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On Subdivisions of Dihedral Sets
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Abstract

We investigate subdivisions of simplicial, cyclic, and dihedral sets by us-
ing Drinfeld’s expression of geometric realization as a filtered colimit.

1 Introduction

Drinfeld [[2]] pointed out that the geometric realization |X| of a simplicial set X
can be expressed as a filtered colimit. Namely,

|1 X| = COlich[o,l]:ﬁnite X[mo([0,1] \ F)].
Analogously, he also showed that if X is a cyclic set then its realization is given by
| X| = colimpcr /z:finite X[70 ((R/Z) \ F)].

It follows that geometric realization commutes with finite limits, and the group
of orientation-preserving homeomorphisms of the interval [0, 1] (respectively, the
circle S!) acts on the realization of the simplicial (resp. cyclic) set X.

In this paper we will first survey his method in section 2, introducing a simi-
lar expression for dihedral sets and proving that the group of homeomorphisms
of the circle acts on their realization . Then we will see how these expressions
clarify the description of subdivisions of simplicial and cyclic sets in section 3.
If sd, X is the r-fold subdivision of the simplicial (resp. cyclic) set X defined by
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Bokstedt-Hsiang-Madsen [1], where r is a positive integer, it will be shown that
its realization is expressed by

|Sd7’ X| = colimp [0,7]:finite X[TEO ( [0, 1’] \ F)]

(resp. [sd; X| = colimr R /,7:finite X[7T0((R/7Z) \ F)].)

Thus it becomes clear that |sd, X| and |X| are canonically homeomorphic, and in
cyclic case this homeomorphism is compatible with the actions by the circle on
both sides . We will show that the subdivision sbd, Y of a dihedral set Y, which
was defined by Spalifiski [5] to be a simplicial set, has an even richer structure of
A sq-set , and that its realization is given by

sbd, Y| = colimpcR /2rz:finite Y [7T0((R/2rZ) \ F)].

Here Ay 5qD is the category that makes the family { D, (,,1.1) }n>0 of dihedral groups
of order 4r(n + 1) into a crossed simplicial group in the sense of Loday [3]. This
makes it easy to verify that the dihedral groups simplicially act on sbd, Y, so that
we can understand the action by dihedral groups on |Y| simplicially. We will also
consider a simplicial action by cyclic groups on sbd; Y and show that by taking
fixed points we again obtain a dihedral set.

2 Drinfeld’s method

In this section we will summarize Drinfeld’s results ([[2]]) on realization of sim-
plicial sets and cyclic sets. We will also derive a similar formula for realization of
dihedral sets.

2.1 Simplicial sets

Let A be the category of the finite linearly ordered sets [n] = {0 < --- < n}
(n > 0) and order-preserving maps. By definition a simplicial set is a functor
X+ A% — Sets. Let Ayg be the category of all non-empty finite linearly ordered
sets and order-preserving maps. Note that for every object A = {ap < --- < a,}
of Apig there is a unique isomorphism i 4 : A — [n] that sends 4; to i. A simplicial
set X : A°°P — Sets can be extended by using the isomorphisms i4 to a functor

X: Agfg — Sets. More precisely, X sends an object A to X[m] if | A| = m + 1 and



a morphism f : A — Bto X(f) : X[n] — X[m], where |A| =m+1, |B| =n+1
and f is the unique map in A that makes the following diagram commute:

A 4

il
B . [n]

If X’ is another extension, i.e. a functor Ag]ﬁg — Sets that is identical to X on A°P,

then there exists a unique natural isomorphism « : X — X’ such that « | yop= idx .

For each finite subset F of the interval [0, 1], order the set of connected compo-
nents 779([0,1] \ F) by declaring [x] < [y]if x <y € [0,1] \ F. If F C G there is
an order-preserving map 719([0,1] \ G) — 7m9([0,1] \ F). Denote by F the set of
all finite subsets of [0, 1]. The set F is ordered by inclusion and thus viewed as a
category. Note that this category F is a filtering.

