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Abstract

The purpose of the paper is to set up a scheme which embodies and
generalizes a wide class of phase-transition models and, moreover, pro-
vides a direct approach which avoids ad-hoc assumptions. The starting
view is that if the order parameter is a concentration then it satisfies
an appropriate balance equation which is then a constraint expressed
by a partial differential equation. The diffusion flux and the mass sup-
ply, as well as any constitutive function, are allowed to depend on the
gradients up to third order. The body is allowed to be deformable and
this places a mathematical problem about the representation of the to-
tal time derivative of higher-order gradients. The temperature field is
allowed to depend on space and time variables. No additional fields are
introduced. Consistent with the non-locality of the model, the ther-
modynamic analysis is based on a statement of the second law where
the entropy flux is unknown and has to be determined. Non-locality,
entropy flux and evolution equation for the order parameter prove to be
directly interrelated.
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1 Introduction

Phase transition models for two-phase material systems involve an order pa-
rameter, o say, in [0, 1]. If ¢ = 0 only one phase occurs, if ¢ = 1 the other
phase occurs. As ¢ € (0,1) the body can be viewed as a mixture of the two
phases. For multiphase material systems ¢ is replaced with a set of parame-
ters. Asis done in a growing literature on phase transitions (see, e.g. [3, 7, 6]),
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the order parameter ¢ is viewed as a phase field, which means that ¢ is given
by a smooth function, on the space-and-time domain, rather than suffering a
jump discontinuity across a sharp surface. Hence a crucial question is how to
determine the time evolution of .

A well-known equation governing the evolution of ¢ is named after Ginzburg-

Landau (GL),

Be = nlde —g'(v), (1.1)
where 3, u are positive constants [12]; A is the Laplacian, the superposed dot
denotes time differentiation and a prime stands for the derivative with respect
to the argument. Equation (1.1) is also named after Allen-Cahn [1].

Another evolution equation is named after Cahn-Hilliard (CH) [4] and reads

¢ = kA (p) — pAy] (1.2)

where k, p are positive constants.

Both equations are parabolic but of different order. In addition, (1.1)
was derived by modelling the ordering of atoms within unit cells on a lattice
or phase segregation, (1.2) by modelling the diffusion of atomic species on a
lattice. It is the purpose of this paper to set up a scheme which embodies or
generalizes a wide class of phase-transition models and, moreover, provides a
direct approach which avoids ad-hoc assumptions.

Within continuum physics, a phase field is an additional field which then de-
mands for a corresponding governing equation, like (1.1) or (1.2). The starting
view of this paper is that if ¢ is a concentration then it satisfies an appropriate
balance equation which is then a constraint expressed by a partial differential
equation. Obvious as it may be, this view is rather unusual in the literature;
Ref. [14] is one of the few works which account for the constraint on ¢ within
the mixture theory. Here, however, the model is kept as simple as possible an
hence the description is based mainly on the phases as a single body rather
than a set of constituents at any step. In fact we allow for a multiphase body
and hence ¢ is a set of scalar fields. It is a further advantage of the present
approach that the results still hold formally if the order parameter need not
be a concentration.

The constitutive model is quite general and this suggests that we allow for
the diffuse-interface model by letting appropriate gradients occur in the con-
stitutive equations. For generality, we let the constitutive functions depend on
gradients up to third order. In addition, the body is allowed to be deformable
and this places a mathematical problem about the representation of the total
time derivative of higher-order gradients.
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Differently from other continuum approaches, no use is made of the micro-

force concept (see, e.g., [7, 10, 6]) which is mathematically a way to obtain
eventually the evolution equation for the order parameter. Instead, owing
to the non-locality expressed by the dependence on gradients, we allow for
a general statement of the second law where the entropy flux need not be
the ratio of the heat flux over the absolute temperature. This natural view
shows eventually that non-locality, entropy flux and evolution of ¢ are directly
interrelated.
Notation. Let Q C IR?® be the region occupied by the body and x € Q
a position vector. We use Cartesian coordinates xi, s, z3 and let 0, denote
partial differentiation with respect to z,, p = 1,2,3. Also t € IR is the time
and 0; denotes the partial differentiation with respect to time.

2 Preliminary results

The subsequent analysis of the phase-field model involves relations among n-th
order partial derivatives. In this regard we now establish useful identities.

