

2p
or

p+ q

2q
∈ (ρ, 1] ∪ [1, ρ)

(whichever is non-empty) we find a (p, q)-orbit i.e. a closed Reeb orbit which links
q times with z and p times with w.

If ρ < 1
2 , then instead for relatively prime (p, q) such that

p > 0,
q

p
∈ (2ρ− 1, 1], or q > 0,

p

q
∈ (2ρ− 1, 1]
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or equivalently (p, q can be negative, but the denominator is supposed to be positive)

q + p

2p
or

p+ q

2q
∈ (ρ, 1]

we find a (p, q)-orbit i.e. a closed Reeb orbit which links q times with z and p times
with w.

Closed Reeb orbits correspond to closed (possibly double-covered) geodesics. We
have found an infinite set of closed geodesics distinguished by the linking numbers
p, q. We remark that the symmetry between p, q above corresponds to a double-
count of geodesics: a closed geodesic has two distinct lifts corresponding to the di-
rection the geodesic is traversed, and reversing the direction of the geodesic changes
the homotopy class of the lifted Reeb orbit from (p, q) to (q, p).

To compare with the geodesics found in [Ang05] in the case F is Riemannian
(which are found under weaker regularity hypotheses and without any hypothesis
about irrationality of ρ), we note that there are representatives in this homotopy
class which are precisely double-covers (via G) of the curve (γp+q,2p, γ

′
p+q,2p) in

the unit tangent bundle, where γp+q,2p is a (p + q, 2p)-satellite of the geodesic γ.
However, we cannot assert using Corollary 1.8 that the geodesics we have found
are the (p+ q, 2q)-satellites found in [Ang05], because there are many different flat
knot types lifting to transverse curves in this homotopy class in S3\(w t z).
7.3. Open book decompositions. Contact forms supporting an open book pro-
vide a vast class of examples. Let (π,B) be an open book decomposition for
(V, ξ). This means that B is a transverse link in V (the binding), π : V \B → S1

is a fibration, and every component B′ ⊂ B has a neighborhood U such that

π|U\B′ ∼= S1 × Ḋ2 has the form (t, (r, θ)) 7→ θ (where (r, θ) are polar coordinates
on the punctured disc). The open book supports a contact structure ξ if there is a
contact form λ (called a supporting contact form) with ker(λ) = ξ such that

• B is a closed for the Reeb vector field
• The form dλ is symplectic on the pages π−1(θ), i.e. dλ|π−1(θ) > 0,∀θ ∈ S1.

In particular, the Reeb vector field is transverse to the pages, so there are no
contractible orbits in V \B. It turns out that every contact structure is supported
by some open book (in fact, infinitely many [Gir02]).

We first check an elementary topological fact:

Lemma 7.8. The binding B satisfies the second condition of Theorem 1.5, namely:

Every disc F with ∂F ⊂ B and [∂F ] 6= 0 ∈ H1(B) intersects B in
the interior.

(except when the page is a disc).

Proof. Let F be any smoothly map D2 → V with ∂F ⊂ B. Suppose that F−1(B) ⊂
∂D2. Consider the covering map

π : R× int(S)→ R× int(S)/((t, x) ∼ (t− 1, h(x)) ∼= V \B
coming from the open book decomposition. For any r < 1 we may lift F |D2(r)

to a map G : D2(r) → R × int(S), uniquely determined if we choose once and
fix G(0) ∈ π−1{F (0)}. Thus we can in fact define G : int(D2) → R × int(S).
We may homotopy G to G′ : int(D2) → {0} × int(S) ∼= int(S) by scaling the
R-coordinate. Let N(B) be the tubular neighborhood of B such that N(B)\B ∼=
S1× int(N(∂S)) where N((∂S) is a collar neighborhood of ∂S chosen small enough
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so that the monodromy h|N(∂S) is the identity, so we have an inclusion map ι :

