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Model for invulnerability of complex networks with incomplete
information based on unequal probability sampling

WU Jun, TAN Yue-jin, DENG Hong-zhong, LI Yong, LIU Bin

(Department of Management, College of Information Systems and Management, National University of Defense Technology,

Changsha 410073, China)

Abstract To bridge the gap between random failure and intentional attack, a novel model for invulner-

ability of complex networks with incomplete attack information is proposed by considering the process of

acquiring attack information as the unequal probability sampling. The attack information can be controlled

by a tunable attack information accuracy parameter and a tunable attack information range parameter.

The known random failure and the intentional attack are two extreme cases of our model. Using the

generating function method, the analytical expressions of the critical removal fraction of vertices for the

disintegration of networks and the size of the giant component under random incomplete information and

preferential incomplete information are derived. The results allow us to make predictions on the invul-

nerability of complex networks under attack with incomplete information. Taking scale-free networks for

example, the invulnerability of complex networks with general incomplete attack information is studied nu-

merically. It is shown that hiding just a small fraction of vertices randomly can enhance the invulnerability

and detecting just a small fraction of important vertices preferentially can reduce the invulnerability.

Keywords complex networks; invulnerability; unequal probability sampling; incomplete information
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!�""#������#!? ���$%"& !'$%%�()#"�$%&, �����!#&*
&�$"+? ��*��
��'%,-&./�%���. '��
��-&�0( [1−8] , "
�
��
#$/�-&��1�, �
��'%,-&�$���)2'3+(4)5()'�, (
)*$/)+
*�*6,��7,--� [9−11] .

1999 . Albert *�+Nature,+�-+.�,-&
�-/01�
���'%, [12] . .�/2
0
8Æ91/: ',Æ9 (Random failure), -',3:4��;�.5; �)/0 (Intentional attack), -6
<.5/7��0�1=:4.5,122.5:41�;��,&�8��3��>2�38�24�
��'%,. Albert *-&�4, �',Æ9&, 59/��3%',����53�'%,, ��59/�
��%�)/0):?&;4. Albert *�-&6(
�5-&�@%��'%,�06 [13−19] , 7�,�
�� 10 .687A+�B+<1
 2000 =. �8��>0'%,-&Æ"?7&8' Albert *C9Æ"
�-&Æ9, --&�-���',Æ9!'�)/0&�'%,. :;',Æ9'�)/0, 7/0��
:/�9, ;�:��/0'<;��/0. )", �4��<��
��;, ',Æ9'�)/0D�08
)@$%, ���<5��$%��<;��/0, ->0��AE, >0��7E.



=�4��F',Æ9'�)/0�'%,1G,A,�
��/0��=>B=(5C>��
*??BH��, @@�<;��>A&��
��'%,1G, D%*	IB?'EJ0?.

2 $%&'()*+,p-./0123

�
���@K+��AA(��B G = (V, E), *; V = {v1, v2, v3, · · · , vN} -C.5 (Vertex) C
D, E = {e1, e2, · · · , eW } ⊆ V × V -CF (Edge) �CD, N = |V | -C.5@5, W = |E| -CF@5. @
@�<;��>A&��
��'%,1G./BE0���: 1) G524/0��; 2) BC�<;��
>A&�/01G.

FD��//0��;� Nf �.5, *; f -C.5:4ÆD. H���&=>���EG��6,
��D&���;',�/0 Nf �.5, �;���E��',Æ9. �FH��&=>���;>�
�6, G��L�6<.5�$/�/��0H=MN,3/0 Nf �.5, �;���E���)/0.
OI, ��/I.5�$//"
���/0��. 8�, IF.5$//�JJ�K�JK, DFL@
K[20], .5F4K [21], .5GHK [22] **. �#ML��I+#NM�.5$//P9;�.5�/.

