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Non-stationary time series prediction based on wavelet
decomposition and remanet GM (1, 1)-AR

ZHANG Hua, REN Ruo-en

(School of Economics & Management, Beihang University, Beijing 100191, China)

Abstract A non-stationary time series prediction method based on wavelet transform and remanet

GM(1,1)-AR was proposed. By wavelet decomposition and reconstruction, the non-stationary time se-

ries were decomposed into a low frequency signal and several high frequency signals. The high frequency

signals were predicted with auto-regression models, and the low frequency was predicted with remanet

GM(1,1). The prediction result of the original time series was the superimposition of the respective pre-

diction. This new method avoids the over-fitted for high frequency signals, and adequately fits the low

signal of the non-stationary time series, so better predicting performance can be obtained. Experiments

show the novel method is of higher accuracy in comparison with the traditional ones.

Keywords wavelet decomposition; non-stationary time series; remanet GM(1, 1) model; auto-regression;
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��;&���+���������'�, 6Æ� �KLÆ, <=#>���M#������7
��?�8�9�(��,�@��ÆB�?�45��CA.NÆB>.C��������'���,D
D:;�OEP<�B����������&$� [4], �7���E��@ GM(1,1) ��$��
, �
QM=R�	�P<�B�>? GM(1,1)-AR ��������'���, @�;�P<�FM#SF�
���?�45�7�45, �?�45�7�45�A��, 
B�CA7�45���, ÆB�?�4
5��CA, ��M?Æ��������'�GC.

2 l'm()*+

2.1 ,-n.o/012 Mallat 34
Mallat �H�IG�HTUDIJÆ������, 9J=Æ4K�B���KV�L�@ÆL

L� [5].
2.1.1 5634

MM c0 �BNE�B�EN4K, WNO�BL��:

cj+1 = Hcj, dj+1 = Gdj , j = 0, 1, · · · , J (1)

�� H � G �AN7VO<P�?VO<P; cj+1 � dj+1 �ANSF4K
��K 2−(j+1) X�7�4

K�?�4K, 	SF4K
�Q���KF��8�; J �R7���BG�. 78ME�B4K c0 �B

N d1, d2, · · · , dJ � cJ .
H�BL�S�;I#,TUG�B��B��4K�OJCPK,�9V=�OJC�VW�O c0 J

C�LR�.4KQ��P!�'�	�S�,�R MallatL��BS�4K�@�ÆLL��(;M&Æ
L.
2.1.2 p:34

Cj = H∗Cj+1 + G∗Dj+1, j = J − 1, J − 2, · · · , 0 (2)

��, H∗ � G∗ �A	 H � G ��XL;, @�Y (2) �P<�BS�4K�(ÆL��YT4KQ�.
� d1, d2, · · · , dJ � cJ �A�(ÆL, !: D1, D2, · · · , DJ � CJ , �

X = D1 + D2 + · · · + DJ + CJ (3)

��, D1 : {d11, d12, · · ·} , · · · , DJ : {dJ1, dJ2, · · ·} NN 1 G�N J G�?�4KÆL; CJ : {cJ1, cJ2, · · ·} N
N J G7�4KÆL. 
 MallatÆLL��S�;M&, U
VW�O��U�Q�OZ�ORQZ, �T
�OJCYTRP, ��VQ;I#���OJC.
2.2 <=>?q@ GM(1,1) ABCr

%$�����[/	DWM����E�N[���, ����IU�F'R\���'� (Grey
dynamic model, GM)[6].

������RX%$� GM(1,1) N
dX(1) (t)

dt
+ aX(1) (t) = b (4)

��, E�AS� a � b ]XY>�:

â = (a, b)T =
(
BTB

)−1
BTY (5)

��

B =

⎡
⎢⎢⎢⎢⎢⎢⎢⎢⎣

−1
2

(
x(1) (1) + x(1) (2)

)

−1
2

(
x(1) (2) + x(1) (3)

)
...

