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TATE PROPERTIES, POLYNOMIAL-COUNT VARIETIES, AND
MONODROMY OF HYPERPLANE ARRANGEMENTS

ALEXANDRU DIMCA!

ABSTRACT. A necessary and sufficient condition for the triviality of the Milnor
monodromy of a central hyperplane arrangement is given. This is a consequence
of a Thom-Sebastiani type result, where the sum of homogeneous polynomials in
disjoint sets of variables is replaced by their product. Another consequence is that
the order of the monodromy operator is combinatorially determined. We construct
examples showing that the part H<'°P(F, C); of the Milnor fiber cohomology can
be rather big, unlike all the previously known examples.

It is known that the complement of a complex hyperplane arrangement is coho-
mologically Tate and, if the arrangement is defined over QQ, has polynomial count.
We show that these properties hold for the corresponding Milnor fibers if the mon-
odromy is trivial. We construct a hyperplane arrangement defined over Q, whose
Milnor fiber has a nontrivial monodromy operator, is cohomologically Tate, and
has not polynomial count. Such examples are shown not to exist in low dimensions.

1. INTRODUCTION

Let A be a central arrangement of d hyperplanes in C"*!, with d > 2 and n > 1,
given by a reduced equation Q(z) = 0. Consider the corresponding global Milnor
fiber F defined by Q(z) — 1 = 0 in C""! with monodromy action h : F — F,
h(z) = exp(2mi/d) - x.

A general investigation line is to check whether certain properties of the associated
projective hyperplane arrangement complements M (A) in P™ extend to the Milnor
fiber F'. For instance, note the following.

(i) The cohomology ring H*(M(A),Z) is determined by the combinatorics, see
[18], but the same question for the Betti numbers of the Milnor fiber F' is widely
open, see for instance [16].

(ii) H*(M(A),Z) is torsion free, see [1§], and there is the open question about the
torsion freeness of H*(F,Z), see [3].

(iii) The complement M (.A) is formal in the sense of Sullivan [25], [4], and it was
recently shown that the Milnor fiber /' may be not even 1-formal, see [26].

We say that a complex variety Y is cohomologically Tate if for any cohomol-
ogy group H™(Y,C), one has the following vanishing of mixed Hodge numbers:
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hPi(H™(F,C)) = 0 for p # q. The fact that the hyperplane arrangement com-
plements M(.A) are cohomologically Tate is known for a long time: any cohomology
group H™(M(A), Q) is a pure Hodge structure of type (m,m), see [14], [12], [22].

When the monodromy action h* is trivial on all the cohomology groups H*(F,C),
it follows that we have an equality H™(F,Q) = H™(M(A),Q) for any 0 < m < n,
and hence in this case F' is cohomologically Tate. One may ask whether this is the
only possibility for a hyperplane arrangement Milnor fiber F' to be cohomologically
Tate. The claim that ' cohomologically Tate implies h* trivial is shown to be true
in the case n = 1 (obvious, see the beginning of the proof of Theorem [[T]) and n = 2,
i.e. for plane arrangements, and negative in general. We do not know whether there
is a similar result to Theorem [I.I] for 2 < n < 7, and this explains why we go to
dimension 7 to construct our example.

To state our results in this direction, we need some preliminaries.

In studying the cohomology H*(F,Q) of the Milnor fiber, the monodromy action
h* : H*(F,Q) — H*(F,Q) or the number of points in |F(F,)|, we can, without any
loss of generality, suppose that the arrangement A is essential, i.e. NycaH = 0.
This is the same as supposing that the polynomial () involve in an essential way
all the variables z, ..., z,, i.e. one can not choose the coordinates = on C"*! such
that Q(zo, ..., z,) = R(zo, ..., x,) for some 0 < u < n and a homogeneous polynomial
R e Clxg, ...,z

The properties of the monodromy h* : H*(F,Q) — H*(F, Q) are rather misterious,
and many things that we know in general are related to the spectrum

(1.1) Sp(A) = Zmato‘,

acQ

with m, = 32;(—1)/"" dim Gr? HI(F,C)z where p = [n+1—a] and 8 = exp(—2mia),
which is combinatorially determined, see [I]. Surprinsingly, note that for most ar-
rangements the situation is rather simple, namely h™ : H™(F,Q) — H™(F,Q) is
trivial (i.e. the identity) for 0 < m < n and dim H"(F,C)s = |x(M(A))|, for any
B € ug={z¢€C|zt=1} with 8 # 1, see for instance [2], [15], as well as Prop.
2.5.4, Prop.6.4.6, Example 6.4.14 and Theorem 6.4.18 in [6].

Theorem 1.1. Let A be a central arrangement of d planes in C*. The following
conditions are equivalent.

(1) The mized Hodge numbers h?1(H?*(F,C)) vanish for p # q.

(ii) The arrangement A is reducible.

(iii) The monodromy action h* is trivial on all the cohomology groups H*(F,C).
(iv) The spectral numbers my, in Sp(A) vanish for all a € (0,1).

Geometrically, the property (7i) means the following: in the projective line arrange-
ment A" associated to A, (d — 1) lines meet in one point, say A, and the remaining
line L, does not contain A.

In terms of coordinates, this means that one may choose the coordinates (x : y : 2)
on P? such that A= (0:0:1) and Ly : z = 0. With this choice one has Q(x,y, 2) =
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Q1(x,y)z, where @)y is a degree (d — 1) reduced homogeneous polynomial in x,y.
This property is exactly the definition of a reducible arrangement when n = 2.

To discuss the higher dimensional case we need the following precise characteriza-
tion of arrangements with a trivial monodromy.

