Applied Mathematical Sciences, Vol. 4, 2010, no. 45, 2241 - 2248

Numerical Solution of nth-Order Integro-Differential
Equations with Trigonometric Wavelet
H. Mesgarani

Department of Science
University of Shahid Rajaie
Lawizan, Tehran, Iran
hmesgarani@sru.ac.ir

A. Babaaghaie

Department of Science
University of Shahid Rajaie
Lawizan, Tehran, Iran
a.babaaghaie@gmail.com

H. Safdari

Department of Science
University of Shahid Rajaie
Lawizan, Tehran, Iran
HSafdari@srttu.edu

Abstract

Integro-differential equations are appeared in many engineering and
physic fields. We select fredholm integro-differential equation and basis
gained from trigonometric wavelet scaling function. In this procedure,
we use collocation method as a projection method to convert integral
equation to the system of linear equation. It seems that due to the
nature of trigonometric wavelet, the use of this wavelets, it makes little
error in contrast to the use of other wavelets. Finally some numerical
examples indicate the accuracy of this method.
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1 Introduction

Sometimes in the science and other branches of mathematics such as mathe-
matic modeling or ordinary differential equations, the result of the work leads
to the solution of integro-differential equation, the importance of this method
leads us to the solution of this equations. In the present study we attempt
to solve a large class of this equations. We consider the following integro-
differential equation of second kind:

{ f(n) (x) =9 (x) + f027r k (xa t) f (t) dt (1)
;= fr(0);i=1,2,....,n

Where k(x,t) and g(x) are known functions,and f(x) is an unknown function.In
this paper for solving this equation firstly,we define some scaling basis function
and use them to approximate the unknown function.Basis function in this work
are scaling function which will be defined in the next section.

2 Trigonometric Scaling and Wavelet Function

Forl €N, the Dirichlet kernel D, € T, and the conjugate Dirichlet kernel
D, € T, are defined as

sin(t+1/2)z & & 217

4
+ Z Coskr = { 2sin(z/2)
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and

~ 4 cos(z/2)—cos({+1/2)x L ¢ 2nZ
Dy(z) = Z sin(kzx) = { 0 2sin(z/2)
k=1

T €21l

Where T, denotes the linear space of trigonometric polynomial of degree ¢.The
inner product (., .) of two functions f and g in L2_ is defined as usual,by (f, g) =
L [Z7 f(x)g(x)dx. For any j€ N, consider the following two functions:
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jo(@) = W(Dmﬂ—l(fﬁ) T3 sin(2/" )
let 2, = % for n=0,1,... 27" —1; deﬁne'gb?’n = ¢)o(x — xj,),and ¢}, (r) =
}m (x—x;,), for any je N and n=0,1,..., 2771 1. The following interpolatory
properties hold for each k=0,1,... 271 — 1:

! /

00 (k) = Ok (¢?,n(%,k)) =0, ¢j,(zk) =0, (ﬁb},n(%k)) = Okyn
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Where
P 1 k=n
B0 k#n

Given je N, the space Vj is defined by V; = spcm{ i jn, =0,1,..., 27" —1
It is easy to see that the spaces V; ,j=0,1,...,J-1,form a sequence of nested sub-
spaces of L2 with:

+oo +oo
L= U Vi, (1 Vi={0},V; C Vi

j=—1  j=-1

Where L3 is a set of square-integrable 27- periodic functions and V_; = {0}.
There for {V»}Jroo forms a hermite—type MRA of L3 . The wavelet spaces are

defined by W, = sp(m{ n=0,1,.., 2% — 1},Where:

VR J n?
0 1 j+1 1 Y j+1
70 = 5771 cos(2/ " x) + 3% 921 > (3x2H —0) cos(lx)
(=27+141
) 1 . o 1 2i+2_1 .
77Z)j,0 — 22j+3 Sll’l(2 ZL’) —+ W Z Sln(gl')
£=27+141

For any je N and n=0,1,...,2/%" — 1, define 99, (z) = 9¥9,(x — x;,), and
in(2) = ig(x — ;). Tt can be verified that V; @ W; = Vjand L3, =

Vo @ (@]235W5).

For JEN | it is obtained basis set { Oy Py 0 < ke < 27H — };for approxi-

mation space V; C L27r For any function f € L3 . based on the dual func-

tion ¢p( ) and wp( ) in [2],p=0,1. we define the orthogonal projection op-

erator P; as Pif(z) = Y2, F0%(z) + SPUNF k0 k(1) where Pjf €

V;,and fjpk = <f, é§k> is the scaling coefficient,p= O,l.It follows that Py f(z) =

2J+1_1(f.1k¢ g(@ )+f}k¢5k( ) = Z}Ci Z/f<:]+()1 (“ok¢o (z )“‘flk@/)l (z)),where

i r = < f, ¢] k>1s the trigonometric wavelet coefficient of the function f(x) and
p=0,1.
Remark. Define the orthogonal complement projection (); to satisfy Q); =
Jj+1 A
Piy—Pjand Q,f = Yr, Y jokwgk(x) + firjp(2)), thus, for any f(x)e L3,
and Je N it follows that f Pif(x) = S25(Pia— Py) f = 225(Q; f) , and
when J — 400 we have P;f(z) — f(x).

