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Abstract

In topology optimization problems, we are often forced to deal with
large-scale numerical problems, so that the domain decomposition method
occurs naturally. Consider a typical topology optimization problem, the
minimum compliance problem of a linear isotropic elastic continuum
structure, in which the constraints are the partial differential equations
of linear elasticity. We subdivide the Partial differential equations into
two subproblems posed on non-overlapping subdomains, each of which
has boundary data that depends on the solution of the other subprob-
lem. In this paper we present a new formulation of the minimum com-
pliance problem based on the domain decomposition methods, and then
we prove the equivalence of the two problems..
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1 Introduction

The topology optimization has for objective to find an optimal shape with-
out any a priori assumption about its topology, i.e., on the nature and the
connectivity of elements which constitute it. Mathematically, the topology
optimization problem takes the form:

min f(u(w),w) (1)

wC
s.t:
gw) <0 1<i<m
{hj(w):O 1<j5<n

f is the objective function, g; and h; are the functions defining the constraints,
in practice they are implicit and nonlinear functions in w. Their evaluation
then requires the resolution of a state equation and the topology optimization
problem (1) is reformulated as follows:

min f(u(w), w) (2)

wC
s.t:
gi(u(w),w) <0 1<i<m
{ hij(u(w),w)=0 1<j<n

where u is the solution of the state equation L(u(w),w) = 0.

One can find various methods of topology optimization in the literature for
solving the problem (2), methods based on the shape gradient, evolutionary
methods [7, 12], and methods which employ a material distribution approach
for a fixed reference domain, especially the homogenization methods [2, 20, 1],
and the fictitious or power-law materials also called SIMP (Solid Isotropic Ma-
terial with Penalization) method which has seen widespread academic use and
has proven very popular and extremely tempting to solve practical applications
3, 4].

In spite of its effectiveness in structural design, topology optimization is not
yet largely widespread in the industry, the principal reason is that the topology
optimization problem is a large scale optimization problem; it is characterized
by a very significant number of design variables, which amplifies the difficulty
of its resolution. It is common to introduce 1000 to 10000 design variables to
solve a real problem, thus the computation time is typically very high since the
problem requires repeated solution of finite element analysis of the equilibrium
equations.
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However, during two last decades, the parallel computers knew a great evo-
lution, in particular in computing power and storage capacity [16]. Domain
decomposition methods (called also subdomains methods) are a valuable ap-
proach when solving partial differential equation (PDE) problems on parallel
computers [10, 15].

Any domain decomposition method is based on the assumption that the
given computational domain is partitioned into subdomains which may or may
not overlap. Next, the original problem can be reformulated upon each subdo-
main, yielding a family of subproblems of reduced size, that are coupled one to
another through the values of the unknown solution at sub-domain interfaces.

Reviewing the literature, it seems that the application of parallel computing
in topology optimization is rare, and devoted only to the discrete case [21, 13,
5], there is no mathematical formulation of the topology optimization problem
in the continuum case. Thus, The main objective of the present work is to
propose a new mathematical formulation of the minimum compliance problem
of an isotropic linear elastic structure based on domain decomposition methods
when the design domain is partitioned into two non-overlapping subdomains,
the domain decomposition method for the problem of linear elasticity is then
based on a constrained minimization problem for which the objective functional
measures the jumps in the solution across the interface between subdomains,
the constraints are the partial differential equations.

The remainder of this paper is organized as follows. Section 2 describes
the formulation of the topology optimization problem which ensures at least
the existence of the solution in a simple case of linear elasticity. In section 3,
the equivalent formulation is given when the design domain is partitioned into
two non-overlapping sub-domains, then we propose an algorithm of resolution
of the finding optimality system.

2 Preliminary Notes

The topology optimization problem is a nonlinear optimization problem, often
non convex, the objective function depends on a state variable describing the
operational mode and the design variables determine the shape and topology,
the state variable must satisfy a boundary value problem, here we deals with
a typical problem of topology optimization which consists in minimizing the
compliance of an isotropic linear elastic structure (see figure 1).

| B¥avava|

Figure 1: Topology optimization of the MBB-beam
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Consider an elastic body in the configuration region Q C R?,(d = 2, 3) with
boundary I'. The problem of linear elasticity is given as follows:

Find u : Q — R? such that:
(—divo(u));, = fi in Qi=1,...4d,
U= ©p on FD (3)

d
Zaij (w)n; =(pn); on I'y i=1,..,d
=1

where n denotes the unit outward normal vector on I'. f is the vector of volume
forces acting on the body, p is the given displacement on the portion of the
domain boundary I'p, while o are the tractions applied on the complementary
part I'y, and o = (04;)1<i,j<a the stress tensor.

