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O G X+��" BCK- �'�$Y!#[+$^�" BCK- �'*+�?<\_�`J/
Z]a??@ECF[�=\/0^bK9EJFG2 BCK- �'#]^_�" BCK- �
'F[�*+!B#?_?@>A;<B� Rosser E`&��@A/JH/0�EJFG
2 BCK- �'(EJFG2**`(EJFG2*Lc>8*`(EJFG2*>8*`E
 ��EJ<3!Fd9B?'* EJFG2 BCK- �'*+ecEK!#[a5:()
-2./*+f4�B?'�13/

9�X+=g!Z]b)?C ��%+&8/

MN 1.1[9] a X +?@Nb�M! X =�?@EJ�"� A c79

A = {〈x, µA(x), νA(x)〉 : x ∈ X},

>;S' µA : X → I, νA : X → I Ghicc@ x ∈ X, x LNJ A �jR (Æ9 µA(x)) �
x NLNJ A �jR (Æ9 νA(x)), k[$c@ x ∈ X , ; 0 ≤ µA(x) + νA(x) ≤ 1.

O (1) X �?@EJ�"� A = {〈x, µA(x), νA(x)〉 : x ∈ X} '0c79 IX × IX

;�?@;d$ 〈µA, νA〉, dP+ (I × I)X ;�?@ef/9�#*^e!Z]7)lm
A = 〈x, µA, νA〉 ficEJ�"� A = {〈x, µA(x), νA(x)〉 : x ∈ X}. I

A : X → I2, A(x) = (µA(x), νA(x))(0 ≤ µA(x) + νA(x) ≤ 1);

(2) Nb�M X g�c?@�"� A n+?@EJ�"�!,9 A '0ic9

A = {〈x, µA(x), 1 − µA(x)〉 : x ∈ X}.

MN 1.2[9] a X �= ∅, A = {〈x, µA(x), νA(x)〉 : x ∈ X}, B = {〈x, µB(x), νB(x)〉 : x ∈ X}
9 X =�EJ�"�!Q

(1) A ∪ B = {〈x, µA(x) ∨ µB(x), νA(x) ∧ νB(x)〉 : x ∈ X};

(2) A ∩ B = {〈x, µA(x) ∧ µB(x), νA(x) ∨ νB(x)〉 : x ∈ X};

(3) Ac = {〈x, νA(x), µA(x)〉 : x ∈ X};

(4) A ⊆ B ⇔ ∀x ∈ X, µA(x) ≤ µB(x) [ νA(x) ≥ νB(x).
h Aλ : λ ∈ Λ +?oEJ�"�!Q
(5)

⋂
λ∈Λ

Aλ = {〈x,∧λ∈ΛµAλ
(x),∨λ∈ΛνAλ

(x)〉 : x ∈ X};

(6)
⋂

λ∈Λ

Aλ = {〈x,∨λ∈ΛµAλ
(x),∧λ∈ΛνAλ

(x)〉 : x ∈ X}.

h f : X → Y +Nb�M X 4 Y �gi! A = {〈x, µA(x), νA(x)〉 : x ∈ X}, B =
{〈y, µB(y), νB(y)〉 : y ∈ Y } Gh9 X, Y ;�EJ�"�!Q
f−1(B) = {〈x, f−1(µB)(x), f−1(νB)(x)〉 : x ∈ X}, f(A) = {〈y, f(µA)(x), f(νA)(x)〉 : x ∈ X},

>; f(µA)(y) =

⎧⎨
⎩

sup
x∈f−1(y)

µA(x), f−1(y) �= ∅,

0, f−1(y) = ∅
[

(1 − f(1 − νA))(y) =

⎧⎨
⎩

inf
x∈f−1(y)

νA(x), f−1(y) �= ∅,

0, f−1(y) = ∅.
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h X +j<bl! A = {〈x, µA(x), νA(x)〉 : x ∈ X}, B = {〈x, µB(x), νB(x)〉 : x ∈ X} 9 X ;
�m@EJ�"�!Q ∀x ∈ X ,

(A + B)(x) =
(

sup
x1+x2

min(µA(x1), µB(x2)), inf
x1+x2

max(νA(x1), νB(x2)
)
.

MN 1.3[10,11] a L∗ = {(x1, x2) ∈ [0, 1]2 : x1 + x2 ≤ 1}, &1 (x1, x2) ≤L∗ (y1, y2) ⇔
x1 ≤ y1 [ x2 ≥ y2, Qb (L∗,≤L∗) 9 L∗- I/

I (L∗,≤L∗) ;�Rke+ 0L∗ = (0, 1), Rpe+ 1L∗ = (1, 1). D = {(x1, x2) ∈ [0, 1]2 :
x1 + x2 = 1} + L∗ �?@lm�?�!b9$nj/I (L∗,≤L∗) +?@EqI0$ A ⊆ L∗,
;

sup A = (sup{x ∈ [0, 1] | (∃y ∈ [0, 1])((x, y) ∈ A)}, inf{y ∈ [0, 1] | (∃x ∈ [0, 1])((x, y) ∈ A)}

[

inf A = (inf{x ∈ [0, 1] | (∃y ∈ [0, 1])((x, y) ∈ A)}, sup{y ∈ [0, 1] | (∃x ∈ [0, 1])((x, y) ∈ A)}.

SnTU!c@I (L,≤) n]?@�'%. (L,∨,∧) Eo!>;$ ∀a, b ∈ L, a ≤ b ⇔
a ∨ b = b ⇔ a ∧ b = a. 08&4� x, y, z ∈ L∗ nic x = (x1, x2), y = (y1, y2), z = (z1, z2).
L∗- I:=� �Lukasiewicz >8/? [8] c79 ∀x, y ∈ L∗,

IR(x, y) = (min(1, y1 + 1 − x1, x2 + 1 − y2), max(0, y2 + x1 − 1)).

�Lukasiewicz >8/? IR pV&8<@
(A.1) (∀y ∈ L∗)(IR(·, y)= L∗ =+)rq�)[ (∀x ∈ L∗)(IR(x, ·)= L∗ =+)rF�);

(A.2) (∀x ∈ L∗)(IR(1L∗ , x) = x);

(A.3) (∀(x, y) ∈ (L∗)2)(IR(x, y) = IR(IR(y, 0L∗), IR(x, 0L∗)));

(A.4) (∀(x, y, z) ∈ (L∗)3)(IR(x, IR(y, z)) = IR(y, IR(x, z)));

(A.5) (∀(x, y) ∈ (L∗)2)(x ≤L∗ y ⇔ IR(x, y) = 1L∗).
a α ++o X 8�?@-2!Z])Æm [α] ic α � L∗- I:! [·] +?@[pg

i/Z];&8?C�s:tq0Æ [α] = (x1, x2), [β] = (y1, y2) ∈ L∗, Q
1) [¬α] = (x2, x1);
2) [α ∧ β] = [α] ∧ [β] = (min(x1, y1), max(x2, y2));

3) [α → β] = [α] ∝ [β] = IR([α], [β]);

4) [(∀x)(α(x))] = inf
x∈X

[α(x)], [x ∈ A] = A(x).

r(�u�tq;
5) [α ∨ β] = [α] ∨ [β] = (max(x1, y1), min(x2, y2));

6) [(∃x)(α(x))] = sup
x∈X

[α(x)];

7) α ↔ β = (α → β) ∧ (β → α), I [α ↔ β] = IR([α], [β]) ∧ IR([β], [α]);
8) α � β := ¬(α → ¬β), I [α � β] = [α] ⊗ [β], >; ⊗ 9 �Lukasiewicz >8/?�Æ

s0 x ⊗ y = (max(0, x1 + y1 − 1), min(1, x2 + 1 − y1, y2 + 1 − x1)).
h A, B ++o X �m@EJ�"�!Q

A ⊆ B := (∀x)(x ∈ A → x ∈ B), A ≡ B := (A ⊆ B) ∧ (B ⊆ A).
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WX 1 [x ↔ y] = (min(1, 1 − |x1 − y1|, 1 − |x2 − y2|), max(0, y2 + x1 − 1, x2 + y1 − 1)).
Y

IR(x, y) ∧ IR(y, x)
= (min(1, 1 + y1 − x1, 1 + x2 − y2), max(0, y2 + x1 − 1))
∧ (min(1, 1 + x1 − y1, 1 + y2 − x2), max(0, x2 + y1 − 1))
= (min(1, 1 + y1 − x1, 1 + x2 − y2, 1 + x1 − y1, 1 + y2 − x2),

max(0, y2 + x1 − 1, x2 + y1 − 1))
= (min(1, 1 − |x1 − y1|, 1 − |x1 − y2|), max(0, y2 + x1 − 1, x2 + y1 − 1)).

