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Abstract We gave a preemptive-resume stochastic scheduling model with disruption, in witch the starting

time and the duration of the disruption are both stochastic. Minimized objective functions are the sum

of the expected weighted completion times , the sum of the expected weighted tardiness and the expected

weighted number of the tardy jobs. For the problem minimizing the sum of the expected weighted com-

pletion times we showed that under an agreeable condition the problem can be polynomially solved, if

the starting time of disruption is uniformly distributed, the WSPT rule is an optimal static policy for the

problem. A dynamic programming algorithm is given for a special case in witch the starting time of the

disruption is deterministic. For the problem minimizing the sum of the expected weighted tardiness and

the expected weighted number of the tardy jobs we proved that under an agreeable condition the problem

can be polynomially solved.
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1 >:�=CFb�^�XA�
�gWD;|\.�,�&K�F��A�a,YZ2q�=CFAÆ�.�&K� (Uncertainty) ?��=CFFL[A, GA. �~AKA)�0�kU�5C, I=9�(bgWD;>)|VIF�A|e, ?�|eAdA�PW7��, 6^^�?�A)��^�. 0�7�Ek4^�AoB, =;AJU�f�A)�, 6�h)!7Adx4, �"?�)�BKA)�. RF/"yi QAv`. /"yiA/4[o5�a$�`J$�>��G.�xxCT℄�, FK�d�,2yi\��|er(�r$r(�F,�Cu>A%mHeGA� Q``. YSS�dA=,v`�gWD;A�a, =m%5�	��7�E!E℄Y, pW QIgWD;W7�!;E_.)�Au5JU℄�.YA Q'�''tE/4y�a��=ar$, #�q�jAM(�,.K&:�, *�pq2igWD;A�&K�wqT8A�n, �4nd℄Y. R℄Y^(_pof:��)� (Inadvance planning) �=;e)� (Real-time re-planning). ��)�A��FISrd�&K%�!�: 2008-12-08ED6�: �0q(℄��H (10471096)
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�4��:5!).#4������. 6��/������@�6;7A#B����. $���
,���/���, C#�7< %�=8�� %���89>:� [1−3] .

Æ;<-'���		
	&�����7< %. +9�=D;E'��=D��:�?@��
	��		
	. <-?@%F.;>A: .?<@ (A;) ��<B;C=����GD (�BE�>?
H��I�JC) KL (FD). �%;>AG, �@
H<-�AJCIJ�Æ	� (�*	�), BM�C
�;. .1;N'�
		
	�EK�;�BM�;���=D�� [4−8]. DF�� >A��-�7
<�. <-L�����<MN(.#G�7<		
	�E<=D��, 6�		
	�EK�;�BM
�;:�7<�. <-'���F - HM%2, I!��01JO�PQKR���;��PQKRS��
;�)PQKRS��	O.

!N���
��&�GL, G�� OPMQ. N�, ��IH	�T�<ÆK�I, �I	���;
�7<�, �IRO�<0U��� (�V�) JP0K, 6A;�FD�LS�I�IQ�GDW', W
<A;�XB�;, R=MNT��;U�7<�, %1�I�Y��;O��L��S�<-'��=
D��.

���,TZ', <-L�����G�<@NT7<=D���.;Y[>A. 6��\. �G�<
@NT7<=D���, NT�P�
, NT�	�;Q�=MNT��;:�7<�, �R�"'7<�
�,�, '�U*SV�, N� [9–12]. 6<-���V�.PNT, � !TÆ,�, U*UF].

S<-W, M
;N [13] <C^�;EL�<-���. Lee � Yu[13] '�
�<-���1V�G
���		
		��E<=D��. \6, �_-����, 		
	�BM�;�.#W`�7<�X,
		
	�EK�;���. _-����<-���.;Y[>A.

�U 2Y<-MNG�7<		
	��F -HM7<=D��. U 3YL�01JO�PQKR��
�;����. <-Wa,�X�b	G,����Yc�&�;�*		
	�EK�;�ZZ0K,WSPT
V[����4�&[; $		
	�EK�;���Y[>A, W�.#��V�d%. U 4 YL�0
1JO�PQKRS��;�)PQKRS�efO���. <-Wa: �X�b	G, �-:��Yc�
&�.

2 XYZ[

� n #�	 N = {1, 2, · · · , n} A#�.?<@!K�, W���	:� 0 �\�X, �	 j �K��

;��P�R0Y� pj�dj � wj Zg. ]A<@� 0 �\�<��. \6<@� S �\<		
	FD,
�[����,6� S �		
	�EK�;, �.#\]eO0K F G��^O,PQ φ�7<�X. 	
	