Take, for simplicity, I'y = () and ¢p = 0, thus the system of equations of
linear elasticity (3) becomes the following Dirichlet boundary value problem:

Find u : Q — R? such that:
d
=20 52ei(u) — Adiv(u) = f; inQ 1<i<d (4)
=1 '

u; =0 onl' 1<i<d

where ;¢ > 0, A > 0 are the Lamé’s constants and € = (&;)1<; j<q is the strain

tensor given by:

The variational formulation of (4) reads:

gij

Find u € Hy(Q)? such that : a(u,v) =1(v) Yo € Hi(Q) (5)
where
d
a(u,v) =2u Z / gij(u)e;j(v)dQ + )\/ div(u)div(v)ds2,
5o/ Q
and

zwzéﬂm.

The Korn’s inequality states that there exists a constant Cq > 0 such that [8]:

d
> [ )0 2 Calllyae Vo€ HYO) (©)
Q

ij=1

Hence, the form a is coercive, furthermore it is easily seen that a (resp. 1)
is bilinear and continuous in H} ()¢ (respectively linear and continuous in
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H}(Q)%), when the problem (5) admits a unique solution u € H}(Q)¢ by a
straightforward application of the Lax-Milgram theorem [6]. In orthonormal
base, we have [17]:

a(u,v):/QEijkz&j(U)Skz(U)dQ

The medium supposed non homogeneous thus we uses Ejj () instead of £z
for each z € Q. Consequently the minimum compliance (maximum global
stiffness) problem takes the following form in the SIMP approach [4]:

min /(u)
o

a,(u,v) =1l(v) Yo e U C H(Q)? (7)
Eiji(x) = pp(x)E?jkl

with the following constraints on p:
/p(:v)dﬂ <V. 0<pun <plr) <1, Ve
Q

U is the set of admissible displacements, V' is a limit on the amount of mate-
rial at our disposal, EZQ]- 1 represents the material properties of a given isotropic
material, p which is interpreted as a density of material is the design variable
and p is the penalty factor which penalizes intermediate densities in order
to end up with (nearly) ’solid and void’ distributions. Normally, one writes
Eijlu € L*(Q) to indicate the relevant functional space for our problem, unfor-
tunately, in this case, the problem (7) lacks existence of solutions in its general
continuum setting. To ensure existence of solutions, the power-law approach
must be combined with a perimeter constraint, a gradient constraint or with
filtering techniques [18]. Here we use a gradient constraint by which we mean
the norm of the function p in the Sobolev space H'(Q), see [4]:

2 d
ol = | [ 7+ 19517) 0] <0 where 1<p< L (@R
[ =

where

wolr =3 ()
Bendsge has proved existence of solutions when including this bound in the

minimum compliance problem [4]. Thus, we will choose the new formulation
due to Bendsge:

a,(u,v) =1l(v) YoelU
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with the following constraints on p:

/p(:c)dQSV, 0 < pmin < p(z) <1, Vo e
Q

and the gradient constraint

1ol 2 () = [/Q(p2 + (Vp)Q)dQ] v <M

where:

aﬂ(u7v):/Qpp(x)Ezojkleij(u)ekl(U)dQ'

3 Main Results

Let © be a bounded domain in R? where d = 2,3 with Lipschitz boundary T.
Further, we suppose that €2 is partitioned into two non-overlapping subdomains
)y and Qy with interface Iy i.e. To = QN Q. Let I = Q;OT i =1,2 (see
figure 2).

Figure 2: Decomposition of €2

The problem of linear elasticity (5) can be written as:
Find u; € Hp ()% i =1,2; such that:

Qp, (ulavl> = (f7 Ul)fh + (ga Ul)Fo Vo, € Hfl‘l (Ql)d (9>
Qp, (Ug, UQ) = (f7 UQ)Qz - (g7v2)Fo VUQ S H%Q(Q2)d (1())
Uy = Uz OnN Fo. (11>
where
d d
g = Zalj(ul>njl' = - ZUU(UQ)?”L?
p j=1
and