WX 2 (x → y ∧ z) = (x → y) ∧ (x → z).
Y

(x → y) ∧ (x → z)
= (min(1, 1 + y1 − x1, 1 + x2 − y2), max(0, y2 + x1 − 1))
∧ (min(1, 1 + z1 − x1, 1 + x2 − z2), max(0, z2 + x1 − 1))
= (min(1, 1 + y1 − x1, 1 + z1 − x1, 1 + x2 − y2, 1 + x2 − z2),

max(0, y2 + x1 − 1, z2 + x1 − 1))
= (min(1, min(y1, z1) + 1 − x1, x2 + 1 − max(y2, z2)),

max(0, max(y2, z2) + x1 − 1))
= IR((x1, x2), (min(y1, z1), max(y2, z2)))
= (x → y ∧ z).

rt'fsA 3 �sA 4 &8
WX 3 (x → (y → z)) = (x � y) → z, x ⊗ y ≤L∗ z ⇔ x ≤L∗ y → z.
Z[ (x → y) � x ≤L∗ y.
Y

(min(1, y1 + 1 − x1, x2 + 1 − y2), max(0, y2 + x1 − 1)) ⊗ (x1, x2)
= (max(0, min(1, y1 + 1 − x1, x2 + 1 − y2) + x1 − 1),

min(1, max(0, y2 + x1 − 1) + 1 − x1, x2 + 1 − min(1, y1 + 1 − x1, x2 + 1 − y2))).

# y1+1−x1+x1−1 = y1 ≤ 1−y2, x2+1−y2+x1−1 ≤ 1−y2,v max(0, min(1, y1+1−x1, x2+
1−y2)+x1−1) ≤ y1. _ y2 +x1−1+1−x1 = y2 ≤ 1−y1, x2 +1−y1−1+x1 ≤ 1−y1, x2 +1−
x2−1+y2 = y2,v min(1, max(0, y2+x1−1)+1−x1, x2+1−min(1, y1+1−x1, x2+1−y2)) ≥ y2,
?# (min(1, y1 + 1 − x1, x2 + 1 − y2), max(0, y2 + x1 − 1)) ⊗ (x1, x2) ≤L∗ (y1, y2).

WX 4 h x ≤L∗ y, Q [y → z] ≤L∗ [x → z] [ [x ⊗ z] ≤L∗ [y ⊗ z].
Z]u)Æm |= α ic$Jtvs:!\w0 [α] = 1L∗.
MN 1.4[1] b?@ (2, 0) w�' (X ; ∗, 0) 9 BCK- �'!&1xpV ∀x, y, z ∈ X , ;
(1) ((x ∗ y) ∗ (x ∗ z)) ∗ (z ∗ y) = 0;
(2) (x ∗ (x ∗ y)) ∗ y = 0;
(3) x ∗ x = 0, 0 ∗ x = 0;
(4) x ∗ y = 0 = y ∗ x ⇒ x = y.
= BCK- �' X ;!'0&8c7ud ≤: x ≤ y ⇔ x ∗ y = 0. t6 BCK- �' X np

V8ÆEq
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(6) x ∗ 0 = x, x ≤ y ∧ y ≤ z ⇒ x ≤ z;
(7) x ≤ y ⇒ x ∗ z ≤ y ∗ z ∧ z ∗ y ≤ z ∗ x;
(8) (x ∗ y) ∗ z = (x ∗ z) ∗ y, x ∗ (x ∗ x ∗ y)) = x ∗ y;
(9) x ∗ y ≤ z ⇒ x ∗ z ≤ y, (x ∗ z) ∗ (y ∗ z) ≤ x ∗ y.
a X + BCK- �'!h ∀x, y ∈ X , ; x ∗ (y ∗ y) = (x ∗ y) ∗ y, Qb X +vywx BCK-

�' [12]; h ∀x, y, z ∈ X , ; (x ∗ z) ∗ (y ∗ z) = (x ∗ y) ∗ z, Qb X +Lc>8 BCK- �' [12];
h ∀x, y ∈ X , ; x = x ∗ (y ∗ x), Qb X +>8 BCK- �' [13].

a X, Y n+ BCK- �'!gi f : X → Y b9+[p�!h ∀x, y ∈ X , ; f(x ∗ y) =
f(x) ∗ f(y).

2 BCK- ]^_`abcdefgh
MN 2.1 a X +?@ BCK- �'! A + X ;�EJ�"?�/?eEJ�"-2

sa ∈ F(F(X)) b9EJFG2*?�'!c79
A ∈ sa := (∀x)(∀y)((x ∈ A) ∧ (y ∈ A) → x ∗ y ∈ A).

I

sa(A) = (µsa(A), νsa(A))
= inf

x,y∈X
IR(A(x) ∧ A(y), A(x ∗ y))

= inf
x,y∈X

IR((µA(x) ∧ µA(y), νA(x) ∨ νA(y)), (µA(x ∗ y), νA(x ∗ y)))

=
(

inf
x,y∈X

min(1, 1 + µA(x ∗ y) − µA(x) ∧ µA(y), 1 + νA(x) ∨ νA(y) − νA(x ∗ y)),

sup
x,y∈X

max(0, νA(x ∗ y) + µA(x) ∧ µA(y) − 1)
)
.

,O;

µsa(A) = inf
x,y∈X

min(1, 1 + µA(x ∗ y) − µA(x) ∧ µA(y), 1 + νA(x) ∨ νA(y) − νA(x ∗ y)),

νsa(A) = sup
x,y∈X

max(0, νA(x ∗ y) + µA(x) ∧ µA(y) − 1).

Mi 2.1 $ BCK-�' X ;�tvEJ�"� A,; |= A ∈ sa → (∀x)(x ∈ A → 0 ∈ A).
Y
sa(A) = (µsa(A), νsa(A))

=
(

inf
x,y∈X

min(1, 1 + µA(x ∗ y) − µA(x) ∧ µA(y), 1 + νA(x) ∨ νA(y) − νA(x ∗ y)),

sup
x,y∈X

max(0, νA(x ∗ y) + µA(x) ∧ µA(y) − 1)
)

≤ (
inf

x∈X
min(1, 1 + µA(x ∗ x) − µA(x) ∧ µA(x), 1 + νA(x) ∨ νA(x) − νA(x ∗ x)),

sup
x∈X

max(0, νA(x ∗ x) + µA(x) ∧ µA(x) − 1)
)

=
(

inf
x∈X

min(1, 1 + µA(0) − µA(x), 1 + νA(x) − νA(0)),

sup
x∈X

max(0, νA(0) + µA(x) − 1)
)

= [(∀x)(x ∈ A → 0 ∈ A)].