The geometric realization of the simplicial set X is by definition the k-space
given by the colimit colimyp,j;_j_, x(_) A[n], where A[n] = {(z, ..., za) € [0,1]" |
Y. ozi = 1} and where the indices are the all simplicial maps from the standard
simplicial simplicies to X. Drinfeld [[2]] pointed out that we may use Sim" =
{(x1,...,x1) |0 < x1 <--- < x, <1} instead of A[n], and Sim” can be written as
the filtered colimit colimpc 7 A[n][9([0, 1] \ F)] by identifying (x, ..., x,) € Sim”"
with the piecewise constant function f : [0,1] — [n] defined by f(x) = i for
X < x < Xjy1. Since X = colimy -1 x[-] A[n][—], we have:

Theorem 2.1 The geometric realization |X| of the simplicial set X is given by the filtered
colimit colimpe r X[mo([0, 1] \ F)].

From this we immediately know that geometric realization, at least as a functor to
the category Sets of sets, commutes with finite limits, and that the group Aut|0, 1]
of orientation-preserving homeomorphism of [0,1] acts on |X|. Even stronger as-
sertions hold:

Corollary 2.2 1. Geometric realization, considered as a functor to the category K of
k-spaces, commutes with finite limits.

2. Topologize Aut[0, 1] by the subspace topology of the standard k-space topology of
Homy ([0, 1],[0,1]). Then Aut|0,1] acts continuously on the realization | X| of a
simplicial set X.



(Proof) 1. Since we are working in K, it suffices to show that the canonical map
|Alm][=] < Aln][=]] = [Alm][=]] x [Aln][]]

is a homeomorphism. By the theorem this map is a continuous bijection, with tar-
get a Hausdorff space. Moreover, the simplicial set A[m|[—] x A[n][—] has only
finitely many non-degenerate simplices. From this we know that the domain
space |A[m][—] x A[n][—]| is a quotient of a disjoint union of finitely many com-
pact spaces A[m][k] x A[n][k] x Alk], so that |A[m][—] x A[n][—]] itself is compact.
Hence the canonical map, which is a continuous bijection from a compact space
to a Hausdorff space, is a homeomorphism.

2. An orientation preserving homeomorphism « : [0,1] — |
an isomorphism of linearly ordered sets ar : 779([0,1] \ F) — 79
every finite F C [0, 1]. The action by «

1] gives rise to

0,
([0,1] \ «(F)) for

px + |X| = colimpe r X[mo([0, 1] \ F)] — colimpe » X[ ([0, 1] \ F)]

is given by p, o inf = ingp oX[ap']. If we express |X| as colimy )|} x[—] Sim”,
then p, is the map obtained by taking x = (x1,...,x,) € Sim" to (a(x1),...,a(x,))
€ Sim" for every A[n]|[—] — X[—]. We wish to show that the map u : Aut[0, 1] x
cOlim ][] x[-] Sim" — COlimA ][] x[] Sim" is continuous. An adjunction
argument in C reduce this to the problem of verifying that the map Aut[0,1] —
Homy (Sim”,Sim"), & — a X --- X & |g,» is continuous for every A[n][—] —
X[—], which is done in general topology. See the appendix for details. n

2.2 Cyclic sets

A similar argument applies to cyclic sets. Cyclic sets are defined by using a cate-
gory consisting of certain Z  -categories.

A Z -category is a category C together with endomorphisms 1. : ¢ — ¢, ¢ €
ob C, satisfying 1, # id, for every objectcand f o1, = 1, o f for every morphism
f :c1 — c2. A Z-functor (resp. isomorphism) is a functor (resp. isomorphism)
between Z_ -categories which preserves the structural endomorphisms. The most
basic example of a Z -category is the circle S' = IR/Z. Morphisms from x to
y are homotopy classes of continuous maps f : [0,1] - R — R/Z = S! with
[0,1] — R non-decreasing, such that f(0) = x and f(1) = y. The Z_-category
structure is given by 1, =(class of degree 1 loop based at x).

