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Abstract

In this paper we study the stability of the periodic solutions of a
model set forth by M. A. Aziz Alaoui et al. [1, 11] with time delay, which
describes the competition between the predator and prey. This model
incorporates a modified version of Leslie-Gower functional response as
well as that of the Holling-type I1. In this paper we consider the model
with one delay and a unique non trivial equilibrium E*. its dynamics
are studied in terms of the local stability and of the description of the
Hopf bifurcation at E*, that is proven to exists as the delay (taken as a
parameter of bifurcation) crosses some critical values. The main result
of this paper is to establish an explicit algorithm for determining the
direction of the Hopf bifurcation and the stability or instability of the
bifurcating branch of periodic solutions, using the methods presented
by T. Faria et al. [5, 6].
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1 Introduction and mathematical models

Time delays of one type or another have been incorporated into biological mod-
els by many researchers, we refer to the monographs of Cushing [4], Gopalsamy
8], Kuang [9] and MacDonald [10] for general delayed biological systems. In
general, delay differential equations exhibit much more complicated dynamics
than ordinary differential equations since time delay could cause a stable equi-
librium to become unstable and cause the populations to fluctuate.

In this paper, we shall consider a two-dimensional system with discrete de-
lay proposed recently by Aziz Alaoui et al. [1, 11], see also [1, 12, 13] which
modelling a predator-prey competition. This model incorporates a modified
version of Leslie-Gower functional response as well as that of the Holling-type
II.

The first model proposed in this optic is given by an ordinary differential
equations [1] as follows

dz
dt

a1y
r+k1 )x’

= (a1 — bxr —
dy c2y (1>
o =(a2— )y

with initial conditions z(0) > 0 and y(0) > 0.

This two species food chain model describes a prey population x which serves
as food for a predator y. The model parameters ay, as, b, c1, ¢o, k1 and ky are
assuming only positive values. These parameters are defined as follows: a; is
the growth rate of prey x, b measures the strength of competition among indi-
viduals of species z, ¢; is the maximum value of the per capita reduction rate
of x due to y, ki (respectively, ky) measures the extent to which environment
provides protection to prey x (respectively, to the predator y), as describes the
growth rate of y, and ¢, has a similar meaning to ¢;.

In this paper we consider the delayed model of (1) see [11]

dzx c
) — (0 — ba(t) — <2 )a(0),

dy(t) (t—7) @
= (a2 — 5755775)v()

for all £ > 0. Here, the discrete delay 7 > 0 has been incorporated in the
negative feedback of the predator’s density.

The notion of global stability is studied by many authors in the predator-prey
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systems with delay [2, 12, 14].

In [1], the authors study the boundeness and global stability of system (1).
In [11], the authors study the global stability and persistence of the delayed
system (2) by using liapunov functional.

In [15], the authors study the occurrence of Hopf bifurcation at the third trivial
equilibrium and at the non trivial positive equilibrium when the delay crosses
some critical values.

Our goal in this paper is to consider the system (2) the non trivial equilibrium
E*. We study the stability of limit cycle around the non trivial equilibrium
E* which is the most biologically meaningful one. We establish an explicit
algorithm for determining the direction of the Hopf bifurcation.

This paper is organized as follows. In the next section, we recall some results
on the existence and the change of stability of equilibrium points £* and the
occurrence of the Hopf bifurcation. The main result is given in sections 3, we
show the stability or instability of the bifurcating periodic solutions and the
direction of Hopf bifurcation via normal form theory. In the end, we give an
application.

2 Stability and Hopf bifurcation

Consider again the system (2), then we have the following result on the exis-
tence of equilibrium points:

Proposition 2.1. [11] i) The system have three equilibrium points FEy =
(0,0), Ey = (%,0) and Ey = (0 azkz )

’ co

it) if the following condition holds

asks aky

)
C2 (&1

then the system (2) has a unique non trivial positive equilibrium E* = (z*,y*),

where
1

.CE* = —(—(Cl&g — a1Cy + Cgbkl) -+ \/Z),
202b
and
. (" +k
Yy = 72( 2)7
Co
and

A= (01a2 — a1Cy + Cgbk1)2 — 462[)(01@2]{32 — 02a1k1) > 0.