S1 × int(N(∂S)) → N(B) and F |∂D2(r) = ι ◦ π ◦ G|∂D2(r) (where r is taken large
enough so that F |∂D2(r) ⊂ B). Applying the H1-functor and using the fact that G′

is homotopic to G and [F |∂D2(r)] = [F |∂D2 ] 6= 0 ∈ H1(N(B)) ∼= H1(B) we have

(ι ◦ π)∗[G
′|∂D2(r)] = [F |∂D2(r)] 6= 0 ∈ H1(N(B)) ∼= H1(B)

From this it is easy to conclude that [G′|∂D2(r)] = k · [∂S] ∈ H1(N(∂S)) for some
k 6= 0, and therefore is homotopic to a k-fold cover of ∂S with k 6= 0; hence G′|∂D2(r)

is homotopic to k · ∂S in S. However, G′|∂D2(r) is null-homotopic in S, while the
k-fold cover of ∂S is not if k 6= 0 (unless the page S is a disc). This contradiction
shows that we cannot have F−1(B) ⊂ ∂D2, so F intersects B in the interior. �

Example 7.9. Open Book Decompositions Suppose B supports an open book de-
composition (other than the open book decomposition with the disc as the page).
Then (λ,B, [a]) satisfies (PLC) for any simple proper link class [a] (relative to B):
any disc bounding a contractible Reeb orbit either links non-trivially with the bind-
ing (since the Reeb vector field is transverse to the pages), or is asymptotic to a
component of the binding (in which case by Lemma 7.8 it has an interior intersec-
tion with the binding), and by hypothesis [a] is a proper link class. If the page is
not the disc or the annulus, there should be many such [a].

If the binding is elliptic non-degenerate then it satisfies (E) as well.

It follows, for simple proper link classes [a] (relative to B), that CCH
[a]
∗ (ξ rel B)

is well-defined (where ξ is the contact structure supported by the open book). In
particular, Theorem 1.5 can be applied to any proper link class [a] for the binding
B.

In [CH08a], the authors achieve the much more difficult task of computing the
cylindrical contact homology of the manifold (V, ξ) when it is defined. For V \B the
situation is considerably simpler. First, cylindrical contact homology of the comple-
ment will always defined (at least for simple homotopy classes), and independent
of the equivalence classes [λ] of ≡ in proper link classes relative to B. Second,
we only need to count a small subset of the holomorphic cylinders and can ignore
holomorphic planes (since they will all intersect the binding), so the computation
is almost always far easier. Since one can read off computations from [CH08a], we
will content ourselves to go through a particular example in some detail to illustrate
the approach concretely.

Recall that the Nielsen fixed point classes of h are the equivalence classes of
fixed points under the equivalence relation ∼, where x ∼ y if there is a path γ
from x to y such that γ is homotopic to h(γ) rel endpoints. A fixed point for
h (or more generally a periodic point) determines a loop in the mapping torus.
It is a well-known fact that different Nielsen equivalence classes of fixed points
determine different free homotopy classes of loops in the mapping torus. More
generally, two loops in the mapping torus arising from two k-periodic orbits of h
are freely homotopic if and only if there are points on the corresponding orbits
which are hk-equivalent (in this case we will call the orbits Nielsen equivalent as
well). Hence, to Nielsen equivalence classes we may assign a unique homotopy class
[a] in V \B ∼=h.e. Σ(S, h).

7.4. A concrete example on the figure-eight.
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7.4.1. A map on the punctured torus and the torus with one boundary component.
Consider the linear map on R2

[
2 1
1 1

]
∈ SL2(Z) ⊂ GL2(R)

which fixes the integer lattice. It therefore descends to a map h : T 2 → T 2 of
T 2 = R2/Z2. Since, moreover, it fixes the integer lattice it also defines a map on
T 2\{0} = (R2\Z2)/Z2 which preserves the area form inherited from R2. One may
also wish to think of such a map on a torus with one boundary component, which
we model by removing a ε-disc around the each point in the integer lattice and
denote T 2\D2(ε). The map h can be represented by the time-1 flow

