arXiv:1012.1637v1 [math.NT] 7 Dec 2010

ON UNIT ROOT FORMULAS FOR
TORIC EXPONENTIAL SUMS

ALAN ADOLPHSON AND STEVEN SPERBER

ABSTRACT. Starting from a classical generating series for Bessel functions due
to Schlomilch[4], we use Dwork’s relative dual theory to broadly generalize
unit-root results of Dwork[3] on Kloosterman sums and Sperber[6] on hyper-
kloosterman sums. In particular, we express the (unique) p-adic unit root of
an arbitrary exponential sum on the torus T" in terms of special values of
the p-adic analytic continuation of a ratio of A-hypergeometric functions. In
contrast with the earlier works, we use noncohomological methods and obtain
results that are valid for arbitrary exponential sums without any hypothesis
of nondegeneracy.

1. INTRODUCTION

The starting point for this work is the classical generating series

1 i
exp o (AX — A/X) = Z Ji(A)X
i€Z
for the Bessel functions {J;(A)};cz due to Schlomilch[4] that was the foundation
for his treatment of Bessel functions (see [T, page 14]). Suitably normalized, it
also played a fundamental role in Dwork’s construction[3] of p-adic cohomology
for Jo(A). Our realization that the series itself (suitably normalized) could be
viewed as a distinguished element in Dwork’s relative dual complex led us to the
present generalization.
Let A C Z™ be a finite subset that spans R"™ as real vector space and set

fAX) =D AaX? € Z[{Autacal X7, XY,
acA
where the A, and the X; are indeterminates and where X* = Xj*..- X2 for
a=(ai,...,an). Let Fy be the ﬁnite_ ﬁeld_ of ¢ = p° elements, p a prime, and let
F, be its algebraic closure. For each A\ = (Ay)aca € (Fy)Hl, let

X)) =) AaX® e FyW[XF, . XY,
acA

a regular function on the n-torus T™ over F4()). Fix a nontrivial additive character
O : Fg = Qp(¢p) and let ©5 be the additive character ©5 = © o Trg_(5)/p, of the
field Fy(\). For each positive integer [, let F,(),1) denote the extension of degree
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of Fy(\) and define an exponential sum

Sp=81(fx,05T") = Z Ox o Trg, (x.0)/7, ) (f2(2))-
z€T(Fq(\0))

The associated L-function is
L(fs;T)=L(f5,05, T™T) = ES—.
(f,\7 ) (f)\a X ;T) eXP<l_1 ll)

It is well-known that L(f5;7T) € Q((,)(T) and that its reciprocal zeros and poles
are algebraic integers. We note that among these reciprocal zeros and poles there
must be at least one p-adic unit: if F,(\) has cardinality ¢*, then S; is the sum of
(g"' — 1)™ p-th roots of unity, so S; itself is a p-adic unit for every I. On the other
hand, a simple consequence of the Dwork trace formula will imply (see Section 3)
that there is at most a single unit root, and it must occur amongst the reciprocal
zeros (as opposed to the reciprocal poles) of L(fx;T)"1""". We denote this unit
root by u(A). It is the goal of this work to exhibit an explicit p-adic analytic formula
for u()\) in terms of certain A-hypergeometric functions.

Consider the series

(1.1) exp fa(X) = H exp(A, X %)
acA
=Y F(M)X
iezn

where the F;(A) lie in Q[[A]]. Explicitly, one has

Au
(1.2) Fi(A) = u_(%@ | Tl

agA Wa@=0

The A-hypergeometric system with parameter a = (a1,...,qa,) € C™ (where
C denotes the complex numbers) is the system of partial differential equations
consisting of the operators

-G -

£a>0 <0

for all £ = (04)aca € Z!A satisfying > aca faa =0 and the operators

0
Zj = Z ajAa(?—Aa — Oy
acA
for a = (a1,...,a,) € A and j = 1,...,n. Using Equations (1.1) and (1.2), it
is straightforward to check that for i € Z™, F;(A) satisfies the A-hypergeometric
system with parameter i.