If F C S!is a finite subset, the set of connected components 7y(S! \ F) can
be considered as a Z_ -category. The set of morphisms from c to d is defined by
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choosing representatives x. € cand x; € d:
Hom_ (s1\ (¢, d) = Homgi (xc, x4).

If F C G there is a Z -functor 71o(S' \ G) — mo(St \ F).
Write [1]¢y. for the full subcategory

{[0,[1/(n+1)],...,[n/(n+1)]} C St

where [—] denotes the class in S' = IR/Z. (For notational simplicity we will
frequently omit such brackets.) The category [r]cyc inherits a Z -category struc-
ture from S!. Denote by A (resp. by Aypig) the category of the Z . -categories
[11]cyc (resp. small Z | -categories isomorphic to some [1]cyc) and Z . -functors. By
definition a cyclic set is a functor X : A°? — Sets. Choose one isomorphism
ir : A — [my]eyc for each A € ob Aig \ ob A. We extend the cyclic set X to a func-

tor X : Agfg — Sets, by defining on objects X[A] = X[, ]cyc and on mor}ihisms
X[f] = X[f] : X[my]cye = X[mp]cye, where f : A — pis a map in Apig and f is the
unique map in A that makes the following diagram commute:

A L [m/\]cyc
7] 7l
H — [mpt]cyc

If X’ is another extension, i.e. a functor Agf’g — Sets that is identical to X on A°P,

then there exists a unique natural isomorphism x : X — X’ such that x | yop= id .
Indeed, if « is such a natural isomorphism then there is a commutative diagram

) Y g0
%iir) | %Gy |
X[m)t]cyc — X[m)\]cyc

for each A € ob Ap;g. This forces x(A) = X'[ir] o [X(ix)] 7.

The geometric realization of the cyclic set X is the geometric realization of the
simplicial set X |pop: AP — Sets, where A is considered as a subcategory of A via
the functor A — A, [n] = [n]cye. The image of f : [m] — [n] by this functor takes
k/(m+1)to f(k)/(n +1). The following cyclic set version of Theorem 2.1]is also
a result of Drinfeld [[2]].



Theorem 2.3 Denote by F' the ordered set of all finite subsets of S, which is again a
filtered category. Then the geometric realization |X| of the cyclic set X is given by the
filtered colimit colimpe 7 X[rto(S* \ F)].

The proof of the following corollary is similar to that of the corollary 2.2l The
difference is that we use instead of Sim" the set Simgy. of points (xo, ..., x,) of
(Sl)”Jrl such that x1, ..., x, are in the correct cyclic order (and in the dihedral case
treated in the next subsection, the set Sim};; of points (xq, ..., x,) of (S1)"*1 such
taht xp,...,x, or x,,...,x are in the correct cyclic order). See Drinfeld [[2]] for

details.

Corollary 2.4 1. Geometric realization of cyclic sets, considered as a functor to IC,
commutes with finite limits.

2. The group AutS' of orientation-preserving homeomorphisms of S! (in particular,
the special orthogonal group SO(2) C AutS!) acts continuously on the realization
of a cyclic set.

2.3 Dihedral sets

When defining cyclic sets we used the category A, which contains A as a sub-
category and the group of automorphisms on each object [1]cyc is isomorphic to
the cyclic group Z/(n + 1)Z. There is a more general notion due to Loday [3]
(Definition 6.3.0).

Definition 2.1 A crossed simplicial group is a family of groups {Gy },>0 together
with a category AG that has one object [n] for each n > 0, containing A as a subcategory,
and satisfies the following conditions:

1. The group of automorphisms Autsg[n] on each [n] is isomorphic to the group G,F .

2. Every morphism [m] — [n| can be uniquely written as the composite ¢ o g with
¢ € Homp([m], [n]) and g € Autpg[m].

An important example of a crossed simplicial group is given by the family
{Dy+1}n>0, where D, 1 is the dihedral group of order 2(n + 1). We define the
category AD to have the same set of objects as A. The set of morphisms from
[1]cyc to [11]cye is the disjoint union of the sets of covariant and contravariant Z, -
functors from [m]cyc to [11]cyc. (Remarks: 1. If C is a Z | -category, the Z | -category
structure on the opposite category C°P is given by 1. = (1.)°P for ¢ € ob C°P.