Let kq, ..., k, be a permutation of 1,...,n. Hence we have the following
Lemma 1. For any pair of C" function f,h on Q, the derivative 0;,...0;,(fh)
can be written as

bm=3 Y ot o1 Qi 05, )OO ) (21)

i=0 kq,....kn= 1!

Proof. We prove (2.1) by induction. The representation (2.1) holds for n = 1.
This follows at once because n = 1 implies ¢ = 0, 1 and hence i! =1, (n—1i)! =
1. Accordingly k; = 1 and

ajl (fh) = fajlh + (ajlf)h

Now assume that (2.1) holds and show that the same representation holds for
n + 1, namely

n+1 n+1
1
19)

Ji: a]n Jn41 fh Z Z W(ajkl ajsz> (ajki_H "'ajkn ajkn_H h)

i=0 ki,....kn,kny1=1
(2.2)

We can write (2.2) by observing that 9;,,, may be applied to h or to f and
hence
n+1 n+1 1

Z Z W(aﬁcl ajsz) (@jkiﬂ ajkn ajkn+1h)

1=0 k1,....kn,kn+1=1
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n+1-—1
- Z Z m(aj’“l ajkif)(ajki-‘rl s Ojnia 1)
i=0 ki,....kn=1
- & i+1
=0 ki oo kn,=1
n n 1
=2 2 o (O3, D300 Dy, )
i=0 k1,....kn=1
sy 05, 1) O, 03, )|

By use of (2.1) it follows that

n+1 n+1
1

Z Z m(aj’“l”'ajkif)(gjkwl”'aj’“"aj’“mlh)

i=0 k1,....kn,kny1=1

= 0j,.-.0j, [fa]nJrl + (@ Jn+1 f)n] = ]n+1(fh)

As a consequence, (2.2) holds for every natural n. O
Corollary 1. For any pair of C™ functions f,h on 0 the following relation
holds,

1
f05,...05,h = 05,...0;,(fh) — Z > m(%l 05, )04y, 05, )

(2.3)
Proof. The ¢ =0 term in (2.1) gives

3 i F(Or 05 1) = F(05,.-.05,).

Hence (2.1) provides the identity (2.3). O
Corollary 2. For any pair of C",C™"! functions vy, g on Q the following
relation holds,

1

ﬁ(ajkl 8Jk Up)(a .05y, 0p9)

Jkn

0,0y 0j, -0, 9 = 0j, .05, (v,0,9) Z Z

(2.4)
Proof. The result follows by identifying v, with f and 0,¢ with h of Corollary
1. O

For any function g on €2 x IR the total time derivative g is defined by

g=09+v-Vg
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or, in Cartesian components,
g = atg + Upapg7

the summation over the repeated index p being understood.

Denote by f...g the total time derivative of the whole overlined expression.
Later on we need a relation for the total time derivative 0;,...0;,¢ in terms of
spatial derivatives. The relation is given by the following
Lemma 2. For any C™ function g on Q x R and C™ functions v, on ) the

derivative 0;,...05,9 1s given by

a]l ajng 9j,---05,9 — Z Z (n—1) Jk1 8ch Up)(a -0j,, 0p9)-

(2.5)
Proof. By definition,

0j,...0;,9 = 0,0;,...0;,9 + v,0,0;,...0;,9 = 0},...0;,0:g + 1,0, ...0;,0,9.

By Corollary 2 we have

1
9j,--9j.9 a]ng 0jy---0;, (Org+vp,0p9) Z Z Tz)'(ajkl ajk Up)(8 --0j,,.0p9).
=1 k1,....,kn=1
Since 0,g + v,0,9 = ¢ the result (2.5) follows. O
As a comment to (2.5), if n =1 then
95,9 = 95,9 — (93,0,)(9p9) (2.6)

or, in compact form, _
Vg=Vg—L"Vyg.

This relation is not new in the literature (see [11, 17]). The term L7 Vg results
in an additional term for the stress tensor. The result (2.5) is new for n > 1.
Also for later applications we observe that if n = 2,3 then (2.5) becomes

ajlajzg = ajlajég - (ajlajévp)apg - (ajlapg) (ajzvp> - (ajlvp> (ajzapg)a (27>

ajlajzajsg = ajlajzajsg - (ajlajéajsvp)apg
_(ajlapg) (@Jéajsvp) - (ajéapg) (@jlajsvp) - (aj3apg) (@jlajévp)
_(ajlajéapg)(ajsvp) - (ajlajsapg)(ajévp) - (ajzajsapg)(ajlvp) (2‘8>
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3 Thermodynamic framework