4 W XYV]ZW L∗- �"���� BCK- ��&%
����� 561

Mi 2.2 $ BCK- �' X ;�tvEJ�"� A, ;

1) |= A ∈ sa → (∀x)(x ∈ A → (x ∗ (· · · (x ∗ x)︸ ︷︷ ︸
2k

· · ·)) ∈ A), k = 1, 2, · · ·;

2) |= A ∈ sa ↔ (∀x)(x ∈ A → (x ∗ (· · · (x ∗ x)︸ ︷︷ ︸
2k+1

· · ·)) ∈ A), k = 0, 1, 2, · · ·;

3) |= A ∈ sa ↔ (∀x)(x ∈ A → ((· · · ((x ∗ x) ∗ x) · · ·) ∗ x︸ ︷︷ ︸
n

∈ A), n = 1, 2, · · ·.

Y ,9= BCK- �';! x ∗ x = 0 [ x ∗ 0 = x, J+ ∀x ∈ X , ;

min(1, µA(x ∗ (· · · (x ∗ (x ∗ x))︸ ︷︷ ︸
2k

· · ·)) + 1 − µA(x), νA(x) + 1 − νA(x ∗ (· · · (x ∗ (x ∗ x))︸ ︷︷ ︸
2k

· · ·)))

= min(1, µA(x ∗ (· · · (x ∗ (x ∗ x))︸ ︷︷ ︸
2k−2

· · ·)) + 1 − µA(x), νA(x) + 1 − νA(x ∗ (· · · (x ∗ (x ∗ x))︸ ︷︷ ︸
2k−2

· · ·)))

= · · ·
= min(1, µA(x ∗ x) + 1 − µA(x), νA(x) + 1 − νA(x ∗ x))
= min(1, µA(0) + 1 − µA(x), νA(x) + 1 − νA(0)),

k[

max(0, νA(x ∗ (· · · (x ∗ (x ∗ x))︸ ︷︷ ︸
2k

· · ·)) + µA(x) − 1)

= max(0, νA(x ∗ (· · · (x ∗ (x ∗ x))︸ ︷︷ ︸
2k−2

· · ·)) + µA(x) − 1)

= · · ·
= max(0, νA(0) + µA(x) − 1).

Ic* 2.1 U 1) q?fj/) x ∗ x = 0, x ∗ 0 = x 'rtHj2 2) ] 3) q/
?c* 2.2 �j2yj'f&8%+
Z[ 2.3 $ BCK- �' X ;�tvEJ�"� A, ;

1) |= (∀x)(x ∈ A → 0 ∈ A) ↔ (x ∗ (· · · (x ∗ x)︸ ︷︷ ︸
2k

· · ·)) ∈ A), k = 1, 2, · · ·;

2) |= (∀x)(x ∈ A → 0 ∈ A) ↔ ((· · · ((x ∗ x) ∗ x) · · ·) ∗ x)︸ ︷︷ ︸
n

∈ A), n = 1, 2, · · ·.

Mi 2.4 a x1, x2, · · · , xn + BCK- �' X ;�tv n @ef!h=7 n @e;kx
;?@e xk EJ x1, Q$J X ;�tvEJ�"� A, ;

|= A ∈ sa → (∀x)(x ∈ A → ((· · · ((x1 ∗ x2) ∗ x3) · · ·) ∗ xn)︸ ︷︷ ︸ ∈ A).

Y $tv ∀x, y, z ∈ X , ; (x ∗ y) ∗ z = (x ∗ z) ∗ y. ,O!Z]'0z xk w{4 x2 �z

l!mnv4 x1 ∗ x1 = 0, 0 ∗ xi = 0, ;

min(1, µA((· · · ((x1 ∗ x2) ∗ x3) · · ·) ∗ xn) + 1 − µA(x),
νA(x) + 1 − νA((· · · ((x1 ∗ x2) ∗ x3) · · ·) ∗ xn))

= min(1, µA((· · · ((x1 ∗ x1) ∗ x3) · · ·) ∗ xn) + 1 − µA(x),
νA(x) + 1 − νA((· · · ((x1 ∗ x1) ∗ x3) · · ·) ∗ xn))
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= · · ·
= min(1, µA(0) + 1 − µA(x), νA(x) + 1 − νA(0)),

k[;

max(0, νA((· · · ((x1 ∗ x2) ∗ x3) · · ·) ∗ xn) + µA(x) − 1))
= max(0, νA((· · · ((x1 ∗ x1) ∗ x3) · · ·) ∗ xn) + µA(x) − 1))
= · · ·
= max(0, νA(0) + µA(x) − 1).

Ic* 2.1 U%+w0/
MN 2.2 a X +?@ BCK- �'! A + X ;�EJ�"?�/y
A ∈ LI := (∀x)(∀y)(y ∈ A → x ∗ y ∈ A)(A ∈ RI := (∀x)(∀y)(x ∈ A → x ∗ y ∈ A)),

Qb?eEJ�"-2 LI(RI) ∈ F(F(X)) 9EJFG2*o (y) '{*`/
Mi 2.5 a A + BCK- �' X ;�tvEJ�"�!Q

|= A ∈ LI → (∀x)(x ∈ A ↔ 0 ∈ A).

Y
LI = inf

x,y∈X
IR(A(y), A(x ∗ y))

= inf
x,y∈X

IR((µA(y), νA(y)), (µA(x ∗ y), νA(x ∗ y)))

=
(

inf
x,y∈X

min(1, µA(x ∗ y) + 1 − µA(y), νA(y) + 1 − νA(x ∗ y)),

sup
x,y∈X

max(0, νA(x ∗ y) + µA(y) − 1)
)

≤ (
inf

x∈X
min(1, µA(x ∗ 0) + 1 − µA(0), νA(0) + 1 − νA(x ∗ 0)),

sup
x∈X

max(0, νA(x ∗ 0) + µA(0) − 1)
)

=
(

inf
x∈X

min(1, µA(x) + 1 − µA(0), νA(0) + 1 − νA(x)),

sup
x∈X

max(0, νA(x) + µA(0) − 1)
)

= [(∀x)(0 ∈ A → x ∈ A)].

z?=;;

LI(A) ≤ (
inf

x∈X
min(1, µA(x ∗ x) + 1 − µA(x), νA(x) + 1 − νA(x ∗ x)),

sup
x∈X

max(0, νA(x ∗ x) + µA(x) − 1)
)

=
(

inf
x∈X

min(1, µA(0) + 1 − µA(x), νA(x) + 1 − νA(0)),

sup
x∈X

max(0, νA(0) + µA(0) − 1)
)

= [(∀x)(x ∈ A → 0 ∈ A)],

v |= A ∈ LI → (∀x)(x ∈ A → 0 ∈ A) ∧ (∀x)(0 ∈ A → x ∈ A), I%+w0/
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rtH;

Mi 2.6 a A + BCK- �' X ;�tvEJ�"�!Q
|= A ∈ RI → (∀x)(x ∈ A → 0 ∈ A).

MN 2.3 a X +?@ BCK- �'! A + X ;�EJ�"?�/y
A ∈ I1 := (∀x)(x ∈ A → 0 ∈ A), A ∈ I2 := (∀x)(∀y)((x ∗ y ∈ A) ∧ (y ∈ A) → (x ∈ A)).

b?eEJ�"-2 I ∈ F(F(X)) 9EJFG2**`!&1 A ∈ I := (A ∈ I1) ∧ (A ∈ I2).
Mi 2.7 h A + BCK- �' X ;�EJ�"�!Q

|= (∀x)(∀y)(∀z)((((x ∗ y) ∗ y) ∗ z ∈ A) ∧ (z ∈ A) → (x ∗ y ∈ A)) → A ∈ I2.