2. Considering the disjoint union means that a functor cannot be both covariant and
contravariant. As a consequence, e.g. Homap([0]cyc, [0]cyc) has two elements: the
identity idjg),. ¢ [Ocyc = [O]cyc as a covariant functor, and idg)_ : [0]eyc — [0]che
as a contravariant functor.)

A functor X : (AD)°P — Sets is called a dihedral set. Let Ay,;; D be the category
of small Z , -categories isomorphic to some [#]cyc and covariant and contravariant
Z -tunctors. The dihedral set X can be extended uniquely up to unique isomor-
phism to a functor X : (ApigD)°P — Sets. The geometric realization of the di-
hedral set X is the realization of the simplicial set X |pop, or equivalently, the
realization of the cyclic set X |pop. Le.

1X| = |X |acp| = colimpe 7/ (X |aop) [0 (ST \ F)].

Note that the extension (X |[pop) of X |pcp tO Agﬁg is nothing but the restriction

X | AP of X to Agfg, because of the following commutative diagram of categories:
g

A% — 5 (AD)? —X Sets

l l H

X
Appy — (BrigD)? —— Sets.

Therefore we see

X| = colimper X | p [mo(S"\ F)] = colimpe z Xlrmo(S\ )

Theorem 2.5 The geometric realization | X| of the dihedral set X is given by the filtered
colimit colimpe 7 X[rto(S' \ F)]. In particular, geometric realization of dihedral sets,
considered as a functor to K, commutes with finite limits.

Any homeomorphism of S!, even an orientation-reversing one, gives rise to an
isomorphism p, : | X| — |X| defined by

Pa ©inp = inyp oX[agl],
where ar : m(S' \ F) — mo(S' \ a(F)) is the covariant or contravariant Z -
isomorphim induced by «. Therefore,

Corollary 2.6 The group Homeo S' of homeomorphisms of S (in particular, the orthog-
onal group O(2) C Homeo S) acts continuously on the realization of a dihedral set.



3 Subdivisions

3.1 Simplicial sets

The following definition of subdivisions of simplicial sets is due to Bokstedt-
Hsiang-Madsen [1]]. For every positive integer r, let sd, : A — A be the functor
defined on objects by sd,[n] = [r(n + 1) — 1] and on morphisms by sd,[f](a(m +
1)+0b) =an+1)+ f(b), where f : [m] — [n],0 <a<r,and0 < b < m.
The composite sd; X = X o sd,, which is again a simplicial set, is called the r-fold
subdivision of X.

By Drinfeld’s formula, its realization is given by

|sd, X| = colimpe 7 sd, X[71([0,1] \ F)]-

For each F € F, let F, denote the finiteset {n +x |0 <n <r,x € FU{0,1}} C
[0, 7]. If n is the cardinarity of 779([0, 1] \ F), then that of 7o([0, 7] \ F;) is rn. In this

case we have sd, X[ ([0,1] \ F)] = sd, X[n — 1] = X[rn — 1] = X[mo([0, 7] \ E)].
(Note that we may proceed by choosing a particular extension sd, X of sd, X, since
other extensions are all isomorphic to the chosen one up to unique isomorphism.
The same thing can be said for extension of X.) Therefore the realization of the

subdivision can be rewritten as
|sd, X| = colimpe 7 X[mo([0, 7] \ ).

Since the subsets in [0, r] of the form F, with F € F forms a subcategory of the
category F, of all finite subsets in [0,7], [sd, X| = colimper X[mo([0,7] \ F)] is a
subspace of colimpex, X[7o([0,7] \ F)]. Now, for every F € F, there exists a set
F' € F such that F C (F'),. Indeed, {x € [0,1] | n+x € F forsome 0 <n < r} C
[0,1] is such a set. There results a map X[ro([0,7] \ F)] — X[rto([0, 7] \ (F')/)].

