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COMPLEX STRUCTURES ON PRODUCT OF CIRCLE BUNDLES
OVER COMPLEX MANIFOLDS

PARAMESWARAN SANKARAN AND AJAY SINGH THAKUR

Abstract: Let L, — X; be a holomorphic line bundle over a compact complex manifold
fori = 1,2. Let S; denote the associated principal circle-bundle with respect to some
hermitian inner product on L;. We construct complex structures on S = Sy x Sy which we
refer to as scalar, diagonal, and linear types. While scalar type structures always exist,
diagonal type structures are constructed assuming that L; are equivariant (C*)™ -bundles
satisfying some additional conditions. The linear type complex structures are constructed
assuming X; are (generalized) flag varieties and L; negative ample line bundles over X;.
When H*(X1;R) = 0 and ¢1(L,) € H*(X1;R) is non-zero, the compact manifold S does
not admait any symplectic structure and hence it is non-Kdhler with respect to any complex
structure.

In the case of diagonal type complex structures on S, we determine their Picard groups
and the field of meromorphic function when X; = G;/P; where G; are simple and P,
mazximal parabolic subgroups.

1. INTRODUCTION

H. Hopf [9] gave the first examples of compact complex manifolds which are non-
Kahler by showing that S! x S?"~! admits a complex structure for any positive integer
n. Calabi and Eckmann [5] showed that product of any two odd dimensional spheres
admit complex structures. Douady [7], Borcea [3] and Haefliger [8] studied deformations
of the Hopf manifolds, and, Loeb and Nicolau [13], following Haefliger’s ideas, studied
the deformations of complex structures on Calabi-Eckmann manifolds. More recently,
there have been many generalizations of Calabi-Eckmann manifolds leading to new classes
of compact complex non-Ké&hler manifolds by Lépez de Madrano and Verjovsky [14],
Meerseman [I5], Meersseman and Verjovsky [16], and Bosio [4]. See also [21] and [22].

In this paper we obtain another generalization of the classical Calabi-Eckmann mani-
folds. Our approach is greatly influenced by the work of Haefliger [§] and of Loeb-Nicolau
[13] in that the compact complex manifolds we obtain arise as orbit spaces of a holo-
morphic C-actions on the product two holomorphic principal C*-bundles over compact
complex manifolds. As a differentiable manifold it is just the product of the associated
circle bundles. In fact we obtain a family of complex analytic manifolds which may be
thought of as a deformation of the total space of a holomorphic elliptic curve bundle over

the product of the compact complex manifolds, in much the same way the construction
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of Haefliger (resp. Loeb and Nicolau) yields a deformation of the classical Hopf (resp.
Calabi-Eckmann) manifolds.

The basic construction involves the notion of standard action by the torus (C*)™ on a
principal C*-bundle L; over a complex manifold X;. See Definition 2.1l Let L = L; X Lo
and X = X; x Xy, When L; — X; admit standard actions, any choice of a sequence
of complex numbers A = (Ay,...,An), N = ny + no, satisfying the weak hyperbolicity
condition of type (ni,ny) (in the sense of Loeb-Nicolau [13] p. 788]) leads to a complex
structure on the product S(L) := S(L1) x S(Ls) where S(L;) denotes the circle bundle
over X; associated to L;. This is the diagonal type complex structure on S(L). The
complex structure on S(L) is obtained by identifying S(L) as the orbit space of a certain
C-action determined by A on L and by showing that the quotient map L — L/C is the
projection of a holomorphic principal C-bundle (Theorem [Z9]). The scalar type structure
arises as a special case of the diagonal type where C™ = C* is the structure group of L;,
i = 1,2. In the case of scalar type complex structure the differentiable S' x S!-bundle
with projection S(L) — X is a holomorphic principal bundle with fibre and structure
group an elliptic curve.

Under the hypotheses that H'(X;R) = 0 and ¢;(L;) € H*(X;;R) is non-zero, we
show that S(L) is not symplectic and is non-Kéhler with respect to any complex structure

(Theorem 2.13)).

The construction of linear type complex structure is carried out under the assumption
that X; is a generalized flag variety G;/P;, i = 1,2, where G; is a simply connected
semi simple linear algebraic group over C and P; a parabolic subgroup and L; (i.e., the
associated line bundle L;) over X; is negative ample. In this case L; is acted on by the
reductlve group G; = G; x C* in such a manner that the action of a maximal torus

. C G; on L; is standard (Proposmon BI). Fix a Borel | subgroup B; > T; and choose
an element \ € LZ6(B) where B = By X By C Gy x Gy =: G. Writing the Jordan
decomposition A = A\, + A\, where A\, belongs to the the Lie algebra of T =T, x fg,
we assume that A\, satisfies the weak hyperbolicity condition. For each such A we have a
complex structure on S(L) of linear type. (See Theorem [3.2l) We show that H7(S\(L); O)
vanishes for most values of ¢. This result is valid in greater generality; see Theorem
for precise statements. We deduce that Pic®(Sy(L)) = C (Theorem ET.) Under the
further hypotheses that the P, are maximal parabolics and that the complex structure
is of diagonal type, we show that the meromorphic function field of Sy(L) is a purely
transcendental extension of C. (Theorem [A.§]).

Our proofs in §2, follow mainly the ideas of Loeb and Nicolau [13]. The construction of
linear type complex structure is a generalization of the linear type complex structures on
S#m=1 x §?"~1 given in [13] to the more general context where the base space is a product
of generalized flag varieties. We use the Kiinneth formula due to A. Cassa [6], besides
projective normality and arithmetic Cohen-Macaulayness of generalized flag varieties ([19],
[20]), for obtaining our results on the cohomology groups HY(S(L); Q). Construction of

linear type complex structure, applications to Picard groups and the field of meromorphic
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functions on S(L) when X; = G,/ P; involve some elementary concepts from representation
theory of algebraic groups.

Notations

The following notations will be used throughout.

X1, X, compact complex manifolds

Ly, Lo principal C*-bundles

L Ll X L2

L; line bundle associated to L;

LY dual of L

L cone over X; with respect to LY when L; is negative ample

TZ-,T,i-,T complex algebraic tori T' =T} x T5, i =T, x C*, T = fl X TQ

G, G; semi simple complex algebraic groups

G;,G Gi=G;xC",G=GxC*

= a parabolic subgroup of Gj

Wi, W dominant integral weights

V(w) finite dimensional irreducible G;-module of highest weight w;

V{(w;)Y vector space dual to V (w;)

V(wl,w V(Wl) X V(w2) \ (V(wl) x0U0 x V((A)g))

Aw;), A weights of V' (w;), resp. V(wy) x V(ws)

R(G),R roots of G with respect to a maximal torus T’

) set of simple roots

R, Rp, positive roots, resp. set of positive roots of GG; which are not
the roots of Levi part of P;

Vev! completed tensor product of Fréchet-nuclear spaces V, V'

Xp, Y3, Hg Chevalley basis elements of a reductive Lie algebra
structure sheaf of an analytic space

RY,R™ {r++/~1ye C|x >0} resp. {x++/—1yeC |z <0}

I unit interval [0,1] C R

T,M tangent space to a manifold M at a point p.

2. BASIC CONSTRUCTION

Let X3, X5 be any two compact complex manifolds and let p; : L1 — X7 and ps :
Ly — X5 be holomorphic principal C*-bundles over X; and X5 respectively. Denote
by p: Li x Ly =1 L — X := X; x X3 the product C* x C*-bundle. We shall denote
by L; the line bundle associated to L; and identify X; with the zero cross-section in L;
so that L; = L; \ X;. We put a hermitian metric on L; invariant under the action of
S! ¢ C* and denote by S(L;) C L; the unit sphere bundle with fibre and structure group
S!. We shall denote by S(L) the S' x S!-bundle S(L;) x S(L,). Our aim is to study
complex structures on S(L) arising from holomorphic principal C-bundle structures on
L with base space L/C. Such a bundle arises from the holomorphic foliation associated
to certain holomorphic vector field whose integral curves are biholomorphic to C. For
the vector fields we consider, the space of leaves L/C can be identified with S(L) as a
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differentiable manifold and the complex structure on S(L) is induced from that on L/C
via this identification.

In this section we consider holomorphic C-actions on L which lead to complex structure
on S(L) of scalar and diagonal types. Whereas scalar type complex structures always exist,
in order to obtain diagonal type complex structure we need additional hypotheses.

Given any complex number 7 such that Im(7) > 0, one obtains a proper holomorphic
imbedding C — C* x C* defined as z — (exp(2miz), exp(2miTz)). We shall denote the
image by C,. The action of the structure group C* x C* on L can be restricted to C via
the above imbedding to obtain a holomorphic principal C-bundle with total space L and
base space the quotient space S.(L) := L/C,. Clearly the projection L — X factors
through S;(L) to yield a principal bundle S,(L) — X with fibre and structure group
E := (C* x C*)/C,. Since E is a Riemann surface with fundamental group isomorphic to
Z2, it is an elliptic curve. It can be seen that E = C/T" where I is the lattice Z +71Z C C.
It is easily seen that S.(L) is diffeomorphic to S(L) = S(L1) x S(Lz2). The resulting
complex structure on S(L) is referred to as scalar type.

Now suppose that L;, X; are acted on holomorphically by the torus group T; = (C*)™
such that L; is a Tj-equivariant bundle over X;. We identify T; with (C*)™ by choosing
an isomorphism T; = (C*)™. Set N = n; +ny and T := T} x Ty = (C*)V. We shall
denote by ¢; : C* C (C*)" the inclusion of the jth factor and write te; to denote ¢;(¢) for
1<j<N. Thusany ¢t = (t1, -~ ,tn) € T equals [ [,y tj€;, and, under the exponential
map CV — (C*)V, > i<j<n #i€j maps to [[exp(z;)e;. (Here e; denotes the standard
basis vector of CV.)