Y
[(∀x)(∀y)(∀z)((((x ∗ y) ∗ y) ∗ z ∈ A) ∧ (z ∈ A) → (x ∗ y ∈ A))]

= ( inf
x,y,z∈X

min(1, µA(x ∗ y) + 1 − µA(((x ∗ y) ∗ y) ∗ z) ∧ µA(z), νA(((x ∗ y) ∗ y) ∗ z) ∨ νA(z)

+ 1 − νA(x ∗ y)), sup
x,y,z∈X

max(0, νA(x ∗ y) + µA(((x ∗ y) ∗ y) ∗ z) ∧ µA(z) − 1))

≤ ( inf
x,z∈X

min(1, µA(x ∗ 0) + 1 − µA(((x ∗ 0) ∗ 0) ∗ z) ∧ µA(z), νA(((x ∗ 0) ∗ 0) ∗ z) ∨ νA(z)

+ 1 − νA(x ∗ 0)), sup
x,z∈X

max(0, νA(x ∗ 0) + µA(((x ∗ 0) ∗ 0) ∗ z) ∧ µA(z) − 1))

= ( inf
x,z∈X

min(1, µA(x) + 1 − µA(x ∗ z) ∧ µA(z), νA(x ∗ z) ∨ νA(z) + 1 − νA(x),

sup
x,z∈X

max(0, νA(x) + µA(((x ∗ z) ∧ µA(z) − 1))

= [A ∈ I2].

p a X = {0, a, b, c}, Q X |&8ic7�}e|/ ∗ w9?@ BCK- �'

∗ 0 a b c
0 0 0 0 0
a a 0 c c
b b 0 0 b
c c 0 0 0

c7 µA : X → [0, 1]&80µA(0) = 1, µA(a) = µA(b) = µA(c) = 0.4;mc7 νA : X → [0, 1]&
80νA(0) = 0, νA(a) = νA(b) = νA(c) = 0.35. Q'0}jEJ�"� A = {〈x, µA(x), νA(x)〉 :
x ∈ X} {+ X �?@EJFG2**`!_+ X �?@EJFG2*?�'/

Mi 2.8 a A + BCK- �' X ;�EJ�"�!h [A ∈ I1] = 1L∗ , Q
1) |= A ∈ I → (∀x)(∀y)(x ≤ y → (y ∈ A → x ∈ A));

2) |= A ∈ I → ((∀x)(∀y)(∀z)(x ∗ y ∈ A → (x ∗ z) ∗ (y ∗ z) ∈ A));

3) |= A ∈ I → ((∀x)(∀y)(∀z)((x ∗ y) ∗ z ∈ A → ((x ∗ z) ∗ (y ∗ z)) ∗ z ∈ A)).
Y ,9 [A ∈ I1] = 1L∗ , n0

µI1(A) = inf
x∈X

min(1, 1 + µA(0) − µA(x), 1 + νA(x) − νA(0)) = 1,

νI1(A) = sup
x∈X

max(0, νA(0) + µA(x) − 1) = 0,
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v$tv x ∈ X, µA(0) ≥ µA(x), νA(0) ≤ νA(x). nv4 x ≤ y ; x ∗ y = 0. Æ [A ∈ I2] =
(µI2(A), νI2 (A)), Q

µI2(A) = inf
x,y∈X

min(1, µA(x) + 1 − µA(x ∗ y) ∧ µA(y), νA(x ∗ y) ∨ νA(y) + 1 − νA(x))

≤ inf
x,y∈X,x≤y

min(1, µA(x) + 1 − µA(x ∗ y) ∧ µA(y), νA(x ∗ y) ∨ νA(y) + 1 − νA(x))

= inf
x,y∈X,x≤y

min(1, µA(x) + 1 − µA(0) ∧ µA(y), νA(0) ∨ νA(y) + 1 − νA(x))

= inf
x,y∈X,x≤y

min(1, µA(x) + 1 − µA(y), νA(y) + 1 − νA(x)),

k[

νI2(A) = sup
x,y∈X

max(0, nuA(x) + µA(x ∗ y) ∧ µA(y) − 1)

≥ sup
x,y∈X,x≤y

max(0, nuA(x) + µA(x ∗ y) ∧ µA(y) − 1)

= sup
x,y∈X,x≤y

max(0, nuA(x) + µA(0) ∧ µA(y) − 1)

= sup
x,y∈X,x≤y

max(0, nuA(x) + µA(y) − 1),

v
[A ∈ I] ≤ [A ∈ I2] ≤ [(∀x)(∀y)(x ≤ y → (y ∈ A → x ∈ A))].

I (7) � (9) U
(x ∗ z) ∗ (y ∗ z) ≤ x ∗ y, ((x ∗ z) ∗ (y ∗ z)) ∗ z ≤ (x ∗ y) ∗ z,

nv4
((x ∗ (y ∗ z)) ∗ z) ∗ z = ((x ∗ z) ∗ (y ∗ z)) ∗ z,

'f

[(∀x)(∀y)(x ≤ y → (y ∈ A → x ∈ A))]
= [(∀x)(∀y)(∀z)(x ∗ y ∈ A → (x ∗ z) ∗ (y ∗ z) ∈ A)]
= [(∀x)(∀y)(∀z)((x ∗ y) ∗ z ∈ A → ((x ∗ z) ∗ (y ∗ z)) ∗ z ∈ A)].

Mi 2.9 h A + BCK- �' X ;�EJ�"�!Q
|= (∀x)(∀y)(∀z)(z ∗ y ≤ x → ((x ∈ A) ∧ (y ∈ A) → z ∈ A)) → A ∈ I.

Y $tv x, y, z ∈ X [ z ∗ y ≤ x, ; (z ∗ y) ∗ x = 0, nv4 (0 ∗ x) ∗ x = 0, J+

inf
x,y,z∈X

IR(A(x) ∧ A(y), A(z))

=
(

inf
x,y,z∈X

min(1, µA(z) + 1 − µA(x) ∧ µA(y), νA(x) ∨ νA(y) + νA(z) − 1),

sup
x,y,z∈X

max(0, νA(z) + µA(x) ∧ µA(y) − 1)
)

≤ (
inf

x∈X
min(1, µA(0) + 1 − µA(x) ∧ µA(x), νA(x) ∨ νA(x) + νA(0) − 1),

sup
x∈X

max(0, νA(0) + µA(x) ∧ µA(x) − 1)
)
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=
(

inf
x∈X

min(1, µA(0) + 1 − µA(x), νA(x) + νA(0) − 1),

sup
x∈X

max(0, νA(0) + µA(x) − 1)
)

= [A ∈ I1].

nv4 x ∗ (x ∗ y) ≤ y ;

inf
x,y,z∈X

IR(A(x) ∧ A(y), A(z))

≤ (
inf

x,y∈X
min(1, µA(x) + 1 − µA(x ∗ y) ∧ µA(y), νA(x ∗ y) ∨ νA(y)

+ νA(x) − 1), sup
x,y∈X

max(0, νA(x) + µA(x ∗ y) ∧ µA(y) − 1)
)

= [A ∈ I2].

v
[(∀x)(∀y)(∀z)(z ∗ y ≤ x → ((x ∈ A) ∧ (y ∈ A) → (z ∈ A)))] ≤ [A ∈ I].

Mi 2.10 a X +?@ BCK- �'! Aλ(λ ∈ Λ) + X ;�?qEJ�"�!Q
|= (∀λ)((λ ∈ Λ) → (Aλ ∈ I)) →

( ⋂
λ∈Λ

Aλ ∈ I
)
.