This implies that every element in colimpe £, X[71o([0,7] \ F)] can be represented
by an element of X|[71o([0, 7] \ F;)] with some F € F. Hence,

Theorem 3.1 The realization of sd, X is given by
|sd, X| = colimpecx, X [71o([0,7] \ F)].
In particular, the bijection [0,r] — [0,1], x — x/r defines a homeomorphism

D, : |sd, X| = colimpe 7, X[o([0,7] \ F)] = colimpe z X[ ([0, 1] \ F)] = |X].
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3.2 Cyclic sets

We recall subdivisions of cyclic sets from Bokstedt-Hsiang-Madsen [1], in a sim-
pler manner not mentioning face, degeneracy and cyclic operators. The definition
is analogous, but subdivisions of cyclic sets are not cyclic sets but A,-sets. The cat-
egory A, is defined to make the family {Z/r(n +1)Z},>0 into a crossed simplicial
group, by using the Z -category S} = R/rZ instead of S' = R/Z. Denote by
[n], the subset (considered as a Z -subcategory) {[k+1/(n+1)] |0 <k <7r,0<
| < n} of S}. We define the category A, (resp. Ay pig) to have as objects the Z. -
categories [n], C S}, n > 0, (resp. Z -categories isomorphic to some [1],) and to
have as morphisms from [m], to [n],, Z-functors satisfying f(x +1) = f(x) + 1.
(resp. as morphisms from A to B, Z -functors f such that there exists a map f’ in
Ay such that the diagram

A 2 [m],

7| a
B —£5 [n],
commutes, where ¢ 4 and (3 are chosen isomorphisms. This definition is indepen-
dent of the choices of 14 and 15.) A A,-set is a functor X : AP — Sets, and there
is a unique (up to unique isomorphism) extension X to A; pig.

The geometric realization |X| of the A,-set X is defined to be the geometric
realization of the simplicial set X |rop. Let F] denote the category of all finite
subset of S! such that the cardinarity of my(S! \ F) equals r(n + 1) with some
n > 0. Then we have the following formula:

|X| = colimpe 7 X[710(S} \ F)J-
If a is an orientation-preserving homeomorphism on S}, it induces an isomor-
phism ar : 7o(S} \ F) — mo(S} \ a(F)) for each F € F!, and in turn a homeomor-
phims p, : | X| — |X| defined by

Pa ©inp = ing(p) oX[a; ).

In the particular case where «a is given by the translation S} > x + x +a € S} by
a € S} = R/rZ, the action p, : | X| — |X| is given by

pa 0 ing = inp o oX[1o(SH\ (F+a)) = (S \ F)].

Hence,



Theorem 3.2 1. Geometric realization of A,-sets as a functor to K commutes with
finite limits.

2. The group AutS} of all orientation-preserving homeomorphisms of S} (in particu-
lar, S} itself) acts continuously on the realization of a A,-set.

Let sd, : Ay — A be the functor that is defined on objects by sd,[n| = [r(n +
1) — 1] and on morphisms by sd,[f] = p, 0 fopm : [r(m+1) —1] = [r(n +1) —
1], where f : [m] — [n] is a map in A, and p,, and p, are the set bijections from
[m]; to [r(m 4 1) — 1]eye, and from [n], to [r(n 4 1) — 1]cye, respectively, induced
by the isomorphism p : S} — S!, x ~ x/r. This functor is an extension of the
subdivision functor for simplicial sets, in the sense that the diagram

A I A

[

A S A

commutes. The r-fold subdivision sd, Y of a cyclic set Y is defined to be the
composite Y o sd,. By an argument similar to that in the previous subsection, we
have:

Theorem 3.3 The realization of sd, Y is given by
sd, Y| = colimp Y[mo(S! \ F)],
where F runs through all finite subsets of S}. The bijection p : S} — S' defines a homeo-
morphism
D, : |sd, Y| = colimp Y[rmo(St \ F)] = colimpe 7 Y[ (St \ F)] = |Y].