−1
2

(
x(1) (n − 1) + x(1) (n)

)

1
1
...
1

⎤
⎥⎥⎥⎥⎥⎥⎥⎥⎦

Y�, x(1) (k) NSF�O x(0) (i) �YT&, U x(1) (k) =
∑k

i=1 x(0) (i). B[��� (4) !��^$Z�N:

x(1) (t) =
(

x(0) (1) − b

a

)
e−a(t−1) +

b

a
(6)
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MY (6) EN��!�$�'�� N:

x̂(1) (k + 1) =
(

x(1) (1) − b

a

)
e−ak +

b

a
(7)

]U, �!SF�O�'�� N:

x̂(0) (k + 1) = x̂(1) (k + 1) − x̂(1) (k) (8)

�GM(1,1)������ (7)�'�GCaaV�:!^, NM?� �GC,��>?�� q(0)(k)={
x(0) (k) − x̂(0) (k)

}
b�� GM(1, 1) � , �� (7) �&��>?��N�W�O�, ����>?��


	�O�W, $Xc��O�(Y� [7−8]. >?ZOW]�, !:d�>?�� q
(0)
1 , q

(0)
2 , �d�>?��

�A�� GM(1, 1) � , W^�S�'�� N [9]:

x̂(1) (k + 1) =
(

x(0) (1) − b

a

)
e−ak +

b

a
− δ (k − i1)

(
q
(0)
1 (1) − b1

a1

)
e−a1k+

b1

a1
+ δ (k − i2)

(
q
(0)
2 (1) − b2

a2

)
e−a2k +

b2

a2

(9)

��: X k > i �, δ (k − i) = 1; X k < i �, δ (k − i) = 0, �] (9) Y'�!:��OZ (8) Y�YP_S
�!:SF�O X(0) �'�& X̂(0).
2.3 GÆ Mallat 342AB GM(1,1)-AR q@H4

H��_cS� Mallat L�, ���������(�B�ÆL; `S�7��?�45�A��, �
SF���'�"$N7��?�'�"$�[T. '�`a�e 1 aR

AR

GM(1,1)

I 1 Js Mallat KLMNO GM(1,1)-AR tPQR

b X {x1, x2, · · · , xN} N���+���������, ���(;�P<�B, 9��BS�!G�
����A�(ÆL, !::

X = D1 + D2 + · · · + DJ + CJ (10)

��, D1 {d1,1, d1,2, · · · , d1,N}\D2 {d2,1, d2,2, · · · , d2,N}\· · ·\DJ {dJ,1, dJ,2, · · · , dJ,N}NN 1, 2, · · · , J G?�
4K�ÆL; CJ {cJ,1, cJ,2, · · · , cJ,N} NN J G7�4K�ÆL. �:

xk = d1,k + d2,k + · · · + dJ,k + cJ,k, 1 ≤ k ≤ N (11)

M3� {ti|i ≤ M} �b� xi &, !'� k ]�S�F'&, W2!^B x̂M+k, U

x̂M+k = d̂1,M+k + d̂2,M+k + · · · + d̂J,M+k + ĉJ,M+k (12)

]�D1, D2, · · · , DJ �ccd�������,��A��AR(p)� ,9� d̂1,M+k, d̂2,M+k, · · · , d̂J,M+k

�('�. �]S�X:
1) � Dj �� AR(p) � , 9S�3�� dj,i �� �(S�e�, �� 1 ≤ j ≤ J , i ≤ M ;
2) ��da�� �(&��ff;
3) gOffSA&� AR(p) � dj,M+k �('�, !: dj,M+k �'�& d̂j,M+k.
]�7�4K CJ �RJe�%, ������, �@�>? GM(1,1) �����(���'�. NO

�d>? GM(1,1) S�, �'�� �	�]S�X:
1) �7��� C

(0)
J (i) , (i = 1, 2, · · · , N) �RXYTf8�� C

(1)
J (i);

2) ] C
(1)
J (i) �gQ;&f8 B � Y , ^BS� â;

3) ��%$ GM(1,1) � ;
4) Zh (7) Y^B%$'��'[���!: C

(1)
J (i) �'�& Ĉ

(1)
J (i);

5) Zh (8) Y_S�� C
(0)
J (i) , (i = 1, 2, · · · , N) �'�& Ĉ

(0)
J (i); �$'�GCV�:!^, ��>

?��Zh�dhg���b�� GM(1,1) � ;
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7SM!Q'�"$�([T, ^!:SF�����'�"$.