[
x
y

]
7→
[
2 1
1 1

]t [
x
y

]

generated by the symplectic vector field

X(x, y) = log

[
2 1
1 1

]
·
[
x
y

]
, log

[
2 1
1 1

]
=

1√
5

log

(
3 +
√

5

2

)[
1 2
2 −1

]
∈ sl2(R)

and it is straightforward to compute that it is generated by the Hamiltonian flow
of a quadratic form

Q(x, y) = Ax2 +Bxy + Cy2 =
1√
5

log

(
3 +
√

5

2

)
(
x2 − xy − y2

)

of signature (1, 1). Take φ : R → [0,∞) to be any smooth function with the
following properties:

• φ′(x) ≥ 0,∀x ∈ R
• φ|[0, 12 ] ≡ 0

• φ|[1,∞) ≡ 1

and denote φε = φ( 1
ε ·). Consider the Hamiltonian

φε2(x2 + y2) ·Q(x, y)

and considering its time-1 flow we have a map h̃. Since it agrees with h outside
of a disc of radius ε we may define h̃ on T 2\D2(ε/2) by replacing the map h with

h̃ inside the disc of radius ε. In this way we get an area-preserving map h̃ε on
T 2\D2(ε/2) which is the identity on a neighborhood of the boundary.

This abstract open book gives rise to S3 with binding a figure-eight knot. The
contact structure supported by this open book, however, is over-twisted.

7.4.2. Realizing the monodromy map by a Reeb flow. Let h : S → S be a map that
preserves the area form ω. Let β be a primitive ω = dβ. Consider the mapping torus
of h, which is [0, 2π]×S quotiented by (1, x) ∼ (0, h(x)). We wish to find a contact
form with the Reeb vector field ∂t (we will use t to denote the S1 “coordinate”),
using β to construct it.

Lemma 7.10. (Giroux, see e.g. [CHL08]) Suppose that [h∗β−β] = 0 in H1(S;R)7.3.
Then h can be realized by a Reeb flow on the mapping torus of h.

7.3Note that h∗β − β is always closed because h∗ω = ω.



60 AL MOMIN

Lemma 7.11. [CHL08] If h∗ − I is an isomorphism on H1(S;R), we may find a
primitive β′ such that h∗β′ − β′ is zero in H1(S;R). Hence by Lemma 7.10 h can
be realized by a Reeb flow on its mapping torus.

Consider specifically the maps h̃ε on T 2\D2(ε/2) with the area form inherited
from the area form for R2 (thus T 2\D2(ε/2) has area 1 − πε2/4). We can assume

that the form β has the form ( r
2

2 − 1
2π )dθ in D2(ε).

Let z be the S1 coordinate of the mapping torus, so that the contact form dt+β
in these coordinates is

λ = dz +

(
r2

2
− 1

2π

)
dθ

To construct the open book, this is identified with a neighborhood of the boundary
of S1 ×D2(ε/2) with coordinates (s, φ, t) ∈ D2(ε/2)× S1 by

s = r, φ = z, t = −θ
in which the form is

λ = dφ+

(
1

2π
− s2

2

)
dt

and the pages are φ = const.
We will now extend this form to the interior of D2(ε/2)×S1 using a well-known

argument [TW75]. The contact form will be

f(s2)dφ+ g(s2)dt⇒ Xλ =
1

f ′(s2)g(s2)− f(s2)g′(s2)

(
f ′(s2)∂t − g′(s2)∂φ

)

where the functions f, g have the following properties (and T > 0 is a parameter):

• f(s2) = 1 and g(s2) = 1
2π − s2/2 for s ≥ ε/2

• f(s2) = s2 and g(s2) = 1−Ts2 for s ≤ δ for some δ > 0 as small as required
• f ′g − fg′ > 0
• g′ < 0: This ensures that the Reeb vector field is everywhere positively

transverse to the pages φ = const and is the reason we need to assume
T > 0. Moreover, then there is some constant c = cε,T ≥ 0 such that
−g′(s) ≥ c > 0. This bounds the first return time of the Reeb flow to a
page φ = const near the binding B by the constant 2π/c.