More precisely, D, o inp = ing, oY[mo(S\ (F/r)) = mo(SL\ F)].
The following proposition follows:

Proposition 3.4 Let a be an element of S} and p, the action on |sd, Y| induced by the

translation S' > x + x +a € S}, and similar for a/r € S* and p,;, : |Y| — |Y|. Then
the diagram

Isd, Y| —25 Y|

Pﬂl Pa/rl

Isd, Y| -2 Y|
s commutative.
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(Proof) Clear by definition. Indeed, we have
D, 0 pg oing = Dy oinpiq oY [mo(SE\ (F +a)) = mo(Sh\ F)]

o

= inp/rayr oY [mo(ST\ (F/r +a/7)) = mo(SE\ (F +a))]
o Y[mo(SI\ (F+a)) = mo(SH\ F)]
= ing/ppasr oY [mo(ST\ (E/r 4a/7)) = mo(SE\ F)],

)

and similarly p,/, o Dy o inf = ingpya/r oY [710(SY\ (F/r +a/r)) = mo(S\ F)).
=

3.3 Dihedral sets

We repeat the same argument as in the previous subsection to define and study
the dihedral version of subdivisions. Define the category A,D to have the same
sets of objects as A, and to have as morphisms covariant Z_ -functors f satisfying
f(x+1) = f(x)+ 1 and contravariant Z_, -functors g satisfying g(x +1) = g(x) —
1. For every n > 0, the automorphism group Auty,p[n] is the dihedral group of
order 2r(n + 1). The extended category A, 1,;; D is defined analogously. A functor
X : A,D° —s Sets, a A,D-set, is extended to a functor X : ArlbigDOP — Sets, and
such an extension is unique up to unique isomorphism. The geometric realization
of the A,D-set X is the realization of the underlying simplicial set, and we have
the following formula

X| = colimpe 5 X[mo(S} \ F)]

The group of all homeomorphisms of S} acts on |X|.

If Y is a dihedral set, its r-fold subdivision sd, Y is defined to be the composite
Y o sd;, where sd; is the functor A,D — AD that extends the cyclic subdivision
functor sd, : A, — A. The realization |sd, Y| is equal to colimp Y[mo(S} \ F)],
where F runs over all finite subsets of S}, and canonically homeomorphic to |Y]|.
Remark. Spaliniski [5] defined the r-fold subdivision of the dihedral set Y to be the
r-fold subdivision of the underlying simplicial set Y |pop. Our definition is com-
patible with Spaliniski’s one since we have the following commutative diagram:

(A,D)P 2 (ADYP —Y 5 Gets

I I H

pAop S Yace

AP =% Sets.
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3.3.1 Combination with Quillen’s edgewise subdivision

Spaliriski [5] defined another subdivision sbd, Y of the dihedral set Y, for each
r > 1, combining the subdivision functor sd, with Quillen’s edgewise subdivision
functor sq introduced in Segal [4]. The functor sq : A — A is given on objects by
sq[n] = [2n + 1], and on morphisms by sq[f](k) = f(k), sq[f](2m +1—k) =
2n+1— f(k) where f : [m] — [n], 0 < k < m. Spaliniski defines sbd, Y to be the
composite Y |pop 05d, 0sq of the underlying simplicial set of Y with sd, and sq.
Here we will re-define sbd, Y to be the composite of Y with sd, : A;D — A and
a certain functor sq : AysqD — A,D. Let A;5qD denote the category that has as
objects the Z , -subcategories [n],sq = {[k+1/(n+1)] |0 <k <2r,0<1<n} C
S}, of the Z -category S}, = R/2rZ and that has as morphisms from [1],sq to
[11];,5q the covariant Z , -functors f satisfying

1. f(x+2)=f(x)+2
2. f(x)+ f(=1/(m+1)—x)—=2f(0) =—-1/(n+1)for0 < x <1
and contravariant Z  -functors g satisfying

1. g(x+2)=g(x)—2
2. ¢(x)+g(=1/(m+1)—x)—2g(0) =-1/(n+1) for0 < x < 1.