3 l'TU

h; GDP	���+���������,�	��� �iA'����_ �O,�e 2aR. @
�h; GDP �f,H'�L�, 9M��`a� GM(1,1) � \ARIMA � '�"$�(� . '�f
,�, _c@� db4 P<�SF���( 1 G�B�ÆL, `ST�>? GM(1,1)-AR �('�. NÆji
� �'���, @�'���i? (Relative error) ��;��i? (Mean relative error) N��Vb.
3.1 WX GDP q@

h; GDPSF��@ 1G�B�"$�e 2aR. ����*� 15c, 1986–2000k���h; GDP;
�l*� 7c, 2001–2007k�h; GDP.�A@�	�P<�F�>? GM(1,1)-AR � \GM(1,1)� �
ARIMA � �('�, ARIMA � �X�V�dQ�f, ��K#'���7��� �m� [10−11] . n
����'�0$�e 3, ��d=�QM=���!Jjk�`eT� GM(1,1)'��`eT� ARIMA
(3,2,1) �('��0$.

I 2 YZ GDP u[v\] 1 ^w_`a I 3 bxcLtPydefI

g 1 hicLMtPz]{jkOef

�f ]4l/l
I2gj GM-AR GM(1,1) ARIMA (3,2,1)

>&l/l mhn4 >&l/l mhn4 >&l/l mhn4

2001 8622 8557 0.0076 10583 –0.2275 8987 –0.0423

2002 9398 9403 –0.0005 12193 –0.2974 10384 –0.1049

2003 10542 10677 –0.0128 14047 –0.3325 11785 –0.1179

2004 12336 12190 0.0119 16184 –0.3119 13036 –0.0567

2005 14053 14015 0.0027 18645 –0.3268 14165 –0.0080

2006 16165 16244 –0.0049 21481 –0.3288 15333 0.0515

2007 18934 18901 0.0076 24748 –0.3071 16692 0.1184

RME 0.60% 30.46% 7.14%

�� 1 �d=: 	�P<�F�>? GM(1,1)-AR �'�GCk� ARIMA (3,2,1) � GM(1,1) �'�
GC, >? GM(1,1)-AR '���;��i?�� 0.60%, ooP���o���'���;��i?.
3.2 mn5o

S�P<����������(�'�,P<�K#	P<�B�<=. �����P<� Haar
P<\Daubechines(dbN) P<�, Meyer P<� Symlets P<i. ���P<
OE�\g�j\�k� 
��k����=�����, ���R4K, @����P<Z���0$	���. NO Daubechines
P<�OE\���j\?Ol���� Mallat mpL�i�c, ����������B��#���
�, pU�Q@� Daubechines P<. �	�� N &� Daubechines P<, �!:���Y�0$, �q@
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��� N &, @�'�;�Ni? (RMSE) N��Vb. � 2 J=ÆKL DaubechinesP<�� db1–db10
'��!:�!;�Ni?.

g 2 |phiM Daubechines w_tPMZcqkOef
I2nq db1 db2 db3 db4 db5 db6 db7 db8 db9 db10

RMSE 2158.9 3116.9 2949.7 86.6 3263 3360.5 3344.1 2960.4 3121.5 3063.4

]� 2�d=, N = 4 �!:�;�Ni?7P, pU�Q�h; GDP ���B�@��	 db4P<.

P<'����, _l
r�BG���m����. P<�B���	raX�B, 4K��KF

]�!rs, so4K�mc4K�pk������r�, �	]��B���n`ql
�L��i?,
�BG�r�, i?r�, �L��i?qo�'��i?, T'�GCXr. � 3 J=Æ@� db4 P<�
B'��, �BG�N 1–7 �a!:�;�Ni?.

g 3 s} db4 w_tPthi`a^utPMZcqkOef
I2�9pq 1 2 3 4 5 6 7

RMSE 86.6 2212 311.3 2941.7 4294.2 6147.1 5304.7

]� 3 �d=, � db4 P<�Bh; GDP �����, v 1 GP<�B�;�Ni?7P. V��H
�� �, ��d=������(P<�B�, K#���P<Z���BG�, 7S!:�'�GC
	�R*�. $NO��4K��tKLA&�P<Z���BG�.

4 wx~

M	�%$���>? GM(1,1) � �P<�F$����������'�. _cNO�+���
�����s��m��\����<��, @�P<�F�E=������������7��%8�
�?�<�8�; `SS���������� �'��
���uq��, 9"A%$>?� , ��
�;&�������������Gm'�. "$�J, H��	.C���������0'���,
��R]B>�
���������$���.
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