Y |c7 2.3 U
µI1

( ⋂
λ∈Λ

Aλ

)

= inf
x∈X

min
(

1, 1 + µ ⋂
λ∈Λ

Aλ
(0) − µ ⋂

λ∈Λ

Aλ
(x), 1 + ν ⋂

λ∈Λ

Aλ
(x) − ν ⋂

λ∈Λ

Aλ
(0)

)

= inf
x∈X

min
(

1, 1 + inf
λ∈Λ

µAλ
(0) − inf

λ∈Λ
µAλ

(x), 1 + sup
λ∈Λ

νAλ
(x) − sup

λ∈Λ
νAλ

(0)
)

≥ inf
x∈X

inf
λ∈Λ

min(1, 1 + µAλ
(0) − µAλ

(x), 1 + νAλ
(x) − νAλ

(0))

= inf
λ∈Λ

µI1(Aλ),

νI1

( ⋂
λ∈Λ

Aλ

)

= sup
x∈X

max
(

0, ν ⋂
λ∈Λ

Aλ
(0) + µ ⋂

λ∈Λ

Aλ
(x) − 1

)

= sup
x∈X

max
(

0, sup
λ∈Λ

νAλ
(0) + inf

λ∈Λ
µAλ

(x) − 1
)

≤ sup
x∈X

sup
λ∈Λ

max(0, νAλ
(0) + µAλ

(x) − 1)

= sup
λ∈Λ

νI1(Aλ),

µI2

( ⋂
λ∈Λ

Aλ

)

= inf
x,y∈X

min
(

1, 1 + µ ⋂
λ∈Λ

Aλ
(x) − µ ⋂

λ∈Λ

Aλ
(x ∗ y) ∧ µ ⋂

λ∈Λ

Aλ
(x), 1

+ν ⋂
λ∈Λ

Aλ
(x ∗ y) ∨ ν ⋂

λ∈Λ

Aλ
(y) − ν ⋂

λ∈Λ

Aλ
(x)

)
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= inf
x,y∈X

min
(

1, 1 + inf
λ∈Λ

µAλ
(x) − min( inf

λ∈Λ
µAλ

(x ∗ y), inf
λ∈Λ

µAλ
(y)), 1

+ max
(

sup
λ∈Λ

νAλ
(x ∗ y), sup

λ∈Λ
νAλ

(y)
)
− sup

λ∈Λ
νAλ

(x)
)

≥ inf
x,y

inf
λ∈Λ

min(1, 1 + µAλ
(x) − min(µAλ

(x ∗ y), µAλ
(y)),

1 + max(νAλ
(x ∗ y), νAλ

(y)) − νAλ
(x))

= inf
λ∈Λ

µI2(Aλ),

νI2

( ⋂
λ∈Λ

Aλ

)

= sup
x,y∈X

max
(

0, ν ⋂
λ∈Λ

Aλ
(x) + µ ⋂

λ∈Λ

Aλ
(x ∗ y) ∧ µ ⋂

λ∈Λ

Aλ
(y) − 1

)

= sup
x,y∈X

max
(

0, sup
λ∈Λ

νAλ
(x) + min

(
inf
λ∈Λ

µAλ
(x ∗ y), inf

λ∈Λ
µAλ

(y)
)
− 1

)

≤ sup
x,y∈X

sup
λ∈Λ

max(0, νAλ
(x) + min(µAλ

(x ∗ y), νAλ
(y)) − 1)

= sup
λ∈Λ

νI2(Aλ),

,O!

[(∀λ)((λ ∈ Λ) → (Aλ ∈ I))]

=
((

inf
λ∈Λ

µI1(Aλ) ∧ inf
λ∈Λ

µI2(Aλ)
)
,
(

sup
λ∈Λ

νI1(Aλ) ∨ sup
λ∈Λ

νI2(Aλ)
))

≤ L∗
((

µI1

( ⋂
λ∈Λ

Aλ

)
∧ µI2

( ⋂
λ∈Λ

Aλ

))
,
(
νI1

( ⋂
λ∈Λ

Aλ

)
∨ νI2

( ⋂
λ∈Λ

Aλ

)))

=
[ ⋂

λ∈Λ

Aλ ∈ I
]
.

Mi 2.11 a X, Y n+?@ BCK- �'!h A + X ;�EJ�"�! f : X → Y +

?@p[p!Q
|= A ∈ I → f(A) ∈ I.

Y
I1(f(A)) = (µI1 (f(A)), νI1 (f(A)))

= inf
z∈Y

IR(f(A)(z), f(A)(0′))

= inf
z∈Y

IR((f(µA)(z), (1 − f(1 − νA))(z)), (f(µA)(0′), (1 − f(1 − νA))(0′)))

= inf
z∈Y

IR
((

sup
x∈f−1(z)

µA(x), inf
x∈f−1(z)

νA(x)
)
,
(

sup
y∈f−1(0′)

µA(y), inf
y∈f−1(0′)

νA(y)
))

,

v

µI1(f(A)) = inf
z∈Y

min
(

1, 1 + sup
y∈f−1(0′)

µA(y) − sup
x∈f−1(z)

µA(x), 1

+ inf
x∈f−1(z)

νA(x) − inf
y∈f−1(0′)

νA(y)
)

≥ inf
z∈Y

inf
x∈X

min(1, 1 + µA(0) − µA(x), 1 + νA(x) − νA(0))
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= inf
x∈X

min(1, 1 + µA(0) − µA(x), 1 + νA(x) − νA(0))

= µI1(A),

[

νI1(f(A)) = sup
z∈Y

max
(

0, inf
y∈f−1(0′)

νA(y) + sup
x∈f−1(z)

µA(x) − 1
)

≤ sup
x∈X

max(0, νA(0) + µA(x) − 1) = νI1(A).

,O [A ∈ I1] = (µI1 (A), νI1(A)) ≤L∗ (µI1(f(A)), νI1 (f(A))) = [f(A) ∈ I1]. rtH;

[A ∈ I2] ≤L∗ [f(A) ∈ I2].

J+
[A ∈ I] = [A ∈ I1] ∧ [A ∈ I2] ≤L∗ [f(A) ∈ I1] ∧ [f(A) ∈ I2] = [f(A) ∈ I],

v%+w0/

Mi 2.12 a X, Y n+?@ BCK- �'!h B + Y ;�EJ�"�! f : X → Y +

?@p[p!Q
|= B ∈ I ↔ f−1(B) ∈ I.

Y
I1(f−1(B)) = (µI1(f−1(B)), νI1 (f−1(B)))

= inf
x∈X

IR(f−1(B)(x), f−1(B)(0))

= inf
x∈X

IR((f−1(µB)(x), f−1(νB))(x)), (f−1(µB)(0), f−1(νB))(0)))

= inf
x∈X

IR((µB(f(x)), νB(f(x))), (µB(f(0)), νB(f(0)))),

B#!

µI1(f−1(B)) = inf
x∈X

min(1, 1 + µB(f(0)) − µB(f(x)), 1 + νB(f(x)) − νB(f(0)))

= inf
z∈Y

min(1, 1 + µB(0′) − µB(z), 1 + νB(z) − νB(0′)) = µI1(B),

k[

νI1(f−1(B)) = sup
x∈X

max(0, νB(f(0)) + µB(f(x)) − 1) = sup
z∈Y

max(0, νB(0′) + µB(z) − 1)νI1(B).

rtH! µI2(f−1(B)) = µI2(B), νI2 (f−1(B)) = νI2(B). ,O [B ∈ I ↔ f−1(B) ∈ I] = 1L∗, v
%+w0/

Mi 2.13 h A +vywx BCK- �' X ;�EJ�"�!Q
|= A ∈ sa ↔ A ∈ I.