The family { Dy, (41 }n>0 of dihedral groups of order 4r(n + 1) becomes a crossed
simplicial group by A, sqD. We have an inclusion A — A; 54D, [1n] > [n];sq, that
sendsamap f : [m] — [n] to the map f : [m],sq — [1n]rsq givenby f(I/(m+1)) =

f()/(n+1)and f(=1/(m+1)—1/(m+1)) = -1/(n+1)—f(I)/(n+1) for0 <
k < m. (This determines f. Remember that f should satisfy f(x +2) = f(x) +2.)
The functor sq : ArsqD — A, is defined on objects by sq(n];sq = [2n + 1], and
on morphisms by sq[f] = pmsq © f(X) © pu,sq, Where ppsq @ [M]rsq — [2m + 1],
and 0y sq : [1]r,sq —+ [211 + 1], are Z | -isomorphisms induced by the bijection psq :

Stsq = Stox > x/2.

Definition 3.1 We define sbd, Y to be the Ay sqD-set Y osd, osq : AysqDP — Sets.

The diagram
(ArsqD) —+ AD,

I I

A Ly A
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commutes, and in view of this our definition of sbd, Y is compatible with that of
Spaliriski.

We define A, 5qpigD to be the category of Z. -categories isomorphic to some
[n]r,sq. A morphism from A to B in Ay sqbigD 1s a covariant or contravariant Z., -
functor f such that there are some isomorphisms ¢ 4 from A to [m];sq and 15 from
B to [n]ysq, and some map g : [m];sq — [11]rsq in AysqD, that make the diagram

A 2 [m]rsq

A

A B [n)rsq

commute. A A;sqD-set X is extended to a functor X from Ay sqbigD to Sets, such
an extension being unique up to unique isomorphism. The geometric realization
of X, defined to be the realization of the underlying simplicial set, is given by

|X| = colimp X[?‘(O(S%r \ F)],

where F runs over finite subsets of S} such that the cardinarity of 71(S}, \ F) is
2r(n + 1) with some n > 0.

Theorem 3.5 If the A, sqD-set X is the subdivision sbd, Y of the dihedral set Y, then the
geometric realizations of X = sbd, Y, sd, Y, and Y are given by colimp Y|[ro(S \ F)],
where F runs over all finite subsets of S = S, S = S}, and S = S!, respectively,
and homeomorphic to each other via the isomorphisms induced by psq : S3, — S} and

p : St — Sl. Moreover, these homeomorphisms preserve the actions of Homeo S} on
|sbd, Y|, Homeo S} on |sd, Y|, and Homeo S on |Y]|.

3.3.2 Simplicial actions on subdivisions

Let wy and T, : [n]rsq — [1]rsq be isomorphisms in A;sqD given by w,(x) =
—1/(n+1) —xand 7, (x) = 1/(n +1) + x, respectively. The subgroup of Aut[n], sq
generated by w;, and 1, = (%H)Z(nﬂ) can be considered as the dihedral group D,.
If f : [m] — [n] is a map in A, the diagram

wy Or Ty

[m]rsq —— [mlrsq

| 7
Wy OF Ty

(nlrsq —— [nlrsq

~
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commutes by the construction of f. Thus D, acts on the underlying simplicial set
of sbd, Y, and hence on |sbd, Y|. This action is nothing but the action obtained
by using the action of Homeo S}, and by identifying D, with the subgroup of
Homeo S}, generated by w : x — —xand 7: x — x + 2.

Consider a simplicial set [1] + (sbd, Y[n])Pr. We give a new proof to the
following result of Spalinski:

Proposition 3.6 There is a canonical homeomorphism between |(sbd, Y[—])Pr| and (|Y|)P".