Fix 7 satisfying 7771 = —p and ©(1) = 7 (mod 72). It follows from Equa-
tion (1.2) that the F;(wA) converge p-adically for all A satisfying |A,| < 1 for all
a € A. Let F(A) = Fo(mwA)/Fy(nAP). The main result of this paper is the following
statement. Note that we make no restriction (such as nondegeneracy) on the choice
of X € (F,) .
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Theorem 1.3. The series F(A) converges p-adically for |Ag] < 1 for alla € A
and the unit root of L(f5;T) is given by

ed(N)—1

u(N) = FO)FO)FO) - F(AP

( )
where \ denotes the Teichmiiller lifting of X and d(\)

[Fq (5‘) : Fq] .

2. ANALYTIC CONTINUATION

We begin by proving the analytic continuation of the function F defined in the
introduction.

Let C' C R™ be the real cone generated by the elements of A and let A C R™ be
the convex hull of the set AU{(0,...,0)}. Put M = CNZ"™. For v € M, define the
weight of v, w(v), to be the least nonnegative real (hence rational) number such
that v € w(v)A. There exists D € Zs¢ such that w(v) € Q>o N Z[1/D]. The
weight function w is easily seen to have the following properties:

(i) w(v) > 0 and w(v) = 0 if and only if v =0,
(ii) w(ev) = cw(v) for ¢ € Z>o,
(iil) w(v + p) < w(v) + w(p) with equality holding if and only if v and p are
cofacial, that is, ¥ and p lie in a cone over the same closed face of A.
(iv) If dim A = n, let {£;}, be linear forms such that the codimension-one faces
of A not containing the origin lie in the hyperplanes {£; = 1}}*,. Then

w(v) = max{l;(v}Y ;.

Let €2 be a finite extension of Q, containing m and an element 7 satisfying
ord 7 = (p — 1)/p? (we always normalize the valuation so that ord p = 1). Put

R= {f(A) = Z e\ | ey € Q and {|e, |}y is bounded},

UG(Zzo)‘A‘

R'={§(A)= Z cl,A”|cl,€Qandc,,—>0as1/—>oo}.
VvE(Zxq)!Al
Equivalently, R (resp. R') is the ring of formal power series in {A, }qc 4 that converge
on the open unit polydisk in Q!4l (resp. the closed unit polydisk in Q4!). Define
a norm on R by setting |{(A)| = sup,{|c,|}. Both R and R’ are complete in this
norm. Note that (1.2) implies that the coefficients F;(mwA) of expwfa(X) belong
to R.
Let S be the set

S:

{g(A, X) =) &M)F WX €,(A) € R and {|&.(A)[}, is bounded}.

pneM

Let S’ be defined analogously with the conditions “,(A) € R” replaced by “¢,,(A) €
R"’. Define a norm on S by setting

€A, X)| = S%P{EM(A)H'

Both S and S’ are complete under this norm.
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Define 6(t) = exp(m(t — t*)) = >_.°, bit". One has (Dwork[I, Section 4a)])

i(p—1
(21) ord bi 2 %

X) =[] o(n.x*) = > Bu.(A)Xx*

acA peM

Lemma 2.2. One has B,(A) € R’ and |B,(A)| < |7|*®

Let

Proof. From the definition,
B,(A)= Y BN
vE(Z>o)! A

where

B(,LL) = H(ZEA bua lf ZGGA VoG = /’l’7
" 0 if ZaGA Va@ 7& M-

It follows from (2.1) that BY -5 0 as v — oo, which shows that Bu(A) € R'. We

have
Va —-1 p<—1
ord B > 3 ordby, > 3 =5 > w(n) =
a€A acA p
which implies |B,,(A)| < |7]|“ (). 0
By the proof of Lemma 2.2, we may write BYY = # (“)B( with |E | <1. We

may then write B, (A) = 7 B, (A) with B,(A) = Z BYAY and |B.(A)] < 1.

Let
Z &/ 7w(u v eg.

veM
We claim that the product F'(A, X)&(AP, XP) is well-defined. Formally we have

F(A,X)E(AP, XP) = Y~ (,(A)

pEZ™
where
(2.3) Gy = Y 7B (M)E(AP).
p,veM
p—pr=—p

To prove convergence of this series, we need to show that w(u) — w(v) = oo as
v — 0o. By property (iv) of the weight function, for a given v € M we may choose
a linear form ¢ (depending on v) for which w(v) = ¢(v) while w(u) > ¢(u). Since
p=pv—p, we get

(2.4) w(p) —w(v) = (u—v)=L(p-1v)—Llp) = (p—Dw(v) - p).