Y Ic* 2.1 f4 [A ∈ sa] ≤L∗ [A ∈ I1]. ∀x, y ∈ X , IsA 3 �1+U!
[A ∈ sa] � min(A(x ∗ y), A(x))

= [(∀x)(∀y)((x ∈ A) ∧ (y ∈ A) → x ∗ y ∈ A)] ⊗ min(A(x ∗ y), A(x))
= [(∀x)(∀y)((x ∗ y ∈ A) ∧ (y ∈ A) → (x ∗ y) ∗ y ∈ A)]

⊗min(A(x ∗ y), A(x)) ≤L∗ A((x ∗ y) ∗ y)
= A(x ∗ (y ∗ y)) = A(x ∗ 0) = A(x),
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_IsA 3 f

[A ∈ sa] ≤L∗ [(∀x)(∀y)((x ∗ y ∈ A) ∧ (y ∈ A) → x ∈ A)] = [A ∈ I2],

,O [A ∈ sa] ≤L∗ min([A ∈ I1], [A ∈ I2]) = [A ∈ I].
~K! ∀x, y ∈ X , mIsA 3 ;

[A ∈ I] ⊗ min(A(x), A(y))
= [A ∈ I] ⊗ min(A(x ∗ (y ∗ y)), A(y))
= [A ∈ I] ⊗ min(A((x ∗ y) ∗ y)), A(y)) ≤L∗ [A ∈ I2]

⊗min(A((x ∗ y) ∗ y)), A(y)) ≤L∗ A(x ∗ y),

J+ [A ∈ I] ≤L∗ [(∀x)(∀y)((x ∈ A) ∧ (y ∈ A) → (x ∗ y ∈ A))] = [A ∈ sa].
MN 2.4 a X +?@ BCK- �'! A + X ;�EJ�"?�!y

A ∈ I3 := (∀x)(∀y)(∀z)(((x ∗ y) ∗ z ∈ A) ∧ (y ∗ z ∈ A) → (x ∗ z) ∈ A)).

b?eEJ�"-2 II ∈ F(F(X)) 9EJFG2*Lc>8*`!&1
A ∈ II := (A ∈ I1) ∧ (A ∈ I3).

Æ I3(A) = (µI3(A), νI3 (A)), Q
µI3(A) = inf

x,y,z∈X
min(1, 1 + µA(x ∗ z) − µA((x ∗ y) ∗ z) ∧ µA(y ∗ z), 1

+ νA((x ∗ y) ∗ z) ∨ νA(y ∗ z) − νA(x ∗ z)),
νI3(A) = sup

x,y,z∈X
max(0, νA(x ∗ z) + µA((x ∗ y) ∗ z) ∧ µA(y ∗ z) − 1).

Mi 2.14 a X +?@ BCK- �'! A + X ;�EJ�"?�!Q
|= A ∈ II → A ∈ I.

Y I x ∗ 0 = x, '0f4

µI3(A) ≤ inf
x,y∈X

min(1, 1 + µA(x ∗ 0) − µA((x ∗ y) ∗ 0) ∧ µA(y ∗ 0), 1

+νA((x ∗ y) ∗ 0) ∨ νA(y ∗ 0) − νA(x ∗ 0))
= inf

x,y∈X
min(1, 1 + µA(x) − µA(x ∗ y) ∧ µA(y), 1 + νA(x ∗ y) ∨ νA(y) − νA(x))

= µI2(A),

[

νI3(A) ≥ sup
x,y∈X

max(0, νA(x ∗ 0) + µA((x ∗ y) ∗ 0) ∧ µA(y ∗ 0) − 1)

= sup
x,y∈X

max(0, νA(x) + µA(x ∗ y) ∧ µA(y) − 1) = νI2(A).

Mi 2.15 a X +?@Lc>8 BCK- �'! A + X ;�EJ�"?�!Q
|= A ∈ I → A ∈ II.
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Y ∀x, y, z ∈ X , IsA 3 U
[A ∈ I2] ⊗ min(A((x ∗ y) ∗ z), A(y ∗ z))

= [(∀x)(∀y)((x ∗ y ∈ A) ∧ (y ∈ A) → (x ∈ A))] ⊗ min(A((x ∗ y) ∗ z), A(y ∗ z))
= [(∀x)(∀y)(∀z)(((x ∗ z) ∗ (y ∗ z) ∈ A) ∧ (y ∗ z ∈ A) → (x ∗ z ∈ A))]

⊗min(A((x ∗ z) ∗ (y ∗ z)), A(y ∗ z)) ≤L∗ A(x ∗ z),

MI [A ∈ I2] ≤L∗ [min(A((x ∗ y) ∗ z), A(y ∗ z)) → A(x ∗ z)], ,O

[A ∈ I2] ≤L∗ inf
x,y,z∈X

[min(A((x ∗ y) ∗ z), A(y ∗ z)) → A(x ∗ z)] = [A ∈ I3].

Mi 2.16 a X +?@ BCK- �'! A + X ;�EJ�"?�/h [A ∈ I] = 1L∗ , Q
1) |= A ∈ II → (∀x)(∀y)((x ∗ y) ∗ y ∈ A → x ∗ y ∈ A);

2) |= (∀x)(∀y)((x∗y)∗y ∈ A → x∗y ∈ A) → (∀x)(∀y)((x∗y)∗y ∈ A → (x∗z)∗(y∗z) ∈ A);

3) |= A ∈ II → (∀x)(∀y)(∀z)(((x ∗ z) ∗ (y ∗ z)) ∗ z ∈ A → (x ∗ z) ∗ (y ∗ z) ∈ A).

Y ,9 [A ∈ I] = 1L∗ , Q [A ∈ I1] = 1L∗ . Ic* 2.8 �j2U!$tv x ∈ X, µA(0) ≥
µA(x), νA(0) ≤ νA(x). nv4 y ∗ y = 0 ;

µI3(A) = inf
x,y,z∈X

min(1, 1 + µA(x ∗ z) − µA((x ∗ y) ∗ z) ∧ µA(y ∗ z), 1

+ νA((x ∗ y) ∗ z) ∨ νA(y ∗ z) − νA(x ∗ z))
≤ inf

x,y∈X
min(1, 1 + µA(x ∗ y) − µA((x ∗ y) ∗ y) ∧ µA(y ∗ y), 1

+ νA((x ∗ y) ∗ y) ∨ νA(y ∗ y) − νA(x ∗ y))
= inf

x,y∈X
min(1, 1 + µA(x ∗ y) − µA((x ∗ y) ∗ y) ∧ µA(0), 1

+ νA((x ∗ y) ∗ y) ∨ νA(0) − νA(x ∗ y))
= inf

x,y∈X
min(1, 1 + µA(x ∗ y) − µA((x ∗ y) ∗ y), 1 + νA((x ∗ y) ∗ y) − νA(x ∗ y)),

k[

νI3(A) = sup
x,y,z∈X

max(0, νA(x ∗ z) + µA((x ∗ y) ∗ z) ∧ µA(y ∗ z) − 1)

≤ sup
x,y∈X

max(0, νA(x ∗ y) + µA((x ∗ y) ∗ y) ∧ µA(y ∗ y) − 1)

= sup
x,y∈X

max(0, νA(x ∗ y) + µA((x ∗ y) ∗ y) − 1).

v 1) qw0/
,9 [A ∈ I] = 1L∗ , n0

µI2(A) = inf
x,y∈X

min(1, 1 + µA(x) − µA(x ∗ y) ∧ µA(y), 1 + νA(x ∗ y) ∨ νA(y) − νA(x)) = 1,

νI2(A) = sup
x,y∈X

max(0, νA(x) + µA(x ∗ y) ∧ µA(y) − 1) = 0.

v$tv x, y, z ∈ X, µA(0) ≥ µA(x) ≥ µA(x ∗ y) ∧ µA(y), νA(0) ≤ νA(x) ≤ νA(x ∗ y) ∨ νA(y).
,9 ((x ∗ z) ∗ (y ∗ z)) ∗ z ≤ (x ∗ y) ∗ z, n0

µA(((x ∗ z) ∗ (y ∗ z)) ∗ z) ≥ µA((x ∗ y) ∗ z),
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[
νA(((x ∗ z) ∗ (y ∗ z)) ∗ z) ≤ νA((x ∗ y) ∗ z).