Theorem 1.2. For an essential central arrangement A, the following conditions are
equivalent.
(i) The monodromy action h* is trivial on all the cohomology groups H*(F,C).
(ii) The arrangement A is reducible and satisfies the following: if A= Ay x ... x A,
is the decomposition of A as a product of irreducible arrangements and if d; = |A;l
denotes the number of hyperplanes in A;, then G.C.D.(dy, ...,d,) = 1.

Moreover, if A is defined over Q (i.e. each hyperplane in A is defined over Q),
then all the irreducible arrangements A; are also defined over Q.

We show below, see Lemma 2.1} that in the (unique) decomposition A4 = A; X
... x A, of A as a product of irreducible arrangements A;, the integers ¢, d;,...,d, are
determined by the combinatorics, i.e. by the intersection lattice L(A), see [19].

We recall that a central arrangement A as above is reducible if one can choose
the coordinates x on C™*! such that Q(wo,...,7,) = Ri(zo,..., 7o) Ro(Tui1, ..., Tp)
for some 0 < w < n and homogeneous polynomials R; and Ry;. We write then:
.A:Al X.Ag, With.AjIRj:O.

It is known that an essential arrangement A is reducible if and only if x (M (A)) =
0, see [21I]. On the other hand, a trivial monodromy action A* implies x (M (A)) = 0,
as a simple consequence of the following general formula

(12) S (— 1) dim 9 (F,©) = x(M(A))
J
for any 8 € p4, see Prop. 2.5.4 and Prop.6.4.6 in [6]. See also (1.4.2) in [1].

Remark 1.3. All compact Kéhler manifolds are formal spaces, see [4]. When the
monodromy h* is trivial, the corresponding Milnor fiber is clearly a formal space in
Sullivan’s sense, see [25], [9]. Hence Theorem [I.2] yields a wealth of new examples of
formal spaces in the class of smooth affine varieties. Note also that there are examples
of non-formal smooth affine surfaces, either related to Milnor fibers of central plane
arrangements, see [26], or to isolated weighted homogeneous singularities [10].

Theorem is an obvious consequence of the following Thom-Sebastiani type
result, where the sum of polynomials in disjoint sets of variables is replaced by their
product. This result plays also a key role in the construction of our examples below.

Theorem 1.4. Let A = A, x ... x A, be the decomposition of the central essential
arrangement A as a product of irreducible arrangements, let d; = |A;| denotes the
number of hyperplanes in A; and let dy = G.C.D.(dy,...,d;). Then the following
hold.

(i) There is a natural identification of graded MHS

H*(F,C) = H'(T,C) ® (Bpep, (H"(F1,C)p @ - -- @ H*(Fy, C)g)).
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More precisely, for any 5 € pgq,, there is an identification
H*(F,.C)s=H"(T,C)@ H*(F1,C)p® --- ® H*(F,,C)g.

(ii) The monodromy operator h* : H*(F,C) — H*(F,C) has order dy, which is
determined by the intersection lattice L(A).

Since each A; is irreducible, it follows from (L.2]) that each H*(F})s which occur in
Theorem [L4] is nonzero. Moreover, this result (with (i) replaced by (h*)% = Id) is
in fact about global Milnor fibers associated with homogeneous polynomials, since we
do not use in our proof of Theorem [I.4] the fact that () or );’s are products of linear
forms. A similar result should also hold for weighted-homogeneous polynomials, but
we leave the interested reader to state and prove it.

We have noticed already that F'is a cohomologically Tate variety when the mon-
odromy action h* is trivial. We give below an example showing that the converse
claim is false in general, see Example 4.3 This Example is also interesting since it
shows that the part H<"?(F,C).; of the Milnor fiber cohomology can be rather big,
unlike all the previously known examples.

Corollary 1.5. Consider the central rational hyperplane arrangement A, ., in C**
defined in Example [{.3, for any u,v € Z-oy . Then n = 3u + 5v — 1, the only
eigenvalues of the monodromy operator h* are +1 and dim H*(F,,,C)_, = 2“1,
More precisely, the nontrivial (—1)-eigenspaces are exactly H****+i(F, , C)_y for
0<j<u+v—1and

. -1
dim H2u+4v+] (Fu,v, C)—l _ (u + U ) '
J

The smallest n for which our construction yields a counterexemple is n = 7; the
Milnor fiber of the corresponding hyperplane arrangement A, ; is cohomologically
Tate, but A* is not trivial.

Recall that the (compactly supported) Hodge-Deligne polynomial (or E-polynomial)
associated to a complex variety Y is given by

(1.3) HDx(z,y) =) (D (=1)h"(HI(Y,C)))z"y".

u7v .]

Assume that Y is in fact defined over Q. We say that Y has polynomial count with
count polynomial Py, if there is a polynomial Py € Z]t], such that for all but finitely
many primes p, for any finite field F, with ¢ = p® and s € N*, the number of points
of Y over F, is precisely Py(q). As an example, if the hyperplane arrangement A is
defined over Q , then M(A) has polynomial count, see for instance [7], section (5.3)
or [23], Theorem 5.15. The above rationality assumption is essential: indeed, the line
arrangement A : 2° +1? = 0 is defined over Q(4), and the corresponding complement
M(A) satisfies |[M(A)(F,)| =p—1if p=1mod 4 and |M(A)(F,)|=p+1ifp=3
mod 4. Note that in this case @(x) has integer coefficients, A is reducible, but the
corresponding splitting A = A; x Aj is not defined over Q.
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A theorem of N. Katz in [11] says that if Y has polynomial count with count
polynomial Py, then HDy(z,y) = Py(zy). See Theorem 2.1.8 in [II], and the
remark at the bottom of page 563 and Example 2.1.10 explaining that there can be
allowed finitely many ’bad characteristics’ p. In particular, such a variety is not too
far from being cohomologically Tate, i.e. the not Tate part of the cohomology should
cancel out in H Dy (z,y).