We put a hermitian metric on L; which is invariant under action of the maximal compact
subgroup K; = (S')" C T;.

Definition 2.1. Let d be a positive integer. We say that the Ty = (C*)™ -action on L is
d-standard (or more briefly standard) if the following conditions hold:

(i) the restricted action of the diagonal subgroup A C Ty on Ly is via the d-fold covering
projection A — C* onto the structure group C* of Ly — Xy. (Thus if d = 1, the action
of A coincides with that of the structure group of Ly. )

(1) For any 0 #v € Ly and 1 < j < ny let v,; : Ry — Ry be defined as t — ||te;.v]|.
Then v, ;(t) > 0 for all t unless R ¢; is contained in the isotropy at v.

Note that condition (i) in the above definition implies that the A-orbit of any p € L
is just the fibre of the bundle L; — X containing p. The exact value of d will not be of
much significance for us. However, it will be too restrictive to assume d = 1. See §3.

It is obvious that if T; = C*, the structure group of L;, then the action of T; on
L; = L; \ X; is standard.

Let A € Lie(T) = CV. There exists a unique Lie group homomorphism ay : C — T
defined as z — exp(zA). When X is clear from the context, we write o to mean «,. We
denote by ay; (or more briefly «;) the composition C — T’ T i=1,2.
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We recall the definition of weak hyperbolicity [13]. Let A = (A1,...,Ax), N = ny + no.
One says that \ satisfies the weak hyperbolicity condition of type (n1,ns) if

0 <arg(\) <arg(\j) <m, 1<i<m <j<N (1)

If N =1Vj <ny,A\j =7 V) >nyg, with Im(7) > 0, we say that A is scalar type.

We denote by C; the cone {d> r;A; € C|r; > 0,n;-1 +1 < j < n;} where ng = 0.
Weak hyperbolicity is equivalent to the requirement that the cones are disjoint and are
contained in the half-space {z € C | Im(z) > 0} UR>,. We shall denote C; \ {0} by CY
and referred to it as the deleted cone.

Definition 2.2. Suppose that the T; = (C*)" -action on L; is d;-standard for some d; > 1,
i=1,2, and let X\ € CV = Lie(T). The analytic homomorphism ay : C — T = (C*)N
defined as cy(z) = exp(zA) is said to be admissible if A satisfies the weak hyperbolicity
condition (1) of type (ny,ny) above. We denote by the image of ay by Cy. If ay is
admissible, we say that the Cy-action on L is of diagonal type. If X is of scalar type, we
say that Cy-action is of scalar type.

The weak hyperbolicity condition implies that (A1, ..., Ay) € CY belongs to the Poincaré
domain [1], (that is, 0 is not in the convex hull of A;,..., Ay € C,) and that «, is a proper
holomorphic imbedding. Thus C, = C. When there is no risk of confusion, we merely
write C to mean C,.

Lemma 2.3. Suppose that L1 — X4 is a Ti-equivariant principal C*-bundle such that
the Ti-action s d-standard. Then:

(i) One has ||zej.v|| < ||v]| for 0 < |z| < 1 where equality holds if and only if Re; is
contained in the isotropy at v.

(it) For any t = (t1,...,t,,) € T1, one has

[t | I0I| < [1E0]] < [t N 0]], ¥t € Ty, o € Ly, (2)

where jo < ny (resp. ko) is such that |t;)| > |t;| (resp. |ti,| < |t;]) for all 1 < j < ny.
Also [[tv]| = |tjo%||v|] if and only if |t;| = |t;,| for all j such that (t;/t;,)e;v # v and
[[t.0]] = ltro |||V of and only if |t;] = |tr,| for all j such that (t;/tx,)ejv # v.

Proof. (i) Suppose that R_¢; is not contained in the isotropy at v. Since K; preserves the
norm, we may assume that z € Ry. In view of R.II(ii), v, ; is strictly increasing. Hence
||ze;.v|| < |v|| for 0 < 2z < 1.

(ii) Write s = (s1,...,58y,) where s; = t;/t;, Vj. Denoting the diagonal imbedding
C* — T} by 0, we have t = §(t;,)s. Now d(t;,).v = t% v in view of 2.1 (i).

By repeated application of (i) above, we see that [[t.v|| = [|s(d(t;,)v)|| = |[s-tdv|] <
|tio|%.||v|| where the inequality is strict unless |t;| = |t;,| for all j such that sjej.v # wv.
A similar proof establishes the inequality ||t.v|| > |t,|%||v]| as well as the condition for
equality to hold. 0
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As an immediate corollary, we obtain

Proposition 2.4. Any admissible C-action of diagonal type on Ly X Ly is free.

Proof. . Suppose that z € C,z # 0, (p1,p2) € L. Let z.(p1,p2) = (q1,42). It is readily
seen that one of the deleted cones zC7, zC5 lies entirely in the left-half space R_ := {z €
C | Re(z) < 0} or the right-half space R, := {z € C | Re(z) > 0}. Consider the case
2C? C R_. Then |exp(z);)| < 1 for all j < n;. We claim that there is some j such that
exp(zA;)€;.p1 # p1, for, otherwise, the action of Tj-action, restricted to the orbit through
p1 factors through the compact group 71 /{exp(z;)e;, 1 < j < ng) = (S')?*1. This implies
that the Tj-orbit of p; is compact, contradicting 211 (i). Now it follows from Lemma

that [|g1|] = [[(ITi<j<n, ©P(2A;)€)-p1]| < [Ip1]|. Thus g1 # p;y in this case. Similarly,
we see that (p1,p2) # (q1,¢2) in the other cases also, showing that the C-action on L is
free. O

Example 2.5. (i) Let T; = C* be the structure group of L; — X; so that the T;-action
on L; is standard, i = 1,2. If 7 € C* is such that 0 < arg(7) < 7, then the imbedding
a(z) = (exp(z),exp(7z)) € C* x C* is admissible.

Lemma 2.6. The orbits of an admissible C-action on L are closed and properly imbedded
in L.

Proof. Let p = (p1,p2) € L. Let (z,) be any sequence of complex numbers such that
|zn| — 00. We shall show that z,.p has no limit points in L. Without loss of generality,
we may assume that the z, are such that z,/|z,| have a limit point z5 € S'. By the
weak hyperbolicity condition (1), one of the deleted cones zoC? is contained in one of the
sectors Sy () :={w € C| -0 < arg(w) < 8} C Ry or S_() = —S,(8) C R_ for some
0, —m/2 < 0 < /2. Say 2C? C S_(A). Then 2,Cy C S_() for all n sufficiently large.
It follows that |exp(z,A;)] — 0 as n — oo for n,_y < j < n;_1 + n; (where ng = 0). By
Lemma 2.3 we conclude that the sequence (o;(z,)(p;)) does not have a limit in L;. O

Definition 2.7. Given standard T; = (C*)"-actions on the L;, i = 1,2, we obtain holo-
morphic vector fields vq,...,vny on L = Ly X Ly as follows. Let p = (p1,p2) € L.
Suppose that 1 < j < ny. The holomorphic map p,, : Ty — Li, s — s.p1, induces
dpy, : Lie(Ty) = C™ — T, Ly. Set v;(p) = (duy(e;),0) € Tpy Ly X TpyLo = T,L. The
vector fields vj,ny < j < N, are defined similarly.

Remark 2.8. Let 1 < j < n;. Consider the differential dv; : 7,L — R of the norm
map v : L — R, defined as ¢ = (q1,¢2) — ||1]|- It is readily verified that, if R e;
is not contained in the isotropy at p;, then by standardness of the action, dv;(v;(p)) =
vi(p)(v1) = v}, (1) > 0. (Here v;,, is as in the definition .|(ii) of standard action.) On
the other hand, since v (s.p) = v;(p) for all s € (S')™ = exp(v/—1R™) C T} we obtain
that dvy(v/—1v;(p)) = 0. Thus, for any z € C, we obtain that dv(zv;(p)) = Re(2)v/,, (1).

An entirely analogous statement holds when ny < 7 < N.
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Assume that A € CV yields an admissible imbedding «: C — T, a(z) = exp(z\). We
obtain a holomorphic vector field vy on L where

) = Y Avp) € TL.

1<j<N

The flow of the vector field vy yields a holomorphic action of C which is just the
restriction of the T-action to C,. This C-action on L is free and the C-orbits are the
same as the leaves of the holomorphic foliation defined by the integral curves of the
vector field v,. By Lemma each leaf is biholomorphic to C. It turns out that the leaf
space L/C is a Haudorff complex analytic manifold and the projection L — L/C, is the
projection of a holomorphic principal bundle with fibre and structure group the additive
group C. The underlying differentiable manifold of the leaf space is diffeomorphic to
S(L) = S(Ly) x S(Ls). These statements will be proved in Theorem [2.9] below. We shall
denote the complex manifold L/C, by Sy(L). The complex structure so obtained on S(L)
is referred to as diagonal type.

We shall denote by D(L) C L = L; x L, the product of the unit disk bundles D(L;) =
{peL;||lpl| <1} C L;,i = 1,2. Also we denote by X(L) C L the boundary of D(L
Thus S(L) = D(L;) x S(Ly) U S(Ly) x D(Ly). Observe that S(L) = D(L;) x S(Ls)
S(Ly) x D(Ly) € B(L).

).
N

Theorem 2.9. With the above notations, suppose that ay : C — T defines an admis-
sible action of C of diagonal type on L. Then L/C is a (Hausdorff) complex analytic
manifold and the quotient map L — L/C is the projection of a holomorphic principal
C-bundle. Furthermore, each C-orbit meets S(L) transversely at a unique point so that
L/C is diffeomorphic to S(L).