K��;.5 vi �$//
 Ii, :�
.56<$// Ii H=, K.5 vi �=O


ri. ��+ ∇i -C.5���=>>2,-L
vi �$// Ii AE, L ∇i = 1, !L ∇i = 0.
��N:�A�=>��.5�CD
 “AE
MQ Ω”, - Ω = {vi|∇i = 1, vi ∈ V }, N:
�7�=>��.5�CD
 “7EMQ Ω̄”,
- Ω̄ = {vi|∇i = 0, vi ∈ V }. �H, /0��
�/5��;R�(AEMQ Ω �CG��.
FB 1 :C, ST>0-C/0��7EMQ
Ω̄ , OST>0-C/0��AEMQ Ω , *
; Ω = ∅ %3:��/0, Ω = V %3<;

��/0.

V

4 1 56789:;<q4

/CG Ω ./BE0���: 1) Ω �P�J�.5, -/0���N/; 2) Ω �PN�.5, -/0�
��Q/. 

-6/0OU���Q/'N/, ��P Ω �CGR�( “�*??BH��”. �*??B
H�6��N
O??BH!O',BH,KPVL;P�LW�QH??�7LW�P�QX85�0(
*Æ [23]. ��7, VL%3.5CD V , VLR5
 N ; HA%3AEMQ Ω , HAR5
 n = Nα, *;
α ∈ [0, 1] 
/0��N/R@. α 	�, =>�/0��	�. /I08)@$%:

i) H α = 0 6:

n = Nα = 0 (1)
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-/0��5
:, %3',Æ9;
ii) H α = 1 6:

n = Nα = N (2)

-/0��5
<;��, %3�)/0.
U].5 vi �QX85F&:

πi = r−δ
i (3)

*; δ ∈ [0,∞) 
/0��Q/R@. ^/ (3) �:L=BH (n = 1) .5 vi �QH??


∇i =
πi

N∑
t=1

πt

=
r−δ
i

N∑
t=1

r−δ
t

(4)

)", δ 	�, 	�&=>�G�$/.5���, -=>�/0��Q/	V. /I08)@$%:
i) H δ = 0 6:

∇i =
r−δ
i∑N

t=1 r−δ
t

=
1
N

(5)

-.5�=>���??3*, ��N�8/0��
',�<;��.
ii) H δ = ∞ 6:

N∑
t=1

r−∞
t =

N∑
t=1

t−∞ = 1 +
N∑

t=2

t−∞ = 1 (6)

FD ri∗ = 1, L

∆i =

{
1, i = i∗

0, i �= i∗
(7)

-#$/�.5��V��_Q=>, ��N�8/0��
_Q�<;��.


WW$//V�.5$�QH, /0���=>1�B=(F&5C>��*??BH��:
Step 1 6< (4) /;�??B>��HA;
Step 2 R`.56$//H=D$aWSQX85 πi 'QH?? ∇i;
Step 3 $� Step 1 ' Step 2 bcB' n �HA.
FDA+CGAEMQ Ω (n = |Ω | = Nα), .//0��;� Nf �.5, .5�/0X�*3XY

�F'1:4. /I�8#ML�/01/: Q/0AE��.5, d/07E��.5, -
i) L f ≤ α, bY�AEMQ Ω ;6<.5�$//7��0e=/0;
ii) L f > α, QPAEMQ Ω ;�.5;>/0, "X�7EMQ Ω̄ ',/0 N(f − α) �.5.

3 $%&'()*+,p-./01=>?>

%F�X��
��, B?0?�<;��>A&�'%,O&YZ, :�A,ZB?0?[�E)/
01�N2',�� [24] �'%,, -FD���[�/01 p(k) >A&',XY. &�TQ\+??]\
@JK [13,24] B?U"�<;��>A&N2',���0�$/'%,/5R@: <<:4ÆD']@W
^1, 	)B?0?08VW$% (',��'_Q��) &�
���'%,. 