Normalizing the delay 7 by the time scaling ¢ — £, (2) is transformed
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into

T = ((an = ba(t) — SR)(t),

(3)

o = T((az — x‘éjﬁ(f)fé)y(t))

By the translation z(t) = (u(t),v(t)) = (z(t),y(t))— E* € R? and by linearizing
system (3) around the equilibrium E*, (3) is written as an FDE in C :
C([-1,0],R?) as

dz

(1) = L)z + ) (@)

where 2(0) = 2(t + 0),V0 € [-1,0] and Lo(7) : C — R?, fo: C x RT — R?
are given by
Anp1(0) + Aia2(0)

L(t)(p) =7
As1p1(—1) 4+ Agepa(—1)
where
ay*
Ay = b+ —F——2*
u R
cax*
Ay —
12 T +k17
AQI - %7
C2
Ay = —ao,
and
(a1 — b(p1(0) +27) — “(”f;ffklx 1(0) + %)
Flo7) = —A11¢1(0) — A1202(0)

(ay — L) (65(0) + y7) — Anpr(—1) — Asoipa(—1)

where ¢ = (1, ¢2) € C.
The characteristic equation of the linear equation
dz(t)

dt

= Lo(T)2 ()
is given by

AL(NT) = A2 1A+ 72 + (sTA + qrh)e ™ =0, (6)
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where p, s, r, and ¢ have the following expressions:

= —An
r =0
s = —Ayp
q = det(J).

where
J— A An
Ay Ay )
This type of characteristic equation is studied by many authors see [3].

The following theorem gives the result of change of stability of the non trivial
steady state E*.

Theorem 2.2. [15] Assume % < “i—i‘“ and a; < bky. Then, there exists a
critical value 19 of the time delay, such that the non trivial steady state E* is
asymptotically stable for T € [0, 1| and unstable for T > o, where

1 q¢; — psC?
Tozaarccos{w : (7)
and
2 1 2 2 1 2 212 211
k=57 =p) + 505" = p7)" + g2 (8)

The next theorem gives a result on the existence of limit cycle of system
(4) at the non trivial steady state E*.

Theorem 2.3. [15] Assume % < “i—fl and ay < bky. Then, there exists
g0 > 0 such that, for each 0 < & < eq, equation (4) has a family of periodic
solutions p(g) with period T;, = T)(¢), for the parameter values T = T(€) such
that p(0) = E*, T;(0) = g—j: and 7(0) = 19, where 79 and (4 are given respec-
tively in equations (7) and (8) and wy = 79(, is the purely imaginary root of

equation (6).

3 Direction of Hopf bifurcation

Consider (4) in the phase space C, let A = {—iwy, iwp}. Introducing the new
parameter o« = T — 7, (4) is rewritten as

dz

= (&) = L)z + F(z, ) 9)
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where F(p,a) = L(a)(¢) + f(¢, 70 + ). Using the formal adjoint theory for
FDEs in [7], we decompose C by A as C' = P & @, where P is the center space
for

dz
%(t) = L(719) 2.

Considering complex coordinates, P = span{¢y, ¢2}, with ¢1() = ey,
o2(0) = ¢1(0), —1 < 6 < 0, where the bar means complex conjugation, and v
is a vector in C? that satisfies

L<7'0)(¢1) = Wwov. (10)

Then , 4
Wy — ToA11
v=(v1,19) = (1, ————

( ! 2) ( ToA12

For ® = [¢1, ¢o], note that d = B®, where B is the 2 x 2 diagonal matrix

. iWo 0
B_( 0 —Z-LUO)‘

Choose a basis U for the adjoint space P*, such that (¥, ) = (wi,@-)?’j:l,
where (., .) is the bilinear form on C* x C' associated with the adjoint equation.
Thus, U(s) = col(1(s),a(s)) = col(uTe ™0 yleios) s € [0,1], for u € C?
such that

(wla ¢1) = 17 (wla ¢2) = 0. (11)
A further computation leads to

A12

0).
A12 + AQl(’in+ToA11)€7iW0

u = (u1,uz) = (

We take the enlarged phase space
BC = {p :[-1,0] — C? /¢ continuous on [—1,0), Elelim w(0)},

—0—

we can see that the projection of C' upon P, associated with the decomposition
C = P®Q, is now replaced by 7 : BC' — P, xhich leads to the decomposition

BC =P & Kerr.

Using the decomposition
2z =®X(t)+ Y,

where X () € C?,Y; € Q', we decompose (9) as
WX = BX +V(0)F(®X +Y,a)

D = AgY + (I — 1) XoF(2X +Y, ),
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where here and throughout this section we refer to [6] for results and explana-
tions of several notations involced. We write the taylor formula

V(0)F(PX +Y,a) = %fj(X, Y, a) + %fg(X, Y, )

1 1
(I —m)XoF (X + VY, ) = §f22(X7 Y,a) + gf:?(X,Y,@):

where fjl(X,Y,oz), fjl(X,Y,oz) are homogeneous polynomials in (X,Y,a) of
degree j, j = 1,3, with coefficients in C?, Kerm, respectively.