Proof of the above theorem, which is along the same lines as the proof of [I3, Theorem
1] with suitable modifications to take care the more general setting we are in, will be
based on the following two lemmata.

Lemma 2.10. Each C-orbit in L meets S(L) at exactly one point.

Proof. We first show that each orbit meets S(L) at not more than one point. Let p =
(p1,p2) € S(L). Suppose that 0 # z € C is such that ¢ := z.p = a(z).p € S(L). This
means that, writing ¢ = (¢1, ¢2), we have

g=a(x)p)=( J[  epN2)egpi=12,
ni—1<j<ni—14n;
(where ng = 0). Now ||g:|| = ||ps|]| = 1,7 = 1,2, and p # ¢. Since the hermitian metric on
Ly is invariant under (S')™, we see that ||p1|| = [|q1]| = |[(IT,<;<n, (exp(t;)€;))p1]| where
t; = Re(\;z). Standardness of the Tj-action implies that either Re(\;z) = 0 for all i < ny
or there exist indices 1 < iy < iy < ny such that Re(z);,).Re(z\;,) < 0. In the latter case
there exists positive reals ay, as such that a;Re(z);,) + aaRe(zA;,) = 0. Similarly, either
Re(zA;) = 0 for all ny < j < N or there exist indices n; < j; < jo < N and positive
reals by, by such that bjRe(z)j,) + boRe(2A;,) = 0. Suppose Re(aiA;, 2 + ag)i,2) = 0 =
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Re(b1Aj,z + boAj,2). This implies that a1 \;, + a2, = 7(b1Aj, + b2Aj,) for some positive
number 7. This contradicts the weak hyperbolicity condition (1). Similarly we obtain a
contradiction in the remaining cases as well.

Next we show that Cp N X(L) is path-connected. We shall write D_ and D, to denote
the bounded and unbounded components of L\ ¥(L).

Without loss of generality, suppose that p = (p1,p2) € X(L) and let ¢ = (q1,¢2) €

Y(L) N Cp be arbitrary. Say, ¢ = z;.p with z; # 0. Then r — rz;.p defines a path o :

I — Cp with end points in 3(L). We modify the path o to obtain a new path which lies
in ¥(L). For this purpose choose zy € C , arg(zo) > Z such that zC} U 20C5 is contained
in the left-half space R_ = {z € C | Re(z) < 0} and (—2¢)C} U (—20)C5 is contained in
the right-half space Ry = {z € C | Re(z) > 0}. In particular, lim, , |exp(rzoA;)| = 0
and lim,_, |exp(—rzpA;)| = 00,Vj < N, where r varies in R;. By (2), we see that for

i=1,2, and any x; € L;, ||aui(rzo).2;|| — 0 and ||a;(—rz2p).2:]| — 00 as 7 — 400 in R.

For any r € I, let y(r) € R be least (resp. largest) such that v(r)zo.o(r) € 3(L) when
o(r) € Dy (resp. o(r) € D_). Then ~ is a well-defined continuous function of r. Now

7+ a(y(r)z0 + r2z1).p is a path in Cp N X(L) joining p to gq.

To complete the proof, we shall show that there exist points ¢ = (¢}, ¢),q" = (¢}, q5) €
Cp N S(T) such that [|g}]| < L,|lgbll = 1 and ||gf]] = 1, lgZl| < 1. Then any path in

CpN (L) joining ¢’ and ¢” must contain a point of S(L).

Choose wy, € C*,1 < k < 4, such that the deleted cones w,C; C R4, w.C; C R_,
for i = 1,2, and, w3Cy,wsCs C R_, wsC3,wsCY C Ry. Then |exp(rwg;)| — 0 (resp.
o00) as r — +oo (r € Ry) if A\; € CF and w,C7 C R_ (resp. Ry). Now ||oy(rwy)pi|| <
L, ||ai(rwe)ps|| > 1,2 = 1,2 for r € R, sufficiently large. It follows that any path in

Cp joining a(rwy)(p),k = 1,2, must meet (L) for some r = rq. Thus we may as well
assume that p € X(L). Suppose that ||pi|| = 1,||p2|]| < 1. For r > 0 sufficiently large,
[log (rws).p1|| < 1 and ||as(rws).p2|| > 1. Therefore there must exist an 7 such that

setting ¢j := o (riws).pi, we have ||g;|| <1 and [|g3|] = 1. Then ¢’ = (¢}, ¢3) € CpN (L)
and ¢” := p meet our requirements.

If ||p1]| < 1,]||pe|| = 1, we set ¢’ := p and find a ¢" € Cp N X(L) by the same argument
using wy in the place of wjs. U

Lemma 2.11. Every Cy-orbit Cp, p € S(L), meets S(L) transversally.

Proof. Denote by 7 : L — S(L) the projection of the principal (C*/S')? = R?-bundle.
Evidently, the inclusion j : S(L) < L is a cross-section and so L = S(L) x R%. The
second projection v : L — R? is just the map L 5 p = (p1,p2) — (v1(p), v2(p)) where
vi(p) = ||pi|| € Ry. One has therefore an isomorphism 7,L|s) = T,S(L) @ R?, and the
corresponding second projection map 7,L — R? is the differential of v. Therefore Cp is
not transverse to S(L) if and only if avy(p) € T,5(L) for some complex number a # 0;
equivalently, if and only if dv;(avy(p)) = 0,7 = 1,2, for some a # 0.
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By Remark2.8we have dv;(avx(p)) = - < j<p, dviadjvi(p)) = > 1< <, Re(ad)v, (1).
Similarly, avx(p)(v2) = 3, _j<n Re(ad;)v} ,(1). Therefore, Cp is not transverse to S(L)
if and only if >, ., Re(al;)r; =0 =3 _. yRe(a);)s; for some complex number
a # 0 and reals rj, s, > 0 (not all zero). This means that /—1R C aC§ NaCy and hence
Cy N Cs5 # (), contradicting the weak hyperbolicity condition. O

Proof of Theorem [2.9: We shall first show that L/C is Hausdorff by showing that ) :
L — S(L) which sends p € L to the unique point in Cp N .S(L) is continuous.

Let (p,) be a sequence in L that converges to a point py € L. Let ¢, := m\(p,) € S(L)
and choose z, € C such that z,.p, = ¢,. Since ||p,||,||qn||,» > 1, are bounded, it follows
by an argument similar to the proof of Lemma that (z,) is bounded, and, passing to a
subsequence if necessary, we may assume that it converges to a zg € C. By the continuity
of C-action, z,,.p, — 20-po as m,n — oo. Therefore z,.p, = ¢, — 20.po and 7x(po) = qo
and so ) is continuous and that the restriction of my to S(L) is a homeomorphism whose
inverse is the composition S(L) — L — L/C.

By what has just been shown, L/C is in fact a Hausdorff manifold and that m)|g(z) is
a diffeomorphism. The orbit space L/C has a natural stru cture of a complex analytic
space with respect to which the projection L — L/C is analytic. Using Lemma 2.TT] we
see that L — L/C is a submersion. It follows that L is the total space of a complex
analytic principal bundle with fibre and structure group C. The last statement of the
theorem follows from Lemmata and 2.111 O

Remark 2.12. (i) When X; is a point, one has X = X, L = C* x Ls. In this case,
the orbit space L/C is readily identified with L,/Z where the Z action is generated by
v = [locjon P27V =1); /A1 )ej.v where v € Ly. The projection Ly — Sy(L) is a
covering projection with deck transformation group Z.

(ii) When A is of scalar type, the projection L — X factors through S)(L) and yields
a complex analytic bundle Sy(L) — X with fibre and structure group the elliptic
curve (C* x C*)/C. When endowed with diagonal type complex structure the projection
S)\(L) — X of the principal S* x S'-bundle, which is smooth, is not complex analytic in
general. (Cf. Theorem [A.8])

(iii) When the X; do not admit any non-trivial 7;- action, we obtain only scalar type com-
plex structures on S(L). For example, this happens when the X; are compact Riemann
surfaces of genus at least 2.

We conclude this section with the following observation.

Theorem 2.13. Suppose that H'(X;R) = 0 and that ¢;(L;) € H*(X1;R) is non-zero.
Then S(L) is not symplectic and hence non-Kdhler with respect to any complex structure.

Proof. In the Leray-Serre spectral sequence over R for the S'-bundle with projection
q: S(Ly) — X the differential d : Ey" = H'(S,;R) = R — E;° = H?*(X;R) is non-
zero. It follows that E' = E%! = 0. Since H'(X;;R) = 0, we see that H'(S(L;);R) = 0.
Hence, by the Kiinneth formula, H*(S(L);R) = H*(S(L,);R) ® H?(S(Ly); R).
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Let w; € H*(S(L;);R),i = 1,2, be arbitrary. Since dim S(L;) is odd for i = 1,2,
ujus = 0 for any r, s > 0 such that r + s = n, where 2n := dimg S(L). Hence w™ = 0 for
any w € H?(S(L);R). O

3. COMPLEX STRUCTURES OF LINEAR TYPE

Let X; = G;/P;,i = 1,2, where the G; are simply-connected complex simple linear
algebraic groups, P; any maximal parabolic subgroup, and L, the negative ample generator
of the Picard group of X;. We endow L; with a hermitian metric invariant under a
suitable maximal compact subgroup H; C G;. Let L = Ly X Ly and let S(L) be product
S(Ly) x S(Lg) where S(L;) C L; is the unit circle bundle over X;,i = 1,2. It can been
seen that S(L;) is simply-connected. Indeed it is a homogeneous space H;/Q; where Q;
is connected and is the semi simple part of the centralizer of a circle subgroup contained
in H; (see [21], [22]). By a classical result of H.-C. Wang [23], it follows that S(L)
admits complex structures invariant under the action of H; X Hy. The complex structures
considered by Wang are the same as those of scalar type considered in §2. The H :=
H, x Hs-action does not preserve the complex analytic structure when S(L) is endowed
with the more general diagonal type complex structures.

