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Abstract: The symbols «; »

0; are used to denote the connectivity and the minimum degree of a

graph G; fori = 1,2. k(G, X Gy) = min{x; (1 + 8,) ,, (1 + 81) } is established if G, and G, are
connected undirected graphs, where G; X G, is the strong product of G, and G,.
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0 Introduction

The strong product of graphs G, = (V,,E})
and G, = (V,,E;) is the graph G, K G, with vertex
set V; XV, and two distinct pairs (2 ,x3) and (y; ,
y;) are adjacent in G; X G, for each i = 1,2 either
x; =y; or x;y; € E;. Many properties of strong
products have been studied in [1,2,3]. The strong
product is also an important method to construct a
big graph from two small graphs, and plays an
important role in the design and analysis of
networks'*/,

The connectivity of graph G is the minimum

number of vertices in a vertex-cut, and will be
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denoted by «((G).

vertex-cuts, but it is conventional to define x(K,)

The complete graph K, has no

to ben—1.

For the connectivity of the strong products,
up to now, no results have been reported. In this
paper, we will give the following bounds of

connectivity of strong products.

1 Theorem

Theorem 1.1 Let G, be a
undirected graph, «;, J; be the connectivity and the

connected

minimum degree of a graph G; for each i =1, 2.
Then

K(Glez) mln{x1(82 +1)al€2(81 +1)}
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2 Proof of Theorem 1.1

For terminology and notation on graph theory
not given here, the reader should refer to [5]. Let
G = (V,E) be a finite simple undirected graph with
vertex set V =V(G) and edge set E = E(G). For a
vertex x in G,d;(x) denotes the degree of x in G.
The symbol § (G) denotes the minimum degree of
vertex of G and the symbol 2 denotes {2} X G. By
the strong product of graphs, the following results
are clearly true,

Lemma 2.1 LetG; be a connected undirected
graph for eachi = 1,2 and G = G, X G;,. Then

Ci)delay) = dg (2)dg, (y) + dg () +
dg, (y) for any x € V(G)) and y € V(G,),

Cii) 6(G) = 8(G1)8(Gy) +6(Gy) +6(G2).

Lemma 2.2 LetG;, = (V,,E,) be a connected
undirected graph with §(G;) = ¢, and x(G;) = «; for
eachi =1,2and G = G, X G,. Then

(i) k(Gsza,ab) = k(8 + 1) for any x €
V(Gy) anda,b € V(Gy), a #~ b;

(i) k(Gsxasya) = k(8 + 1 for any x,y €
V(G),x7# yanda € V(Gy).

Proof
sufficient to prove that there is an (xa,xb)-path in
G— S for any S < V(G) \{aa,xb} with |S| =
(0 + 1) —1.

Let us consider any vertex x € G, and all the

To prove the first conclusion, it is

vertices in graph G, which are adjacent to vertex x.
Assume that vertex set H is composed of all these
vertices, H = {x} U Ng, (o). Tt is obvious that
| H| = ¢, + 1. Note that for any y € H, 3G, is a
subgraph of G and any two such subgraphs have no
common vertex. Since | H| = 8, +1 and the vertex
cut set | S| =k (8; +1) —1, there must be at least
one y € H such that yG, contains at most x, — 1
vertices in S, Since yG; is k;-connected, there is a
(ya,yb)-path P in yGG,. Thus, if y = x then P is an
(xa,xb)-path in G—S; if y 7~ x then (za ,ya) U P
U (yb.xb) is an (xa,xb)-path in G — S.

In conclusion, k(Gs;aa ,xb) = #, (8 + 1) for
anyx € V(Gy)) anda.b € V(G;),a F# b.

Similarly, we can prove the second conclusion. []

Proof of Theorem 1.1 To prove the theorem,
it is sufficient to prove that G, X G, — S is
connected for any S C V(G, ¥ G,) with |S| =
min{x; (8 + 1,k (81 + 1D} — 1. To this end,
assume that x = x;2; and y = y, y, are two distinct
vertices in G; K G; — S, where x;,y;, € V(G;) and
x5,y, € V(Gy). Note that each vertex has at least
(5, +1)(5 + 1) — 1 neighbors in graph G, X Gs.
For simplicity, arbitrarily taking &, vertices of
N(ay) in graph G, X {x,} and adding the vertex
x1x2, we have vertex set N¢ (213 arbitrarily
taking 8, vertices of N(a;) in graph {x;} X G; and
adding the vertex x,x,, we have vertex set
Ng, (x0Tt s N¢g (@) U
N¢, () \{z1 22 } consists of (61 +1) « (5, +1) —1
neighbors of vertex x in G, X G,. Similarly, we
Né (y1)s Ng (y2) and  N¢ (v U
N¢, (y2)\{y1y2} consists of (§; + 1D (6 + 1) — 1
neighbors of vertex y in G; X G,. It is obvious that

NG, (e [ = [N G| =61 +1,
| NG, () [ = [NG, (v [ = &, + 1.