YFU", �7M>.
5�/"
.5�$//P9.
3.1 ABrCDEFGstHI

_G/01 p(k), �:�*??]\@

g0(x) =
M∑

k=m

p(k)xk (8)

*; m 
#0/, M 
#�/. K7',MN��>F�Z�.5/
 k �??01
 pE(k), *�Z�/

 k �.5@5(*Æ, #� k AX(*Æ. OI,

pE(k) =
kp(k)∑M

k=m kp(k)
(9)
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7), �: pE(k) �??]\@


gE(x) =
M∑

k=m

pE(k)xk =
∑M

k=m kp(k)xk∑M
k=m kp(k)

=
g′0(x)
g′0(1)

x (10)

H7',MN��>F�Z/
 k �.5X, #R k − 1 >F��XY*K.5, �;�R`/�?
^ [24]. *�:;R`/;�P.5�/`_ 1,BQR`/��JYU". KR`/�??01
 pR(k), ^
R`/�G2fE

pR(k) = p(k + 1) (11)

OI, 7',MN��>F�ZR`/
 k �??01


p1(k) =
(k + 1)p(k + 1)∑M−1

k=m−1 (k + 1)p(k + 1)
=

(k + 1)p(k + 1)∑M
k=m kp(k)

(12)

*??]\@


g1(x) =
M−1∑

k=m−1

p1(k)xk =
∑M−1

k=m−1 (k + 1)p(k + 1)xk∑M
k=m kp(k)

=
∑M

k=m kp(k)xk−1∑M
k=m kp(k)

=
g′0(x)
g′0(1)

=
1

< k >
g′0(x) (13)

K/
 k �.57�/0�??
 q(k), L',MN��.5, *.5/
 k +`��/0�??


w0(k) = p(k)q(k), *??]\@


F0(x) =
M∑

k=m

p(k)q(k)xk (14)

-�, 7',MN��>F�Z��R`/
 k +`��/0�.5�??
 w1(k) = p1(k)q(k + 1),
*??]\@


F1(x) =
M−1∑

k=m−1

p1(k)q(k + 1)xk =
M∑

k=m

kp(k)∑M
k=m kp(k)

q(k)xk−1

=
∑M

k=m kp(k)q(k)xk−1∑M
k=m kp(k)

=
F ′

0(x)
< k >

(15)

K h1(k) -C7',MN��>F�Z�Xa s �^1
 k �??, *??]\@


H1(x) =
∞∑

k=0

h1(k)xk (16)

H��;P�]@W6, ��FD h1(k) ��b]@W [24]. :; “]@W” P���P��;��@.
5�Xa, -ab�G |S| = Θ(N)[25−26]. H7',MN��>F�Z�.5A�/06, �Z�Xa
^1
:, *??


h1(0) = 1 −
M−1∑

k=m−1

p1(k)q(k + 1) = 1 − F1(1) (17)

H7',MN��>F�Z�.57�/06,�Z�Xa^1�F:. H�Z.5�R`/
 06,
�Z�Xa^1
 1; H�Z.5�R`/
 1 6, �Z�Xa^1
�Z.5XY�0g^1d� 1;
H�Z.5�R`/
 2 6, �Z�Xa^1
�Z.5XY�0�0g^11'd� 1, · · · eI�U.
OI, H1(x) �-C
F&[ch/:

H1(x) = 1 − F1(1) + xp1(1)q(1)H1(x) + xp1(2)q(2)[H1(x)]2 + · · ·

= 1 − F1(1) + x
M∑

k=m

p1(k)q(k)[H1(x)]k

= 1 − F1(1) + xF1[H1(x)] (18)
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-�, K h0(k) -C',MN���.5:YXa�^1
 k �??, *??]\@


H0(x) =
∞∑

k=0

h0(k)xk (19)

H��;P�]@W6, -HFD h0(k) ��b]@W. H7',MN�.5A�/06, :YXa^1

:, *??


h0(0) = 1 −
M∑

k=m

p(k)q(k) = 1 − F0(1) (20)

H0(x) [�F&[ch/
H0(x) = 1 − F0(1) + xF0[H1(x)] (21)

�H, _G/01 p(k) �37�/0?? q(k), ��;�:� F0(x) ' F1(x),  F1(x) \Q (18) /-
�B' H1(x),  F0(x) ' H1(x) \Q (21) /-�B' H0(x), 7)�:�:�Xa^1�??01. �
�d+, B?cBJ� (18) �O&YZ�, ��@6eK?�<	J�, `�)/B. Z"KZB?:�X
a^1�??01, �����1 (18) /' (21) /:�<<:4ÆD fc ']@W^1 S.

