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1 Æ �
� B �)# Banach �$% B∗ ��&'��$% 〈x, f〉 ( f ∈ B∗ * x ∈ B )&*

!++,"#$-%&,-./&
' x ∈ K, (0 〈Tx, y − x〉 ≥ 0, ').& y ∈ K 1*, (1.1)

+/ K � B &2�343015% T : K → B∗ �),1+6) x0 ∈ K �,-./& (1.1)
&-%.7'/)# y ∈ K, 〈Tx0, y−x0〉 ≥ 0 1*%,-./& (1.1) &-5( 2 V I(K, T ).

34,-./& (1.1) *08193:;�</25&6=78%�90>?@:3A
B,1 T 4.CD;5%-6,-./& (1.1) &6=EFGH90>I<AJK=> [1–7].

?7%*)@0L)@MN& Banach �$78?A8B,1% Li[8] * Banach �$&
915:8 Mann EFC;<*=,-./& (1.1) &>?@OAA Fan[9] * Banach �$
&2915:8 Mann EFGHBC=,-./& (1.1) &-&P*;L?@;+

DD% Carlos Martinez-Yanes L Hong-Kun Xu[10] * Hilbert �$'2EEFF T <*

=.-&EFC;⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

x0 ∈ K, GG,

yn = tnx0 + (1 − tn)Txn,

Cn = {z ∈ K : ‖yn − z‖2 ≤ ‖xn − z‖2 + tn(‖x0‖2 + 2〈xn − x0, z〉)},
Qn = {z ∈ K : 〈xn − z, x0 − xn〉 ≥ 0},
xn+1 = PCn∩Qnx0.

(1.2)

* �ÆHIHJ (Z2009111) IJKKQ��LMRÆ (09ZG008, 09ZR008) LSKKT
NUOPV2008-02-27, NWMXUOPV2009-12-31.
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+/ K 2 H &2�343015% PK ( H Z K &[S8B+= [10] PT=.7 {αn}
UQ 0 ≤ αn ≤ 1, L lim

n→∞αn = 0, VWC; {xn} >?@Z PF (T )x0. +/ F (T ) ( T &.

\)5]+,"6C; (1.2) 2)X CQ EFGH+
Y=> [9,10] &ZI%^=&[&�_ CQ EFGHI<Z,-./& (1.1) :%)0

\CR?==> [8,9] &S7\7+

2 �T�U
� X, Y � Banach �$% T : D(T ) ⊂ X → Y , 6,1 T �9&%.7��]V&LF

D(T ) &.^5Z Y &S'95+
,"8 J : B → 2B∗

( ` B Z 2B∗
&Wa'�FF%OA2

J(x) := {v ∈ B∗ : 〈v, x〉 = ‖v‖2 = ‖x‖2}, ∀x ∈ B.

'�FF J .-%&;X+
.7 B �Yb&3Zc0&3MN& Banach �$%VW J � 1-1 FF%[5 J−1 �`

B∗ Z B &Wa'�FF%d_\� 1-1 FF+
� {xn} � B /&)C;%,"8 xn → x ( {xn} >?@Z x .
6 Banach �$ B �Zc0&%.7 ‖x+y

2 ‖ < 1 ' x, y ∈ B _ ‖x‖ = ‖y‖ = 1 L x �= y.

6 Banach �$ B �)@0&%.7 lim
n→∞ ‖xn − yn‖ = 0 ' B /&GG`#C; {xn}, {yn}

UQ ‖xn‖ = ‖yn‖ = 1 _ lim
n→∞ ‖xn+yn

2 ‖ = 1. � U = {x ∈ B : ‖x‖ = 1} � B /)C]a%V
W6 Banach �$ B �MN&%.7

lim
t→0

‖x + ty‖ − ‖x‖
t

P*%'/)# x, y ∈ U. 6 B �)@MN&%.7:be^._c4 x, y ∈ U .
*=> [2,4] /% Alber `d[a)#*! V : B∗ × B → R, OA2

V (φ, x) = ‖φ‖2 − 2〈φ, x〉 + ‖x‖2,

+/ φ ∈ B∗ L x ∈ B.
ebfZ

V (φ, x) ≥ (‖φ‖ − ‖x‖)2. (2.1)

[a%*! V : B∗ × B → R+ �2f&+

c� 2.1[9] .7 B �)@0L)@MN& Banach �$%?A8B πK : B∗ → K �

)FF%'GG) φ ∈ B∗, πKφ �-b?d+eg&)#-%g
V (φ, πK(φ)) = inf

y∈K
V (φ, y).