One may ask what happens to the Milnor fibers of hyperplane arrangements.
Again we need a rationality assumption: the Milnor fiber F : 2% + y? = 1 satisfies
|F(F,)] =p—1if p=1mod 4 and |F(F,)| = p+ 1 if p = 3 mod 4. Note that in
this example the monodromy operator h* is trivial and F' is cohomologically Tate.

When A is defined over Q, we will always choose the defining equation Q(x) =0
with integer coefficients. It turns out that the arithmetic properties of the corre-
sponding Milnor fiber F': Q(x) — 1 = 0 do not depend on the choice of @, see for
instance Corollary [0l

So a first naive idea when trying to construct cohomologically Tate Milnor fibers
of rational arrangements which have not polynomial count is to look for a hyperplane
arrangement A4 with a trivial monodromy A* and such that the corresponding Milnor
fiber F' has not polynomial count. Such an attempt cannot succeed in view of the
following result, implied by Theorem [I.2]

Corollary 1.6. If the monodromy action h* is trivial on all the cohomology groups
H*(F,C) of the Milnor fiber F' of an essential central arrangement A defined over Q,
then F' has polynomial count, with the same count polynomial as the corresponding
projective complement M(A).

In particular, this property of the Milnor fiber of having polynomial count, and the
corresponding count polynomial, do not depend on the choice of defining equation
Q in Z[z].

For n = 2 we have the following.

Corollary 1.7. Consider the following conditions.
(i) Y has polynomial count.
(ii) Y is cohomologically Tate.
If Y is a smooth affine surface, then (i) = (it). If in addition Y is the Milnor
fiber of a central rational plane arrangement in C3, then one also has (ii) = (i).

The hyperplane arrangement 4, ; introduced in Example is defined over Q,
and the corresponding Milnor fiber is cohomologically Tate, but has not polynomial
count, see Theorem

We would like to thank Nero Budur, Denis Ibadula, Mark Kisin, Gus Lehrer and
Morihiko Saito for useful discussions in relation to this work. Special thanks are due
to Gabriel Sticlaru who provided expert help in some numerical experiments with
rather large numbers, see Remark [5.4]
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2. PROOF OF THEOREM [I.4] AND OF COROLLARY

Proof. We can always, up to a linear coordinate change, write Q(z) = Q1(y1) - - - Q¢(Yy),
where x = (y1,...,y,) € C"*! y,; € C"% such that: n;+...4n, =n+1,d; = deg@Q; >0
and A; : Q; = 0 an irreducible and essential arrangement in C" for j =1, ...,q.

Note that the existence of such a decomposition is equivalent to the following
property: there is a partition of the hyperplanes in A in ¢ subsets Aj,...,A4,, such
that if we define V; = Npga, H, then there is a direct sum decomposition Crtl =
Vi + V2 + ...+ V,, and this partition is the finest with this property. More precisely
we have the following result.

Lemma 2.1. Let A = {H;}icr be a central, essential hyperplane arrangement in
C"*! = V. Consider the set P of partitions I = I, U ... U I, of I satisfying the
following condition: Zj codim(Ner; H;) = dim V. Then the following hold.

(i) P is non-empty, since the trivial partition I = I is in P.

(i) If I =1, U...UIl, and I = I U...UI, are two partitions in P, then their
intersection I = U;;I; ; where I, ; = I; N I; fori = 1,m, j = 1,m’ (the empty
intersections 1, ; are discarded), is again a partition in P.

(11i) In the (unique) decomposition A = Ay x...x A, of A as a product of irreducible
arrangements Aj, the integers q, di,...,d, are determined by the combinatorics, i.e.
by the intersection lattice L(A).

Proof. The claim (i) is obvious.

Let E be the dual of V' and, for a given partition I = Iy U...U [, in P, let E; be
the vector subspace in E spanned by the equations of the hyperplanes in I;. Since
A is essential, it follows that 3, E; = E. Since dim Ej = codim(Njez; H;), it follows
that the above sum is in fact a direct sum.

When we have two partitions as above, we define F; ; to be the vector subspace in
E spanned by the equations of the hyperplanes in I; N[ ]’ Then it follows immediately
that the sum Zj E; ; = E; is again direct sum for all i’s. Hence the sum Z” E, =V
is a direct sum, which proves the claim (7).

Since the set of partitions P is defined only in terms of the intersection lattice
L(A), it follows that the unique minimal element of P (with respect to the partial
order given by refinement), is combinatorially determined. This minimal element
is denoted above by I = A; U...U A,. The direct sum decomposition C"*! =
Vi + Vo + ... + V, mentionned above is just the dual of the direct sum decomposition
>_; Ej = E. Since d; = | A}, they are also determined by the combinatorics.

O

Remark 2.2. When A is defined over Q, it follows that all the vector subspaces
V; are defined over Q. Then the arrangement .A;, which is essentially given by
the traces of H € A; on Vj, is clearly defined over Q. Moreover, the coordinate
change from the coordinates x to the coordinates y is defined over Q. This shows
that when doing computations for almost all primes p, we may replace the equation
Q(z) = 0 (resp. Q(x) = 1) by the corresponding equations Qi(y1)---Qq(y,) = 0
(resp. Q1(y1) -+ Qq(yg) = 1).
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Proof of Theorem 1.4l

Let F; : Q; = 1 and h; : F; — Fj be the corresponding Milnor fibers and mon-
odromy homeomorphisms. Let us consider the corresponding least common multiple
m = L.C.M.(dy,...,d,) and set w; =m/d; for j =1,....q.