FD��;��]@W, L

H1(1) =
∞∑

k=0

h1(k) =1 (22)

H0(1) =
∞∑

k=0

h0(k) =1 (23)

7), �:dfXa^1

< s >= H ′
0(1) = F0[H1(1)] + F ′

0(1)H ′
1(1) = F0(1) + F ′

0(1)H ′
1(1) (24)

i^ (18) /�E
H ′

1(1) = F1[H1(1)] + F ′
1(1)H ′

1(1) = F1(1) + F ′
1(1)H ′

1(1) (25)

B:

H ′
1(1) =

F1(1)
1 − F ′

1(1)
(26)

7)

< s >= F0(1) + F ′
0(1)H ′

1(1) = F0(1) +
F ′

0(1)F1(1)
1 − F ′

1(1)
(27)

^ (27) /��9', H F ′
1(1) = 1 6dfXa^1 < s > �e, �)[�]@W��<<5!'��#

!�<<5\F F ′
1(1) = 1, -

F ′
1(1) =

F ′′
0 (1)

< k >
=

∑M
k=m k(k − 1)p(k)q(k)∑M

k=m kp(k)
= 1 (28)

^F q(k) Z'/0���3.5:4ÆD f �I, :�_G/01 p(k), /0��R@ α	δ X, ��
�^ (28) /B'<<:4ÆD fc.

H��;�]@W S 6, ^ H
(x)
0 G2�E

|S| /N = 1 − H0(1) (29)

i^ (21) /�E
H1(1) = 1 − F1(1) + F1(H1(1)) (30)

^+/B: H1(1) = u, \Q (21) /, :

H0(1) = 1 − F0(1) + F0(u) (31)

OI, �:]@W^1
|S| /N = 1 − H0(1) = F0(1) − F0(u) (32)

*; u 
J�

u = 1 − F1(1) + F1(u) (33)
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�#0Og�@B.
3.2 JKLMNOPQRSTUuVWXYZ

L f ≤ α, �AEMQ Ω ;6<.5�/7��0e=:4 Nf .5. K K̃ -C Ω ;7�/0.5

�#�/, L

q(k) =

{
1, k ≤ K̃

1−α, k > K̃
(34)

*;, K̃ ^/01 p(k) ' f CG. V]3, L p(k) = (γ − 1)mγ−1k−γ (γ > 2), L

K̃ ≈ m (f/α)−1/(γ−1) (35)

L f > α, QPAEMQ Ω ;�.5;>:4, "X�7EMQ Ω̄ ',:4 N(f −α) .5. O
 Ω ;
.5��',MN�, :��8$%*(F�#���;',:4 Nf .5. OI, 7�/0??


q(k) = 1 − f (36)

 (36) /\Q (28) /, �:',Æ9>A&�<<>A

(1 − f)
M∑

k=m

k(k − 1)p(k) =
M∑

k=m

kp(k) (37)

7)�:',Æ9>A&�<<:4ÆD

fRF
c = 1 − 1

κ − 1
(38)

*; κ =< k2 > / < k >. V]3, L p(k) = (γ − 1)mγ−1k−γ (γ > 2 + γ �= 3), L

κ =
(

2 − γ

3 − γ

)
M3−γ − m3−γ

M2−γ − m2−γ
(39)

��,] [19] ;�hH�".

L α ≤ fRF
c , Gf^jcJ:4 Nα .5_&I:��#!, - fc ≥ α. I6*(F',Æ9, OI

fc = fRF
c .