Æ
[(∀x)(∀y)((x ∗ y) ∗ z ∈ A → x ∗ y ∈ A] = (µ(A), ν(A)),

Q
(µ(A), ν(A)) = [(∀x)(∀y)(∀z)(((x ∗ (y ∗ z)) ∗ z) ∗ z ∈ A → (x ∗ (y ∗ z)) ∗ z ∈ A)],

µ(A) = inf
x,y,z∈X

min(1, 1 + µA((x ∗ (y ∗ z)) ∗ z) − µA(((x ∗ (y ∗ z)) ∗ z) ∗ z), 1

+ νA(((x ∗ (y ∗ z)) ∗ z) ∗ z) − νA((x ∗ (y ∗ z)) ∗ z))
≤ inf

x,y,z∈X
min(1, 1 + µA((x ∗ (y ∗ z)) ∗ z) − µA(((x ∗ y) ∗ z), 1

+ νA(((x ∗ y) ∗ z) − νA((x ∗ (y ∗ z)) ∗ z))
= inf

x,y,z∈X
min(1, 1 + µA((x ∗ z) ∗ (y ∗ z)) − µA(((x ∗ y) ∗ z), 1

+ νA(((x ∗ y) ∗ z) − νA((x ∗ z) ∗ (y ∗ z))).

ν(A) = sup
x,y,z∈X

max(0, νA((x ∗ (y ∗ z)) ∗ z) + µA(((x ∗ (y ∗ z)) ∗ z) ∗ z) − 1)

≥ sup
x,y,z∈X

max(0, νA((x ∗ (y ∗ z)) ∗ z) + µA((x ∗ y) ∗ z) − 1)

= sup
x,y,z∈X

max(0, ν((x ∗ z) ∗ (y ∗ z)) + µA((x ∗ y) ∗ z) − 1).

7:j2� 2) q/
I ((x ∗ (y ∗ z)) ∗ z) ∗ z = ((x ∗ z) ∗ (y ∗ z)) ∗ z 'f

[(∀x)(∀y)((x ∗ y) ∗ y ∈ A → x ∗ y ∈ A)]
= [(∀x)(∀y)(∀z)(((x ∗ z) ∗ (y ∗ z)) ∗ z ∈ A → (x ∗ z) ∗ (y ∗ z) ∈ A)],

v 3) qw0/
MN 2.5 a X +?@ BCK- �'! A + X ;�EJ�"?�!y

A ∈ I4 := (∀x)(∀y)(∀z)(((x ∗ (y ∗ x)) ∗ z ∈ A) ∧ (z ∈ A) → (x ∈ A)).

b?eEJ�"-2 III ∈ F(F(X)) 9EJFG2*>8*`!&1
A ∈ III := (A ∈ I1) ∧ (A ∈ I4).

y I4 = (µI4(A), νI4 (A)), Q
µI4(A) = inf

x,y,z∈X
min(1, 1 + µA(x) − µA((x ∗ (y ∗ x)) ∗ z) ∧ µA(z), 1

+νA((x ∗ (y ∗ x)) ∗ z) ∨ νA(z) − νA(x)),

νI4(A) = sup
x,y,z∈X

max(0, νA(x) + µA((x ∗ (y ∗ x)) ∗ z) ∧ µA(z) − 1).

Mi 2.17 a X +?@ BCK- �'! A + X ;�EJ�"?�!Q
|= A ∈ III → A ∈ I.
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Y I x ∗ x = 0, x ∗ 0 = x U
µI4(A) ≤ inf

x,z∈X
min(1, 1 + µA(x) − µA((x ∗ (x ∗ x)) ∗ z) ∧ µA(z),

1 + νA((x ∗ (x ∗ x)) ∗ z) ∨ νA(z) − νA(x))
= inf

x,z∈X
min(1, 1 + µA(x) − µA(x ∗ z) ∧ µA(z),

1 + νA(x ∗ z) ∨ νA(z) − νA(x))
= µI2(A),

νI4(A) ≥ sup
x,z∈X

max(0, νA(x) + µA((x ∗ (x ∗ x)) ∗ z) ∧ µA(z) − 1)

= sup
x,z∈X

max(0, νA(x) + µA(x ∗ z) ∧ µA(z) − 1) = νI2(A),

I [A ∈ I2] = (µI2(A), νI2 (A)) ≥ (µI4(A), νI4 (A)) = [A ∈ I4], ?#%+w0/
Mi 2.18 a X +?@ BCK- �'! A + X ;�EJ�"?�!h [A ∈ I] = 1L∗ , Q

|= A ∈ III → A ∈ II.

Y ,9 [A ∈ I] = 1L∗ , knv4 ((x ∗ z) ∗ z) ∗ (y ∗ z) ≤ (x ∗ z) ∗ y = (x ∗ y) ∗ z, ;

µA(y ∗ z) ∧ µA((x ∗ y) ∗ z) ≤ µA((x ∗ z) ∗ z),
νA((x ∗ z) ∗ z) ≤ νA(y ∗ z) ∨ νA((x ∗ y) ∗ z).

_ (x ∗ z) ∗ (x ∗ (x ∗ z)) = (x ∗ (x ∗ (x ∗ z))) ∗ z = (x ∗ z) ∗ z, n0

I4(A) = [(∀x)(∀y)(∀z)((((x ∗ z) ∗ (x ∗ (x ∗ z))) ∗ y ∈ A) ∧ (y ∈ A) → x ∗ z ∈ A)].

J+

µI4(A) = inf
x,y,z∈X

min(1, 1 + µA(x ∗ z) − µA(((x ∗ z) ∗ (x ∗ (x ∗ z))) ∗ y) ∧ µA(y),

1 + νA(((x ∗ z) ∗ (x ∗ (x ∗ z))) ∗ y) ∨ νA(y) − νA(x ∗ z))
≤ inf

x,z∈X
min(1, 1 + µA(x ∗ z) − µA(((x ∗ z) ∗ (x ∗ (x ∗ z))) ∗ 0) ∧ µA(0),

1 + νA(((x ∗ z) ∗ (x ∗ (x ∗ z))) ∗ 0) ∨ νA(0) − νA(x ∗ z))
= inf

x,z∈X
min(1, 1 + µA(x ∗ z) − µA((x ∗ z) ∗ (x ∗ (x ∗ z))),

1 + νA((x ∗ z) ∗ (x ∗ (x ∗ z))) − νA(x ∗ z))
= inf

x,z∈X
min(1, 1 + µA(x ∗ z) − µA((x ∗ z) ∗ z), 1 + νA((x ∗ z) ∗ z) − νA(x ∗ z))

≤ inf
x,z∈X

min(1, 1 + µA(x ∗ z) − µA((x ∗ y) ∗ z) ∧ µA(y ∗ z),

1 + νA((x ∗ y) ∗ z) ∨ νA(y ∗ z) − νA(x ∗ z))
= µI3(A),

[

νI4(A) = sup
x,y,z∈X

max(0, νA(x ∗ z) + µA(((x ∗ z) ∗ (x ∗ (x ∗ z))) ∗ y) ∧ µA(y) − 1)

≥ sup
x,z∈X

max(0, νA(x ∗ z) + µA(((x ∗ z) ∗ (x ∗ (x ∗ z))) ∗ 0) ∧ µA(0) − 1)

= sup
x,z∈X

max(0, νA(x ∗ z) + µA((x ∗ z) ∗ (x ∗ (x ∗ z))) − 1)
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= sup
x,z∈X

max(0, νA(x ∗ z) + µA((x ∗ z) ∗ z) − 1)

≥ sup
x,z∈X

max(0, νA(x ∗ z) + µA((x ∗ y) ∗ z) ∧ µA(y ∗ z) − 1) = νI3(A),

v
[A ∈ III] = [A ∈ I1] ∧ [A ∈ I4] ≤ [A ∈ I1] ∧ [A ∈ I3] = [A ∈ II].

Mi 2.19 a X +?@ BCK- �'! A + X ;�EJ�"?�!h [A ∈ I] = 1L∗ , Q
1) |= A ∈ III → (∀x)(∀y)((x ∗ y) ∗ y ∈ A → x ∗ y ∈ A);

2) |= A ∈ III → (∀x)(∀y)(y ∗ (y ∗ x) ∈ A → x ∗ (x ∗ y) ∈ A).