The phase transition is described by letting the body occur in M phases but
regarding the M phases as a single body to which additional scalar variables,
the phase fields ¢, ..., ¢y, are ascribed. The balance equations for mass,
momentum and energy are taken in the classical forms

p+pV-v=0, (3.1)
pv =V -T + pb, (3.2)
pe=T-L—-V-q+ pr. (3.3)

The fields 1, ..., ¢ are identified with the ratios (concentrations) pi/p, ...,
pum/p of the mass density of the pertinent phase over the mass density of the
body. Owing to the constraint

M
> #a=1
a=1

we can regard one of the phase fields, say ¢, as determined by the other ones.
Hence we regard

Y= (9017 (EEE) @M—l)

as the set of indipendent phase fields. The single phases are regarded as
reacting constituents. The continuity equation for the a-th constituent can be
written as

P =—-V jot+Ta, a=1. M-—1, (3.4)

where j,, is the diffusion flux (of constituent ) and 7, is the mass supply due
to the phase transition.

The nonlocal description inherent in the phase field model suggests that
the entropy flux is not merely the ratio q/6 of the heat flux q over the absolute
temperature 6. Hence we assume the existence of an entropy density function
n and an entropy flux q/6 + k, on © x IR. They enter the second law of
thermodynamics, in differential form, as follows.

Second law. The inequality

i q pr
>_V . (= k L
pn > V(0+)+0

hold, at each point x € Q and timet € IR, for all fields A = (p,v, T, e,q,0,k,b,r),
of x and t, compatible with the balance equations (3.1)-(3.3) and (3.4).

(3.5)
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The extra-flux k is regarded as unknown and has to be determined so that
the second law holds. It is subject to the boundary condition

k-n|aQ:0

so that the second law for the whole body takes the standard form

d q por
— dv > — —-.nd —dv.
0t Qpn v > /899 na—i—/ﬂev

Letting 1) = e — On we can write the inequality (3.5) in the form
—p(¢+n9’)+T-L—%q~v0+9vkzo. (3.6)
The constitutive properties of the material are expressed by choosing
I'=(p,0,0,Vp,VO,Vp,VVp, VVO,VVp, VVVp, VVVO, VVV)

as the set of independent variables. Hence we let T, q,v,n,k, in (3.6), be
functions of T'.

Remark 1. If ¢ is not a concentration or a set of concentrations then we
formally let j, = 0, write (3.4) as

Do = CDQ(F)
and regard ¢, (formally &, = 7,/p) as the evolution functions to be deter-

mined as is the case for materials with internal variables [5].

3.1 Thermodynamic restrictions
The relations (2.6)-(2.8) are now applied to prove the following statement.

Proposition 1. The functions ¥(T'),n(T"), T(T),q(T),k(I") are compatible
with the second law in the form (5.6) if and only if

n= _¢97 (37>
Vv =1v(p, 0,9, V), (3.8)
T = _p2¢p1 - p Z V(pa ® ¢V<ﬂa7 (39>

. . 1
—pza:w%wa—pza:wwa Vo= 50 V040V k>0, (3.10)
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Proof. We evaluate ¢ through the chain rule for (I ), replace p with —pV - v
in view of (3.1), and apply (2.6) and (2.7) with g = ¢,. Hence we can write
(3.6) as

= + )0 + (T +p*p1) L —p) g, fa — za VO +0V -k
—pivp - V_P — pwvy - VVp — phyvy, - VVVp
—pvy Vo — pvve - VVO — phyyvg - VVVE

- Z PUVga - Va — pz Yvve, - VVpa — pZWvWa -VVVpq >0. (3.11)

The values of 6, W, VV@, VVVH occur linearly and can be taken arbitrarily.
This implies that (3.11) holds only if ¢ is independent of V8, VV8, VVV and
(3.7) holds. Now by (2.7) and (2.8) applied to g = ¢, we see that

VWV = —(VVU)0hpa + i VVVpa = —(VVV0,)0p00 + .

the dots denoting the remaining terms. Also, by (3.1) and (2.6)-(2.8) we can
write

Vp=Vp—L'Vp=—(Vp)(V V)~ pV(V-v) - LTVp,
VVp=—pVV(V-V)+.., NVVp=-pVVV(V -V)+...

