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Abstract: In this paper, we give some results on the blow-up
behaviors of the solution to the mixed problem for some higher nonlinear
hyperbolic evolution equation in finite time .By introducing the "~ "blow-up

factor K (u, u,)”” we get some new results, which generalize the conclusions

of [5] , [6] and [7] .
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1.Introduction and Lemma

A nonlinear pseudo-hyperbolic equation is important in biological
mechanics and other fields. In paper [4], Zhang Jian discussed the

generalized neural pseudo -hyperbolic equation u,-Au,=F (X , t,

u,vu,vu,).

In this paper, we discuss a mixed problem of six-order system. The
results obtained generalize some results of [5], [6] and [7] . Let Q be

a bounded domain of R" having sufficiently smooth boundary oQ , y

denotes the derivative for outward normal direction, u (t, X) is a real
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n 2
function,and A=) a—z,AZ-:A(A),...
i=1- i

where x =X ; X , ..Xx , ) €Q ,(t, x) eR" xQ .Let D

u:(ut'Dxu):(ut,uxl u u, ),

(O u) , =(uy ,uxlxi,...uxnxi),(i:1,2,...n); and D,D u=((D u), ,...(D

u), ) .The following lemma (see lemma 2.1 in [5] ) will be needed for our

discussion below.

Lemma 1 .Let JeC'(0,©0), J (0)>0, C>0, a >0, such that

I (t)>c|I(t)| * then there exists a T ;<oo,

such that LimJ(t)=o0.

t->Ty

Throughout this paper, we always suppose that F,7,&,R,S,u,u, a,and
b, are appropriately smooth.

2. "Blow-up” factor K (u, u,)

Let us consider a class of Six -order hyperbolic evolution system:

u, —A*n—S(X)A’n—S(x)An = F(x,u,Du, D,Du),x € Q,t >0,

u(0, x) = Uy (x),,u(0, x) = u, (x);

O0A°n
dy

[a,(t,x)

4+, (t, XUl =0,[a x)a§—”+b2 (t, X)ul.q =0,()
Ve

where n=n(u,u,) is an appropriately smooth function of

2-variables..By introducing the blow-up of the above equation ,we obtain
some results. We assume that the initial value problem of (1) is compatible
with the boundary problem of one , and that

(i). jg K (Ug (X), U, (X))d x>0;
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(). K, [aAz

Jo =0.K, S(x>[aA’7]m—o K, S(x)[ 7] .0=0;
oy

(iii). K, .F >c¢ |K(u,u) " -K,.u+G,

where G= _Zn:[Kut]xi[Azn]xi+_Zn:[KutS]xi[Af7]xi + Z[KS] o [l

i=1

c>0,a > 0,.

Theorem 1. Assume that there is a real value function K (u, u,)
satisfying (i ),(ii ),(iii ), and that ueC?(0,T;H®(Q)),is a solution of the
mixed problems (1) where 0<T < oo.Then there existsa T = <oosuch that

Lim IK(u,ut)dx =o0.
t—-Ty
K(u,u,)iscalled the “"Blow-up factor “’ of (1).
Proof: We take J(t) = IQ K(u,u,)dx then
3'(t) = [_[K,u, + K, Jdx

= [ [KU +K, (A% +S()A 7+ S(x)An)] dx

By using Green identity , we have

Jix, o= [ K [aA Mds - 21K, 1, [4°n] o

X

[K, S 0. [&n]dx=][K, S()[aA”] d

93 [ K, S, [An], dx

By the same way, we have
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jK S(x)[A]dx:IK S(x)[a—”]ds-
Q U[ " 77 50 ut " a}/

[, Skl b ax

By Holder inequality , we get J’(t)chQ [K(u,u)| ¥ dx>c.c,|[I() ",

where ¢ :(jdx)’1.>0. We choose T :;«o, by Lemma 1, we
bt * ccald(0)]”

have  Lim [K(u,u,)dx=c0. Thisends the proof. ]

t>Ty
3. "Blow-up factor” K (x, u,,v,)