	�BM�; (^<@�_��;)D �.#\]0K G G��^O,PQ ψ �7<�X. S � D �

X`\%�. <-?@���F - HM%2. �F - HM�Oh�: �*<@�K�.#�	�	�NT, N
TH$"(a��K�^�ij, .]<@=MNT_��", "(�<�NT�F,HMK�. ����
B;01JOG�.#4��b��/&[, b��/&[_���	�<@!K��kD. <-�

1|sto-disruption, resume|
∑

E[fj(Cj)] (1)

Zg%1��, 6� fj(t)(j = 1, 2, · · · , n) � t ≥ 0 �^�JO. <-���01JO�PQKR���;�
(The sum of the expected weighted completion times , cd' SEWCT)�PQKRS��;� (The sum of
the expected weighted tardiness, cd' SEWT), )PQKRS��	O (The expected weighted number
of the tardy jobs, cd' EWNTJ).

e π = (π(1), π(2), · · · , π(n)) �.#�	�<@!K��kD (=f), 6� π(k) = j Zg�	 j U k

#<K�. e Cj(π) ��	 j �=f π G����;. � Bj(π) Zg�=f π G�l`�	 j K���	

g (_h j). d Pj(π) =
∑

k∈Bj(π) pk. A IA �
	 A �g�JO, R

IA =

{
1, �*A	�,

0, �*A�	�.

�	 j �=f π G����;���O,PQ�<Zg(
Cj(π) = Pj(π) + I(S<Pj(π))D (2)
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�

E[Cj(π)] = Pj(π) + Pr(S < Pj(π))ψ = Pj(π) + ψ

∫ P−
j (π)

0

dF (t) (3)

<-/W�<(#���.#U�.
\] e π = (· · · , x, y, · · ·), τ = (· · · , y, x, · · ·), P

EF (π) =
∑
j∈N

E[fj(Cj(π))], F (π) =
∑
j∈N

fj(Cj(π)).

a) �* px ≤ py, s fx(t) − fy(t) �e` t ≥ 0 ^��, tJ EF (τ) ≥ EF (π).
b) �*�	7 p1 ≤ p2 ≤ · · · ≤ pn =f, s$eO� i < j, fi(t) − fj(t) �e` t ≥ 0 ^��, tJ

π∗ = (1, 2, · · · , n) ��� (1) �.#4�b�&[.
^_ ufn�, Sg�� a) �%R�� b), G6, <-V#Wa a) R�.
$eOFÆ (S(ω), D(ω)), �	 j �=f π G����;�

C
(ω)
j (π) =

{
Pj(π), Pj(π) ≤ S(ω)

Pj(π) +D(ω), Pj(π) > S(ω)
(4)

tJ, �=f π � τ G<-�
fz(C(ω)

z (π)) = fz(C(ω)
z (τ)), z �= x, y.

e F (ω)(π) =
∑

j∈N
fj(C

(ω)
j (π)), fhO� C

(ω)
y (π) = C

(ω)
x (τ), <-��

F (ω)(τ) − F (ω)(π) = fy(C(ω)
y (τ)) + fx(C(ω)

x (τ)) − fx(C(ω)
x (π)) − fy(C(ω)

y (π))

= fy(C(ω)
y (τ)) − fx(C(ω)

x (π)) + fx(C(ω)
x (τ)) − fy(C(ω)

x (τ)) (5)

�c (5) �igK�.# fx(C(ω)
y (τ)), <-��

F (ω)(τ) − F (ω)(π) = [fx(C(ω)
y (τ)) − fx(C(ω)

x (π))] +

{[fx(C(ω)
x (τ)) − fy(C(ω)

x (τ))] − [fx(C(ω)
y (τ)) − fy(C(ω)

y (τ))]} (6)

G' fx �^��, s C
(ω)
y (τ) ≥ C

(ω)
x (π), W<c (6) �U.Y�^��. jG' C

(ω)
x (τ) ≥ C

(ω)
y (τ), s

fx − fy �^��, W<c (6) �UhYU�^��. `�
F (ω)(τ) ≥ F (ω)(π) (7)

G'��c (7) $eOFÆ (S(ω), D(ω)) :����, W< F (τ) -o,,-` F (π). G'-o,,-
` =⇒ O,PQ-`, <-� EF (τ) ≥ EF (π). %S�(
g��Wa.

3 `abcdefÆg

ÆY<-?@I!�PQKR���;� (SEWCT) ���. PJO
SEWCT(π) =

∑
j∈N

E [wjCj(π)] .