It is possible that there are some common

obvious that

define

vertices in vertex sets N¢ (1) and Ng (y1). It is
also possible that there are some common vertices
in vertex sets N¢, (x,) and N¢, (y,). In order to
build some pairs of vertices with no common
vertex, we partition the two sets of vertices with
common vertices into three sets with no common
vertex, as follows;

Ci = N¢ (1) () N¢, (1) s

X = N¢, (xD\C s Yy = Ng, (y)\Cr s

C, = N¢, () () Ng, (y2) s

X, = N(éé (xI\C,» Y, = N('f"z (y2\Co.

Now it is obvious that X,,C, and Y, are

pairwise disjoint. So are X,,C, and Y,. Since
NG (e = [N (y)| and [ NG (x| =
\Néz(yz)\ , we have | X, | = |Y,| and | X,| =
Y, |. Assume |X,| = Y| = m and | X,| =
Y, |=mn, then |C,|=6 —mand |C,| = & —n.
Let

Cr = {cnscrzsee 2 C1(5,—m) y s

G = {6‘21vCZZs"'sz<5fn>}9
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Xl - {1.]1 s L1299 L1 } 7X2 -
Y1 - {yn sVizs®** 7y1m} 7Y2 - {y21 s Vo2 9°°° ?yzn}-
We know that (X; U C) U (X, U C,) are
neighbors of vertex x (including vertex x itself)
and (Y, U C) U (Y, U C,) are neighbor vertices of

vertex y (including vertex y itself). Let

S :Cl U cz =

{1721 s L2 9"'712:1}7

{cricyj | 1= 1,242,800 —ms3j = 1,2,2++.0, —nj»
S, =C UX; =

{cras | 1= 1,2,2,00 —ms3j = 1,2422+.0, —n),
Ss =G U Y, =

{cl,-y2] | i =1,2,,00 —ms3j = 1,2,+++,8, —n},
S, =X, U C, =

{xrcyy | 1= 1,2, ym;j = 1,2,,8, —n},
S =Y, UG =

{yicoj | 1= 1.2, sms3j = 1,2,+,6, —n},
Se =X, U X, =

{Tuxey | 1= 1,2, yms3j = 1,2,+.n},
S, =Y, UY, =

{yiye [ i =12, sm3j = 1,2, ,n},
Ss =X, UY, =

{uye | 1= 1.2, sms35 = 1,2,+,n).

It is easy to see that S;(i = 1,2,:-+,8) are
pairwise disjoint and

XaUCHX, UGHh =S US: US U Ss»
Y, U C» (Y, U G =S5 U S; U Ss U S;.

In order to prove the theorem, we construct
some pairs of vertices as follows, from which we
can find a surviving path between vertices x and y.

It is clear that S, consists of (§; —m) (8 — n)
vertices, which are common neighbors of x and vy,

as follows:

0p—m 8y~

S, = U U {6'11'6'2;};

i=1 =
S, U S; consists of (8 — m)n pairs of vertices as
follows:

& —m

SZUSSZU

i=1j=1
S, U S5 consists of m(5; — n) pairs of vertices as

n

{CnIzJ‘ 2 C1iY 25 } H

follows:
m OGN

Sq U S.s = U U {IliCZjayliCZj};
=1 =1

Ss U S; U Ss consists of mn pairs of vertices as

follows:

m n

Ss U S7 U Sg - U U {IliIZ, s V1Y 2j !xliyz_;}-

=1 =1
It is easy to calculate that there are (8§ + 1) -

(8, + 1) pairs of vertices in the above. And it is
obvious that all these pairs of vertices are pairwise
disjoint since S;,i=1,2,+-+,8 are pairwise disjoint.

Now we consider the surviving graph of G; X
G, of vertex cut S with cardinality min{«; (5, + 1),
k(81 F 1)} —1. Sincex; <6 and k2 < 6> » we have
min{/c] (62 + 1) K2 (31 JF 1)} —1 < (81 JF 1)((5\2 JF 1)
It indicates that there is at least one pair of vertices
in which all vertices are surviving after deleting
| S| vertices.

If there is a surviving pair of vertices in S;,
without loss of generality, assume that such a pair
of vertices is {c1,c2 } » then vertex ¢ ¢4, is the vertex
x or adjacent to the vertex x and ci,cs, is the vertex
v or adjacent to the vertex y, so vertices x and y are
connected.

If there is a surviving pair of vertices in S, |J
S, , without loss of generality, assume that such a
pair of vertices is {c1,x4 s¢1,y2 ). By Lemma 2. 2,

k(G X Gy s crys) =
Il’lil’l{la (82 JF 1) 1 K2 (61 + 1) } ’
so the vertices ¢,y and ¢,y is connected in graph
G — S. Since the vertex ¢y is the vertex x or
adjacent to the vertex x and the vertex ¢y, is the
vertex y or adjacent to the vertex y, the vertices x
and y are connected in G — S.

If there is a surviving pair of vertices in S, |
S5, without loss of generality, assume that such a
pair of vertices is {x1,c2 s y1,¢2 ). By Lemma 2. 2,

k(G X Gy s 21,025 Y1sC2) =
min{x; (&2 + 1) k2 (81 + 1D},

so the vertices x1,cs, and yycs are connected in G —
S. Since the vertex x1,cy 1s the vertex x or adjacent
to the vertex x and the vertex yi,c, is the vertex y
or adjacent to the vertex y, the vertices x and y are
connected in G — S.

(T#5F 248 T)