9= (q)1<i<a Wwith (gav)r():/ gudly
To
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The existence and uniqueness of the solution to both problems (9) and (10) is
a straightforward consequence of the Lax-Milgram Theorem. In fact, for the
problem (9), the bilinear form a,, is continuous in H{ (€)%, the coerciveness
follows from the Korn’s inequality (6) (see also [14]), in addition, let us define:

l1(U1) = o fUldQl —f-/r gvldfo V’Ul - H%l (Ql)d.
1 0

It is clear that [y is a continuous linear form in H} (Q;)? therefore the problem
(9) has a unique solution u; € H} (91)?, the same argument for the problem
(10). In addition, as a,, is coercive then

dK; > 0/ HulHillll(Ql)d < Klam (u17u1>

l.e.:

HulH?q;l(nl)d < K (/ fU1d91+/ 9U1dro)
(951 T'o

< K <||fHL2(Ql)d HulHHl(Ql)d + ||9’|L2(r0)d s | F0HL2(r0)d)

where u; | Iy denotes the trace of u; on I'y, and according to the trace in-
equality
3K > 0/ [Jur | Toll g2 gy < Ko [luall . 0yya

Consequently,

301> 0/ urllmy @ < Cr (1 e + 9]z )

the same argument for us, hence

3¢ >0/ ||UiHH;(QZ-)d <C <Hf||L2(Qi)d + Hg||L2(r0)d) =12 (12)

For an arbitrary choice for the control g, the solutions u; and us of the problem
(9) and the problem (10), respectively, do not agree with the solution u of (5) in
the respective sub-domains, i.e., u; # u | ; and ug # u | Q5. The discrepancy
is due to the fact that for an arbitrary choice of g, we have that u; # us along
['y, even in a weak sense. In addition, there exists clearly a choice of g, namely
such that the solutions of the problems (9) and (10) coincide with the solution
of (5) on the corresponding subdomains. Thus, we consider a functional that
measures the jumps of solutions across the interface between subdomains with
a penalty term to regularize the problem, put:

1 )
\75(’&1, Ug, g) = — / (Ul — U2)2dro + - / g2dF0.
2 Jr, 2 Jr,
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Let (p1,p2) € HY(Qy) x H' () then we consider the following optimization
problem:

ngill Ts(u1,uz2,g) (13)
Qp, (ulavl> = (f7 /01)91 + (g7 Ul)Fo vvl € H%l (Ql)d (14)
Qp, (Ug, UQ) = (f7 U2)92 - (g7v2)Fo VUQ S H%2(92)d (15>

Let the admissibility set be defined by:

U = (u17u27g) € HI1‘1 (Ql)d X HllQ(Q?)d X LQ(FO)d/ (16)
ad (9) and (10) are satisfied and Js(uy, uz, g) < 00

we have the following result:
Theorem 3.1 The problem (13)-(15) has a unique optimal solution.

Proof. Let p € H'(Q), it was seen that the problem (5) admits a unique
solution u € Hy(Q)* while u; = wjq,, pi = pja, and g, = i o1;(u)n;, we have
(u1,u2,9) € HE ()% x HE,(Q2)? x L2(Ty)? satisfying ](91) and (10), hence
(U1, Us, g) € Upg i.e. Uyg # 0. Let then {<u(1"), ul, g(”))} be a minimizing se-
quence in U,4. Then, from (16), we have that the sequence { g(”)} is uniformly
bounded in L2(Tg)?. And, by (12), (u{"), and (u{"),, are uniformly bounded.

Consequently, there exists a subsequence {<u§m), ugm), g("i)>} such that:

Ugnz) — ’&1 in H%I(Ql)d

u(;“) — Uy 1n H%Q(Qg)d
g(m) — ¢ in LQ(FO)d

By the process of passing to the limit, we have that (4, s, §) satisfies (9) and
(10) therefore (i1, s, ) € Uaq. Also, the fact that the functional Js(.,.,.) is
lower semi-continuous implies that

inf  Jy(ur,up,9) = lim inf Jy(u{™, uf™, g") > Ty(ity, 12, )
(u1,ug,g)€uad T3 — 00
We conclude Js(ty, ts, §) = inf Js(uy, us, g) then (iq,tg, ) is an optimal solu-
tion. Uniqueness follows from the convexity of the functional Js, U,q and the
linearity of the constraints [9]. m

Theorem 3.2 For each § > 0, let (uj,u3, g°) denotes the optimal solution
of the problem (18)-(15). If i is the solution of (5), putting t; = t,q,ur, then

5 .
HUZ — U H} (@) —0 asd— 0, fori=1,2.
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d
Proof. Let ¢, = Zolj(al)nj on Iy 1<1<d.
j=1
Let (u$,u3, g°)s denotes a sequence of optimal solutions, then
%(U?,ug,gé) S j5(ﬁ17a27§> V5>O

i.e.