Our first aim is to obtain a description of the (total) Milnor fiber F' in terms of
the collection of Milnor fibers Fi,...,F}. For this we consider the affine torus

(2.1) T ={t=(t1,....t;) € (C) | tyta---t, =1}.
Consider the mapping

(2.2) [ TxFix---xF,—>F

given by

(2.3) (Y1, s Yg) = (67 Y1, s 1Y)

It is easy to check that this mapping f is surjective and one has

f(tayb -"ayq) - f(t,>y1a >y¢/1)

if and only if the points (¢, y1, ..., y,) and (¥, 4}, ..., y,) are in the same G-orbit, where
the group

(2.4) G={9=1(91,-,9¢) €, | G192+ -9 =1}
actson X =T x F} x --- x Iy via
(25) g- ((tb ceey tq)>y1> yq) = ((gl_ltla "'agq_ltq)agimyla "'ag:;)qu)'

It follows that F' = X/G and in particular H*(F,Q) = H*(X,Q)%, the G-fixed
part of the cohomology of X under the induced G-action. This is an isomorphism of
MHS (mixed Hodge structures), since the G-action is algebraic. Note that

(2.6) H*(X,C) = H*(T,C) ® H'(F,,C) ® - -- ® H*(F,, C).

Moreover, the group G acts trivially on the factor H*(T,C), since T is a connected
algebraic group and G C T.
Now we describe the G-fixed part in

H"=H"(F,C)®---® H(F,,C).
The G-action on H* is given by the following: if n = ® - - - ® n,, then

(2.7) gn = ()" (m) @ -+ @ (he)** ().

Here g = (AF1, ..., A*) with A = exp(27i/m) and k; + ... + k, is divisible by m, the
k; being otherwise arbitrary integers.

Let n; € H*(F},C) be now chosen such that for any j = 1,...,q there is a §; €
pa; C pm With hin; = B;n; and look at n = n ® - - - ®mn,. Such elements form a basis
of H* and hence to determine (H*) is the same as finding all n’s of this form which
are fixed under the G-action. By choosing k, = m — ky — ... — k,—1 we get from (2.7))
the following

b Faa

2 kq—1
5, a )t

g1 = (2
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where now there is no condition on the integers ki,...,k;,—1. By taking one of them
equal to 1 and the rest zero, we see that n € (H*)“ implies 8, = ... = 3,. Call this
common value \g and note that Ao € pg, = Nj=1,4/td;-

Conversely, for any Ao € pq, and any n € H*(F1,C),, ® - -- @ H*(F,, C),,, we see
by using (2.7) that n € (H*)°.

To prove the second part of the claim (i) in Theorem [[L4] we construct a nice
G-equivariant lifting & : X — X of the monodromy morphism b : F — F. We set

(2.8) h(ty,..otq Y1y Yg) = (Vi1 ooy Yatqs B1Y1, Y2u -y Yg)

where 8; = exp(2mi/d;) and ; = exp(2mia;) with wya; = 1/d—1/d; and wjaj = 1/d
for j > 1. Then } . a; =0, ie. (nt1,...,7t,) € T and foh =hof. Then h* acts as
identity on all the factors in the tensor product (2.6)), except on H*(F;,C), where it

acts via hi. We get the second part of the claim (i) by using the description of the
cohomology H*(F,C) given in the first part of the claim (7).

To prove the claim (i7), note that the affine torus T acts on the Milnor fiber F' by
(2.9) ty1, s Yg) = (Y1, - 1 Yg) -

Hence to show that (h*)% is trivial, it is enough to show the existence of an el-
ement t = (ty,...,t;) € T such that t;{” = exp(2midy/d) for j = 1,...,q. Since
G.C.D.(dy,...,d,;) = dy, there are integers k; such that

(210) ]ﬁdl + ...]{quq = (m - 1)d0

For j =1,...,q we set
., dy k;
(2.11) tj = eXp[Qm(d—wj + w—jj)]
The relations t;"j = exp(2midy/d) are clearly satisfied. Moreover

tyty -ty = eXp[QWi(Z(% )] = exp[2mido(— + ——)] = 1.

J

Hence t € T, it follows that (h*)% is trivial. We conclude using following fact:
since each A; is irreducible, it follows from (L2)) that each H*(F})s which occur in
Theorem [[L4lis nonzero. Hence each H*(F')5 is nonzero, i.e. the order of h* is indeed
do.

U

Remark 2.3. Consider the central essential hyperplane arrangement A in C"*! and
its decomposition A = A; x ... A, as a product of irreducible arrangements 4; for
7 =1,...,q. Then it is easy to show that

M(A) =T x M(Ay) x ... x M(A,).

This implies the following for the cohomology of the corresponding projective com-
plements

H*(M(A)) = H*(C")®0 D @ H*(M(A)) ® ... @ H*(M(A,))
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i.e. the case f =1 in Theorem [L.4] (7i7).

Now we pass to the proof of Corollary [[.6l Since the monodromy h* is trivial, we
know by Theorem that G.C.D.(dy, ...d;) = 1. Hence there exist integers m; such
that mid; +..myd, = 1.

Let F be a finite field and consider the mapping @ : F"*' — F induced by the
polynomial Q.

For a € F, denote by F(a) the fiber Q~!(a). Denote also M (A, F) the correspond-
ing (projective) hyperplane arrangement complement over F. It is clear that

(2.12) [EE\ F(0)] = (|F| — 1) - [M (A, F)|.
Consider the following F*-action on F7*+1i:

(213) t-x=t- (yl, Y2, .-y yq> = (tmlyl,thyQ, ey tmqu).