As v — o0, (p — Dw(v) — oo while £(p) takes values in a finite set of rational

numbers (there are only finitely many possibilities for £). This gives the desired

result.
For a formal series 3 7. (,(A)X ™7 with (,(A) € Q[[A]], define

/(2 ewx) = X g

pEZN pEM
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and define for (A, X) € S
o™ (§(A, X)) = '7/(F(A7 X)g(Avap))
=) GM)X.

peEM

For p € M put n,(A) = 7#*P)(,(A), so that

(25) 0" (6N X) = 3 (A X
peEM

with

(2.6) )= 3 FUDT-u B (A)e, (A7),
p,veM
p—pv=p

Since w(p) > £(p) for p € M, Equation (2.4) implies that

(2.7) w(p) + w(p) —wv) = (p— Dw(v),

so by Equation (2.6), [n,(A)| < |{(A, X)| for all p € M. This shows a*(£(A, X)) € S
and

@ ((A, X)) < [€(A, X).
Furthermore, this argument also shows that o*(S") C S’.
Lemma 2.8. If [60(A)] < [#1%=1/7, then |a*(€(A, X))| < [7]#=D/P|¢(A, X)].
Proof. This follows immediately from Equations (2.6) and (2.7) since w(v) > 1/D
for v #£ 0. O

From Equation (2.6), we have
(2.9) mo(A) = D By ()&, (A7)rr= D),
veM

Note that By(A) = Bo(A) = 1 (mod 7) since ord b; > 0 for all i > 0 implies
ord BY” > 0 for all v # 0. Thus By(A) is an invertible element of R'. The following
lemma is then immediate from Equation (2.9).

Lemma 2.10. If {o(A) is an invertible element of R (resp. R’), then so is no(A).
Put
T = {60, X) € S| 600, X)| < 1 and &o(4) = 1)
and put 7V =T N S’. Using the notation of Equation (2.5), define 8 : T — T by
a*(§(A, X))
BEN X)) = ———=.
Y
Note that (T') C T".

Proposition 2.11. The operator 3 is a contraction mapping on the complete metric
space T. More precisely, if €V (A, X),6@)(A, X) €T, then

1BEM (A, X)) = BEP (A, X)) < |7]PD/PIeD(A, X) — €2 (A, X)].
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Proof. We have (in the obvious notation)

a* (€A, X)) a*(€® (A X))

(1) _ (2) =
ﬁ(g (AvX)) 6(5 (AvX)) 77(()1)(/\) 77(()2)(A)
_ a*(f(l)(A,X) - 5(2)(A7 X))
n (A)

Y (A) — n ()
(M (A)

Mo
Since n(()l)(A) 77(()2) (A) is the coefficient of X° in o (€M (A, X) — £B)(A, X)), w
have

— o (€2 (A, X))

6" (A) = 157 (M) < Ja (€0 (A, X) = €2(4, X)),

And since the coefficient of X© in ¢ (A, X) — € (A, X) equals 0, the proposition
follows from Lemma 2.8. O

Remark: Proposition 2.11 implies that 8 has a unique fixed point in 7. And
since 8 is stable on T”, that fixed point must lie in 77. Let (A, X) € T’ be the
unique fixed point of 5. The equation B(&(A, X)) = (A, X) is equivalent to the
equation

a*(E(A, X)) = no(A)E(A, X)

Since a* is stable on S, it follows that
(2.12) no(A)E.(A) € R' for all p e M.

In particular, since & (A) = 1, we have no(A) € R'.
Put Cp = C N (=C), the largest subspace of R"™ contained in C', and put My =
Z" N Co, a subgroup of M. For a formal series }© 7. ¢, (A) X" with ¢, (A) € Q[A]]

we define
(X awxt) = ¥ amxe

HEZ™ e Mo
and set
C(A, X) = 7(exp(mfa(X))).
Of course, when the origin is an interior point of A, then My = Z" and ((A, X) =

exp(mfa(X)). In any case, the coefficients of (A, X) belong to R.
Since exp(mfa(X)) = [[,c4 exp(mA,X?), we can expand this product to get