1 B )

—/ (uf—ug)2dro+—/ (9°)2%dTy < —/ (§)%dly V6 >0
2 I'o 2 I'0 2 I'o

Then, HgéHLQ(FO)d is uniformly bounded in L?(T'y)? and
Huf - ugHLQ(FO)d —0 as 0—0.

By (12),

0 — 0, there exists a subsequence which converges to some
(ui, ub, g*) € HE (1) x HEy(Q)* x L?(Tg)? and the fact that
Huf —u — 0 yields u] = u35 on I'y. By passing to the limit u] and 3

5 5 -
u1HH§1(Ql)d and HUQHH%Q(Qg)d are also uniformly bounded. Hence, as

‘L2(r0)d
satisfy (9) and (10) respectively. Let

ut = UT in QlLJFO
- U; in QQUFO

Then u* satisfies (5) and by the uniqueness of the solution of (5), we conclude
that 4« = u*. =

Remark 3.3 In the problem (13)-(15) for each (p1, p2) and each § > 0 there

exists a unique optimal solution (ul,us, g°) without u$ = u$ on Ty, but accord-

ing to Theorem 3.2, if 6 — 0, the sequence of optimal solutions (uS, u$, g°)s con-
verges to the unique optimal solution (ufj,u}, g*) for which uf =u | Q; (i = 1,2)

where u is the unique solution of the problem
a,(u,v) = (f,v)q with
fpom
P _{ p2 m €y

which yields the following corollary.

Corollary 3.4 For each (py, p2) € H (1) x H (), an admissible solution
(u1,ug, g) is the optimal solution of (13)-(15) corresponding (see remark 3.3)
if and only if u; = us on .

Proof. For (py, p2) € H (1) x H' () if (uy, us, g) is the optimal solution,
it follows from the above mentioned remark that u; = uy on I'y.
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On the other hand, if u; = uy on L'y, let (4, U2, §) be the optimal solution
corresponding to some (py,p2) € HY(Qy) x H* (), hence 4, = 1y on T,.
Setting

U — Ui in Qluro and 17— 1)1 in Qluro
N (%) in QQUPO N 1)2 in QQUFO

As (0q, U2, g) is the optimal solution then for

. P1 in Qluro
P= P2 in QQUFO

We have: a,(i,v) = (f,v)q for all v € HJ(Q)9, whereas a,(u,v) = (f,v)q for
all v € H}(Q)? for the same p. By the uniqueness of the solution of (5), we

have u = 4 therefore (uq,us, g) is the optimal solution. m
Consequently, we have the fundamental Theorem of this paper.

Theorem 3.5 The problem (8) can be equivalently reformulated as:

min 1y (uy) + o (ug)

u,u2,p1,p2

mgin Js(u1,u2, g) (17)

Qp, (u1,v1) = (f,v1)q, + (g,v1)r, Vo1 € Hﬁ(Ql)d
Apy (U2, v2) = (f,v2)0, — (g,v2)r, Y2 € H%Q(Q2)d

with the following constraints on p;:

2
Z/ pi(x)dQ; <V 0<p; <1 Ve, i=12.
i=1 /&

and the gradient constraint ||pi|| g q,) < M; with i = 1,2, where
li(us) = / Fusd + (~1) / gusdT.
Q; To
Let us start by defining the admissibility set to each problem;
e For the problem (8):
U= {ue Hy()?*/3p € G*, a,(u,v) = (f,v)q Yo € HJ(Q)*}
where

G* = {p € H'(Q2)/the constraints of the problem (8) onp} .
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e For the problem (17), the admissibility set is defined by:

U — (u1,u2, g) € Uaa / (u1,ug,g)is the optimal solution
~ | of (13) — (15) corresponding to some (p1, p2) € G.

where

G. — (p1, p2) € H' (1) x H'(€y)/the constraints
o of the problem (17) onp; i =1, 2.

In order to prove Theorem 3.5, we need to show the following Lemma:

Lemma 3.6 u € U* if and only if (ui,us,g) € U, where u; = ujq, and
d

9 = (q)1<i<a with g = Zglj(u)nj

Proof. Let u € U* then Jp € G*, a,(u,v) = (f,v)q for all v € H}(2)? and
d
set u; = w/q,, pi = po, and g = (91)1<i<a Where g; = Z%‘(U)n]’ while n =

(n; )1<j<d denotes the unit outward normal vector on I, thls yields immediately

(9) and (10).

