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Abstract; We consider the clinical trial with a continuous treatment response. First,

applying the properties of the linear rank statistic, we obtain the asymptotic

normality of the test statistic which is based on rank statistic proposed by

Rosenberger and used to test the hypothesis of no treatment effect for a trial with

continuous response. Then, we propose another assignment scheme for the trial

with continuous response and obtain the asymptotic normality of the corresponding

test statistic.
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0 Introduction

In a clinical trial, response-adaptive treatment allocation rules-"*! are to use accumula-
ting information to assign patients to treatments with the goal of placing more patients on
the more effective of two treatments. Ethical considerations make adaptive treatment
assignment attractive,at least in principle. For a clinical trial with dichotomous response,
the randomized play-the-winner (RPW)' rule has been proposed as a form of response-
adaptive treatment allocation. And the Generalized Polya’s Urn design">~* proposed later
belongs to the forms of response-adaptive treatment allocation, too. For RPW rules,
Rosenberger " derived the permutation tests under the null hypothesis of no treatment

effect, and then, applying the martingale central limit theorem, proved that the
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permutation test statistic is asymptotically normal under certain conditions on the sequence
of responses. But for a clinical trial with continuous response, Rosenberger proposed a
response-adaptive design with a large sample test statistic based on scores, while the
asymptotic normality of the test statistic was just obtained by simulation results, which
will be expressed in detail in Section 1.

In this paper, we study the asymptotic properties of the permutation test statistic
based on rank statistic proposed by Rosenberger'*’ for continuous response, and then
propose another allocation rule and study the asymptotic properties of the corresponding

test statistics.

1 A permutation test statistic based on scores calculated from a general variable
Rosenberger proposed a response-adaptive design along with a large sample test
statistic based on scores as follows:
LetY;,Y,,--,Y, be a sequence of dichotomous treatment assignments, where Y; = 1
or 0 according to whether patient j is assigned to treatment A or B, respectively. Write
nay = ZY] ,ng = n—n,. Then,among n responses, there are 14 responses of treatment A,

=1
denoted as X, , X
denoted as X, . X, »*** ’X’”nB , which distributed as G(x) , where 1 < n; <n; <+ < n,, <

n.1 << m; <my L <lmy, < n.
To test the hypothesis of no treatment effect, we propose the null hypothesis as

ottt Xy s which distributed as F'(x) ; and np responses of treatment B,
A

follows:
Flx) =Gx), x € R. (D
Under the null hypothesis, X, ,X,, .- ’X”"« s X o X, a0 ,X,,,”B are identical independent

distributed random variables. Then we can denote the n responses as X;,X;,*, X, , and
Xy < X < -+- << X, are their order statistics.
Let
R; =r, when X,=X,.i=1,2,.j, 2
where a larger rank indicates a better response to treatment. Define scores a; to be some

J
function of the R;; ,1<{i<{j <{n, where Ea,-j =0,j = 1.+++on. Definea; = a;1(a; >0),

i=1
where [ is the indicator function,and,let F; = (Y, ,*==,Y;; X;,+, X;).

Let]Bl :ﬁg = %, and

i—1

J Zaj,l;l (YJ _%)1

ﬁi = E(Yi‘gifl) - %11+ =1 ) Jal = 3,4, (3)

Z : +
a}.[il
j=1
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The better the responses of previous patients on treatment A, relative to those on B, the
larger will be the probability that the next patient is assigned to A.
To test the hypothesis of no treatment effect,ref. [4 | proposed the test statistic

S, — Ea (v, —4). 0

Applying the martingale central limit theorem, Resenberger attempted to verify the
asymptotic normality of S, under some conditions. However, it is regretful that they only
could give simulation results in some sense.

In the present paper, applying the properties of the linear rank statistic, we give the
asymptotic normality of S,,.

Proposition 1.1 7n4, — co,ng —>co, a.s. as n—co,

Proof letq;, = ¢(77R7jr”1) , and $(u) (0 << u<C1) satisfy the following two conditions:

D (4 —u)=—9(1 +u);

1
2)J0¢2(u)du<00.

Write Ay = {ny <M}, and A = { limn, <+oo) :MOI Ay Tt is easily seen that there
o ~
are less than M assignments on treatment A and more than (n — M) on treatment B on Ay,.
Thus,among the n assignments the worst case is that M responses of treatment A are
ranked before (n — M) responses of treatment B,

For brevity, let n = 2K, K is a positive integer. Then n — oo and M < K gives

o) 3 ) S|
2 n-+1 2,54 n-+1 2,5 n—+1 N

1
n 2 °
2 a |
i=1

So,there exists n, » and when n > n, , we have p,,, = % , that is, 1 — p,1 << % , and

0< P = Pu <M < [ (£)=0.as M=,

1\4:110+1 3
Since Ay is increasing on M, then P(Ay) = 0,as M < n,.

Hence P = P(U Aw) < D P(Aw) =0,
M= M=1
Then ny —> o0, a.s. as n-—> oo, ]
Write
l n

Y/ - L a = %Zam - O’Y72v1 - 2 (YJ 7?)2’6172' - Za%” (5)
ji=1 =1
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Then, applying the properties of the linear rank statistic, we have

Theorem 1.2 S, is asymptotical normality.

Proof There are infinite 0’s and infinite 1’s among the value of Y;,Y,,-, since n, ,
np — ©O,

Then,condition on Y|, = y;,Y; = y;,*.Y, = y,,

n

Z (Y _?)2 _ nang
1 n 9

i=1
(max(na snp))?

max(Y; —Y)? =~ AL

1<<i<n n

DY, —Y)? ,
= [ min(us . np)
max(Y, —Y)? max (4 ynp)

1<=i<n

SO ]-min(nA,nB)»OO,asn—»OO.

vn—18,
2 2
Ylﬂla“

distribution to a standard normal variable. Then the theorem holds. ]

Hence,when Y, = v,,Y, = y,,***, are given, the statistic converges in

2 A permutation test statistic for the urn model with general outcomes

In this section, for the trial with general outcomes, we propose another urn model as
follows.