The explicit construction of such functions is straightforward but slightly tedious,
so we will omit it. We remark as in [TW75] that it is equivalent to drawing a smooth
curve in R2 to the point (1, 1

2π ) from the point (0, 1) with respective velocities at
these points (1,−T ), and (0,−1), such that the position vector is never colinear
with the velocity vector (and, by the fourth condition, the velocity vector must
point downward at all times as well).

We see that the binding has Conley-Zehnder index equal to

CZ(Bk) = 2bkT c+ 1

with respect to the framing given by the angular coordinate φ (i.e. with respect to
the vectors ∂r((r, 0), t), ∂r((r, π/2), t) at the point (0, 0, t) ∈ B). Therefore we will
select T irrational so that B is elliptic non-degenerate. As constructed, it has an
open neighborhood such that no periodic orbit enters the neighborhood. The Reeb
flow thus constructed is degenerate, but after a small perturbation can be made
non-degenerate without altering the dynamics too much.
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The pages form a surface of section with bounded return time. Moreover, there
is a page S ∼= T 2\0 such that the restriction to a subsurface S′ ∼= T 2\D2(ε/2) of

the first return map is the map h̃ε, and to a further subsurface Sε ∼= T 2\D2(ε) we

have h̃ε|Sε = h|Sε .
Given ε > 0 sufficiently small to perform the above construction, let λε be such

a contact form.

Lemma 7.12. For each k ≥ 1, there is a εk such that if ε < εk then for each
non-trivial Nielsen fixed point class there is a unique non-degenerate closed Reeb
orbit for λε in the corresponding homotopy class [a] in S3\B ∼= Σ(T 2\0, h).

Proof. The fixed point set of hk for each k is a finite set of points. Therefore, there
is a disc D containing the puncture 0 which contains no fixed points of hl for l ≤ k.
Choose an even smaller disc 0 ∈ D′ such that(

k⋃

l=1

hl(T 2\D)

)
∩D′ = ∅

Then if D2(ε) ⊂ D′ then the periodic points of period at most k of h̃ε and h on
T 2\D are the same.

We may also choose 0 ∈ D′′ ⊂ D′ such that hl(D′′) ⊂ D′ for 1 ≤ l ≤ k. Select

εk so that D2(εk) ⊂ D′′. Then, if ε < εk, all l-periodic orbits of h̃ε contained in
D must enter D′′, and are therefore in fact contained in D′. So we only have to
examine the cases x̃ ∈ D′ and ỹ ∈ T 2\D.

Let hε : R2 → R2 lift h̃ε in the sense that π ◦ hε = π ◦ h̃ε (for π : R2 → T 2 the
universal cover), which is uniquely determined by demanding hε(0) = 0. Let x̃ be
a l-periodic point in D′ and ỹ a l-periodic point in T 2\D, and γ̃ a path between
these two points, with lifts x, y, γ respectively such that γ(0) = x, γ(1) = y and x is
contained in the preimage of D′ containing the origin in R2. It is easy to see that
the orbit hiε(x) remains in this component for all i and therefore hkε (x) = x. On
the other hand, hlε(y) = hl(y) 6= y. After these observations it is straightforward

to deduce that x̃, ỹ are not Nielsen equivalent for h̃lε: a homotopy rel endpoints

between γ̃ and h̃lε ◦ γ̃ would lift to one between γ and hlε ◦ γ rel endpoints, but the
endpoints of these two paths do not even coincide so there can be no such homotopy
in the first place. Thus, ỹ, x̃ lie in different equivalence classes.

One can show that the loops corresponding to l-periodic points x and y are
homotopic in the mapping torus if and only if there are iterates h̃iε(x), h̃jε(y) which

are h̃lε-equivalent. Since x is the only h̃lε fixed point in its h̃lε-equivalence class
(which follows by checking directly that the fixed points of the matrix map hl

lie in different equivalence classes) this shows that the corresponding orbit is the
unique closed Reeb orbit in this homotopy class. It will be hyperbolic and therefore
non-degenerate.