(Proof) The left-hand-side is given by the colimit colimp, f(m [770(]0,1] \
F)])Pr. Tt is clear that if x € |sbd,Y| = colimpezsbd, Y[mo([0,1] \ F)] is rep-
resented by an element of (sbd, Y[ro([0,1] \ F)])Pr with some F € F, then x is
fixed by the D,-action on |sbd,Y|. The converse also holds. Indeed, suppose

x € |sbd, Y| to be represented by y € sgd\;/Y[r(o([O,l] \ F)] and to be fixed by
the D,-action. Then for any é € D,, there is a larger subset G C [0, 1] containing

F such that the images of y and J - y in m [770([0,1] \ G)] coincides. Then x

—_——

is represented by this common element z € sbd, Y[mo([0,1] \ G)], and z is fixed
by the action of D,, i.e. z € (sbd, Y[m([0,1] \ G)])Pr. Therefore |(sbd, Y[—])Pr| =

colimp 7(sbd, Y[70([0, 1]\ F)])" = (colimpe sbdy Y[rr0([0, 1]\ F)])" = (jsbd, Y])P.
Finally, the canonical homeomorphism from |sbd, Y| to |Y|, which preserves the
appropreate actions on both sides, concludes the proof. n

We can also consider an action by the cyclic group Cp, on sbd, Y by identify-
ing Cy, with the subgroup (1) of Aut[n],sq, Where 7, = 7,""", for each n > 0.
It is proved likewise that the realization of (sbd, Y[—])® is canonically home-
omorphic to that of Y. Moreover, in this case the simplicial set (sbd, Y[—])®
has an extra structure. Indeed, w, and T, satisfy w? = (T,)""! = id(), ., and

r,5q

Wy Tawy = (T,) ! on (sbd, Y[n])CZV. Hence, (sbd, Y[—])Cﬂ is again a dihedral set.

Appendix

We will complete the proof of Corollary 2.2H(2), by verifying the following lemma:

Lemma 3.7 The map py, : Aut|0,1] — Homy (Sim”,Sim"), & — a X - -+ X & |gjpn, IS
continuous with respect to the standard k-space topologies on both sides.
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(Proof) Remember that the subbasis of the target space is given by the sub-
sets N(h,U) = {f : Sim" — Sim" | f(h(K)) C U} where h : K — Sim" is
a continuous map from a compact Hausdorff space K and U is an open set of
Sim”. Hence it suffices to show that u, 'N(h,U) is open in Aut[0,1]. To this
end, we fix an arbitrary & € u,;'N(h,U) and will show that there is an open
neighbourhood N(«) of a in Aut[0, 1] such taht N(a) C u, 'N(h,U). Since U C
Sim" is open, for every x € h(K), there exists a positive real number ¢, such
that B = {y € Sim" | |y — pn(a)(x)| < €y} is contained in U. We take a
smaller ball B, = {y € Sim" | |y — un(a)(x)| < &x/n} in BY, and put B, =
iy (a)"1(BL) N h(K). Then {Bx}xen(k) forms an open cover for h(K). A com-
pactness argument tells us that we can choose finite xD, . xD) e h(K) such
that h(K) = U§'+1 B (- If By denotes the closure of By in h(K), we also have

h(K) = U; +1B.()- Note that By is compact (because it is a closed set in a com-

pact set). We let 1, : By — h(K) — Sim” be the inclusion, and consider for every
i=1..nandj=1,...1 the set N'(p; oy, pi(B;)) = { € Aut[0,1] |
B(pi(B.»)) C pi(B.;))}, where p; : Sim" — [0,1] is the projection onto the i-
th component. Then N'(p; o 1., pi(B!;)) is an open set in Aut[0, 1] containing

B be in the left-hand side and take x € h(K) arbitrarily. Then there is some j
such that x = (x1,...,x,) € B . Forevery 1 < i < n, B(pi(x)) = B(x;) €

pi(Blg) C {yi € [01] | lyi = pilpa(@)(x))] < &) /n}. Hence, [pn(B)(x) -
(@) (22 = T2 (B(x) — a(x))2 < T ey /n? = € /n < €. There-
fore yn(B)(x) € BY, C U. This implies B € p,'(N(hU)). Thus we take
N(a) = Mi<i<ni<j<i N'(pi o 1), pi(B;(j))), obtaining the desired conclusion. =
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