Li[11] PT=.7 B �Yb&3Zc03MN& Banach �$%VW?A8B,1 πK :
B∗ → K �]V&+

*-%%h2hiiT%,"f�� B �)@0L)@MN& Banach �$%VW B �

Yb&3Zc0&3MN& Banach �$+
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*! V2 : B × B → R OA2
V2(x, y) = V (Jx, y), ∀x, y ∈ B.

-%j4,1 πK , V &)j;X'[nC=�.8& (JK=> [1,11]).
i) V : B∗ × B → R �]V&+
ii) V (φ, x) = 0 &kkol� φ = J(x).
iii) V (JπKφ, x) ≤ V (φ, x) ').& φ ∈ B∗ L x ∈ B.
iv) .7 B �MN&%VW'GGmO) φ ∈ B∗, x ∈ πKφ&kkol� 〈φ−Jx, x−y〉 ≥

0, ').& y ∈ K.
v) ,1 πK : B∗ → K �C+&kkol� B �Zc0&+
vi) .7 B �MN&%VW'GGmO) φ ∈ B∗, x ∈ πKφ, -%&./&1*

V (Jx, y) ≤ V (φ, y) − V (φ, x), ∀y ∈ K.

� 1 ebfZ%.7 B �Zc03MN& Banach�$%VW'GG x, y ∈ B, V2(x, y) =
0(g V (Jx, y) = 0) &kkol� x = y. Æp%.7 x = y, VW V2(x, y) = 0; bnq%.7
V2(x, y) = 0, VWor,1 V &;X ii), ,". Jx = Jy, lm2 J � 1-1 &%p x = y.

8?A8B,1 πK &;X%* [1] / Alber PT=-%&OA+
cn 2.2 � B �Yb3Zc03MN& Banach�$%B∗ �+'��$%� T : B → B∗

�G),1% α �G)qO&W!%VW) x ∈ K ⊂ B �,-./& (1.1) &-&kkol
� x �,1G; x = πK(Jx − αTx) &-+

3 ��op
'GG& x0 ∈ K, ,"OA.-& CQ GHEFC;

⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

x0 ∈ K,

yn = αnx0 + (1 − αn)πK(Jxn − βTxn),
Cn = {z ∈ K : V2(yn, z) ≤ αnV2(x0, z) + (1 − αn)V2(xn, z)},
Qn = {z ∈ K : 〈xn − z, Jx0 − Jxn〉 ≥ 0},
xn+1 = πCn∩QnJx0.

(3.1)

+/ πCn∩QnJx0 � Jx0 Z Cn

⋂
Qn :&?A8B% {αn} UQ
0 ≤ αn ≤ 1, lim

n→∞αn = 0. (3.2)

-%�'^=sqrks8&)j`A+
�n 3.1[6] � B �)@0& Banach �$%VW'GG& r > 0, P*]V3Zct&

0*! g : R+ → R+, g(0) = 0, (0'). x1, x2 ∈ B L y ∈ Br(0) := {x ∈ B : ‖x‖ ≤ r} L'
GG α ∈ [0, 1], .-%&./&1*

V2(αx1 + (1 − α)x2, y) ≤ αV2(x1, y) + (1 − α)V2(x2, y) − α(1 − α)g(‖x1 − x2‖). (3.3)

�n 3.2[12] � B �)@03MN& Banach �$%� {yn}, {zn} � B /&`#C;%
.7 V2(zn, yn) → 0, _ {yn} r {zn} �.^&%VW zn − yn → 0.
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�n 3.3 [5] � B �)@0L)@MN& Banach �$%,".
‖φ + Φ‖2 ≤ ‖φ‖2 + 2〈Φ, J−1(φ + Φ)〉, ∀φ,Φ ∈ B∗.