L α > fRF
c , �E fc < α.  (34) /\Q (28) /, �:<<>A

K̃∑
k=m

k(k − 1)p(k) + (1 − α)
M∑

k=K̃+1

k(k − 1)p(k) =
M∑

k=m

kp(k) (40)

cB+/, �:<<4 K̃c, d^ K̃ ' f �\@I�-�:�<<:4ÆD fc. V]3, L p(k) = (γ −
1)mγ−1k−γ (γ > 2 + γ �= 3), / (40) �k


αK̃2−γ − 2m2−γ + (2 − α)M2−γ

2 − γ
=

αK̃3−γ − m3−γ + (1 − α)M3−γ

3 − γ
(41)

%F�)/0 (α = 1), / (41) �k


K̃2−γ − 2m2−γ + M2−γ

2 − γ
=

K̃3−γ − m3−γ

3 − γ
(42)

��,] [16] ;�hH�".

7 (41) /	(42) /�9', L γ > 3, LH N → ∞, M3−γ → 0, 7)V�����^�<<:4Æ
D fc < 1; �H 2 < γ < 3 6, L α < 1, LH N → ∞, M3−γ → ∞, 7) fc → 1. �)[�, �9/P@
2 < γ < 3 �59/��;, H N → ∞ 6, FH��&�`>0.5��� (α < 1), Gfab./:4:
�.5_&I:��#! (fc → 1).  (34) /	(36) /\Q (14) /	(15) /�: F0(x) ' F1(x), d\Q
(32) /-�c:]@W^1.
3.3 v[LMNOPQRSTUuVWXYZ

H f ≤ α 6, �AEMQ Ω ;6<.5�/7��0e=:4 Nf .5. O
 Ω ;.5�6</7�
�0_QMN�, :��8$%*(F�#���;6<.5�/7��0e=:4 Nf .5, -�)/0
(α = 1). K K̃ -C7�/0.5�#�/, L7�/0??�k


q(k) =

{
1, k ≤ K̃

0, k > K̃
(43)
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V]3, L p(k) = (γ − 1)mγ−1k−γ (γ > 2), L

K̃ ≈ mf−1/(γ−1) (44)

 (43) /\Q (28) /, �:�)/0>A&�<<>A
K̃∑

k=m

k(k − 1)p(k) =
M∑

k=m

kp(k) (45)

cB+/, �:<<4 K̃c, d^ K̃ ' f �\@I�-�:��)/0>A&�<<:4ÆD f IA
c . V]3,

L p(k) = (γ − 1)mγ−1k−γ (γ > 2 + γ �= 3), L<<>A�k

K̃2−γ − 2m2−γ + M2−γ

2 − γ
=

K̃3−γ − m3−γ

3 − γ
(46)

H f > α 6, QPAEMQ Ω ;�.5;>:4, "X�7EMQ Ω̄ ',:4 N(f − α) .5. K m̃

-C Ω ;.5�#0/, L7�/0??�k


q(k) =

⎧⎨
⎩

1 − f

1 − α
, k < m̃

0, k ≥ m̃
(47)

*; m̃ ^/01 p(k) ' f CG. V]3, L p(k) = (γ − 1)mγ−1k−γ (γ > 2 + γ �= 3), L

m̃ ≈ mα−1/(γ−1) (48)

L α ≥ f IA
c , GfZ.:4�<1 Nα .5_&I:��#!, - fc ≤ α. I6*(F�)/0, OI

fc = f IA
c .
L α < f IA

c , �E fc > α.  (47) /\Q (28) /, �:<<>A

(1 − f)
m̃−1∑
k=m

k(k − 1)p(k) = (1 − α)
M∑

k=m

kp(k) (49)

cB+/, �:�<<:4ÆD fc. V]3, L p(k) = Ck−γ(γ > 2 + γ �= 3), / (49) �k

(M2−γ − m2−γ)(1 − α) + (m̃2−γ − m2−γ)(1 − f)

2 − γ
=

(m̃3−γ − m3−γ)(1 − f)
3 − γ

(50)