3 Collocation Method

In this section we use the wavelet basis functions which are introduced in
the previous section to approximate the unknown function in the Eq (1). we
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consider f(™ (z) continuous, so we have:

2711 2711
f(n) (z) = Z CJJC¢?I,I¢ (z) + Z dJ,qub,k (). (2)
k=0 k=0

with integration n times as [ from sides (2) and using the following formula

/Ox /oxA (t) = (n_l 1)! /Ox (v — t)nilA(t) dt

we have
B 2J+1_1 = (x i t)n—l 2741 z (x . t)n—l
f(z) = kz:;) CJ,k/O = 1) Ly, (1) dt+ kz:% d],k/o Wﬁm (t) dt+

Z? 0 z' &(n i)
by substituting f (¢), f™ () in Eq(1) and some changes, we have:

2711

S e (e 00— [Trtmn) ([ L ar)ar) +

27411

> dJ,k<¢5,k<x>—/02”k<x,t> (/Ot(t(n_”) Ol (r)d )dt>:

~ Qi) [ i
g(x)—i-z,—‘/o k(z,t)t'dt
by regard to the above relation we can define residual function as

2711

5 e (e 00— [Trwn) ([ ) ar)+
S (- [Chwn ([ i) a) -

n—1 a(n—z) ot )
g(z) - Z,—/O k(z,) tdt

|
i—0 v

Now for determining unknown coefficients ¢, and dj, , we have some alterna-
tives. In this paper, we choose collocation method which is defined as follows
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In collocation method we select some collocation points then let residual equa-
tion in this point equal to zero. With choose collocation point as

i(b—a) i Jao
r;=b+ 572 —QJH,z—O,l,...,QJr -1
we have
9J+1_1 o PRV
S e (= [T ([0, ) ar) +
k=0 0 o (n—1)
27411

kz::O Ak (%,k (@) — /027r k(xi,t) (/Ot %qﬁk (r) d?") dt) ~

n—1 _ J+1
an ; o[ k=0,1,..,27+ —1
A3 At

142
Thus, we have system of linear equation A;X = b; where A; = l 44 ] ,

AP = (a k)2J+1><2J+1 , P= 1,2,3 4. X = Ik bJ = b2 .and:
dyg b

b= o= [Tty ([ D ) )

o= b o[t ([ ot ) ) ar

o= o= [ wto) ([ ) )

2 t(t — T)”—l i= 27+ )42
aj, = Prk (xi)—/o k(i 1) (/0 (n—1) s (r)dr ) dt; L — o+l 9J+2
n 1
bl = g () (n= ’) k(z;, t) tdt;i = 0,1,...,27 — 1

E(xg,t)tidt;i =271 2742 — 1

=0
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4 Numerical Example

In this section we present some numerical examples to illustrate the stated
method in this paper.
Example 1. In this example we solve equation

{ FU (2) = 2Cosa + Sinw —x + [ «f (1) dt
£(0) =0 |

Where the exact solution is f(x)=xSinx , and results are shown in Fig 1 and 2.
Example 2. In this example we solve equation:

* numerical solution — exact solution

1.0

051

0.0 | L L L L 1 L L L L 1 L L L L 1 L i
0.0 0.5 1.0 15

Figure 1: Result for J=1

* numerical solution — exact solution

Figure 2: Result for J=2

{ FO (2) = —Sinx + x — [ atf () dt
F(0) =0, /0 (0) =1 |
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Where the exact solution is f(x)=Sinx, and Results are shown in Fig 3,4.

= numerical solution — exact solution

Lo T —

00 1 1 1 1 1 1 1 1 1 1 L L L L 1 |
0.0 0.5 1.0 1.5

Figure 3: Result for J=1

* numerical solution — exact solution
o—————— =

08f

0.6 -

02l

0.0

0.0 0.5 1.0 15

Figure 4: Result for J=2

5 Conclusion

In this paper , we reduce the integral equation to a linear system of equation
using collocation method with trigonometric wavelet basis. figure(1),(2),(3),
and (4), show numerical solution convergence to exact solution.

This shows the efficiency trigonometric wavelet in the solution of integral equa-
tions. we can easily generalize this numerical method to the solution of other
equation like

FO (@) = g () + [k (@, t) fO () dt;n > m
;= fr(0);i=1,2,....,n
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