�n 3.4 � B �)@0L)@MN& Banach �$%� K � B &2�343015%
sOP*)W! β, (0

〈Tx, J−1(Jx − βTx)〉 ≥ 0, ∀x ∈ K, (3.4)

_
〈Tx, y〉 ≤ 0, ∀x ∈ K, y ∈ V I(K, T ), (3.5)

VW V I(K, T ) �430&+
� ,"tu(T V I(K, T ) �4&+� {xn} � V I(K, T ) /&)C;%_ xn → x̂ ∈ K,

3 V2 &OA% V &;X%`A 3.3 Lol (3.4), (3.5), ,".
V2(πK(Jx̂ − βT x̂), xn)

= V (JπK(Jx̂ − βT x̂), xn)
≤ V (Jx̂ − βT x̂, xn)
= ‖Jx̂ − βT x̂‖2 − 2〈Jx̂ − βT x̂, xn〉 + ‖xn‖2

≤ ‖Jx̂‖2 − 2β〈T x̂, J−1(Jx̂ − βT x̂)〉 − 2〈Jx̂, xn〉
+2β〈T x̂, xn〉 + ‖xn‖2

≤ ‖Jx̂‖2 − 2〈Jx̂, xn〉 + ‖xn‖2

= V2(x̂, xn).

[Gvq
0 ≤ V2(πK(Jx̂ − βT x̂), x̂) = lim

n→∞V2(πK(Jx̂ − βT x̂), xn)

≤ lim
n→∞V2(x̂, xn) = V2(x̂, x̂) = 0.

mt%,"0Z x̂ = πK(Jx̂− βT x̂). g x̂ ∈ V I(K, T ). -)u%,"(T V I(K, T ) �0&%
� x, y ∈ V I(K, T ), L t ∈ (0, 1), u z = tx + (1 − t)y. wx(T z = πK(Jz − βTz). vw:%
,".

0 ≤ V2(πK(Jz − βTz), z) = V (JπK(Jz − βTz), z)
≤ V (Jz − βTz, z)
= ‖Jz − βTz‖2 − 2〈Jz − βTz, z〉+ ‖z‖2

≤ ‖Jz‖2 − 2β〈Tz, J−1(Jz − βTz)〉 − 2〈Jz, z〉+ 2β〈Tz, z〉+ ‖z‖2

≤ 2β〈Tz, z〉 = 2β〈Tz, tx + (1 − t)y〉
= 2βt〈Tz, x〉+ 2β(1 − t)〈Tz, y〉 ≤ 0.

[xGvq z = πK(Jz − βTz), g z ∈ V I(K, T ). mt V I(K, T ) �430&+
�n 3.5 .7 B �Yb&3Zc0&3MN& Banach �$%VW πB = J−1.

� ∀φ ∈ B∗, or*! V &OAL (2.1) &%,".
0 ≤ V (φ, J−1φ) = ‖φ‖2 − 2〈φ, J−1φ〉 + ‖J−1φ‖2 = 0.

or,1 πB &OA%,". J−1φ ∈ πBφ. vp πB �C+&%,"0Z πBφ = J−1φ.
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cn 3.6 � B �)@0L)@MN& Banach �$% K � B &2�34015%�
T : K → B∗ �),1UQol (3.4), (3.5),d_ J−βT : K → B∗ �9&%sO V I(K, T ) �= ∅,
VW3 (3.1) OA&C; {xn} >?@Z πV I(K,T )Jx0, +/ πV I(K,T )Jx0 � Jx0 Z V I(K, T )
:&?A8B+
� ,"tu(T'/)# n ∈ N

⋃{0}, Cn L Qn �430&+` Cn L Qn &O

A%wTÆ% Cn �4&% Qn �430&+-%,"yT Cn �0&+m2 V2(yn, z) ≤
αnV2(x0, z) + (1 − αn)V2(xn, z) /x4

2αn〈Jx0, z〉 + 2(1 − αn)〈Jxn, z〉 − 2〈Jyn, z〉 ≤ αn‖x0‖2 + (1 − αn)‖xn‖2 − ‖yn‖2.