%F',Æ9 (α = 0), / (50) �k

(2 − f)(m2−γ − M2−γ)

2 − γ
=

(1 − f)(m3−γ − M3−γ)
3 − γ

(51)

B:
fRF

c = 1 − 1
κ − 1

(52)

*;
κ =

(
2 − γ

3 − γ

)
M3−γ − m3−γ

M2−γ − m2−γ
(53)

��,] [19] ;�hH�".
7 (50) /	(51) /�9', H γ > 3 6, V�����^�<<:4ÆD fc < 1; H 2 < γ < 3 6, L

α = 0, LH N → ∞, M3−γ → ∞, 7) fc → 1, ��L α > 0, V�����^�<<:4ÆD fc < 1.
�)[�, �9/P@ 2 < γ < 3 �59/��;, H N → ∞ 6, D/��&_Q=>KJ>0$/.5
��� (α > 0), Gf�&1:4>0.5I:��#! (fc < 1).

 (43) /	(47) /\Q (14) /	(15) /�: F0(x) ' F1(x), d\Q (32) /-�c:]@W^1.

4 $%&'()*+,p-./01\w?>

�+�.;, ��B?-&
08VW$% (',�<;��'_Q�<;��) &�
���'%,.
A.;, ���59/��
D, %�X/0��R@@D (α, δ) 	I_`EJ0?.

_G/=� w1 ≥ w2 ≥ · · · ≥ wN , *; wi = ci−1/(γ−1), m = wN 
#0/, M = c = w1 =
mN1/(γ−1), 
#�/, γ > 2, a+,] [25–26] ;�gl1GU]',59/��, �(���/01

p(k) = (γ − 1)mγ−1k−γ . _G/0��R@@D (α, δ), ��(�',59/��;6<�*??BHbm
CGAEMQ Ω , "X6</01G:4.5. MN κ ≡< k2 > / < k >≤ 2 "
��#!�<<4 [19] , h
:4��.5XWS��;�]@W^1 |S| �3 κ, DiiI: κ ≤ 2 ./:4�.5ÆD T . ^FI+
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gl1GU]',59/���36<�*??BHCGAEMQ Ω f�',,, :���%FVG��
R@c@nI 10 =gl1G, %h����c@CG 10 =AEMQ Ω , #XWSdf4 < |S| > ' < T >

"
]@W^1'<<:4ÆD.
B 2 _'
59/����-/0��R@@D (α, δ) >A&]@W^1 |S| '.5:4ÆD f 8�

B, *; N = 1000, m = 2, γ = 3.5, �a
B?hH, �EJhHO&bD. ��9', /0��%]@W^
1 |S| �)oTc. FH/0��
:�� (α = 0), -I 50% �.5�:4, ]@W;j"�P 30% �.

5; FH/0��
<;�� (α = 1), 20% �.5�:4, ]@W^1abYj:, -��#!. Id, ��
#��9', /0��Q/Æ/0��N/%]@W^1 |S| Tc5�. DFH δ = 2 6, => 30% �$/

.5�� (α = 0.3), �A*(F�)/0, -IZ=> 10% �.5�� (α = 0.1), ���8:O&;4; �
�, FH δ = 0, => 30% �.5�� (α = 0.3), �A`�Tc, -I=> 80% �.5�� (α = 0.8), ��
'%,�O&3.