It is clear that (ui,us,g) € Hp (1) x Hp (Q2)* x L*(Tg)?, consequently,
(u1, Uz, g) € Uag. Moreover, p € H'(Q) implies that

(p1,p2) € H' () x H'(Q2), as ||pllyq) < M, then it exists M, My € RY,
10ill g1y < M; with i = 1,2, in addition

Q Q1 Qa

we have
0<plx)<lLzeQ=0<p(r)<1lxe

hence (p1, p2) € Go. Put : n' = (nj); = (n;); =n = (-nj); = —n? ; thus:

d

d
E o(u)n E o(u)n E ey n =g, onTy
j=1

J=1

thus, (uq,us, g) € U, if and only if for (py, p2) € G, defined in the beginning of
this proof, (u1, us, g) is the optimal solution of (13)-(15) corresponding, this is
equivalent to u; = ug on I'g, which is true since u; = ug,, with ¢ = 1, 2.

On the other hand, let (uq,us,g) € U,. Setting

_ (51 in Ql o P1 n Ql
U—{u2 in QQ and p_{pg in QQ
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while
E Ul] Ul g Ul] U2

Given that (u1,us,g) € L{* then El(pl,pg) € G. such that (uy,us,g) is the
optimal solution of (13)-(15) corresponding, hence u; = us on I'g, thus one can
put:

(VA1 in Qluro
U9 in QQUFO

Then, taking v € Hj(Q)* and v; = v/, € Ht ()%, we have that
a,(u,v) = /Qﬁp(x)E?jm&‘j(U)%l(v)dQ
= Pp( )i (wn)er(v1)dQ + Pp( ) Eagij (u2)en(v2)dQs

+/ pp(x)E?jkleij(u)ekl(v)dFO

= (fvv())ﬂl + (Q,U)FO + (f,U)§22 - (gvv)Fo + (va)Fo
= (fav)ﬂ

Finally, we have: a,(u,v) = (f,v)q for all v € HJ(Q)%.

Given that (u1,us,g) € U, therefore (ui,us) € Hp (1) x H} (Q2)? with
u; = uy on Iy, thus u € HE(Q)?, in addition (pi,ps) € G. then we check
easily that p € G* such that a,(u,v) = (f,v)q Vv € HE(Q)? consequently
uelU*. m

Proof of Theorem 3.5 Let & € U* be an optimal solution of (8), u; = /g,

and p; = po, with i = 1,2. Putting g = ZJU @)n;, according to Lemma

3.6, (U, g, §) € U,. To show that (8) imphes (17) it remains to be shown that
(1, ug, §) is a corresponding optimal solution (see Remark 3.3), when u; = ugy
on I'y, thus one can put:

- (VA1 in Qluro
o U9 in QQUPO

it follows from Lemma 3.6, that u € U*, and as @ is an optimal solution of (8),
we obtain I(a) < I(u), we finally have Iy (t1) + l2(t2) < I3 (uq) + lo(us).

On the other hand ; let (4,19, §) € U. be an optimal solution of (17),
therefore one can put:

U =

/Ill in QlLJFO
/IALQ in QQUFO

because 1, = us on 'y, thus, by Lemma 3.6, u € U,.
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Let v € U*, v; = v/q,, if we put g, = Z 01;(v)n;, then a new application
j=1
of the Lemma 3.6 enables us to have (v, vq,g) € Uy, whereas (1, Uz, §) is an
optimal solution of (17) implies

ll(al) + lg(ag) S ll(Ul) + lg(?)g)

that is {(@) < I(v) which is true for all v € U*, hence, @ is an optimal solution
of (8).