The normal form method gives for (9) a normal form on the center manifold
of the origin at o = 0, written as

dX 1 1
- :BX+§g§(X,O,Oz)+§g§(X,O,04)+h.0.t., (13)

where g3, ga are the second and third order terms in (X, «), respectively, and
h.o.t. stands for higher order terms.
The normal form procedure will show that these terms have the form

1 . AleOé
592 (Xa 07 CK) = )
BlXQOé
and
. A X2X,
gg?l)(Xa()?O‘) +O(’X‘042)
' By X1 X2

Moreover, it will be turn out that B; = Ay, By = A,, because the coefficients
in (9) are real.

We continue this section with the computation of g3, gi, omitting some details.
Always following [5], we first recall the operators, Mjl,

Mj(p)(X,a) = Dxp(X,a)BX — Bp(X,a),  j=>2.
In particular,
Mjl(o/quk) = iwo(ql — Qg2+ (—1)k)Oéqu6k, [+ g1+ q = j, k= 1, 2,

for j =1,2, g = (q1,q2) € N2, | € Ny, and ey, e5 the canonical basis for C2.
Hence,

Xia 0
Ker(M;y) = span :
0 Xoo
X2X, X102 0 0
Ker(M)) = span : :
0 0 X2 )\ Xpa?
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From equation (9), it is
L(X.Y,0) = 29(0)[L(a)(®X +Y) + f(PX +y,q) (15)
and we have,

N uTvX, —uTVX,y
f%(X,O,a) =2< —iwy +
To WX, — ulv X,

(uran + U2511)X12 + (ura12 + u2bi2) X1Xo + (urass + qulS)XQQ

70
(TWrayy + Uab11) X7 + (Wrars + Uabi2) X1 X0 + (Urars + Ugbiz) X3
where . .
1 a1y Clx*y*
aj = — fon = —b+ — ,
=5t @+ k) @+ k)
1 c1 cax*
a = = — + s
12 = Ju o+ k(24 k)2
1
a13 = §f210 =0
and )
1 Coy”
by = = f2 = —— <7
11 2f20 (l'* +k2)37
2e0y™
big = f2 = —2
12 fll (I* + k2)2
1 1 Co
bia = —f2 = ——
18= 5/ 21" + ky
where o
1 _ aH_jf ’
ij — 6’:1:83y (z*,y%)
) ai+jf2

i m ’(:r*,y*)

and f! and f? are the components of the function f defined in equation (4).
Therefore, the second order terms in (X, «) of the normal form on the center
manifold are given by

g%(Xa()?O‘) = prOjKer(Mgl)f;(Xaoaco
AleOé

BlXQOé
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where

— dweutv

AlzBlz

To

To eliminate these nonresonant terms in the quadratic terms f(X,0, ), we
have to make a series of transformations of variables, which can change the
coefficients of the cubic terms of fi(X,0, ). By some computations, the ex-
pression of f1(X,0, ) is given as follows

(ulagl + Ungl)X:f + (U16L22 + Ugbgg)X%Xg‘i‘
(ura03 + u2bog) X1.X5 + (urasq + ugbog) X3
f5(X,0,0) =7 (16)
(Wrag1 + Uzbo1) X3 + (Wrase + Uzbas) X7 Xo+
(Wrass + Usbas) X1X3 + (Wrasy + Usbas) X3

where
1 1., 1 1
Ay, = gfgovf + §f211U12U2 + §f112U1U§ + gfé‘&»v%’

1 1 1 1
Qg = §f§03v1|vl|2—|—§f211(2|v1|21}2—|—v_121)_2)+§f112(2v1|v2|2—|—v_11}§)+§f0133v_2|v2|2,

ass f303U1\U1! +5 f21(vl va 2|0 |? U2)+ fla (0102201 |0y |? )+ f033U2102!
f30 + f21 05 + f12“1v2 f03772 )
and
1
bor = f30“§ T 4 f21“1“ € 2M0(1 + eiwo) +
1
f12U1U2 TO(1 4 eTH0) f3“2(1 +eT),
1 2 _ —iw 1 2 2— —iw, — W
by = §f3o301’?11\ e +§f21(2‘7}1‘ vy +viTze ) (1 +e70) +