�

Therefore, if [a] is the homotopy class of a fixed point of h, the triple (λ,B, [a])
satisfies (PLC) (and (λ,B) satisfies (E) as well), though λ may not be non-
degenerate. Therefore we will need to perturb, and the following Lemma asserts
that small non-degenerate perturbations retain important properties:

Lemma 7.13. (Approximation lemma) In any C∞ neighborhood of λε, there is a
non-degenerate contact form λ′ε with the following properties:
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• Let φt denote the Reeb flow. There are constants c, C and a page S of the
open book decomposition such that for any x ∈ S, there is a least 0 < t
such that φt(x) ∈ S and c < t < C. In particular, every closed orbit has
non-trivial linking number with B.
• For each Nielsen fixed point class [a] such that `([a], B) ≤ k, if ε < εk then

there is a unique non-degenerate closed Reeb orbit for λ′ε in [a].

Proof. By Lemma 7.12 the (degenerate) contact form λε has the following proper-
ties:

• Let φt denote the Reeb flow. There are constants c, C and a page S of the
open book decomposition such that for any x ∈ S, there is a first t > 0
such that φt(x) ∈ S and c′ < t < C ′.
• For each Nielsen fixed point class [a] such that `([a], B) ≤ k, if ε < εk then

there is a unique non-degenerate closed Reeb orbit for λ′ε in [a].

By Lemma 6.2, in any C∞-neighborhood of λε, we can find a non-degenerate contact
form λ′ε such that (λ′ε, B) ≡ (λε, B). In particular, if λ′ε is chosen close enough, the
page S will still be a surface of section for λ′ε because of the Conley-Zehnder index
in a neighborhood of the binding, and because λε has bounded return time on
the (compact) complement of this neighborhood in S if λ′ε is chosen close enough.
Therefore there are c, C such that if x ∈ S then for some c < t < C (in fact, the
first such t > 0) we have φt(x) ∈ S.

The second assertion can be deduced from the λ′ε non-degeneracy of the orbits
which correspond to fixed points of the unperturbed map h. �

The following proposition follows immediately:

Proposition 7.14. Let [a] denote a homotopy class in S3\B corresponding to a
simple Nielsen fixed point class. Then there is an ε such that for the contact form
λ′ε in Lemma 7.13 we have (λ′ε, B, [a]) is non-degenerate, satisfies (PLC) and for
J ′ ∈ Jgen

CCH
[a]
∗ (λ′ε, J

′ rel B) ∼= Q

It follows that (see the following Remark 7.15) CCH
[a]
∗ is defined and

CCH
[a]
∗ (ξ rel B) ∼= Q

If [a] is simple, then moreover eCCH
[a]
∗ (λ′ε, J

′ rel B) is defined, isomorphic to

Q (neglecting grading), and therefore eCCH
[a]
∗ (ξ rel B) ∼= Q

Remark 7.15. While the closed orbit above is assumed simple, it is conceivable that
the homotopy class [a] it is in is not (i.e. contain multiply covered loops). However,

Remark 4.9 explains why CCH
[a]
∗ ([λ] rel B) is still well-defined. Thus the chain

maps/homotopies with the representative λ′ε make sense if ε is sufficiently small

and computes CCH
[a]
∗ (µ, J rel B) for (µ,B) ∼ (λ′ε, B). For eCCH

[a]
∗ , however, we

actually need to assume that [a] is simple (merely to define the chain complexes).