(HZ”” )

a€EAv,=0

= Y GunFTxH

neMo

where G (A) =3, c(z.,)1a1 GV A with

aw _ AT laea T i Eocavaa = —p,
v O ifEaeAVaa7é—,u.
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Since ord 7t /i! > 0 for all i > 0, it follows that G, (A) € R, |G, (A)| < |7|*(), and
Go(A) is invertible in R. This implies that ((A, X)/Go(A) € T. Note also that
since F(A, X) = exp(mfa(X))/ exp(rm far (XP)), it is straightforward to check that

o, 0) =2(P(0,0) =2 ZEENES ) =

It follows that if £(A, X)) is a series satisfying v(£(A, X)) € S, then

(2.13) " (v(&(A, X)) = (F(A, X)y(§(A7, X7))) = 7 (F (A, X))y (£(A7, X7))
CA, X)y(E(A7, X))
(AP, X7) '

Remark: In terms of the A-hypergeometric functions {F;(A)}i;ens defined in
Equation (1.1), we have exp(mfa(X)) = >,cp Fi(7A)X?, so for i € My we have
the relation

(2.14) Fi(rA) = 779G (M),
Proposition 2.15. The unique fized point of 8 is (A, X)/Go(A).

Proof. By Equation (2.13), we have

2.16 Q@ = ,
(2.16) < Go(A) Go(A?) Go(A)
which is equivalent to the assertion of the proposition. ([

By the Remark following Proposition 2.11, {(A, X)/Go(A) € T’. This gives the
following result.

Corollary 2.17. For all p € My, G,(A)/Go(A) € R'.

In the notation of the Remark following Proposition 2.11, one has £(A, X) =
C(A, X)/Go(A) and no(A) = Go(A)/Go(AP), so Equation (2.12) implies the follow-
ing result.

Corollary 2.18. For all p € My, G,(A)/Go(AP) € R'.

In view of Equation (2.14), Corollary 2.18 implies that the function F(A) =
Fo(mA)/Fo(mwAP) converges on the closed unit polydisk, which was the first assertion
of Theorem 1.3.

3. p-ADIC THEORY
Fix A = (Aa)aca € (f‘q)‘A‘ and let A = (Ay)aca € (Qp)|A|, where )\, is the

Teichmiiller lifting of A\,. We recall Dwork’s description of L(fs;T). Let Qo =
Qy(\, G, ™) (= Qp(A, 7, 7)) and let Op be the ring of integers of .

We consider certain spaces of functions with support in M. We will assume
that ¢ has been extended by a finite totally ramified extension so that there is an
element 7y in Qg satisfying 7§’ = #. We shall write 7%(**) and mean by it 7?(? w(®)

for v € M. Using this convention to simplify notation, we define

(3.1) B = { Z A,7MXY A, € Qo, A, = 0as v — oo}.
veM
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Then B is an ()g-algebra which is complete under the norm

S AFX

veM

Y| = sup |4,
veM

We construct a Frobenius map with arithmetic import in the usual way. Let
= [[o0ax) =>" B.(y)Xx*
acA pneM

e., F(\, X) is the specialization of F(A, X) at A = A, which is permissible by
Lemma 2.2. Note also that Lemma 2.2 implies
-1
ord B, () > WP 1)
p
so we may write B, (\) = ¥ B,,(\) with B, (\) p-integral.
Let

XH/Pif ply; for all i,
0 otherwise.

T(XH) = {

We show that ¥ o F(X, X) actson B. If § =3, A, 7@ X" € B, then

(( > # B, X“) ( > Al,frw(”)X”>) Y Co(Fvexe

veM veM weM

where
Co(N) = Z Folpw—rtw)-—w@p (\)A,

(a finite sum). We have

pw(w) = w(pw) < w(pw —v) + w(v)
so that

12
(3.2) ord C,,(\) > inf{ord 7P~ Dw) 4} = (]?17)2111(0.)) + inf{ord 4, }.
v p v

This implies that W(F(X\, X)¢§) € B.
Let d(X) = [Fy()) : Fy], so that A7 = A, Put

ed(N)—1

L= T o ( H F()\pi,Xpi))'
i=0

For any power series P(T') in the variable 7" with constant term 1, define P(T')
P(T)/P(p“MT). Then ay is a completely continuous operator on B and the
Dwork Trace Formula (see Dwork][I], Serre[d]) gives

(3.3) L(fx, 05, T 1)

By Equation (3.2), the (w,v)-entry of the matrix of ay ([5, Section 2]) has
ord > 0 unless w = v = 0. The formula for det(I —T'«) ([B, Proposition 7a)]) then
shows that this Fredholm determinant can have at most a single unit root. Since
L(f5;T) has at least one unit root (Section 1), Equation (3.3) proves that L(f5;T)
has exactly one unit root.