<-R��Zg(

1|sto-disruption, resume|
∑

E[wjCj ] (8)

kWl, $�� 1||∑wjCj , WSPT (Weighted shortest processing time first) V[ (7 pj/wj ^��

kD=f�	) �.#b�4�&[. \6, $		
	�EK�;�BM�;���Y[>A, ��5+
� NP-Æ
 [13]. W<�� (8) U� NP-Æ�.

v\�� (8) ���>A5+� NP-Æ�, \6, Gg��Za: i�	�R�K��;wm.#
X� (Agreeable) b	, �� (8) ��Yc&&. %#X�b	<
��� [9,11] .

nh �*�	�=(%F.#=f, � p1 ≤ p2 ≤ · · · ≤ pn, s w1 ≥ w2 ≥ · · · ≥ wn, j�	�R�K
��;�X��.

n] 1 �*�	�R�K��;�X��, tJ π∗ = (1, 2, · · · , n) ��� (8) �.#4�b�&[.
^_ $.� x � y e px ≤ py. P fj(t) = wjt , j ∈ N . tJ

fx(t) − fy(t) = wxt− wyt = (wx − wy)t.
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��X�b	� wx ≥ wy, R wx −wy ≥ 0, W< fx(t) − fy(t) �e` t ≥ 0 ^��. kpg�,π∗ ��� (8)
�.#4�b�&[. ��W.

7\, i wj = 1, ∀j ∈ N �, �	�R�K��;�X��. `�, <-%R��
ij 1 �* wj = 1, ∀j ∈ N , SPT (Shortest processing time first) V[ (7 pj �^�kD=f�	)

��� (8) �.#4�b�&[.
q. �, i pj = 1, ∀j ∈ N �, �	�R�K��;U�X��. <-�
ij 2 �* pj = 1, ∀j ∈ N , �	7 wj �^okD=f��� (8) �.#4�b�&[.
�� (8) ���>A� NP-Æ�. \6, i		
	�EK�;�ZZ0K�, ��x��Yc�&

�.
n] 2 �*		
	�EK�;�T; [0, b] !�ZZ0K, 6� b ≥ ∑

j∈N
pj , tJWSPT V[���

(8) �.#4�b�&[.
^_ kpc (3) <-�

SEWCT(π) =
∑
j∈N

wj [Pj(π) + Pr(S < Pj(π))ψ] (9)

Gg<-��.#1p�rs%�Wa��U�. WeO.#=f π = (· · · , x, y, · · ·), <-rs π

�Xt�0#�	 x, y ��=f τ = (· · · , y, x, · · ·). tJ, � π � τ G�
wz [Pz(π) + Pr(S < Pz(π))ψ] = wz [Pz(τ) + Pr(S < Pz(τ))ψ] , z �= x, y.

A B(πτ) = Bx(π)\{x} = By(τ)\{y} �� π G=��	 x Hg (^� τ G=��	 y Hg) ��	g. e
P (πτ) =

∑
k∈B(πτ)

pk. kpc (9), <-��

SEWCT(τ) − SEWCT(π)

=
(
wyP (πτ) + wypy + wxP (πτ) + wxpy + wxpx

)
−

(
wxP (πτ) + wxpx + wyP (πτ) + wypx + wypy

)
+ [wyPr(S < P (πτ) + py)ψ + wxPr(S < P (πτ) + px + py)ψ]

− [wxPr(S < P (πτ) + px)ψ + wyPr(S < P (πτ) + px + py)ψ]

= (wxpy − wypx) + [wyF (P (πτ) + py) + wxF (P (πτ) + px + py)]ψ

− [wxF (P (πτ) + px) + wyF (P (πτ) + px + py)]ψ (10)

hO�

F (t) =

⎧⎪⎪⎨
⎪⎪⎩

0, t < 0,
t

b
, 0 ≤ t ≤ b,

1, b < t.

<-��

SEWCT(τ) − SEWCT(π)

= (wxpy − wypx) +
1
b

[
wy(P (πτ) + py) + wx(P (πτ) + px + py) − wx(P (πτ) + px) − wy(P (πτ) + px + py)

]
ψ

= (wxpy − wypx) +
1
b

[
wxpy − wypx

]
ψ.

`� SEWCT(π) ≤ SEWCT(τ) isui px/wx ≤ py/wy. %S�(
��Wa.