The relation Q(¢-z) = tQ(x) shows that all the fibers F'(a) for a € F* have the same
cardinal. Since their disjoint union is exactly F**1\ F(0), the equation (2.12)) yields

(2.14) |[F(1)] = |M(A,F).
This equality completes the proof of Corollary

3. ProoF oF THEOREM [I.1] AND OF COROLLARY [L.7]

It follows from the discussion just after Theorem [ I]that, assuming (i7), the Milnor
fiber F' is isomorphic to the complement of the central line arrangement given by
Q = 0 in C? (indeed, the only partitions of 3are 1 +2=2+1=1+1+1 = 3).
Hence the implication (i) = () is obviously true.

Note that for n = 2 and « € (0, 1), the corresponding spectral number is by
definition

(3.1) me = h*°(H*(F,C)g) + h**(H*(F,C)s)

with 8 = exp(—2mia). Indeed, h*?(H?(F,C)z = 0, as follows from Theorem 1.3 in
8.
Since H?(F,C); is known to be of type (2,2), the equivalence of the claims (i) and
(7v) in Theorem [IT] follows. Moreover, the equivalence of the claims (i7) and (7i7)
follows from Theorem [[.2], using again the partions of 3.

So from now on we assume that (i) holds and we prove (i7).

For d = 1, there is just one possibility for A (up to a linear coordinate change),
given by Q = z and F' = C? in this case, so the claim is clear. Similarly, for d = 2,
there is again just one possibility (up to a linear coordinate change) ) = yz and in
this case F'= C* x C.

For d = 3 there are only two type of arrangements, described better in terms of
their associated projective line arrangements A':

(a) three lines forming a triangle, in which case one may take ) = zyz and
F=C*xC* and
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(b) three lines meeting at one point. In this latter situation, we may choose
Q@ = zy(x 4+ y) and the corresponding Milnor fiber F' has

¥ (H*(F,C)2) = Y (H?(F,C),) = 1,

with € = exp(2mi/3). This follows from the description of the MHS on the coho-
mology of the Milnor fiber of an isolated weighted homogeneous singularity given by
Steenbrink in [24] and recalled in [5], pp.243-244.

Hence the case (b) cannot occur, and so the claim (i) = (4¢) is clear again.

We assume from now on that d > 4.
Next we recall the following key formula from [1], Theorem 3 (rewritten slightly
for our needs). If 0 < a =4 < 1, then

o2 B o !

sims>3

where the sum is over all multiple points s in A" with multiplicity m, > 3. By
convention (‘Z) =0ifa <0

If we use the above formula for j = 3, we get that the corresponding vanishing
me = 0 is equivalent to the existence a unique point s of multiplicity m, > 2d/3 in
A’. For d = 4, this means a point of multiplicity ms > 3. As above (case d = 3, (b)),
the case my; = 4 is discarded by a direct computation. Hence m, = 3, which gives
exactly an arrangement A4’ as claimed in (i7).

From now on we assume d > 5. We apply the formula ([8.2) for j = d — 1. Since
one clearly has
(d—1)m
d
it follows that [(d — 1)m/d] = m and hence the vanishing m, = 0 in this case is
equivalent to the equality

(3.3) (d;Q) -y <m52— 1).

s;ms>3

m—1< <m,

Similarly, for 7 = d — 2 we get from m, = 0 the following equality
d—3 me — 1 me — 2
oo (50)- 2 (") 2 (")
$;3<ms<d/2 syms>d/2
On the other hand, one has the following relation, well known to the specialists.
(3.5) ¢ —d= Y (m2—m,).
s;ms>2

This can be obtained by computing the Euler characteristic x(V) in two different
ways, where V' is the union of all lines in A’. First, we may apply the general
formula relating the Euler characteristic of a projective hypersurface with isolated
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singularities and the Euler characteristic of a nearby smooth hypersurface, see [5], p.
162, Corollary 5.4.4. and we get

(3.6) XV)=2—(d=1)(d-2)+ Y (m,—1)%

Secondly, one may use the additivity properties of Euler characteristics with respect
to constructible partitions and get from V' = Upc 4 L the equality

(3.7) X(V)=2d- Y (m,—1).

sims>2

Now using (B3.3)) and ([B.5]) we get the equality

(3.8) 2d-3=Ny+ Y (mg—1)
S;ms>3

where Ny is the number of double points in A’. On the other hand, using (B3.3]) and
[B4) we get the equality

(3.9) d—3=No+ > (my—2)
sms>d/2
Now ([B8) and (3.9]) imply the following
(3.10) d = Ny +t{s;ms > d/2}.
Assume for a moment that No = 0. Then, using (3.8) we get
(3.11) 2d-3> Y (my—1)>d(d/2-1)
sims>d/2

which is false for d > 5. Hence Ny # 0.

Let B be a double point in the arrangement A’ and let L; and Ly be the two lines
meeting at B. Let A (resp. A}) be the arrangement obtained from A" by deleting
the line L; (resp. the lines Ly and Ls). Let Vi (resp. V3) be the union of lines in A}
(resp. Aj).

The line L; meets V; exactly at the multiple points s of A’ situated on L;. For
each such intersection point s, the intersection multiplicity (L;-V")y is exactly mg—1.
It follows that

(3.12) > (me—1)+ No(Ly) =d -1,
s;8€L1, ms>3

where Ny(L;) denotes the number of double points in A" situated on the line L;.
Next, the line L, meets V5 exactly at the multiple points s of A’ situated on Lo
except the point B. For each such intersection point s, the intersection multiplicity
(Lg - V), is exactly mg — 1. It follows that

(3.13) > (ma—1)+ Ny(Ly) —1=d—2.

s;8€L2, ms>3

Comparing now ([B.8), (312)) and (313) we conclude that there are no other multiple
points in A" except those on the two lines L; and Ls.
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Choose now a new line in A’, call it L3, and set By = L{N Lz, By = Ly N L. Since
B is a double point, one has B # B; and B # B,. Choose now another new line in
A’ call it Ly, and note that it should intersect Lj either in B; or in By (if not, it
would create a multiple point not on L; U Ly, a contradiction). By symmetry we may
assume L, N Ly = B;. Then all the remaing lines in the arrangement A’, call them
Ls,...,L4 have to pass through the point B; (look at the intersections of L; for j > 5
with Lz and L, for instance). Up to a reindexation of the lines, this is precisely the
situation described in claim (7).