)y Cn �0&+-)u%,"(T').& n ∈ N
⋃{0},V I(K, T ) ⊂ Cn

⋂
Qn. � p ∈

V I(K, T ), VW%``A 3.1, ,".
V2(yn, p) = V2(αnx0 + (1 − αn)πK(Jxn − βTxn), p)

≤ αnV2(x0, p) + (1 − αn)V2(πK(Jxn − βTxn), p)
−αn(1 − αn)g(‖πK(Jxn − βTxn) − x0‖). (3.6)

3 V2 &OA3 V &;X3`A 3.3 Lol (3.4), (3.5), ,"0Z
V2(πK(Jxn − βTxn), p)

= V (JπK(Jxn − βTxn), p)
≤ V (Jxn − βTxn, p)
= ‖Jxn − βTxn‖2 − 2〈Jxn − βTxn, p〉 + ‖p‖2

≤ ‖Jxn‖2 − 2β〈Txn, J−1(Jxn − βTxn)〉 − 2〈Jxn − βTxn, p〉 + ‖p‖2

≤ ‖xn‖2 − 2〈Jxn, p〉 + ‖p‖2 + 2β〈Txn, p〉 ≤ V2(xn, p). (3.7)

` (3.6) L (3.7), ,"0Z V2(yn, p) ≤ αnV2(x0, p) + (1−αn)V2(xn, p). ,". p ∈ Cn. mt%
'/)# n ∈ N

⋃{0}, V I(K, T ) ⊂ Cn. D)G%%,"wTÆfZ V I(K, T ) ⊂ C0

⋂
Q0, s

O'z) k ∈ N , V I(K, T ) ⊂ Ck

⋂
Qk. m2P* xk+1 ∈ Ck

⋂
Qk (0 xk+1 = πCk∩Qk

Jx0,
VWor πK &;X%'/)# z ∈ Ck

⋂
Qk, ,".

〈xk+1 − z, Jx0 − Jxk+1〉 ≥ 0.

m2 V I(K, T ) ⊂ Ck

⋂
Qk, ,". 〈xk+1 − p, Jx0 − Jxk+1〉 ≥ 0 '/)# p ∈ V I(K, T ) 1

*+mt V I(K, T ) ⊂ Qk+1. [a%,". V I(K, T ) ⊂ Ck+1

⋂
Qk+1. or!zy{H%'

/)# n ∈ N
⋃{0},V I(K, T ) ⊂ Cn

⋂
Qn. [xGvq {xn} >wz&OA+` Qn &OA%

,". xn = πQnJx0. 3 xn = πQnJx0 L V I(K, T ) ⊂ Qn, ,"0Z V (Jx0, xn) ≤ V (Jx0, p)
'/)# p ∈ V I(K, T ). mt% {V (Jx0, xn)} �.^&+d_%3 V &OA%. {xn} �.
^&+vp xn+1 = πCn∩QnJx0 ∈ Qn _ xn = πQnJx0, VW'/)# n ∈ N

⋃{0}, ,".
V (Jx0, xn) ≤ V (Jx0, xn+1). g {V (Jx0, xn)} �.{&+mt V (Jx0, xn) P*e^+3 V &

;X%'/)# n ∈ N
⋃{0} , .
V (Jxn, xn+1) ≤ V (Jx0, xn+1) − V (Jx0, xn).

[Gvq
lim

n→∞V2(xn+1, xn) = 0. (3.8)
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3 xn+1 = πCn∩QnJx0 ∈ Cn, ` Cn &OA%,".
V2(yn, xn+1) ≤ αnV2(x0, xn+1) + (1 − αn)V2(xn, xn+1),

m2 lim
n→∞αn = 0 L (3.8) &%,". lim

n→∞V2(yn, xn+1) = 0. 8`A 3.2, ,"0Z
lim

n→∞ ‖xn+1 − yn‖ = lim
n→∞ ‖xn+1 − xn‖ = 0. (3.9)

D)G%%
‖xn+1 − yn‖ = ‖xn+1 − αnx0 − (1 − αn)πK(Jxn − βTxn)‖

= ‖αn(xn+1 − x0) + (1 − αn)(xn+1 − πK(Jxn − βTxn))‖
= ‖(1 − αn)(xn+1 − πK(Jxn − βTxn) − αn(x0 − xn+1)‖
≥ (1 − αn)‖xn+1 − πK(Jxn − βTxn)‖ − αn‖x0 − xn+1‖.

mt
‖xn+1 − πK(Jxn − βTxn)‖ ≤ 1

(1 − αn)
(‖xn+1 − yn‖ + αn‖x0 − xn+1‖

)
. (3.10)