In this section we shall construct a complex structure on S(L) which will be referred
to as linear type. Our construction will be more general in that we do not require the
parabolics P; to be mazimal.

Suppose that L — G/ P, is a G-equivariant non-trivial line bundle where G is simply-
connected simple and P any parabolic. Note that G acts almost effectively on G/ P and
hence on L. (Almost effective means that the subgroup of G which fixes every element
of L is finite, and since G simple, is contained in Z(G), the centre of G.) Let T be any
maximal torus of G. We claim that the T-action is not d-standard (with respect to any
isomorphism T = (C*)!) for any d > 1. For, if the T-action were d-standard, then T" would
contain a subgroup A = C* whose restricted action is as described in Definition 2TJ(i).
Since the G-action commutes with that of the structure group C* of L, it follows that
z.9(v) = g.z(v) forallv € L,z € A, g € G. Since the G-action on L is almost effective,
we see g 'zg = (z where ¢ € Z(G), the centre of G, which is a finite group. This implies
that A/Z(G) is in the centre of G/Z(G) contradicting our hypothesis that G is simple.

Assum(i that L is negatively ample, that is, LY is ample. We shall extend the G-action
on L to G := G x T, where T; = C* acts via a dy-fold covering projection T, — C*
onto the structure group of L — G/ P for a suitable dy. Fix a maximal torus 7' C G.

We shall choose dy appropriately so as to obtain a d-standard action of a maximal torus
T =T x C* of G where d = (I + 1)dy, | being the rank of G.

We briefly recall some basic facts and notions about the representation theory of G,
referring the reader to [10] for details.

Let G be a semi simple, simply-connected complex linear algebraic group. Let T be a
maximal torus and let B be a Borel subgroup B containing 7'. Let [ = dim T" be the rank



COMPLEX STRUCTURES ON PRODUCT OF CIRCLE BUNDLES 11

of G. Denote by R(G)—or more briefly R—the set of roots, by R™ the positive roots, by
A the weight lattice and by @ C A the root lattice determined by 7' C B C G. We shall
denote the set of coroots by RY. Since G is assumed to be simply connected, A = x(7T),
the group of characters T' — C* of T'. Since B = T'.B,,, B, being the unipotent, every
character of T extends uniquely to a (algebraic) character of B and we have x(T') = x(B).
Let @t C R denote the set of simple positive roots and let AT C A denote the dominant
(integral) weights. We shall denote by W the Weyl group of G with respect to T It
is generated by the set S of the fundamental reflections s,,a € ®*. (W, S) is a finite
Coxeter group whose longest element will be denoted wy.

For w € AT, V(w) denotes the finite dimensional irreducible highest weight G-module
with highest weight w. Also, for any w € A, one has a G-equivariant line bundle L,, —
G/B whose total space is G xg C_,, where C_, is the 1-dimensional B-module with
character —w : B — C*. If w is dominant, then H°(G/B, L,,)" = V(w) as G-module.
If u, € V(w) is a highest weight vector, then P, the subgroup of G which stabilizes
the 1-dimensional vector space Cu,, is a parabolic subgroup that contains B and L, is
isomorphic to the pull-back of a line bundle, again denoted L, over G/P,,. Every parabolic
that contains B arises in this manner. Moreover, L, — G /P, is (very) ample. If w is
a positive multiple of a fundamental weight w, then P, is a maximal parabolic which
corresponds to ‘omitting’ w.

Let w € AT and let A(w) C A denote the set of all weights of V(w). If p € A(w), we
denote the multiplicity of 1 in V(w) by m,; thus m, = dim V,(w), where V,,(w) is the p-
weight space {v € V(w) | t.v = u(t)v ¥t € T'}. The set A(w) is stable under the action of
W. We put a hermitian inner product on V(w) with respect to which the decomposition
V(w) = @pen(w)Vu(w) is an orthogonal. Such an hermitian product is invariant under the
compact torus K C T'. Indeed, without loss of generality we may assume that the inner
product is invariant under a maximal compact subgroup of GG that contains K.

Let wy,...,w; be the fundamental weights. Consider the homomorphism v : T —
(C*)! of algebraic groups defined as t — (wy(t),...,@(t)). It is an isomorphism since
w1, ...,@ is Z-basis for x(T'). We shall identify T with (C*)! via 1. Let w € A*. Tt
is not difficult to see that the T-action on V(w) \ 0 — P(V(w)) is not standard since
wo(w) € A(w) is negative dominant, i.e., —wo(w) € A*. Write p = >, a,;w; for
p€ Aw) so that p(t) = [, 5" where t = (t1,...,t) € T. If v € V,(w), then
to=TJ[t;""v. Set d' := 14 |a,;| where the sum is over g € A(w),1 < j < 1. The
group 7" := T x C* acts on V(w) where the last factor acts via the covering projection
C* — C*, z +— 2~ where the target C* acts as scalar multiplication. Thus (¢, z).v =
1(t)2~%v where v € V,(w), (t,2) € T". Now consider the (I + 1)-fold covering projection
T = (€)1 — 17, defined as (tr,...,te1) = (Gt b5t Tlcjepn 7). The
torus 7" acts on the principal C*-bundle V(w) \ {0} — P(V(w)) via the above surjection.

Denote by ¢ : C* — T the jth coordinate imbedding. For any i € Aw), and any
v € V,(w), we have 26,0 = 24 [Ticjqziv = 2¥ =25y and, when j < [, we have

(I+1)d’
0

Z6jv = 24+ iy, Also, if z = (20,..., %) € T, then z.v = 2 v = zdv. Observe that
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the exponent of z that occurs in the above formula for z€;.v is positive for 1 < j <[ +1
by our choice of d’. We shall denote this exponent by d,, ;, that is,

. d’—i—au,j, 1§j§l,
d/hj - { d — Zlgigl Qi j= [+ 1, (3)

where =3, ;o a,,;@; € Aw).

Next note that the compact torus K = KxS!' c TxC* preserves the hermitian product
on V(w) and hence the (induced) hermitian metric on the tautological line bundle over
P(V(w)). From the explicit description of the action just given, it is clear that conditions
(i) and (ii) of Definition 2] hold. Thus we have extended the T-action to an action of
T-action which is standard. We are ready to prove

Proposition 3.1. We keep the above notations. Let w € AT be any dominant weight
of G. Then the T-action can be extended to a d-standard action of T := T x C* on
L, — G/P, whered=d(l+1).

Proof. Since L, is a very ample line bundle over G/ P,,, one has a G-equivariant embedding
G/P, — P(V(w)) where V(w) = H(G/P,, L,)". By our discussion above, the T-action
on the tautological bundle over the projective space P(V(w)) has been extended to a
d-standard action of T' for an appropriate d > 1. The tautological bundle over P(V (w))
restricts to L_,, on G/P,,. Clearly the L_,, is T-invariant. Put any K-invariant hermitian
metric on V' (w) where K denotes the maximal compact subgroup of T. As observed above,
zéj.v = 2%ivy where d,, ; > 0 for v € V,,(w), it follows that condition (ii) of Definition 2.1]
holds. Therefore the T-action on L_, is d-standard. O

Let 7 : G = G x C* — G x C* be the (I + 1)-fold covering obtained from the (I + 1)-
fold covering of the last factor and identity on the first. The maximal torus 7~ YT x C*)
of G can be identified with 7. With respect to an appropriate choice of identification
T = (C*)l“, we see that the action of G on L_,, extends to G in such a manner that
the T-action is d-standard where d = (I + 1)d’ as above. Since G/P, = G/P, where
P= 71 (P, x C*), the C*-bundle L_,, — X is G-equivariant. The parabolic subgroup
P contains the Borel subgroup B := 7~1(B x C*). We shall refer to L_, — X as a
d-standard G- homogeneous line bundle.

Let L; — X;, i = 1,2, be d;-standard G, -homogeneous line bundles over X; = G, i/ P,
which are negatively ample. Let G = G1 X G2, (iC W T = T, x Ty where N =
rank(G) = ny + ng with n; :=1; + 1 and B = B, x Bs.

Let A\ € Lie(g) and let A = A\, + A, be its Jordan decomposition, where Ay, =
(A,....An) € CV = Lie(T) satisfies the weak hyperbolicity condition (1) of type
(ny,mn2) and A, € Lie(gu), the Lie algebra of the unipotent radical B, of B. Thus
[Au, As] = 0 in Lie(B). The analytic imbedding oy : C — B where ay(2) = exp(z\) =
exp(zAs). exp(z\,) defines an action, again denoted «, of C on L := L; X Ly and an
action ay on V(w;) X V(ws). Denote by Cy the image a,(C) C B. We shall now give
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an explicit description of these actions. Let v; € V(w;) and write v; = >
v, € Vy(wi). Set

e (ws) Vu where

Au = Z Ay (4)

where the sum ranges over n;_; < j < n;_1 + n; with ng = 0. Then a,(2)(v1, v2) = (u, uz)
where

u; = Z HeXp(zAj)'evj.vu = Z H(exp(zkjdu,j)vu = Zexp(z)\u)v“. (5)

peA(wi) J Iz
where the product is over j such that n;_; < 7 <n;_1 + n,.

The C-action «ay on L is just the restriction to L C V(w;) x V(wsy) of the C-action a.
Since the A\, are all positive linear combination of the A;, the action of C on V' (wy,ws) :=
(V(w1) \ {0}) x (V(w2) \ {0}), the total space of the product of tautological bundles, is
admissible.