1 —iw — iw —iw 1 iw
§f122(21116 (Jorla + v2]?) + D03 (€™ + € O)+§f()23302’?12‘2(1+6 °),
1 ) 1 ) .

bis = g f3030r01 €0 4 5 [ (201 [Ps + T0ae") (1 4 €0) +
1 . ) 1 )
§f122(v_161w°(3\7}1\2 + 2| [?) + 1T 0) + §f§330_2102]2(1 + "),

1 ) 1 A .
b24 — _'f??OU—13e3zwo 4 _f221U—12U—2€21w0(1 4 ezwo) 4

1 1 4
_flz(,v Ts ezwo 4 U1 —3 31w0> gfggv—QS(l 4 6310-)0)'
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Notice that

X12X2 X10[2 0 0
Ker(M?}) = span , , ,
0 0 X, X2 Xoa?

However, the terms O(|X|a?) are irrelevant to determine the generic Hopf
bifurcation. Hence, we only need to compute the coefficients of X?X,. After
some computations we find that the coefficient of X7 X, is
iTe 9
Ay = ﬂ((uﬂln + Ugby1) (urarg + ugbiz) — 2|urai + uzbra|” —
0

1
§|U16L13 + U2513|2) + To(u1ag2 + ugbag).

Thus

, A X2X,

ggg(X,0,0é) =1 + O(|X|a?).
: Ao X1 X2

Then one prove that the normal form (13) has the form
Al XlOd AQX% X2

- +1 + O(| X|a?). (17)
AlXQO[ A2X1X22

ax _
dt

The normal form relative to P can be written in real coordinates (x,y) through
the change of variables X; = x — iy, X5 = x +iy. Followed by the use of polar
coordinates (r,0), x = rcos(f), y = rsin(#), this normal form becomes

%:Klar+KQT3+O(a2+|(T,a)|) )
18

%= —wo+O((r,a)

where K7 = Re(A;) and Ky = Re(As).

We are now in the position of the computation of the expressions of K; and
KQ.

From the expression of A;, we have

l CUOA12A21 (a)o COS(W()) — AH sin(wo))
To M2 + N2

K, =

where
M = A12 + Agl (AH COS(W()) -+ wo Sin((.do))

N = A21 (u)() COS(W()) — AH sin(wo)),
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and from the expression of Ay, we have

12 11 wg+A3; woA11
Kz = (53 M (o= 52 fh + foa (B M (52 = <582 fi) = N (5 30—
11 —w A11 11 wi A11 11
AL FL o+ (PR} + N (fly — Bl + fh(48 )){M(§f2o—212f111+
—wi+A2 w wi
foa( 201:_%211))_‘_]\[(,4102](‘11 0A11f02)}}

Then we have the following theorem

Theorem 3.1. If Ky # 0, then system (9) exhibits a generic Hopf bifurca-
tion. The periodic orbits of system (9) bifurcating from the origin and oo = 0
satisfy

—KlOd
Ky

r(t,a) = + O(«),

0(t,a) = —wot + O(|al2),

so that

1) if K1Ky < 0 (K1Ky > 0 respectively), there exists a unique nontrivial
periodic orbit in the neighborhood of r = 0 for a > 0 (o < 0 respectively) and
no nontrivial periodic orbits for o < 0 (o > 0 respectively);

2) the nontrivial periodic solutions in the center manifold are stable Ky < 0
and unstable if Ky > 0.

4 Application

Although we have explicit formulas to compute the quantities K; and Ko, it
is complicated to find the sign of K; ¢ = 1,2 for an ungiven values of the
parameters, as one can see from the calculus above.

As an application, hare we complete the calculus only for a; = 20, b = 10,
c1 =05, k1 =8, a; =15, co = 12 and ky = 11. Simplifying the above formulas
and using Matlab 6.5, we obtain x* = 1.1705, y* = 11.4632, K; = —0.1937
and Ky = 3.5923 and K1 Ky = —0.6958. For this rather particular situation,
the Hopf bifurcation analysis is completed, since theorems 2.3 and 3.1 imply
the following statement:

Proposition 4.1. consider a; = 20, b = 10, ¢, = 5, k;y = 8, ay = 15,
¢y = 12 and ko = 11, and let 7y be defined as above. Then, for equation (9),
at T = 19 = 0.1932 there exists a generic supercritical Hopf bifurcation on
a locally unstable two-dimensional center manifold of the positive equilibrium
E* = (1.1705, 11.4632); moreover, the associated non trivial periodic solutions
are unstable.
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