The proof of Corollary [[7] is very easy now. If (i) holds, it follows from Katz’
Theorem that the Hodge-Deligne polynomial of Y contains only the monomials
1, zy, (zy)?. The possible non-zero mixed Hodge numbers in this situations are:

W2 (Hy(Y,C)), h*(HJ(Y,C)), h*'(HI(Y,C)), k" (HZ(Y,C)), h**(H;(Y,C)),

WU (HZ(Y,C)), W22 (HZ(Y,C)), B (HZ(Y.C)), h'(HZ(Y,C)), h*°(H(Y,C)).
It follows that the only cancellations in the Hodge polynomial can occur in the
coefficient of zy. Hence all the mixed Hodge numbers h*V(H!(Y,C)) vanish for
u # v, i.e. Y is cohomologically Tate.

Now for Milnor fibers of a central plane arrangement we have seen in Theorem [.1]
that (44) implies that Y is isomorphic to a line arrangement complement in C?, and
hence it has polynomial count.

4. A PURITY RESULT AND THE KEY EXAMPLE

Let A be a central arrangement of d hyperplanes in C"*!, with n > 1, given by
a reduced equation Q(z) = 0. Then clearly H"(F,Q); and H"(F,C)_; are mixed
Hodge substructures in H"(F, Q). Moreover, for 5 € uq, 8 # £1, the same is true
for the subspace

(41)  H"(F,C),5= H"(F,C)s & H"(F,C)5 = ker[(h")> — 2Re(B)h" + Id]

which is in fact defined over Q (as the last equality shows). For § = —1, we set
H"(F,C)z5= H"(F,C)_, for uniformity of notation.

Let D = Q7 '(0) = UgeaH. For a point x € D, z # 0, let L, = NgearenH and
denote by A, the central hyperplane arrangement induced by A on a linear subspace
T, passing through = and transversal to L,. We may choose dim 7T}, = codim L, and
identify « with the origin in the linear space 1. Let b’ : H*(F,,C) — H*(F,,C) be
the corresponding monodromy operator at x.

With this notation we have the following result.

Proposition 4.1. Let B € pg, B # 1 be a root of unity which is not an eigenvalue for
any monodromy operator h’. for x € D, x # 0. Then the corresponding eigenspace
H"(F,C)45 is a pure Hodge structure of weight n.

In particular, if B = exp(—2mia) for some a € Q, then the coefficients in the
corresponding spectrum Sp(A) have the following symmetry property:

(4.2) Mo = Mpt1—a-
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Proof. This result is a direct consequence of Lemma 3.6 in [20]. Indeed, our hy-
pothesis on 8 implies that the nearby cycle sheaf 1 gC is supported at the origin
and hence it is identified to H"(F,C)g. This identification in turn implies that the
logarithm of the unipotent part of the monodromy N is trivial on g sC (as this
holds for H"(F, C)g, the monodromy h* being semisimple).

The last claim about the symmetry property in ([£2) is proved in the usual way.
In view of the purity result, we have h»4(H"(F,C)z) = 0 for p + q # n.

For example, assume that o = % with 0 < j < d. It follows from the definition of
the spectrum (ILI)) that m, = dim 2™ (H"(F,C)g), Mpy1-a = dim hO"(H"(F,C)3).
The claimed equality follows by considering the action of the complex conjugation
on the pure Hodge structure H"(F,C),5.

O

Corollary 4.2. Assume that A is a generic central hyperplane arrangement, i.e. the
associated projective divisor in P is a divisor with normal crossing. Then

H"(F,C)y1 = @p1 H"(F,C)p

is a pure Hodge structure of weight n and for any rational number o € Q\ Z one has
Mo = Mp4i1—a-

This symmetry of the coefficients of the spectrum Sp(A) of a generic central ar-
rangement is alluded to in [20], see the remarks just after Corollary 1 in the Introduc-
tion. The result above follows from Proposition [4.1] using the simple fact that in this
case all the monodromy operators ) are the identity. For more on the monodromy
of generic arrangements, see pp. 209-210 in [19], (3.2) in [1] and section 3 in [2].

Now we pass to our example.

Example 4.3. For n > 2 let G, be the central arrangement in C"*! given by the
equation

Qn(z) = Qu(To, oy Tp) =20 Ty oo - Ty - (To + 21 + ... + ).

Hence the degree d,, of ),, is n+2 and clearly G, is a generic, irreducible arrangement.
Assume that n = 2k is even and use Theorem 3.2 in [2] (or refer to the original paper
[17]) to get that

(4.3) H™(F,C) = H™(F,C),

for 0 <m < n and dim H"(F,C)_; = 1.

It follows that all the spectral coefficients in Sp(G,) corresponding to the mon-
odromy eigenvalue —1 vanish except for m, 1= 1 (which is the only auto-dual
element in the sum with respect to the symmetry given by Corollary d2]). It follows
that the eigenspace H"(F,C)_; is spanned by a cohomology class w, of Hodge type
(k, k).