Fix a basis for V(w;) consisting of weight vectors so that GL(V (w;)) is identified with
invertible 7; x r;-matrices, where r; := dim V' (w;). Note that action of the diagonal
subgroup D of GL(V (w;)) x GL(V (ws)) on L(wy,ws) is standard and that 7' is mapped
into D. We put a hermitian metric on V(w;) x V(wy) which is invariant under the
compact torus (S!)"1*72 C D. Considered as a subgroup of GL(V (wy)) x GL(V (wy)), the
C-action ay, on V(wy,ws) is the same as that considered by Loeb-Nicolau corresponding
t0 Ag(w1,w2) = (Au, Ab) peA(wr)wer(ws) € Lie(D) = C™ x C™, where it is understood that
each )\, occurs as many times as dim V,,(w1), 4 € A(wy), and similarly for A, v € A(w,).

Observation: The A (wi,ws) satisfy the weak hyperbolicity condition of type (r1,72)
since the )\, are positive integral linear combinations of the A;.

The differential of the Lie group homomorphism Gy x Gy — GL(V (w1)) x GL(V (ws))
maps A, to the diagonal matrix diag(As(w1,ws)) and A, to a nilpotent matrix A, (w1, ws)
which commutes with A\g(wq,ws). Indeed A(wy,ws) := As(wr,ws) + Ay(wr,ws) has a block
decomposition compatible with weight-decomposition of V(w;) x V(wy) where the p-th
block is A, L) + Ay, where A, is nilpotent and I, is the identity matrix of size m(pu),
the multiplicity of u € A(w;),i =1,2.

Recall that, for the C-action &y on V' (wy, ws), the orbit space V(wq,wq)/C =: Sy (w1, ws)
is a complex manifold diffeomorphic to the product of spheres S?1=! x §?"271 by [13]
Theorem 1]. Indeed, the canonical projection V(wy,ws) — Sy(wy,ws) is the projection
of a holomorphic principal bundle with fibre and structure group C.

When A\, = 0, these statements also follows from Theorem above.

Theorem 3.2. We keep the above notations.

(i) The orbit space, denoted L/Cy, of the C-action on L = Ly X Ly defined by X = A+ Ay
is a Hausdorff complex manifold and the canonical projection L — L/C, is the projection
of a principal C-bundle. Furthermore, L/C, is analytically isomorphic to L/C,_ where
A = Ad(t.)(\) and t. € T is such that v(t.) = ¢ for all v € ®F.

(11) If || is sufficiently small, then each orbit of Cy. on L meets S(L) transversally at a
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unique point. In particular, the restriction of the projection L — L/Cy_ to S(L) C L is
a diffeomorphism.

Proof. When )\, = 0, the theorem is a special case of Theorem 2.9 So assume A, # 0.

Since the C-action a_ is conjugate by the analytic automorphism ¢. : L — L to ay,
we see that L/Cy = L/C,, as a complex analytic space. Thus, it is enough to prove the
theorem for |e| > 0 sufficiently small.

Consider the projective embedding ¢} : X; = G;/P, — P(V(w;)) defined by the ample
line bundle LY. The circle-bundle S(L;) — X; is just the restriction to X; of the circle-
bundle associated to the tautological bundle over P(V (w;)). Thus ¢} yields an imbedding
¢; : S(L;) — St Let ¢ : S(L) — S(V(wr,wq)) = S~ ! x §?271 be the product
P1 X Pa.

Set Ay = Ad(t:)\, so that \. = Ay + A\,.. Note that, if § = Zveqﬁ kg~ where
B € R*, then Ad(t.)Xs = €/¥1 X5 where || = Y ks, > 1. ( Here X3 € Lie(B,) denotes
a weight vector of weight $. ) This implies that A\, — A\; as ¢ — 0, and, furthermore,
Ae(wi,we) = As(wi,wse) as € — 0. By [I3] Theorem 1], for |e| sufficiently small, each
C-orbit for the a,_-action on V (wy, ws) is closed and properly imbedded in L(w;,ws) and
intersects S?17! x §?27! at a unique point. In particular, each orbit of the C-action
corresponding to A, meets S(L) C S?~! x §*271 at a unique point when |g| > 0 is
sufficiently small.

Consider the map . : L — S(L) which maps each «,_ orbit to the unique point
where it meets S(L). This is just the restriction of V (wy, ws) — S*171 x§?"271 and hence
continuous. It follows that the orbit space L/C,, is Hausdorff and that the map 7,_ :
L/C — S(L) induced by . is a homeomorphism, whose inverse is just the composition
S(L) — L — L/C. Since each C-orbit for a,,-action meets S(L) transversely by
Lemma 2,171, and since S(L) is compact, the same is true for the «a,_-action provided |e|
is sufficiently small. For such an ¢, the m,_ is a submersion and 7_ is a diffeomorphism.
The orbit space L/C,_ has a natural structure of a complex analytic space with respect to
which 7,_ is analytic. We have shown above that L/C,_ is a Hausdorff manifold and that
. is a submersion. It follows that 7,_ is the projection of a principal complex analytic
bundle with fibre and structure group C. U

Definition 3.3. The manifold S(L), with the complex structure induced from L/C, will
be said to be of linear type, and will be denoted Sy(L).

Remark 3.4. (i) Loeb and Nicolau [13] consider more general C-actions on C™ x C™ in
which the corresponding vector field is allowed to have higher order resonant terms. In
our setup we have only to consider linear actions—the corresponding vector fields can at
most have terms corresponding to resonant relations of the form “)\; = A;”.

(ii) When the P; are maximal parabolics and L; the negative generators of the Picard
group of G;/P;, the smooth manifold S(L;) is simply-connected and is a homogeneous
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space H;/Q); where H; C G, is simply-connected compact and @; is the centralizer of a
circle-subgroup contained in H;. Thus S(L) = S(L;) x S(Ls) are among the manifolds
classified by Wang [23] which admit homogeneous complex structures. The homogeneous
complex structures on S(L) correspond to the scalar type. The more general linear type
should be thought of as a deformation of the homogeneous complex structure constructed
by Wang.

(iii) One has a commuting diagram

L — V(wl,w2)

UUDY \l/ \l/ 7T>\(w17w2)
Sy(L) — il gt

in which the horizontal maps are holomorphic and the vertical maps, projections of holo-
morphic principal C-bundles.

4. COHOMOLOGY OF S, (L)

Let p : L — X be a holomorphic principal C*-bundle over a compact connected
complex manifold. Denote by p : L — X the associated line bundle (i.e., vector bundle
of rank 1). We identify X with the image of the zero cross section in L and L with L\ X.

We denote the structure sheaf of a complex analytic space Y by Oy, or more briefly by
O when Y is clear from the context. Recall that a compact subset A C Y is called Stein
compact if every neighbourhood of A contains a Stein open subset.

Lemma 4.1. Suppose that f : L — Y is a complex analytic map where Y is a Stein
space and is Cohen-Macaulay. Suppose that f(X) =: A C Y is Stein compact and that
flo : L — Y\ A is a biholomorphism. Then HY(L; Op) =0if0 < ¢ < dimY —dim A—1.
Furthermore, H°(L; Or) = HY(Y;Oy) and the topological vector spaces HY(L; Or) are
separated Fréchet-Schwartz spaces for all q.

Proof. First note that H(Y'; Oy ) = 0 unless ¢ = 0. By [2, Ch. II, Theorem 3.6, Corollary
3.9], the restriction map HY(Y;0) — HYU(Y \ A;O) is an isomorphism for 0 < ¢ <
depth ,Oy = dim X — dim A the last equality in view of our hypothesis that ¥ is Cohen-
Macaulay. In view of [2, Ch. I, Theorem 2.19], our hypothesis that A C Y is Stein
compact implies that H(Y \ A; O) = H'(L,O}) is separated and Fréchet-Schwartz. As
for any open connected complex manifold, H4¥™Z(L; O) = 0. O

Note that the hypothesis of the above lemma are satisfied in the case when X is a
smooth projective variety, L a line bundle such that L is very ample, and Y is the cone
L over X with respect to the projective imbedding determined by LV is Cohen-Macaulay
at its vertex @ € L. In this case one says that X is arithmetically Cohen-Macaulay. For
example, if X is the homogeneous variety GG/P where G is a complex linear algebraic
group over C and P a parabolic subgroup and L any negative ample line bundle, then the
above properties hold. We will also need the fact that L is normal—that is, X = G /P is
projectively normal with respect to any ample line bundle. See [19] for projective normality
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and [20] for arithmetic Cohen-Macaulayness, where these results are established for the
more general case of Schubert varieties over arbitrary algebraically closed fields. If we
assume that L itself is very ample, then it is not possible to blow-down X. However, in
this case, the following lemma allows one to compute the cohomology groups of L.

Lemma 4.2. Let L be any holomorphic principal C*-bundle over a complexr manifold X .
Then L = LY as complex manifolds. In particular, H*(L) = HZ(LY).

Proof. Let ¢p : L — LY be the map v — v" where v¥(Av) = X € C. Then ¢ is a
biholomorphism. 0

Suppose that L, — X;,i = 1,2, are projections of holomorphic principal C*-bundles
which are negatively ample over complex projective manifolds. We assume that X; are
arithmetically Cohen-Macaulay. We shall apply the Kiinneth formula [6] for cohomology
with coefficients in coherent analytic sheaves to obtain some vanishing results for the
cohomology groups HY(L; Oy).

A coherent analytic sheaf F on a complex analytic space X is a Fréchet sheaf if F(U) is
a Fréchet space for any open set U C X and if the restriction homomorphism F(U) —
F(V) is continuous for any open set V' C U. A Fréchet sheaf F is said to be nuclear if
F(U) is a nuclear space for any open set U in X. A Fréchet sheaf F is called normal if
there exists a basis for X which is a Leray cover for F.

If X is a complex manifold, then any coherent analytic sheaf is Fréchet-nuclear and
normal. See [0, p. 927].