At the start of the trial, there are ¢ balls of each other,say red and black,in the urn.
When a patient is available for assignment to either of treatments A or B,a ball is drawn at
random from the urn and replaced. A red ball generates an assignment to A,a black ball to
B. When a response of a previously assigned patient becomes available, some additional red
balls and black balls are added to the urn. Without loss of the generality, we assume the
total number of two kinds of balls added to the urn is one at each stage.

For the continuous responses, we can discrete the responses to (2L-+1) levels, where L
is a constant., LetY;,Y,,**-,Y, be a sequence of dichotomous treatment assignments, where
Y; = 1 or 0 according to whether a patient is assigned to treatment A or B,respectively.

Let the responses of the treatment be Z;,Z,,*-+,Z, and for j = 1,2,++.,n, 9; =
o(Y1.Y2..Y; 321,725,440, Z,) s the sigma algebra generated by the first j treatment

assignments,and let 9, be the trivial sigma algebra.

Let p, = p, = %, and

ECY, |9, = p, = 2501

= e = B (6

where S; = 2 {ZJ <Y, —%>+

} , which is the total number of red balls added to the urn
i=1

1
2
after n assignments.

Now,we consider the null hypothesis of no treatment effect. Then, analogy to section
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2,we assume; the responses are identical independent distributed sequences Z;, Z,, **+,

which take on the valuear sar—1 s sa1ra0s —a1>*» —ar, (1 = a1 > >a >a) =

L
0); and the corresponding probabilities are pr,pr1s** s PrsPos Pt s s Pr < ij = 1)

i—L
respectively.

The test statistic of interest has the numerator

n

>z (v =) (7
which will take extreme values if there are significantly larger number of better responses
on one treatment than on the other, leading to rejection of the hypothesis of equal
treatment effects,

Let {b;,,j = 1,2,+*-,n) be a deterministic triangular array,chosen to make

3z (v, = 5)|= X a0 —p. (8

7=1
for each n. This choice of Z;]-” gives the equivalence of

zjzgzj(yj—é)
1

7(25}%)2

and W,,, , where the array (W ok = 1,2,++,n,) with

T, = , (9)

ZZEJ'HZ]' (Y] _ﬁj>
J=1

Wu/\’ -

, (10)

noo 1
(226.)°

=1
forms a martingale.

It is not difficult to verify that the desired sequence {b,, } is given by
b = 1.5, = ﬁ(1+;-zﬁ),j:1,---,n—1 an
N S B '
Under the null hypothesis, we have the following results.

Denote E(Z,) = B.E(Z;) = y* > 0.k = 1,2,++-,n. Then we can get

~ 7772 - n 2
VarS) = 230 1 (1+¢2a+k_1). (12)

j=1k=j+

Theorem 2.1  Var(S,/n) —0, as n—co for any 8<C1, where the expectation is taken
over the {Z;} and {Y}.
Proof From (12),
2 n n

Var(3,) = L (1+—2f8—)<7—2 Y (M)m. (13)

Then, the rate of convergence of Var(S,) is o(n?) for

<

™
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Corollary 2.2 5 in probability as n — co,
Theorem 2.3 If << % ,
max b,,l
= 5, (14
2 [)]2,,
=1
in probability as n — oo,
) _ B n Z}\, ‘
Proof We have that,for j <n.,b;, = z]l1<1 -+ pE— ) , so that
_ n Zk
‘bjn ‘ <exp{/\,:2j+1 2&+/3_ } exp(P/n>eXp(ﬂ/vZ]1 2 _’_k*l)
. n Zk o
where P,,,kgl 4&% iy
Write A, = {max P;, > 1,). By Kolmogorov' inequality, since
1<j<n
Zi=B \_ N1 1.9
Var<2 T T h1)= 2 ey <2 Ya= L2
P(max P, >2,) <2/, OnA,°, we have from that

Pt n— 117
eXp(A7f+1)<2a+j—1>’

72 exp(Z/\n + 2)
mAX O S () (2g tn— D% O
maxb,“

so that
I<j=n
72
max b],,
1<<j<n dP

max b,
Now - J e —dp+ JA =
248 Z B, I
= =

<1, the first integral does not exceed P(A,) <{2/A

we have P(A,) =
1<<j<n
‘ [;jn <

In(In n). Since \J\”

b
Z b,
nc for a

j=1

Let A, =
For the second integral, it follows from an argument of ref. [10] that Zbﬁ,

constant c.
Hence
. max b?, —1)28
| = lap < LE(max bl A < SR B atn = D7 oln)
nc 1<jn nec (2a)% n
L]

A
2 b/n
This term tends to 0 as n — o, provided §<C 1/2. Hence the theorem holds

L
:1,2,..-,L,and;pj Zp <m,wecan

Remark In fact,whenq; = 70

get B<C %
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Theorem 2. 4
Proof By Corollary 3. 1 of ref. [ 11 ],applying Corollary 2. 2 and Theorem 2. 3,we can

casily obtain the normality of T,.

3 Conclusion

T, converges in distribution to a normal variable,

]

For general responses, Rosenberger proposed the permutation test statistic based on

the rank,and only gave the simulation results. Now, applying the properties of the linear

rank statistic, we showed the asymptotic normality of the test statistic, and at the same

time we proposed another urn design for general outcomes.
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