Let us denote by ξo the (over-twisted) contact structure supported by this open
book. One may apply Theorem 1.5 to deduce, given any contact form for ξo with
a closed Reeb orbit transversely isotopic to B, information about the homotopy
classes of Reeb orbits and even information about the knot type if there are no
contractible Reeb orbits in S3\B. However, arguing a little more carefully we can
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also deduce the following growth rate of periodic orbits in the action (which proves
Corollary 1.13):

Proposition 7.16. Suppose µ is a contact form for ξo, and its Reeb vector field
has a closed periodic orbit transversely isotopic to the binding B. Then

• the number of geometrically distinct closed Reeb orbits of period at most N
grows at least exponentially in N , and
• the number of closed orbits x such that `(x,B) ≤ k grows exponentially in
k, and
• if there are no closed Reeb orbits contractible in S3\B, then for each knot

type corresponding to a fixed point of h representing a simple homotopy
class [a] there is a closed µ-Reeb orbit with the same knot type in S3\B.

Proof. Choose any λ′ = λ′ε as in Lemma 7.13, so that (λ′, B, [a]) satisfies (PLC)
for each homotopy class [a] corresponding to a non-trivial Nielsen fixed point class
for h. Lemma 7.13 asserts that there is a surface of section S such that each point
x ∈ S has first return time t in bounded by t < C for a constant C independent of
x. In particular, for each closed Reeb orbit we have a bound T (x) < C ·`(x,B). The
number of simple non-trivial Nielsen fixed point classes of hk is bounded below by
Aebk for positive constants A, b. These fixed point classes satisfy 1 ≤ `([a], B) ≤ k
and therefore T < C · k. Therefore, the number of closed Reeb orbits of action at
most Ck is at least Aebk. By scaling b = b/C we have the number of closed Reeb
orbits of action at most k is at least Aebk.

Let µ be a contact form on S3 with kernel ξo with an orbit transversely isotopic
to B, and if necessary pull-back by a contact isotopy to arrange that this orbit
in fact coincides with B. First suppose that µ ≺ λ′. Arguing as in the proof
of Theorem 1.5, for each non-trivial simple Nielsen fixed point class [a] such that
`([a], B) ≤ k we obtain a µ orbit in the same homotopy class with period bounded
by its λ′ period which is itself bounded by C · k. Therefore we have an exponential
lower bound on the number of geometrically distinct periodic orbits of period at
least N for µ as well. Any µ can be rescaled so that dµ ≺ λ′, and one establishes
lower bounds similarly (replacing b with d · b).

If there are no contractible Reeb orbits in the complement, then we can argue

using chain maps between eCCHK,≤N (λ′, J ′ rel B) and eCCHK,≤N
∗ (µn, Jn rel B)

as in the proof of Theorem 1.6 to obtain an orbit with the same knot type. �

7.5. Fibered hyperbolic knots. The arguments in the above example can be
replaced by any open book with one boundary component and pseudo-Anosov
monodromy map which is Reeb-realizable. In most examples one must smooth
the prong singularities of the pseudo-Anosov map, a procedure we will not discuss
(one way to smooth the singularity is discussed in [CC], section 3.2).

Consider now a tight fibered hyperbolic knot realizing the Thurston Bennequin
bound in the tight S3. By [Hed08], tight fibered knots realizing the Thurston-
Bennequin bound are determined by the topological knot type up to transverse
isotopy, so we may assume without loss of generality that such a knot is in fact
the binding of an open book decomposition supporting the tight S3 with (pseudo-
Anosov) monodromy map φ. Because φ∗ − I is invertible (as we observed in the
introduction), we can apply Lemma 7.11 cited above to realize the (smoothed)
pseudo-Anosov map by a Reeb vector field, continuing the contact form over the
binding as in the last section. By definition, the open book supports the tight
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contact structure, so the kernel of the constructed contact form (which supports
this open book) is the tight contact structure on S3 (up to isotopy). Corollary 1.11
is proved in a similar manner as Corollary 1.13/Proposition 7.16 by considering
the pseudo-Anosov monodromy map φ in place of the matrix map h. The reader
should note that the argument that the number of non-trivial Nielsen fixed point
classes grows exponentially is generally more complicated. Moreover, there may be
several non-degenerate fixed points in certain Nielsen equivalence classes, but an
appeal to Euler characteristics can be used if needed to show that the homology is
non-trivial in non-trivial classes. For details we refer to [CH08a], Section 11.1.
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