Let V1, V4 are Fréchet spaces. We denote by Vi ®, V3 (resp. Vi ®, V3) the inductive (resp.
projective) topological tensor product of V4 and V,. If V] is nuclear, then Vi®, Vs = Vi® Vs,
The completed inductive topological tensor product tensor product will be denoted V; ®Va.
For a detailed exposition on nuclear spaces see [18].

One has the notion of completed tensor product F&®G of coherent analytic Fréchet
nuclear sheaves F,G. For example, the structure sheaf of an analytic space is Fréchet
nuclear and Oxyy = pr}(’)X@)pr;‘,(’)y, where prx denotes the projection X x Y — X.

We apply the Kiinneth formula for Fréchet-nuclear normal sheaves established by A.
Cassa [6, Teorema 3] to obtain the following

Theorem 4.3. (i) Suppose that L = Ly X Ly where L; — X; are C*-bundles over
connected complex compact manifolds X; of dimension dim X; > 1. Suppose that, for
i =1,2, F; is a coherent analytic sheaf over L; such that H1(L;; F;),q > 0, are Hausdorff.
Then

HY(L; Fu@F,;) = Z H*(Ly; F1)@H' (Ly; Fo) (6)

k+i=g

forq > 0.
(i1) Assume that X; are projective manifolds and L) are very ample line bundles such that
the L; are Cohen-Macaulay. Then H1(L; Op) = 0 except possibly when ¢ = 0, dim X, dim X,
dim X; + dim X,. Also, H'(L; Or) = H(Ly; O, )®H°(Ly; O1,)
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Proof. (i) The isomorphism (6) follows from the Kiinneth formula [6, Theorema 3].

(ii) Let a; denote the vertex of the cone L; over X; with respect to the projective imbed-
ding determined by L. Then L; is an affine variety and hence Stein. By [2, Corollary
2.21, Chapter I] the cohomology groups HY(L;; Oy,) = Hq(f/i \ {ai}; O;.),q > 0, are sep-
arated and Fréchet-Schwartz. Since, by hypothesis L; is Cohen-Macaulay at a;, we have
HY(L;,Op,) = Hq([A/Z-;OL,) =0if 0 < ¢ < dim X; by [2, Theorem 3.6, Chapter II]. The
rest of the theorem now follows readily from (6). O

Remark 4.4. (i) We remark that the vanishing of the cohomology groups H?(L;Oy)
for 0 < ¢ < min{dim X;,dim X5} in Theorem L3 (ii) follows from [2, Ch. I, The-
orem 3.6]. To see this, set L = Ly x Ly \ A where A is the closed analytic space
A=1L;x {as} U{ay} x L. The ideal Z C O; of A equals Z,.Z; where Z;,Z, are the ideals
of the components A; := Ly x {as}, As :={a1} Ly of A. Then depth,Op, = depth;O; =
min;{depthz, O; } = min;{depth, O; } = min{dim X;+1,dim X5 +1}. Thus we see that
depth,O; = min{dim X, + 1, dim X5 4 1}. Therefore H%(L; x Ly; Ot . «1,) = HY(L;OL)
if ¢ < min{dim X1, dim X5} by [2, Ch. I, Theorem 3.6] where the isomorphism is induced
by the inclusion. Since L; x Lo is Stein, the cohomology groups H %(L; Op) vanish for
1 < ¢ < min{dim X, dim X,}.

(ii) When m : L1 — X; is an algebraic C*-bundle over a smooth projective variety
X, one has an isomorphism of quasi-coherent algebraic sheaves 7r17*((’)21ig) S PpegLF of
Ox-modules. (By the GAGA principle, H,(X1; Lf) = H*(Xy; Lf) for all k € Z.) There-
fore the algebraic cohomology groups Hy),(L;; O*) can be calculated as Hj, (L1 Oilf) =
HY(X;m1.0r,) = @rezHY(X; LF). If X, is a flag variety and L;, negative ample, then
it is known that H9(X;; L¥) = 0 except when k > 0 (resp. k < 0) and ¢ = dim X; (resp.
q = 0). Furthermore, H°(X; L}) & H™ %1 (X; LT*)Y for k < 0. Hence HY (Ly; O"%) =
0 unless ¢ = 0, or ¢ = dimX;. Now H:lanl(Ll;(’)alg) S PreoHMMX1 (X5 LK) and
Hy,(Ly; O¥) = ®r<o(X1; LF). We do not know the relation between HYmX1(L,;; )

and H™ Y (Ly; OF).

alg

Suppose that «) is an admissible C-action on L — X of scalar type, or diagonal type,
or linear type. It is understood that in the case of diagonal type, there is a standard
Ti-action on X;,7 = 1,2, and that X; = G;/P; and L; negative ample in the case of linear
type action. Denote by v, (or more briefly v) the holomorphic vector field on L associated
to the C-action. Thus the C-action is just the flow associated to v. We shall denote by OF
the sheaf of germs of local holomorphic functions which are constant along the C-orbits.
Thus O} is isomorphic to 73(Og, (). One has an exact sequence of sheaves

0— 0% =050 —0. (7)

Since the fibre of my : L — S\(L) is Stein, we see that H9(L; Of) =2 H(S\(L); Os, (1))
for all g. Thus, the exact sequence (7) leads to the following long exact sequence:

0— HO(S)\(L)7 OSA(L)) — HO(L; OL) — HO(L; OL) — HI(S)\(L), OS)\(L)> —
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— HY(S\(L); Os, (1)) — HY(L; Op) — HIU(L; Op) — H™(Sy(L); Og,1)) — -+ . (8)

Theorem 4.5. Suppose that L = Ly x Ly where the L; satisfy the hypotheses of Theorem
[4.3(ii). Suppose that 1 < dimX; < dim X,. Then HI(S\(L);O) = 0 provided q ¢
{0,1,dim X;,dim X; + 1,dim X; 4+ dim X5, dim X; + dim X, + 1;7 = 1,2}. Moreover one
has C C H'(S\(L); O), given by the constant functions in H°(L;O).

Proof. The only assertion which remains to be explained is that the constant function 1
is not in the image of v, : H(L; O) — H°(L; ©). All other assertions follow trivially
from the long exact sequence (8) above and Theorem [£.3]

Suppose that f : L —» C is such that v(f) = 1. This means that £ |._o(f o ,)(z) =1
for all p € L,z € C, where p, : C — L is the map z — a,(2).p = z.p. Since fiy, ,(2) =
z.(w.p) = (z+w).p = pp(z +w), it follows that L|._,(f o p,) = 1 Vw € C. Hence
fouy(z) =2+ f(p). This means that the complex hypersurface Z(f) := f~*(0) C L
meets each fibre at exactly one point. It follows that the projection L — S,(L) restricts
to a bijection Z(f) — Si\(L).

In fact, since v(f) # 0 we see that Z(f) is smooth and since v, is tangent to the fibres of
the projection L — Sy (L) for all p € Z(f), we see that the bijective morphism of complex
analytic manifolds Z(f) — Sx(L) is an immersion. It follows that Z(f) — S\(L) is a
biholomorphism. Thus Z(f) is a compact complex analytic sub manifold of L C L. Since
Lis Stein, this is a contradiction. O

Our next result concerns the Picard group of Sy(L).

Proposition 4.6. Let L; — X; be as in Theorem [{.3 (ii). Suppose that X; is simply
connected. Then Pic®(Sy(L)) = C! for some l > 1.

Proof. Since L is negative ample, ¢;(L;) € H*(X;;Z) is a non-torsion element. Clearly
H'(S\(L);Z) = 0 by a straightforward argument involving the Serre spectral sequence
associated to the principal S* x S'-bundle with projection S(L) — X; x X,. Using the
exact sequence 0 — Z — O — O* — 1 we see that Pic®(Sy(L)) = H*(S\(L);0) = C.
Now [ > 1 by Theorem O

The above proposition is applicable when X; = G;/P; and L; are negative ample.
However, in this case we have the following stronger result.

Theorem 4.7. Let X; = G;/P; where P; is any parabolic subgroup and let Li — X;
be a negative line bundle, i = 1,2. We assume that, when X; = P, the bundle L; is a
generator of Pic(X;). Then Pic®(Sy(L)) = C. If the P; are mazimal parabolics and the
L; are generators of Pic(X;) 2 Z, then Pic(S\(L)) = Pic°(Sy\(L)) = C.

Proof. Tt is easy to see that H'(S(L);Z) = 0 and that, when P; are maximal parabolics
and L; generators of Pic(X;) = Z, S(L) is 2-connected. If dimX; > 1 for i = 1,2,
then H'(L;©) = 0 by Theorem and so we need only show that coker(H°(L; 0) =
HO(L; 0)) is isomorphic to C. In case dim X; = l—equivalently X; = P'—L; is the
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tautological bundle by our hypothesis. Thus L; = C?\ {0}. In this case we need to also
show that ker(H'(L; O) = H'(L;0)) is zero. Note that the theorem is known due to
Loeb and Nicolau [I3, Theorem 2] when both the X; are projective spaces and the L; are
negative ample generators—in particular when both X; = P!

The validity of the theorem for the case when A is of diagonal type implies its validity
in the linear case as well. This is because one has a family {L/C,_ } of complex manifolds
parametrized by € € C defined by A. = A\s + Ay, where Sy (L) = L/C,, = L/Cy if e #0
and Ao := A, is of diagonal type. (See §3.) The semi-continuity property ([11, Theorem 6,
§4]) for dim H' (S, (L); O) implies that dim H*(S\(L); O) < dim H*(Sy,(L); O). But The-
orem .5 says that dim H'(S\(L); ©) > 1 and so equality must hold, if H(Sy,(L); O) = C.
Therefore we may (and do) assume that the complex structure is of diagonal type.