The arbitrariness and linearity of VVv, VVVv and VVVVv allow us to
conclude that (3.11) holds only if (3.8) holds. Apply (2.6) to g = ¢, whence

Ven = Vi, — LTV,
Substitution in the inequality (3.11) gives
(T+ PGl +pY Vou @Uve.) L=p) Vota—pY tve - Viu
—%q~V¢9—|—0V-k20.

The arbitrariness and linearity of L requires that (3.9) hold. The remaining
inequality is just (3.10).

Conversely, the validity of (3.7) to (3.10) is sufficient for the validity of
(3.6). O

The inequality (3.10) involves ¢, and V¢,. To satisfy the constraints (3.4)
we might replace ¢, with (7, — V - j,)/p and proceed accordingly. However,
the evaluation of V - j,, V(V -j,) and V - k leads to a cumbersome relation.
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Alternatively, we can reduce the order of differentiation by observing that
(3.10), for smooth functions, is equivalent to

) 1
«9k pz¢v¢awa + Z p@ngaa P%a]% -k Vo - aq -Vo > 0.

Hence we can rewrite the left-hand side by inserting the zero quantity
V) Aabia 0D GarVra+0d AV Ja+ (O Aaja) - VO

where \j, ..., A\ are as yet arbitrary functions of I'. As a consequence (3.10)
is equivalent to

V‘(ek—PZTﬁvgaa@a—@Z)\aja)— Z)\aja : 0——q \Y
+Z (PUvpn) = PlpalPa+ 0> o Vet 0D AV jo > 0.(3.12)

Let

W=0k—pY UvpPa—0 A
Since

Vow - eV e = (O Zgaah I,

an inspection of (3.12) leads to an involved set of relations between the compo-
nents of Ow /0" and 0j,/0T". For definiteness we prefer to determine a simple
set of conditions which guarantee the validity of (3.10).

Letting

P P
= 200 = V- (Buv,) (3.13)
we can prove the following statement.

Proposition 2. The inequality (3.10) holds if

= §Z¢Vwa@a - % Z’Vajom (314>

1
—Zwa+ZJa- (Galp) + 54~ VO < 0. (3.15)

Proof. Let w =0 Whence

= g ; wVLpa()ba + ; )\aja' (316)
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Since
k=" Naja = 5D vp.ta

then

D V- (pve.) = ptpu)ia — (k- Z Aada) -
= Z[V (PYves) = Ppn — ] Z¢Vwa - VOpa
= —92 7Pea — ¢Wa)]
Hence, by means of (3.4) and (3.13) we can write (3.12) in the form
—%Z”ya(m -V ja) —i—Zja -Va —i—Z)\aV “Ja — %q~V€ > 0. (3.17)

We now take advantage of the freedom in choosing A, to get rid of V- j,. Such
is the case if we let

1
Ao = —Ya-
p
As a consequence, (3.16) and (3.17) become (3.14) and (3.15). O

In conclusion, we regard the thermodynamic restrictions, on functions of T',
as the relations (3.7), (3.8), (3.9), (3.14), (3.15). The inequality (3.15) may be
interpreted by viewing the left-hand side as the expression of dissipation (to
within the sign). More restrictive conditions, and interpretations, follow by re-
quiring that each term, for each «, has the appropriate sign. This requirement
provides

YaTa <0, Jo - V(7a/p) <0, q-Vo<0. (3.18)

This means that the mass supply 7, is opposite to 7, and the diffusion flux
Ja 18 opposite to V(v,/p), for any value of T'. Of course, q - VO < 0 is the
standard inequality of heat conduction.

Remark 2. For more involved I' it may be difficult to prove (3.8). Models
might be established by assuming (3.8) and hence deriving the restrictions for
the other constitutive functions.

4 Evolution equations

Though we might argue on the inequality (3.15) thus obtaining more general
models, for simplicity we restrict attention to the more severe inequalities
(3.18).
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The first two inequalities imply that
Ta = _fa(F)PYon (41>

Ja = —Ja(F)V(’ya/p), (42>

where f, and J, are positive valued functions; for anisotropic materials J, is
formally replaced by a positive valued tensor J,. Both 7, and j, are governed
by Ya- By (3.13), 74 can be viewed as the variational derivative 6% /dp, of an
appropriate functional W. For, since the free energy v is independent of 9,

then letting
Ur) = [ Sy
a0
we have ~
b _
59001 - /YOt‘

The functional ¥ is 1 /6 times the free energy of the whole body if the tem-
perature # is uniform, V6 = 0. In the literature such a functional is named
rescaled free energy. We have thus obtained that in non-isothermal conditions
(VO # 0) the supplies {7,} and the diffusion fluxes {j,} are governed by the
rescaled free energy. Such a free energy is considered in [3] by following the
lines of [2].