Now we use the method of ““blow-up factor” to discuss the following
mixed problem, some more general results are obtained. We consider

L’ -S(X)L°n-T(X)Lp—R(X)LE = f(U,v,U,),xe Q,t >0,
Y — & =S (L& T (X)LE ~R(X)Lyy = g(u, v, )
u(0, x) =u, (x),u, (0, x) = u,(x),v(0, X) = v, (x),V, (0, x) = v, (X),

[8(; | =0, [8“5 G5 [aL”] [M CLES .
[L27] =o,[w:]:o,[Ln]=o,[u:]=o,xeaQ,
@)

where L= Z {aij (x)% b= de Throughout this paper we

I]l j

suppose also that f, g S, R are smooth , and 7 =n(u,u,), £=&(v,v,) are

real functions of two variables ,we get the following theorems;

Theorem 2. Assume that there is a real value function K (x , u,,v,)

of 3 - variables satisfying :
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Ita

.[QK(x,ul(x),vl(x))d x>0, and K, f+K, g 2CK(xu,v) ™+

G,,
where C>0, >0, G, =) [(K, ), (L*7), +(K,), (L? &), +(K, S),
i=1

Ln , +K,S, LS), + K, DO, (), +HK,T,
(&) +(K, R), (&), +(K,R), (7)) Then there exists a T <oo

such that
Lim QK(x,ut V) d X =00,

=Ty

where (u (t, X), v (t X)) is the classical solution of the systems (2) .
Proof. Let J(t) = j K(x,u,v,)dx then
Q

J'(t) :IQ[KUI U +K, v, Jd X

jQ[KU' (C+S(X)Ln+T (X)L +R)LE) + K, (L& +S(X)L°E +T (X)LE + R(x)Lrp)]dx

Similar to the proof of Theorem 1, we use Green identity to obtain

JO=C[ [Kexuw) & that is  J'()=ClI()|

1+a

By Lemma 1,
and J(0) >0 ,we get LimL}K(x,ut,vt )dx =00 .This completes the
t->Ty

proof of the theorem.[]
4. “Blow-up factor” K(u,v)

We consider again the coupled systems for higher order hyperbolic and
parabolic equations:

u, —A’n—-S(X)A’n-T(X)An=f(u,v,u,),xeQ,t>0,
v, —A* -R(X)AE =g (u,v,u,)

(3)
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where the initial condition: u‘tzozuo(x),ut|t20:u1(x); v|t:0:vo(x),

(3)’;

And the boundary value condition:

3,60 27 4 (1, x)ul,, =0, [, (6,0 227 b, ¢, ¥)ul =0,
oy oy

[a, (1,0 2L+, (¢, )],y =0, [a,(,) 2 +b, (¢, ¥ul,,, =O0.
oy oy

oot ) 22+ Byt X, = 0.(3)"
V4

there functions f, g ,S,T,R,...are suite smooth ,and satisfying following
conditions

(i) jQ K (U, (X), v, (X))dx > 0,

OA?
_’7]

(i) K, [ P

o0 =0,

OAE

OA 0
K [, =0, K, [21, =0, K [ =2
oy oy oy

0
Fol 0, Kv[_é]ag =0,
oy

(iii) K,.f+K,.g>c|Ku,v)™+G,(a>0),

where

G=i{[Kut]xi[A277]xi HK,SL AL, HK T, +HK], [AS],

+HK,R], [¢],}-

Theorem 3. Assume that there is a real value function K (u,,v ) satisfying
(i),(ii),(iii), and that ueC?(0,T;H®(Q)),veC?(0,T;H*(QY)), are a

solution of the mixed problems (1) where 0<T < oo.Then there existsa T
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<oosuch that
lej K(u,,v)dx =0,

t->Ty

where K(u,,v) iscalled the "Blow-up factor > of (3).
Proof. Let J (t) = J.Q K (u,,Vv)dx, then
Yo = J.Q(Kut.utﬁKv.vt)dx = IQ[Kut( A +S(X)A%y +
TeOA7 Jld x + [ [K, (A% +R()AS)]dx
+IQ[KU‘.f +K,.g]dx
By Green identity we get:

[ K, [a%]dx =] K, [ ]d - Z [LIK, 1. [A%, dx _
- ifg[Kut 1, .[A%7], dx,

[,K 60 [4'n) 0 x =] K, SOLZTd 53 [IK, 81, [an], d

X.