First we show that coker(v, : HY(L; O) — H°(L; O)) is 1-dimensional, generated by
the constant functions. Consider the commuting diagram where v is the holomorphic

vector field defined by the action of C given by A(w;,ws) on V(wy, ws). Note that v, = v,
ifxe L.

HO(V(wy,we); O) = HOV(wy,ws); O)
\ 3
H°(L; 0) R H°(L; 0)

By Hartog’s theorem, HO(V (wy,w;); O) 2 HO(V (w1) x V (w,); O). Also, since L; is normal
at its vertex [19], again by Hartog’s theorem, H°(L; ©) = H(Ly x Ly; ©). Since L; C
V' (w;) are closed sub varieties, it follows that the both vertical arrows, which are induced
by the inclusion of L in V(wy,ws), are surjective. ;From what has been shown in the
proof of Theorem [L5] we know that the constant functions are not in the cokernel of v,.
So it suffices to show that coker(v,) is 1-dimensional. This was established in the course
of proof of Theorem 2 of [I3]. For the sake of completeness we sketch the proof. We
identify V(w;) with C" where r; := dim V' (w;), by choosing a basis for V' (w;) consisting
of weight vectors. Let r = r; + r9 so that C" = V(w;) X V(wz). The problem is reduced
to the following: Given a holomorphic function f : C" — C with f(0) = 0, solve for a
holomorphic function ¢ satisfying the equation

0
Z bjzjﬁ—,j; = f, (9)

i<j

where we may (and do) assume that ¢(0) = 0. In view of the Observation made preceding
the statement of Theorem [3.2] we need only to consider the case where (b;) € C" satisfies
the weak hyperbolicity condition of type (ry,r3). Denote by z™ the monomial z{"* ...z
where m = (my,...,m,) and by |m| its degree >, ., m;. Let f(2) = > o0 am?™ €
HO(C";0). Then ¢(z) = > am/(b.m)z™ where bm = Y b;m; is the unique solution
of Equation (9). Note that weak hyperbolicity and the fact that |[m| > 0 imply that
b.m # 0, and, b.m — oo as m — oo. Therefore ¢ is a convergent power series and so

¢ € H(C"; 0).
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It remains to show that, when X; = P!, L; = C?\ {0}, and dim X, > 1, the homomor-
phism v, : H'(L; O) — H'(L; O) is injective. Let z;,1 < j < r, denote the coordinates
of C? x V(wy) with respect to a basis consisting of T-weight vectors. Since dim X, > 1,
we have H'(Ly, ©) = 0. Also H'(L;O) = H'(C?\ {0}; O) is the space A of convergent

power series 2202 in 27t 251 without constant terms.

mi,ma<0 am17m2

By Theorem I3, H'(L; 0) = AQH(Ly; ©) = AQH(Ly; ©). Let T € HO(V (w,); O)
denote the ideal of functions vanishing on Ly so that H(Ly; O) = H*(V (wy); O)/Z. One
has the commuting diagram

0 = ART — ARH(V(ws);0) — ARH (Ly;O) — 0
A A v, )
0 - ART — ASH(V(wy);0) — A®H(Ly;O) — 0

where the rows are exact. Theorem 2 of [I3] implies that v, : AQH(V(wy); O) —
ARH®(V (wsy); O) is an isomorphism. As before, this is equivalent to showing that Equa-
tion (9) has a (unique) solution ¢ without constant term when f = Y 2™ € AQHO(V (w2); O),
Is any convergent power series in z; L 29 L 2j,3 < z; <, where the sum ranges over m =
(ma,ma,...,n,) € Z",my,my < 0,m; >0, Vj > 3. It is clear that ¢(2) = > cm/(b.m)2™
is the unique formal solution. Note that weak hyperbolicity condition implies that b.m # 0
and b.m — 00 as ) ., [m;| — 00. So ¢(2) is a well-defined convergent power series in the
variables 211, 25, 25,7 > 3 and is divisible by z;'2;'. Hence ¢ € AQH(Ly; O) and so
Vet AQH(Lg; O) — AQHC(Ly; O) is an isomorphism. The ideal Z is stable under the
action of T », and so is generated as an ideal by (finitely many) polynomials in zs, ..., z,
which are Tg—weight vectors. In particular, the generators are certain homogeneous poly-
nomials h(zs,...,z,) such that v,(2]"25?h) = bmz{"z3"*h ¥Ymq,my € Z where 2™ is
any monomial that occurs in z]" 23*2h. It follows easily that ¥, maps A®Z isomorphi-
cally onto itself. A straightforward argument involving diagram chase now shows that
v, AQH(Ly; O) — ARH(Ly; O) is an isomorphism. This completes the proof. [

Assume that P; C G; are maximal parabolics and the L; are the negative ample gen-
erators of the Pic(G;/P;) = Z. We have the following description of the principal C-
bundles over S)(L). Let z # 0. Let {g;;} be a 1-cocyle defining the principal C-bundle
L — Sy(L). Then the C-bundle L. representing the element z[L] € H(S\(L);O) is
defined by the cocylce {zg;;} for any z € C. We denote the corresponding C-bundle by
L.. Note that the total space and the projection are the same as that of L. The C-action
on L, is related to that on L where w.v € L, equals (w/z).v = ay(w/z)(v) € L for
w € C,v € L. The vector field corresponding to the C-action on L, is given by (1/z)v,.
Of course, when z = 0, L, is just the product bundle.

We shall denote the line bundle (i.e. rank 1 vector bundle) corresponding to L, by
E.. Observe that E, = L, x¢ C, where (w.v,t) ~ (v, exp(2mv/—1w)t), w,t € C,v € L.,
when z # 0. If z # 0, any cross-section o : Sy(E,) — E, = L, X¢ C corresponds to a
holomorphic function h, : L — C which satisfies the following:

he(w.v) = exp(—27v—1w)hy(v) (10)
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forallv € L,,w € C. Equivalently, this means that h,(a)(w)v) = exp(—27v/—1wz)h,(v)
for w € C and v € L. This implies that

va(he) = =21/ —1zh,. (11)

Conversely, if h satisfies (11), then it determines a unique cross-section of E, over Sy(L).

We have the following result concerning the field of meromorphic functions on S)(L)
with diagonal type complex structure. The proof will be given after some preliminary
observations.

Theorem 4.8. Let L; be the negative ample generator of Pic(G;/P;) = Z where P; is a
mazximal parabolic subgroup of G;, i=1,2. Assume that S\(L) is of diagonal type. Then
the field k(Sx(L)) of meromorphic functions of Sx(L) is purely transcendental over C.
The transcendence degree of k(Sx(L)) is less than dim Sx(L).

Let U; denote the opposite big cell, namely the B; -orbit of X; = G;/P; the identity
coset where B, is the Borel subgroup of GG; opposed to B;. One knows that U; is a Zariski
dense open subset of X; and is isomorphic to C™ where r; is the number of positive roots
in the unipotent part P, of F;. The bundle m; : L, — X, is trivial over U; and so
U; := 7, '(U;) is isomorphic to C x C*. We shall now describe a specific isomorphism
which will be used in the proof of the above theorem.

Consider the projective imbedding X; C P(V(w;)). Let vy € V(w;) be a highest weight
vector so that P; stabilizes Cvg; equivalently, 7;(vg) is the identity coset in X;. Let Q; C P;
be the isotropy at vy € V(w;) for the G; so that G;/Q; = L;. The Levi part of P; is equal
to centralizer of a one-dimensional torus Z contained in 7" and projects onto P;/Q; = C*,
the structure group of L; — X;.

Let F, € HY(X;; L)) = V(w;)" be the lowest weight vector such that Fj(vg) = 1. Then
U, C X, is precisely the locus F; # 0 and FZ-\F_A(M) : Cv — C is an isomorphism of
vector spaces for v € (7@ We denote also by F; the restriction of F; to (72

Let Y3 be the Chevalley basis element of Lie(G;) of weight —3, 5 € RT(G;). We shall

denote by Xz € Lie(G;) the Chevalley basis element of weight § € R*(G;). Recall that
Hg :=[Xp,Ys] € Lie(T) is non-zero whereas [Xg, Y| = 01if g # .

Let Rp, C R*(G;) denote the set of positive roots of G; complementary to positive
roots of Levi part of P, and fix an ordering on it. (Thus f € Rp, if and only if —f is
a not a root of F;.) Let r; = |Rp,| = dim X;. Then Lie(P;,) = C" where P;, denotes
the unipotent radical of the parabolic opposed to P;. Observe that P, N P, = {1}. The
exponential map defines an algebraic isomorphism 6 : C™ = Lie(P,,)~ — U; where
0((ys)perp,) = (HBERPZ- exp(ysYp)).P; € G;/P;. It is understood that, here and in the
sequel, the product is carried out according to the ordering on Rp,.

If v € Cuy, then 6 factors through the map 6, : C"* = Lie(F;,,) — U, defined by
(ys)serp, + [1exp(ysYs).v. Moreover, F; is constant —equal to F;(v)—on the image of

v
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We define 6 : C" x C* = Lie( P,) xC = P, xC — U; to be 6((y 3),2) =
(ITexp(ysYs)).-zv0 = 6..4,((ys)). This is an isomorphism. We obtain coordinate func-
tions z,ys, 8 € Rp, by composing 6~ with projections C"* x C* — C. Note that

F,(0((ys), 2))) = z. Thus the coordinate function z is identified with F}.

Since F; is the lowest weight vector (of weight —w;), Y3F; = 0 for all § € RT(G)).
Define F;'ﬁ = XB(F;),ﬁ S Rpi. Then YB(Eﬁ) = [X5>YB]E = _HB(E) = WZ(HB)E
for all 8 € Rp,. Note that w;(Hg) # 0 as Hg € Rp,. If f/,5 € Rp, are unequal, then
Yo Fi 3 = 0. It follows that Y3'(F; 3) = 0 unless 8’ = 8 and m = 1.