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

f

|S
|/N

δ=0

α=0

α=0.3

α=0.5

α=0.8

α=1.0

analytical

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

f

|S
|/N

δ=1

α=0

α=0.1

α=0.2

α=0.3

α=1.0
analytical

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

f

|S
|/N

δ=2

α=0

α=0.1

α=0.2

α=0.3

α=1.0
analytical

0 0.2 0.4 0.6 0.8 1
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

f

|S
|/N

δ=∞

α=0

α=0.01

α=0.05

α=0.08

α=1.0
analytical

4 2 ]xÆ^_`abycdefg4



b2�4/0��N/R@ α '/0��Q/R@ δ %]@W^1 |S| �Tc, �B 3 ;��_
'
.5:4ÆD f = 50% 6, ]@W^1 |S| IF α	δ �keI�B�3*Va. ��9', J5VQ/
��;*(F�5dQ/��.
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B 4 _'
59/����-/0��R@@D (α, δ) >A&<<:4ÆD fc '9/P@ γ 8�B,
*; N = 1000, m = 2, �aB?hH. ��9', H γ ≥ 3 6, EJhH�B?hHbDlk, �H γ < 3
6, EJhH�B?hHf�me. ��O
H γ < 3 6, 59/���hU#�/ (Structure cut-off)√

< k > N 0F*%"#�/ (Natural cut-off) mN1/(γ−1), �"":�(���;%l'�$F�@5�
&mn, )B?hH��MLBFD&:��. ,] [15, 27] %+Ame	I1_`0?. ��9', /0�
�%<<:4ÆD fc �)oTc. DFH γ = 2.5 6, FH/0��
:�� (α = 0), L fc = 0.892; �F
H (α, δ) = (0.2, 2), L fc = 0.430, �)[�FH&=>� 20% Æn$/.5���, ;���fod��
�'%, (7 0.892 � 0.430); FH/0��
<;�� (α = 1), L fc = 0.215; �FH (α, δ) = (0.8, 0), L
fc = 0.890, �)[�FH&',�` 20% �.5��, ;���fEV���'%, (7 0.215 � 0.890).
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b2�4/0��N/R@ α '/0��Q/R@ δ %<<:4ÆD fc �Tc, �B 5 ;_'

9/P@ γ = 2.5 6, <<:4ÆD fc � α	δ �keI�B�3*Va. 7;���9', J5VQ/�
�;*(F�5dQ/��.
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5 wx~yx

A,�
��/0��=>1�B=(5C>��*??BH��,@@
�<;��>A&��

��'%,1G, *;��/0����+��N/R@ α '��Q/R@ δ g.OU, ���',Æ93
�)/0�A,1G�0�VD. \+??]\@JKB?U"
',��'_Q��>A&[�E)/
01N2',���0�$/'%,/5R@: ]@W^1�3<<:4ÆD. -&-B: %F/01

p(k) = (γ − 1)mγ−1k−γ �59/��, H γ > 3 6, V�����^�<<:4ÆD fc < 1. �H
2 < γ < 3 6, L δ = 0, LD/&�`>0.5��� (α < 1), Gfab./:4:�.5_&I:��#
! (fc → 1); L δ = ∞, LD/&_Q=>KJ>0$/.5��� (α > 0), Gf�&1:4>0.5I
:��#! (fc < 1). �59/��
D, %�X/0��R@@D (α, δ) 	I
EJ0?. -&-B/0
��%]@W^1 |S| '<<:4ÆD fc ?�)oTc: �J�',�`J5.5��;���fEV�
��'%,, o�J�=>J5$/.5���;���fod���'%,. Id, -&#�4/0��
Q/Æ/0��N/% |S| ' fc Tc5�, H/0��Q/KV6, D.=>KJ.5��;&I:��8
:K;4; h1, H/0��Q/Kd6, -I.=>�5.5��, ��'%,�K3.

./P'��, A,ZZ/I
�F.5�'%,D+FD.5�/0X�13X�F;>:4. �d
+, K�6e.5KZ�<;:4, D��*3X�>0FÆ9. OI, �FF��<;��>A&�
��
�'%,#�i&�bpp-&. Id, 8��>0-& (�bA,) ?�]@W^1
��,&P9, ��
�<;#!
<<>A, �<<:4ÆD"
'%,P9. �%FK��
����, /I*<;#!�O
&YZ�, /0J5�.5KZq8]@W�^1. �6, ��/IMN*.��,&P9 (DF��9?	
X.5%ÆD) �\g]@W^1, ��g�z4�\g��#!"
<<>A.
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