Let us return now to the setting of the proof of Theorem in Section 2l Let
A, be the central hyperplane arrangement obtained by taking the product of u > 0
copies of the arrangement G, and v > 0 copies of G4. In follows that n = 3u+ 5v—1,
d=4u+6v, ¢g=u+v, dy=G.C.D.(dy,...,d,;) = 2.
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In this case, the cohomology of the corresponding total Milnor fiber F),, can be
described via Theorem [[.4] as the following direct sum H*(F,,,C) = H*(F,,,C); &
H*(F,,,C)_q, where

(4.4) H*(Fy0, C)y = H(T,C) ® H*(M(Gs), C)*" @ H*(M(Gy),C)*"
and
(4.5) H*(Fy,,C).y =H"(T,C)® (Cwy)®* @ (Cuwy)®”.

It follows that F, , is a cohomologically Tate variety of dimension n = 3u+5v —1,
but the corresponding monodromy action A* is not trivial. By choosing various values
for u,v we can get n = 7 as a minimal value as well as any integer n > 15.

5. FINITE FIELD COMPUTATIONS

In this section we use the following notation. Let ' = F}; be the variety defined
over Z by Q(z) = 1, where

Q(SL’):Il'.flfg'l‘g'($1+$2+SL’3>'1’4'25'5'.ZL’G'LU7'.§L’8'(LU4—|—.§C5+LU6—|—SL’7+LE‘8).

For any prime p we denote by A(p) the number of points of F' over F, = Z/pZ, i.e.
the number of solutions of the equation Q(z) = 1 in Fg. For a € IF}, consider the
varieties

Fl(a) = {($17x2,$3) S ]F?? ‘ Ty T3 (,’L‘l + 29 —|—;U3) = a}
and
F2(@) = {(1’47$57$679€7,l’8) € F}Z | a~x4-x5~x6-x7~x8~(x4+x5—|—x6+x7+x8) = 1},

Let ny(a) = |Fi(a)|, n2(a) = |Fz(a)| and note that obviously one has

(5.1) Ap) = Y2 m@na(o)

a€F}

From now on we assume that p is a prime number in the arithmetic progression
12b + 11, where b € N.

Lemma 5.1. Consider the group morphism p(k) : F}, — F given by t — t*. Then
the following hold.

(i) There is an index 2 subgroup H C Fy such that p(4)(Fy) = p(6)(F;) = H.

(ii) If a and a' have the same class in Fy/H, then ni(a) = ni(a’) and ny(a) =
na(a’).

Proof. Since the multiplicative group F, is cyclic, of order p—1 = 120+ 10, it follows
that to prove (i) it is enough to show that p(4)(F;) and p(6)(FF;) have both cardinal
(p —1)/2. This is the same as proving that the corresponding kernels have order 2.
Note that the equation t* = 1 (resp. t% = 1) are both equivalent to t> = 1 (look at
the order of ¢, which must be a divisor of 120+10). Hence ker p(4) = ker p(6) = {1}
and hence have order 2.
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To prove (ii), consider the action of F on F} (resp. F3) given by the usual mul-
tiplication of a vector by a scalar. This multiplication by ¢ € Fy induces a bijection
Fi(a) = Fi(t*a) (resp. Fy(a) = Fy(t°)). This completes the proof.

O

We denote nj = ni(1), ny = ny(1), n{ = ni(a) and nj = ny(a), for a € (F;\ H).
We also write p = 12b+ 11 = 4k + 3, i.e. we set k = 3b+ 2. With this notation,
(E1) may be rewritten as

(5.2) A(p) = [H|(nyny + niny) = (2k + 1)(nyn; + niny).

The (affine or projective) hyperplane arrangement complements have polynomial
count, see for instance [7], section (5.3) or [23], Theorem 5.15. So we apply this fact
to the projective hyperplane arrangement complements A} in P? (resp. A} in P%)
corresponding to xyxox3(x1 +xo+13) = 0 (resp. zyrsrerrrs(Ts+ 25+ 26+ 27 +18) =
0). Using the formulas for the Betti numbers in [2], the fact that each cohomology
group H™ is pure of type (m,m) and the duality between H™ and H??~™ (where d
is the corresponding (complex) dimension), it follows that

(5.3) HDyu)(z,y) = (vy)* = 3(zy) + 3

and

(5.4) HDyay)(2,y) = (zy)" = 5(zy)* + 10(zy)* — 10(zy) + 5.

It follows that the corresponding counting polynomials are

(5.5) Py (t) =17 — 3t + 3

and

(5.6) Pyyay () = ¢ — 5¢° + 10¢% — 10t + 5.

Using these two polynomials, it follows that, for almost all p = 4k + 3, one has
(5.7) Ni(p) = |M(A})(F,)| = p* —3p+3 =4k + 3 mod 8

and

(5.8) Ny(p) = |M(AY)(F,)| = p* — 5p® + 10p* — 10p + 5 = 4k + 3 mod 8.

Let A; (resp. As) denote the corresponding central hyperplane arrangements in C3
(resp. C®) and M(A;) (resp. M(Ajy)) the associated affine complements. Then,

using (5.7) and (B.8), we get

(5.9) Ni(p) = |M(A)(F,)| = (p—1)(p* — 3p +3) = 4k + 6 mod 8

and

(5.10) Na(p) = |M(As)(F,)| = (p — 1)(p* — 5p* + 10p* — 10p + 5) = 4k + 6 mod 8.

Now, note that M(A;) (resp. M(As)) is the disjoint union of all the hypersurfaces
Fi(a) (resp. Fy(a)) for a € F;. LemmaB.1] (5.9) and (E.10) yield

(5.11) ny +nf =2(p*—3p+3)=6mod 8
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and

(5.12) ny +nf = 2(p* — 5p* + 10p* — 10p + 5) = 6 mod 8.

It follows that n] = 6 — n} mod 8 and nj = 6 — n}, mod 8. Using (5.2)), we get

(5.13)  A(p) = (2k + 1)(n\nh +nny) = 2(2k + 1)(2 + n\ns — 3n} — 3n)) mod 8.
Now we can state and prove our main result of this section.