By (3.8) and (3.13) we have

Yo = (p,0,0,Vp,VO,Vo,VVp)

whence
Ta — \Y 'ja - ¢a(r)

For definiteness, let f, and J, be constants and, to save writing, restrict at-
tention to two-phase bodies. Hence we write

T = —UV7,

j=-xV(v/p)

where v and k are constants. Also, let

~ 0 9
Y =1Y(p,0,¢) + %G\VM :

Hence we have

~

v = g%—eAw
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and
. 1. 1
= —H[V(gwso) - €V<;A90)]-

The evolution, or continuity, equation (3.4) becomes
AG, - <Ag). (4.3)

Equation (4.3) may be viewed as the simplest evolution equation which gen-
eralizes both the GL equation and the CH equation at the same time. Indeed,
let p and 6 be constants. If kK = 0 then (4.3) reduces to (1.1). If, instead, v = 0
then (4.3) reduces to (1.2).

By the definition (3.13) we see that v equals pi),/0 up to the divergence
of pi),/0. The divergence arises because of the occurrence of V. The factor
1/0 arises from the occurrence of k - V. Hence v is the improvement, in the
present approach, of the term pi, which is usually regarded or defined as the
chemical potential.

5 Relations to other models

There are a few approaches to phase transitions in materials with multiple
phases. Among them we mention [8]. Though the scheme is rather different,
there are results similar to the present ones. In particular the extra entropy
flux is shown to be a linear combination of the diffusion fluxes j, and of the
time derivatives ¢,, though the diffusion is ascribed to the constituents and
not to the single phases.

Again, restrict attention formally to two-phase bodies and comment briefly
on other approaches. There are papers where the free energy (Ginzburg-
Landau) functional ¥ is the basic notion and the equilibrium is characterized
by the vanishing of the variational derivative ¥ /d¢. Upon the view, or the
assumption, that ¥ /dp is a generalized thermodynamic force, the evolution
is assumed to be governed by an equation

. o
Bpa = E,
where 3 is an appropriate constant. This view is applied e.g. in [15, 16, 9].
Though by different schemes, many papers provide an evolution equation
through the identical validity of the second law. Wang et al [18] require that
the entropy-production functional be positive for any sub-region of the body.
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Hence they find the form of the extra entropy flux and an admissible evolution
equation.

Alt and Pawlow [2] identify the order parameter with the concentration
and hence account for the continuity equation but, deliberately, disregard the
mass supply. They find that the entropy production is non-negative if the
extra entropy flux is uj/0, p being the chemical potential. This agrees with
the term 7j/p in (3.14) in that

1 1
;”Y = 2%, — ;V : (ngw)-

Owing to the wide literature on the subject, it is worth mentioning the
approach involving microforces (see, e.g., [7, 10, 6]). In essence, there is an
equilibrium condition between a scalar body force (density) m and a surface
vector force &,

T+ V- -£&=0.

Roughly, once £ is proved to be equal to 1y, then a dependence of 7 on ¢
results in the evolution equation. The rescaling effect does not occur [13].

6 Conclusions

The order parameter ¢ is viewed as the set of concentrations {¢,} associ-
ated with a multiphase material. Hence ¢ is required to obey the continuity
equations

p(:ba = _v'ja+7a

which can be viewed as the evolution equations for {¢,}. These equations are
operative once we specify the diffusion fluxes {j,} and the mass supplies {7,}.
The thermodynamic analysis shows that the fluxes j, and the supplies 7, are
allowed if the inequality (3.15) holds. For definiteness, (4.1) and (4.2) are
constitutive functions compatible with thermodynamics. Since 7, = 0¥ /0P
then the whole model turns out to be characterized by the choice of the free
energy density ¥(p, 0, o, V).

The results apply also when ¢ is not a set of concentrations. In such cases
the evolution equations are taken in the form

Sba = ¢0¢(F)a

and the pertinent results are recovered by letting j, = 0 and 7, = ¢, /p.
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The GL and CH equations are obtained as linear approximations of the
continuity equations. Indeed, the GL equation follows by letting j, = 0, the
CH equation by letting 7, = 0. _

The identity (2.5), which expresses V...Vg in terms of V...Vg, and the
remaining terms, has been essential in the thermodynamic analysis.
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