` (3.9) L lim
n→∞αn = 0, ,"0Z

‖xn+1 − πK(Jxn − βTxn)‖ → 0. (3.11)

lm2
‖xn − πK(Jxn − βTxn)‖ ≤ ‖xn − xn+1‖ + ‖xn+1 − πK(Jxn − βTxn)‖,

mt%` (3.9) L (3.11), ,".
lim

n→∞ ‖xn − πK(Jxn − βTxn)‖ = 0. (3.12)

m2C; {xn}�.^&%J−βT �9&%VWC; {Jxn−βTxn})O.1; {Jxni −βTxni}
?@Z)) f ∈ B∗. or πK &]V;%,".

lim
i→∞

πK(Jxni − βTxni) = πKf. (3.13)

u x∗ = πKf , 3
‖xni − x∗‖ ≤ ‖xni − πK(Jxni − βTxni)‖ + ‖πK(Jxni − βTxni) − x∗‖, (3.14)

|] (3.12) L (3.13), ,".
lim

i→∞
xni = x∗. (3.15)

or,1 πK L J − βT &]V;%| (3.13) L (3.15), ,".
πK(Jx∗ − βTx∗) = x∗.

3OA 2.1, ,". x∗ ∈ V I(K, T ).
?}%,"(T xn → πV I(K,T )Jx0. � w = πV I(K,T )Jx0. 'GG& n ∈ N , 3 xn+1 =

πCn∩QnJx0 L w ∈ V I(K, T ) ⊂ Cn

⋂
Qn, ,".

V (Jx0, xn+1) ≤ V (Jx0, w).
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D)G%%
V (Jx0, x

∗) = ‖Jx0‖2 − 2〈Jx0, x
∗〉 + ‖x∗‖2

= lim
i→∞

(‖Jx0‖2 − 2〈Jx0, xni〉 + ‖xni‖2)

= lim
i→∞

V (Jx0, xni) ≤ V (Jx0, w).

3 πV I(K,T )Jx0 &OAL x∗ ∈ V I(K, T ), ,". x∗ = w. mt% xni → πV I(K,T )Jx0. vp

xni �.^C; {xn} &G)?@1;%,"0Z {xn} >?@Z πV I(K,T )Jx0.

� 2 .7 B � Hilbert �$%VWol (3.4) 12 〈Tx, x〉 ≥ β〈Tx, Tx〉 = β‖Tx‖2, \x
�y%FF T �>{&+

-%}8OA 3.1, BC,1 T : B → B∗ &~)eg+
cn 3.7 � B �)@03)@MN& Banach �$%� T �)#` B Z B∗ &,1%

UQ-%&ol~P*)#W! β, (0

〈Tx, J−1(Jx − βTx)〉 ≥ 0, ∀x ∈ B (3.16)

L

〈Tx, y〉 ≤ 0, ∀x ∈ B, y ∈ T−10 = {u ∈ B : Tu = 0}. (3.17)

sO J − βT : B → B∗ �9&% T−10 �= ∅, VW3-%&EFGHOA&C; {xn}⎧⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎩

x0 ∈ B,

yn = αnx0 + (1 − αn)J−1(Jxn − βTxn),
Cn = {z ∈ K : V2(yn, z) ≤ αnV2(x0, z) + (1 − αn)V2(xn, z)},
Qn = {z ∈ K : 〈xn − z, Jx0 − Jxn〉 ≥ 0},
xn+1 = πCn∩QnJx0.

(3.18)

+/ {αn} UQ
0 ≤ αn ≤ 1, lim

n→∞αn = 0, (3.19)

>?@Z πT−10Jx0, +/ πT−10 �` B∗ Z T−10 :&?A8B+
� *OA 3.6 /%u K = B, or`A 3.5 LOA 2.2, ,". V I(B, T ) = T−10. m

t%8OA 3.6, ,"web0Z|k&\C+

} ~ � �
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STRONG CONVERGENCE THEOREMS FOR VARIATIONAL

INEQUALITIES IN A BANACH SPACE

LIU Ying TONG Hui

(College of Mathematics and Computer, Hebei University, Baoding 071002)

Abstract In this paper, a new CQ iterative method is introduced by using the gener-
alized projection operator, and then a strong convergence theorem for variational inequality in
noncompact subset of Banach space is proved by the method. This theorem is more concrete
than previous related results. Finally, the problem of zero point for an operator in Banach
space is investigated by the resultant theorem.

Key words Variational inequality, CQ iterative method, generalized projection operator,
compact operator.