�<-?@		
	�EK�;���%;Y[>A. <-�� Lee[6,13] W����V�d%&

&l1��. d%�:5�Gg�U�.
n] 3 �*�� (8) ��		
	�EK�; (d" s) ���, tJm�.#4�&[, �%#&

[�, �l` s ����	7 WSPT kD=f, � s <(����	U7 WSPT kD=f.
^_ i		
	�EK�;����, Cj(π) ���O,PQ�(

Cj(π) =

{
Pj(π), Pj(π) ≤ s

Pj(π) +D, Pj(π) > s
(11)
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�

E[Cj(π)] =

{
Pj(π), Pj(π) ≤ s

Pj(π) + ψ, Pj(π) > s
(12)

Gg<-��c (12) �rs%�Wa��U�.
$���l` s ��	g, lq��^�		
	, G6%1�	7 WSPT =f�4��. 
�<-?

@6r��	. %1�	�, M
U.#�	C, ��rs%�<WaWSPT =f�4��. W<, <-V#
Wa=�U.�Uh#ys!��	U\] WSPT kDR�. A=�U.�Uh#ys!��	� x � y.
�* x � y �� WSPT kD, R px/wx > py/wy, <-Wars%0#�	�ys�tn�]01JO�
Q. ArsH�rs(�=f0Y� π � τ . rs(�0;>A:

>A 1: rs(U.#�	�l` s ��. kpc (12) <-�
SEWCT(τ) − SEWCT(π)

= [wy(P (πτ) + py) + wx(P (πτ) + py + ψ + px)] − [wx(P (πτ) + ψ + px) + wy(P (πτ) + px + ψ + py)]

= wxpy − wy(ψ + px) ≤ wxpy − wypx < 0

>A 2: rs(U.#�	� s (��. <-�
SEWCT(τ) − SEWCT(π)

= [wy(P (πτ) + py + ψ) + wx(P (πτ) + py + ψ + px)] − [wx(P (πτ) + ψ + px) + wy(P (πτ) + px + ψ + py)]

= wxpy − wypx < 0

G6, $=f τ G�01JOQ!`4�=f π G�01JOQ. �Wo.
�� 3 �:5!<-W�.#��V�d%. kp� 3, &'���ev�u.# N (1) ⊆ N , �∑

i∈N (1)

pi = t ≤ s, t + pk > s, s01JOQ4!, 6� k � N (2) = N\N (1) ��U.#�	. '[<

-/7 WSPT kD/=�	, R p1/w1 ≤ p2/w2 ≤ · · · ≤ pn/wn. $ i = 1, 2, · · · , n, p = 0, 1, · · · , s �
t = p, p+ 1, · · · , s, e Ni = {1, 2, · · · , i} , R��

min
∑
j∈Ni

E[WjCj ]

d" SEWCT(i, p, t), fs#&:
1) R Ni ��	0z�0#gw N (1)

i � N (2)
i = Ni\N (1)

i �;
2) N (1)

i ���	v[�x�\��w�K�, �l` t K��o, xK��;� p;
3) N (2)

i ���	� t �\EKK�, <		
	�F(, ��\ s+D /$_�K�.
A f(i, p, t)��� SEWCT(i, p, t)�4�01JOQ. �*�� SEWCT(i, p, t)^���&,s f(i, p, t) =

∞. <-WL�����4�01JOQ�` min{f(n, t, t) : t = 0, 1, · · · , s}.
<-���	 1 EKy#0z�	. ]A<-5+4��0z
�	 1, 2, · · · , i− 1. kp� 3, �	 i

^3=��l` t K���4(.#K� (R0z�g N (1)
i �), ^3=��#=f�4(.#K� (R0

z�g N (2)
i �). �*R�	 i 0z�g N (1)

i �, tJ���\ p ��, �	 i $01JO�pE� wip,
4�01JOQ��` f(i− 1, p− pi, t) +wip. �*�	 i ��#=f�4(.#K�, tJ�	 i $01

JO�pE� wi

(
t+ ψ +

∑
k∈Ni

pk − p
)
, 4�01JO��` f(i− 1, p, t) + wi

(
t+ ψ +

∑
k∈Ni

pk − p
)
.

kp<!�0U, <-��Gg&		
	�EK�;����� (8) �.#��V�d%. 7qN,
<-]A���W�rO:��O. '
 s{y, e pmax = {p1, p2, · · · , pn}, Pi =

∑
1≤k≤i

pk.

kl
1. tK�b	:

$ p = 0, 1, · · · , s @�
$ t = max{p, s− pmax + 1}, · · · , s s

f(0, p, t) :=

{
0, �* p = 0,
∞, u[.
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2. vw�d:
$ i = 1, 2, · · · , n @�
$ p = 0, 1, · · · , s @�
$ t = max{p, s− pmax + 1}, · · · , s @�
�* t+ Pi − p > s, s
f(i, p, t) := min{f(i− 1, p, t) + wi(t+ Pi + ψ − p), f(i− 1, p− pi, t) + wip}.
u[s
f(i, p, t) := f(i− 1, p− pi, t) + wip.