55 =

1)n+1

= det(I — Tay|B)>
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4. DUAL THEORY

It will be important to consider the trace formula in the dual theory as well.
The basis for this construction goes back to [2] and [5]. We define

B* = {f* = Z Arﬁ_w(“)X_“ | {A},}uem is a bounded subset of Qo},
pneM

a p-adic Banach space with the norm [§*| = sup,c{|A4}|}. We define a pairing
(,):B*xXB = Qo if&=3 ) A meWXH, e =3 o Ari X1, set
(€56 =) AuA; €.
pneM

The series on the right converges since A, — 0 as y — oo and { A}, } e ar is bounded.
This pairing identifies B* with the dual space of B, i.e., the space of continuous
linear mappings from B to £ (see [5, Proposition 3]).

Let @ be the endomorphism of the space of formal series defined by

@( Z CIU‘X'U‘) = Z C‘u,Xip'u‘v
HEZM HEZM
and let 4" be the endomorphism

”/< > c#X“> =Y e x

pnezn peM
Consider the formal composition a} =+’ o <H:.i(0”1 F(/\pi , Xpi)> o Ped(N)

Proposition 4.1. The operator o is an endomorphism of B* which is adjoint to
ay: B — B.

Proof. As a} is the composition of the operators 7' o F(/\pi,X) o ® and «, is the
composition of the operators o F(A\P', X), i =0,...,ed(\) — 1, it suffices to check
that 4" o FI(A, X)o® is an endomorphism of B* adjoint to Wo F'(A\, X) : B — B. Let
§(X) =Y ep Api WX~ € B*. The proof that the product F(X, X)£*(XP?)
is well-defined is analogous to the proof of convergence of the series (2.3). We have

V(FOX)E(XP) = Y Cu(NF X,

weM
where
(4.2) Co(N) = > Bu(Apgv@iteln-w),
p—pr=—w
Note that

puw(v) = w(pr) < ww) +w(p)
since pv = w + p. Thus
(p = Dw(v) w(w) +w(p) —w),
which implies that the series on the right-hand side of (4.2) converges and that

|Co(N)] < [€*] for all w € M. Tt follows that ~'(F(X\, X)£*(XP)) € B*. It is
straightforward to check that (®(X~#), X¥) = (X ¥(X")) and that

<7/(F(/\7X)X_M)aXV> = <X_H7F(/\7X)XU>
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for all u, v € M, which implies the maps are adjoint. (|
By [5l Proposition 15] we have det(I — Ta} | B*) = det(I — Tay | B), so

Equation (3.3) implies

(4.3) L(f5, 05, T 1) =det(I — Ta} | B*)’

From Equations (2.14) and (2.16), we have

CAX) (AL X)
o (GO<A> ) RRAREeNINE

It follows by iteration that for m > 0,

o er(GR) - (M) G

We have

1)n+1

X) — Z (G;H([‘/:) ﬁ_w(“)X_“7
e, Go(A)
so by Corollary 2.17 we may evaluate at A = A\ to get an element of B*:

¢(A, X) Gu(A)

v x—r e B*
7r S .
Go(A) Go(A)

A=\

A=A weMo

It is straightforward to check that the specialization of the left-hand side of Equa-
tion (4.4) with m = ed(X) at A = X is exactly o} ((¢(A, X)/Go(A))|a=xr), so spe-
cializing Equation (4.4) with m = ed()\) at A = \ gives

L[ CAX)
(4.5) aA< God)

A_) (d(ﬁ FO?) )C(/(?(f))

Equation (4.5) shows that Hfi(o L F(W') is a (unit) ecigenvalue of o}, hence by
Equation (4.3) it is the unique unit eigenvalue of L(f5;T).

A=)\
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