= - Y K. S, I A 1, d

i=1

,and jg K, [An]dx = jm K, [Z—Z]ds —Z jﬂ[Kut I [77],, dx.

X

[ K A02100= [ K IT=T0 -3 1K), 18, o,

J,KROOIAK = [ KRIZ ]ds j{Z[K RI, [£], x

Thus, J.Q(Kut f +K,.g)dx > ch |K (U, V)| dx,
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that is J’(t)zc.cl.|J(t)|l+“.Where cl:(J-de)‘1 >0. By Lemma 1, we get

Lim 5 K (u,,v)dx =co. This ends this proof .[J

t->Ty

Remark .We consider again this problems with no homogeneous
condition.

The system of coupled equations for hyperbolic and parabolic are
appearing in thermal elastic mechanics . We consider the more generalized
stronger type systems for higher order evolution systems:

{utt — BN u-Au = f(u,v,u,),xeQ,t>0,

) (4)
V, — PAV—Av =g(u,v,u,),

the initial condition : u_o=Uy(X),Uq|o=U,(X),V|,_o =Vo(X), (4)'the

boundary
condition : [aA—u]aQ =k (t, x),[ﬂ]aQ =k, (t,x) :
oy oy
ou ov '
[a_]ag =Ky (t, %), [ 1o =Ky (8, %) ,(4)™.
y dy

where functions f,g,...etc are suite smooth ,they satisfy conditions:
(i) j T8k, (t, %)+ bk, (t, X)]ds >0, LQ (ak,(x,t) + bk, (x,t))ds > 0,

(ii) af +bg>c,|au, +bv[™,c, >0,a>0,

(iii) Ig[aul(x) +bv, (x)]dx > 0.

which generalized some results along the direction in [9] ,and we get the
following theorem.
Theorem 4.suppose that conditions (i), (ii), (iii) holds .If the system (4)

exits this solution ueC?(0,T;H*), veC'(0,T;H*).Then there existsa T _

<oosuch that

Lim [ (au, +bv)dx=o»,

Ty

that is limsup |u,(x,t)|=o0 ,or limsup |[v(x,t)|=c0 ,where a >0,b>0.In
t-Ty t-Ty

other words, the solution (u, v) of (4) blow-up in the finite time.
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Proof. Let J (t):J.Q(aut +bv)dx, then by using condition (i) and Green

identity , we obtain :
J’
()= IQ(aunervt)dx = Igﬂ(aA2u+bA2v)dx + J.Q(aAu+b Av)dx  +

jQ (af +bg)dx.

=[_ Alak (xt)+bk(x, )]s+ [ _[aky(x,t)+bk,(x,t)lds +[ (af +bg)dx,
that is J’(t)2c1.[Q|aut +bv|1+adx. Thus, by Holder inequality, we get easy
that J’(t)2c|J(t)|1+“,where C= cl(jgdx)‘1.>0. Similar to the proof of

theorem 1, and J(0)>0. By Lemma 1 ,there exists a T, < oo, such that

Lim J (t) = Lim jQ (au, +bv)dx = oo,
t>Tg

Ty

That i lim Sup|u,(x,t)| =00, or lim Sup|v(x,t)|=c. Thus the solution
d t-Ty

(u,v) of system (4) blow-up in the finite time. This completes this proof. [

Corollary. Let B =0, we get the systems of complete equation with

2- order that is also the similar results.
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