3. �d
f(n, k, k) = min{f(n, t, t) : t = max{p, s− pmax + 1}, · · · , s}.

4. ���z{|�D�d4�=f π∗.
d%����� O(nspmax). G'G�Y pmax, ��.#|�Ycd%.

4 `abcmefÆgn`abcmeeop

4.1 qrstuvwxy
PJO

SEWT(π) =
∑
j∈N

E [wj max{0, Cj(π) − dj}] =
∑
j∈N

E [wjTj(π)] .

6� Tj(π) = max{0, Cj(π) − dj}. I!�PQKRS��;�����<Zg(
1|sto-disruption, resume|

∑
E[wjTj ] (13)

R� wj = 1, ∀j ∈ N , ^�		
	��� 1||∑wjTj }\� NP-Æ� [14]. G6, <-��� (13) U
� NP-Æ�. \6, �.#X�b	G����Yc�&�.

n] 4 �*�	�%F�=f: � p1 ≤ p2 ≤ · · · ≤ pn, d1 ≤ d2 ≤ · · · ≤ dn, s w1 ≥ w2 ≥ · · · ≥ wn, t
J π∗ = (1, 2, · · · , n) ��� (13) �.#4�b�&[.

^_ $W� x � y, A px ≤ py. kp��X�b	, <-� dx ≤ dy � wx ≥ wy. P
fj(t) = wj max{0, t− dj} , j ∈ N . tJ

fx(t) − fy(t) =

⎧⎪⎨
⎪⎩

0, t ≤ dx,

wx(t− dx), dx < t < dy,

wx(t− dx) − wy(t− dy), dy ≥ t.

`�, fx(t) − fy(t) �e` t ≥ 0 ^��. kpg� π∗ ��� (13) �.#4�b�&[. �Wo.
ij 3 �* pj = 1 � wj = 1 ,∀j ∈ N , EDD (Earliest due date first) V[ (7�P^�kD=f�	)

��� (13) �.#4�b�&[.
ij 4 �* wj = 1 ∀j ∈ N s d1 = d2 = · · · = dn, SPT V[��� (13) �.#4�b�&[.
$^�		
	��� 1||∑wjTj , Potts� van Wassenhove[15] W�
.#��V�d%. $.1Y[

>A, �� (13) �<�1V Potts � van Wassenhove � %&&.
4.2 qrstuvvz{

PJO
EWNTJ(π) =

∑
j∈N

E
[
wjI(Cj(π)>dj)

]
.

e

Uj(π) =

{
1, Cj(π) > dj ,

0, Cj(π) ≤ dj .

I!�PQKRS��	O����<Zg(
1|sto-disruption, resume|

∑
E[wjUj ] (14)

R�W�� dj :�X��, ^�		
	��� 1||∑wjUj }\� NP-Æ� [16]. G6, <-���
(14) U� NP-Æ�. \6, �.#X�b	G����Yc�&�.
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n] 5 �*�	�%F�=f: � p1 ≤ p2 ≤ · · · ≤ pn, d1 ≤ d2 ≤ · · · ≤ dn, s w1 ≥ w2 ≥ · · · ≥ wn, t
J π∗ = (1, 2, · · · , n) ��� (14) �.#4�b�&[.

^_ $W� x � y, A px ≤ py. kp��X�b	, <-� dx ≤ dy � wx ≥ wy. P
fj(t) = wj max{0, t− dj} , j ∈ N . tJ

fj(t) =

{
1, t > dj ,

0, t ≤ dj .

tJ

fx(t) − fy(t) =

⎧⎪⎨
⎪⎩

0, t ≤ dx,

1, dx < t < dy,

2, dy ≤ t.

`�, fx(t) − fy(t) �e` t ≥ 0 ^��. kpg� π∗ ��� (14) �.#4�b�&[. �Wo.
ij 5 �* pj = 1 � wj = 1, ∀j ∈ N , EDD V[��� (14) �.#4�b�&[.
ij 6 �* wj = 1 ∀j ∈ N s d1 = d2 = · · · = dn, SPT V[��� (14) �.#4�b�&[.
$.1Y[>A, �� (14) �<� Moore-Hodgson d% [6] &&.
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