The following result is well-known to experts in standard monomial theory. (See [12].)

Lemma 4.9. With the above notations, the map U, —s Cr x C* defined as v
((Fw(v))ﬁeR;; F,(v)), v € U;, is an algebraic isomorphism for i =1,2.

Proof. 1t is easily verified that 0f /0y, = Ys(f)(ve) for any local holomorphic function
defined in a neighbourhood of vy. (Cf. [12].)

Let y = 5((%),2) = [l er, (exp(y,Y;) € P;. Denote by I, : . U; —> U, the left

multiplication by y. If v = y.v, € U, then (8/dysl,)(f) equals (8/8ys)|w, (f o 1,). Taking
f = F, 3,8 € Rp, a straightforward computation using the observation made preceding
the lemma, we see that (0/0ysl,)(Fiq) = Yalu, (Fiy0ly) = Fi(v)w;(Hpg)os,, (Kronecker §).
We also have (0/0ys|,)(F;) = 0 for all v € U;. Hence (0/0yp)|o(Fiy/Fi) = wi(Hg)da .
Thus the Jacobian matrix relating the F; 3/F; and the yg, 5 € Rp,, is a diagonal matrix
of constant functions. The diagonal entries are non-zero as w;(Hg) # 0 for § € Rp, and
the lemma follows. O

We shall use the coordinate functions F;, F; 3,8 € Rp,, to write Taylor expansion for
analytic functions on U;. In particular, the coordinate ring of the affine variety U; is just
the algebra C[F; s, 8 € Rp|[F;, F;']. The projective normality [19] of G;/P; implies that
C[ﬁ,] = @,5>0H(X;; L") = ®,50V (rw;)". Since ﬁ, is defined by the non-vanishing of Fj,
we see that C[U;] = C[L:][1/F).

Now let X = X; x Xy and T = T} x Ty = (C*)N, N = njy +ny, where the isomorphism is
as chosen in §3. Let d; > 0,7 = 1,2, be chosen as in . Proposition B so that the Tj-action
on L; — G;/P, is di-standard. Let A = \, € Lie(T). Suppose that X satisfies the weak
hyperbolicity condition of type (ny,ns).

Recall from (4) and (5) that for any weight 1; € A(w;), there exist elements A,,, A\, €
C such that for any v = (vi,v2) € V,,(w1) x V), (w2), the ay-action of C is given by
ax(2)v = (exp(2Au, Jur, exp(zAy, Jve). Infact Ay, =32 .\ d,, ;A; where d,, ; are
certain non-negative integers. It follows that, as observed in the discussion preceding the
statement of Theorem [3.2, the complex numbers A\, € C, p; € A(w;),7 = 1,2 satisfy

weak hyperbolicity condition:

0 <arg(\,) <arg(Ay,) <, Yu; € Aw;),i=1,2. (12)
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We observe that if = pg + -+ + pt, = 14 + -+ - + v, where p;,v; € A(w;), then A, :=
> Ay, = 2 Ay, (This is a straightforward verification using (3) and (4).) Therefore,
if v € V(w;)®" is any weight vector of weight u, we get, for the diagonal action of C,
2.0 = exp(A,,2)v.

Any finite dimensional é -representation space V' is naturally él X ég representation

space and is a direct sum of its T- weight spaces V),. If V' arises from a representation of
G, via G; —> G;, then the T- weights of V' are the same as T-weights.

Definition 4.10. Let Z;(\) C C,i = 1,2, be the abelian subgroup generated by \,, 1 €
A(w;) and let Z(\) :== Z1(N) + Zy(\) C C.

The A-weight of an element 0 # f € Hom(V,(w;); C) is defined to be wt\(f) == A,. If
h € Hom(V (w;)®",C) is weight vector of weight —pu, (so that h € Hom(V,,(w;)®"; )) we
define the A\-weight of of v to be A, .

If f € Hom(V,(rw;),C) is a weight vector (of weight —pu), then it is the image of
a unique weight vector f € Hom(V(w;)®",C) under the surjection induced by the G-
inclusion V (rw;) < V(w;)®" =V (rw;) & V" where f[V' = 0. We define the \-weight of f
to be wty(f) := wtr(f).

If h; € V(ruw)¥ C C[ﬁi], 1 = 1,2, are weight vectors, then hihy is a weight vector
of V(riw)¥ @ V(raws)¥ C C[Ll X Ly| and we have wty(hihs) = wty(hy) + th(hg)
Z(A). Note that wir(fi... fr) = Yo, wia(fj) € Z(A) where f; € C[Ly x L] =
By om0V (rwr)Y ® V(rng) are weight vectors.

Also wty(f) € Z(\) is a non-negative linear combination of A;,1 < j < N for any
f S C[Ll X L2]

If f € V(w)Y, it defines a holomorphic function on V(w;) x V(wy) and hence on L, and
denoted by the same symbol f; explicitly f(uq,us) = f(u;), V(ui,us) € L.

Lemma 4.11. We keep the above notations. Assume that A = A\ € Lie(T ) CN.

Fiz C-bases B; for V(w;)Y, consisting of T-weight vectors. Let zy € Z()\). There are
only finitely many monomials f := fi... fx, f; € BiUBy having A\-weight zy. Furthermore,

oa(f) = win(f)f.

Proof. The first statement is a consequence of weak hyperbolicity (see (12)). Indeed, since
0 <arg(),) < for all p € Alw;),i = 1,2, given any complex number z, there are only
finitely many non-negative integers c; such that ) c;\,, = z.

As for the second statement, we need only verify this for f € B;,7 = 1,2. Suppose that
f € By and that f is of weight —pu, p € A(wy), say. Then, for any (u;,us) € L, writing
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UL = e p(wy) Uvs Using linearity and the fact that f(ui,us) = f(u,) we have

oa(f)(ur,u2) = Timyo(f(an(w)(ur, uz)) — f(ur, uz))/w
= limyo(f (eXp(A w)uu) f(ur))/w
= lim,_, (CXp Apw)— )f(ul)
= Auf(ul)
= Auf(ulﬂm)-
This completes the proof. O

We assume that F;, F; 3,8 € Rp,, are in B;, ¢ = 1, 2.

Let M C C(ﬁl X ﬁg) denote the multiplicative group of all Laurent monomials in
F,,F; 3,5 € Rp,,i = 1,2. One has a homomorphism wty : M — Z(\). Denote by K the
kernel of wty. Evidently, M is a free abelian group of rank dim L.

Lemma 4.12. With the above notations, wty : M — Z(\) is surjective. Any Z-basis
hi,...,hy of K is algebraically independent over C.

Proof. Suppose that v € Z;(X). Write v =) a,\, and choose b, € B; to be of weight p.
Then wt([], ") = v. On the other hand, wt(b,) equals the A-weight of any monomial

in the Fi_l, F;, F; 3,8 € Rp, that occurs in bM|l7i. The first assertion follows from this.
Let, if possible, P(z1, ..., z;) = 0 be a polynomial equation satisfied by h1, ..., hx. Note

that the h; are certain Laurent monomials in a transcendence basis of the field C(U; x Us)

of rational functions on the affine variety U; x Us. Therefore there must exist monomials

2™ and 2™, m # m’, occurring in P(zy,...,2,) with non-zero coefficients such that
™ = ™ € C(U; x Us). Hence h™™™ = 1. This contradicts the hypothesis that the h;
are linearly independent in the multiplicative group K. 0

We now turn to the proof of Theorem H.8

Proof of Theorem[{.8: By definition, any meromorphic function on S)(L) is a quotient f/g
where f and g are holomorphic sections of a holomorphic line bundle E,. Any holomorphic
section f : S(L) — E, defines a holomorphic function on L, denoted by f, which satisfies
Equation (11). By the normality of Ly X Lo, the function f then extends uniquely to a
function on Ly x L, which is again denoted f. Thus we may write f = me fr.s where
frs € V(rwy)Y @ V(sws)¥. Now vyf = af and vy f.s € V(rwi)” @ V(sws)? implies that
oA(frs) = afys for all ;s > 0 where a = —2m+/—1z. This implies that wt,(f, ) = a for
all 7, s > 0. This implies, by Lemma [.11], that f, ; = 0 for sufficiently large r, s and so f
is algebraic.

Now writing f and ¢ restricted to Uy x Uy as a polynomial in the the coordinate
functions F’i:t,F’i’ﬁ,’i = 1,2, introduced above, it follows easily that f/g belongs to the
field C(K) generated by K. Evidently K—and hence the field C(K)—is contained in
K(SA(L)). Therefore x(S\(L)) equals C(K). By Lemma the field C(K) is purely
transcendental over C.
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Finally, since Z(\) is of rank at least 2 and since wty, : M — Z()\) is surjective,
tr.deg(k(Sx(L)) = rank(K) < rank(K) — 2 = dim(L) — 2 = dim(S\(L)) — 1. O

Remark 4.13. (i) We have actually shown that the transcendence degree of k(Sy(L))
equals the rank of K. In the case when X; are projective spaces, this was observed by
[13]. When A is of scalar type, tr.deg(r(S\(L)) = dim(S\(L)) — 1.

(ii) Theorem .8 implies that any algebraic reduction of S\(L) is a rational variety. In the
case of scalar type, one has an elliptic curve bundle S\(L) — X; x Xy. (Cf. [22].) There-
fore this bundle projection yields an algebraic reduction. In the general case however, it
is an interesting problem to construct explicit algebraic reductions of these compact com-
plex manifolds. (We refer the reader to [I7] and references therein to basic facts about
algebraic reductions.)

(iii) We conjecture that x(S\(L)) is purely transcendental for X; = G;/P; where P, is any
parabolic and L; is any negative ample line bundle over X;, where Sy(L) has any linear
type complex structure.
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