The lagrangian of the minimization problem (13)-(15):
L(ur, ug, g, A, M) = Ts(us, ug, g)—ap, (w1, A1) +(f, A)a, +(9, A)rg—ap, (uz, Ag)+
(fv )‘2)92 - (gv /\Q)Fo

where

(u1,us, g, A1, A2) € Hp () x HEy(Q2)® x L*(To)? x Hp ()7 x Hiy(Qs)?
oL oL oL

The optimality system is derived by setting to zero — and — and given

du;” ON; dg
by the following equations:

ap, (ur,01) = (f,o1)a, + (9, 01)r, Vor € Hy, ()7
apy (U2, 02) = (f,02), = (g,v2)r, Vs € Hpy()?
&P1(€7)\1) = ( — U2, ) V¢ € }II£ (Ql)d (18)
aPQ (fa )‘2) = _(ul — Ug, f)Fo V§ € HFQ(QQ)d
1
(9,7)ry, = —5(/\1 — A2, 7)1y vr e L*(To)?
This optimality system may be viewed as a weak formulation of the problems
respectively:
fori=1,....d:
d
(—diUO'(Ul)i = fz in Ql; Uy = 0 on Fl, Z aij(ul)njl- = 0
j=1
d
(—diUO'(UQ)Z' = fz n QQ;UQ = O on FQ, —ZO'Z‘]'(UQ)H? = g;
j=1

d
(diva(A); =0 in ;)\, =0 on I'; and Zaij()\l)njl- =u} — ul
j=1
d
(divo(N); =0 in QN =0 on Ty and ZUZ] (Ao)n? = —(u} — ub)

7j=1
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and

—1 . .
g = (9i)1<i<a where g¢g; = T()\Zl —Ay) on I (19)

We choose a gradient method to obtain a parallelizable algorithm.
Define: Ms(g) = Js(u1(g), u2(g), g) where for a given g

ui(g) 1 g € LA(To)* — HE () i=1,2

are the solutions of (14) and (15) respectively, then the minimization prob-
lem (13)-(15) is equivalent to determine g € L?(T'g)¢ which minimize Ms(g),
combining some previous results yields that the first derivative of Ms(g) is :

dMs(g)
dg

=09+ (A — A2)/Tg

d
(1) — () _ @ Ms(9) where < is the step size,
0 dg )

combining with the formule (19) we obtain an update formula for g:

hence for n = 1,2,... ¢

n n « n n
g = (1= a)g™ — <A = A)

and the algorithm is given as follows:

Stepl: Choose g(©
For n=0,1,2,...

Step2: Choose p§“) and péo)

1. Solve the topology optimization problem on each subdomain to de-

termine p(10p ) andpg)p 2
For m=0,1,2,...

(m)

Pi
apgm) (ulavl> = (f7 Ul)fh + (g(n)’ vl)Fo vvl € H%l (Ql>d

apgm(umw) = (f,v2)a, — (9™, v2)r, Voo € Hiy(Q)"
[ A7 a0, <vi
Q;

0 < Pmin Spgm)(x) <1 i=1,2 suchthat Vi+ 1, <V
and the constraint on the gradient to ensure existence of the solu-
tion [4] :

||pi||H1(Qi) <M; 1=1,2.
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2. determine /\Y‘), )\(2") from:

@ (A", R) = (u"™" —ul" R)r, VR € H} ()
a0 (A, R) = —(uf””" — uf"™  R)r, VR € Hf, ()"

3. update g¢:

n n Q n n
gt = (1= a)g™ = <A = AY)

with the optimality condition given previously:
1 . )
;= —= )\z o )\z
g 5 ( 1 2)

0
0 is fixed, for a suitable choice of the step size — we control the
!

value of «
Remark 3.7 We need a good ”g” or an optimal g, g°** which satisfy

(9", ur)r, = (9%, u2)r,
hence the decomposition of the compliance l(u) on Q in l(uy,us, g) on 0y and
Q9 15 given by:
ur, us, ) = li(ur) + la(usz) (20)
where :

li(ui):/ﬂ fuz‘dﬂi-I—(—l)iﬂ/F gudly i=1,2
i 0

allow us to retrieve the global compliance l(u) in a unique choice of g "g = g
that is :

opt »

(9, w)ry = (g, u2)r, if and only if g= g™
or
l(u) = U(u1,uz, 9) & g = g™
and the problem (17) takes the following form :

: opt
min [(uq, ug, g°%°)
p1,p2

mgin Ts(u1,ug, 9) (21)

ap, (ur,v1) = (f,v1)o, + (9, 01)r, You € H%I(Ql)d
Qpy (U2, v2) = (f,v2)0, — (9,02)r, Vv2 € Hpy(Qs)?

with the constraints on p; :

2
Z/ pi(2)dQ <V 0<p <1 VoreQ, i=1,2
i=1 7S

which 1s a bilevel formulation that we’ll develop in
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