Theorem 5.2. The variety I’ satisfies the following.
(i) F is a cohomologically Tate variety.
(ii) F' has not polynomial count.

Proof. The proof of the first claim was given already in Example [43l Moreover, it
follows from the description of the cohomology given there, that the corresponding
Hodge-Deligne polynomial is

(5.14)

HDp(z,y) = (zy)" —9(zy)® +36(zy)” — 82(zy)" + 119(zy)’ — 110(zy)* + 60(xy) — 15.

Assume that (ii) fails, i.e. that F' has polynomial count with polynomial Pr. Then
according to Katz Theorem [I1], we must have
(5.15) Pr(t) =" — 9t° + 36t° — 82t* + 119> — 110¢* + 60t — 15.

We will reach a contradiction by showing that Pp(p) # A(p), for infinitely many
primes, namely for all the primes p in the progression 12b 4+ 11 (Dirichlet prime
number theorem). Let p be such a prime and write p = 4k + 3 as above. Then a
simple computation (e.g. using Maple) shows that

(5.16) Pp(4k+3) = 8(2k+1)(1024k°+2560k°+2752k* +1632k> +584k>+ 129k +15).

Hence, to complete the proof, it is enough to show that A(p) #Z 0 mod 8, for any
prime p as above. Using the formula (5.13)), this is equivalent to showing

(5.17) 2+ ninl — 3n} — 3n, # 0 mod 4.

This in turn follows from the following.

Lemma 5.3. Let p be a prime number of the form 4k + 3. Then both n! and n), are
divisible by 4.
Proof. Consider the group G = {£1} x {1, 7} acting on the (finite) Milnor fiber F;(1)
by

—1 (21,2, 73) = (— 11, —T2, —T3)

T (21,22, 73) = (22, 71, 73)

and

—7 - (@1, T, 73) = (—Tg, —71, —T3).
There are two types of G-orbits. First we have the orbits Gz, corresponding to points
x such that x1 # x9. Then the isotropy group G, is trivial, and the orbit Gx consists

of 4 points. Since we are interested in a computation modulo 4, we can forget about
such orbits.
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The second type of orbit corresponds to points x such that 1 = x5 = t. Then
x € Fi(1) is equivalent to
(5.18) (z3+1)* = A(t)
where A(t) = t* 4+ t=2. There are two possibilities:

(a) A(t) ¢ H,ie. A(t)isnot asquare in F¥. Then the equation (5.18) is impossible
and we do not get a point in Fj(1).

(b) A(t) is a square in F5. Then the equation (5.I8) has two solutions, namely
r3 = —t +y and x3 = —t — y, with y satisfying y> = A(¢). In this way we get two
points in Fj(1). Note that A(t) = A(—t), hence for the point (—t) we are exactly in
the same situation as for the point ¢. It follows that for each pair {¢,—t} (i.e. orbit
of the obvious {+1}-action on F}), we get either 0 points in the (finite) Milnor fiber
Fi(1), or we get 4 points. This proves the claim for n.

Consider next the group G = {£1} x {1,7} x {1, 0} acting on the (finite) Milnor
fiber Fy(1) by

-1 ($47$57$6,$7,$8) = (—36’4, —T5, —Tg, — X7, —368)

T - (x4, x5, Tg, T7, T3) = (T35, X4, Tg, T7, Tg)
and

o - (x4, 5, 6, T7, T8) = (T4, T5, T7, Tg, T3)
(and their obvious consequences). Since we are interested in a computation modulo
4, we can forget about all orbits corresponding to points having an isotropy group
of order at most 2. Let now z be a point such that G, = {1,7} x {1,0}. Then
x = (s,s,t,t,xg) and = € Fy(1) is equivalent to

(5.19) (w5 + s +1)* = A(s, 1)

where A(t) = (s + t)* + (st) 2. Note that A(s,t) = A(—s, —t), hence for the point
(—s,—t) we are exactly in the same situation as for the point (s,t). It follows that
for each orbit of the obvious {£1}-action on (F})?, we get either 0 points in the

(finite) Milnor fiber Fy(1), or we get 4 points. This proves the claim for nj.
U

Remark 5.4. Surprisingly, it seems that Pr(p) = A(p) for many (for all ?) primes
of the form p = 4k + 1. Indeed, by a computer aided computation, we have obtained
the following.

Pr(5) = A(5) = 11160, Pr(13) = A(13) = 30575400 , Pp(17) = A(17) = 237920544,
Pr(29) = A(29) = 12579682248, Pr(37) = A(37) = 74188920024,

Pr(41) = A(41) = 155950465680, Pr(53) = A(53) = 989657318520.
Remark 5.5. M. Kisin and G. Lehrer have considered a notion of mized Tate variety
(imposing conditions on the eigenvalues of Frobenius action on p-adic étale cohomol-
ogy), see Definition (2.6) in [13] and shown that if a variety Y is mixed Tate then Y is

cohomologically Tate (see Theorem (2.2) (2) in [13]). Then in Remark (2.4) and in a
footnote on p. 213, they discuss the conjectural equivalence between cohomologically
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Tate and mixed Tate conditions. Any hyperplane arrangement complement is mixed
Tate, see [13], Proposition (3.1.1).

We say that Y has weak polynomial count with count polynomial Py, if there is a
polynomial Py € Z][t], such that for all but finitely many primes p, there is an integer
k, > 0 satisfying the following: if we set ¢ = p*», then for any finite field F s with
s € N*, the number of points of Y over F s is precisely Py (q®).

M. Kisin and G. Lehrer have shown that if a variety Y is mixed Tate then Y has
weak polynomial count (see Proposition (3.4) in [L3]).
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