Y I [A ∈ I] = 1L∗ U!$tv x ∈ X, µA(0) ≥ µA(x), νA(0) ≤ νA(x). nv4
(x ∗ y) ∗ (x ∗ (x ∗ y)) = (x ∗ (x ∗ (x ∗ y))) ∗ y = (x ∗ y) ∗ y

U
µI4(A) ≤ inf

x,y∈X
min(1, 1 + µA(x ∗ y) − µA(((x ∗ y) ∗ (x ∗ (x ∗ y))) ∗ 0) ∧ µA(0),

1 + νA(((x ∗ y) ∗ (x ∗ (x ∗ y))) ∗ 0) ∨ νA(0) − νA(x ∗ y))
= inf

x,y∈X
min(1, 1 + µA(x ∗ y) − µA((x ∗ y) ∗ y), 1 + νA((x ∗ y) ∗ y) − νA(x ∗ y)),

νI4(A) ≥ sup
x,y∈X

max(0, νA(x ∗ y) + µA(((x ∗ y) ∗ (x ∗ (x ∗ y))) ∗ 0) ∧ µA(0) − 1)

= sup
x,y∈X

max(0, νA(x ∗ y) + µA((x ∗ y) ∗ y) − 1).

J+ 1) qf4j2/
Ic* 2.8 U [A ∈ I] ≤ [(∀x)(∀y)(x ≤ y → (y ∈ A → x ∈ A))], ?#$tv x, y ∈ X [

x ≤ y ; µA(x) ≥ µA(y), νA(x) ≤ νA(y). ,9 x ∗ (x ∗ y) ≤ x, I (7) qf

y ∗ (x ∗ (x ∗ y)) ≤ y ∗ x,

(x ∗ (x ∗ y)) ∗ (y ∗ (x ∗ (x ∗ y)))
≤ (x ∗ (x ∗ y)) ∗ (y ∗ x)
= (x ∗ (y ∗ x)) ∗ (x ∗ y) ≤ y ∗ (y ∗ x),

v

µA((x ∗ (x ∗ y)) ∗ (y ∗ (x ∗ (x ∗ y)))) ≥ µA(y ∗ (y ∗ x)),

νA((x ∗ (x ∗ y)) ∗ (y ∗ (x ∗ (x ∗ y))) ≤ νA(y ∗ (y ∗ x)),

µI4(A) ≤ inf
x,y∈X

min(1, 1 + µA(x ∗ (x ∗ y)) − µA(((x ∗ (x ∗ y)) ∗ (y ∗ (x ∗ (x ∗ y)))) ∗ 0)

∧µA(0), 1 + νA(((x ∗ (x ∗ y)) ∗ (y ∗ (x ∗ (x ∗ y)))) ∗ 0) ∨ νA(0) − νA(x ∗ (x ∗ y)))
≤ inf

x,y∈X
min(1, 1 + µA(x ∗ (x ∗ y)) − µA(y ∗ (y ∗ x)),

1 + νA(y ∗ (y ∗ x)) − νA(x ∗ (x ∗ y))),
νI4(A) ≥ sup

x,y∈X
max(0, νA(y ∗ (y ∗ x))

+µA(((x ∗ (x ∗ y)) ∗ (y ∗ (x ∗ (x ∗ y)))) ∗ 0) ∧ µA(0) − 1)
≥ sup

x,y∈X
max(0, νA(y ∗ (y ∗ x)) + µA(x ∗ (x ∗ y)) − 1).
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7:j2� 2) <3q/
Mi 2.20 a X +?@>8 BCK- �'! A + X ;�EJ�"?�!Q

|= A ∈ I ↔ A ∈ III.

Y ,9 X +?@>8 BCK- �'!n0$tv x, y ∈ X ; x = x ∗ (y ∗ x), J+

µI2(A) = inf
x,z∈X

min(1, 1 + µA(x) − µA(x ∗ z) ∧ µA(z), 1 + νA(x ∗ z) ∨ νA(z) − νA(x))

= inf
x,z∈X

min(1, 1 + µA(x) − µA((x ∗ (y ∗ x)) ∗ z) ∧ µA(z),

1 + νA((x ∗ (y ∗ x)) ∗ z) ∨ νA(z) − νA(x))
= inf

x,y,z∈X
min(1, 1 + µA(x) − µA((x ∗ (y ∗ x)) ∗ z) ∧ µA(z),

1 + νA((x ∗ (y ∗ x)) ∗ z) ∨ νA(z) − νA(x))
= µI4(A),

[

νI2(A) = sup
x,z∈X

max(0, νA(x) + µA(x ∗ z) ∧ µA(z) − 1)

= sup
x,z∈X

max(0, νA(x) + µA((x ∗ (y ∗ x)) ∗ z) ∧ µA(z) − 1)

= sup
x,y,z∈X

max(0, νA(x) + µA((x ∗ (y ∗ x)) ∗ z) ∧ µA(z) − 1) = νI4(A),

n0 I2(A) = I4(A), v [A ∈ I] = I1(A) ∧ I2(A) = I1(A) ∧ I4(A) = [A ∈ III].
Mi 2.21 a X +?@ BCK- �'! A + X ;�EJ�"?�!h [A ∈ I] = 1L∗ , Q

|= A ∈ III ↔ (∀x)(∀y)(x ∗ (y ∗ x) ∈ A → x ∈ A).

Y I [A ∈ I] = 1L∗ U!$tv x ∈ X, µA(0) ≥ µA(x), νA(0) ≤ νA(x). J+

µI4(A) = inf
x,y,z∈X

min(1, 1 + µA(x) − µA((x ∗ (y ∗ x)) ∗ z) ∧ µA(z),

1 + νA((x ∗ (y ∗ x)) ∗ z) ∨ νA(z) − νA(x))
≤ inf

x,y∈X
min(1, 1 + µA(x) − µA((x ∗ (y ∗ x)) ∗ 0) ∧ µA(0),

1 + νA((x ∗ (y ∗ x)) ∗ 0) ∨ νA(0) − νA(x))
= inf

x,y∈X
min(1, 1 + µA(x) − µA(x ∗ (y ∗ x)),

1 + νA(x ∗ (y ∗ x)) − νA(x)),

k[

νI4(A) = sup
x,y,z∈X

max(0, νA(x) + µA((x ∗ (y ∗ x)) ∗ z) ∧ µA(z) − 1)

≥ sup
x,y∈X

max(0, νA(x) + µA((x ∗ (y ∗ x)) ∗ 0) ∧ µA(0) − 1)

= sup
x,y∈X

max(0, νA(x) + µA(x ∗ (y ∗ x)) − 1),

v III(A) ≤ I4(A) ≤ [(∀x)(∀y)(x ∗ (y ∗ x) ∈ A → x ∈ A)].
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~K!IJ [A ∈ I] = 1L∗ , n0

µA(x ∗ (y ∗ x)) ≥ µA((x ∗ (y ∗ x)) ∗ z) ∧ µA(z)

[
νA(x ∗ (y ∗ x)) ≤ νA((x ∗ (y ∗ x)) ∗ z) ∨ νA(z).

Æ
[(∀x)(∀y)(x ∗ (y ∗ x) ∈ A → x ∈ A)] = (µ(A), ν(A)),

$tv z ∈ X , Q
µ(A) = inf

x,y∈X
min(1, 1 + µA(x) − µA(x ∗ (y ∗ x)),

1 + νA(x ∗ (y ∗ x)) − νA(x))
≤ inf

x,y∈X
min(1, 1 + µA(x) − µA((x ∗ (y ∗ x)) ∗ z) ∧ µA(z),

1 + νA((x ∗ (y ∗ x)) ∗ z) ∨ νA(z) − νA(x)),

[

ν(A) = sup
x,y∈X

max(0, νA(x) + µA(x ∗ (y ∗ x)) − 1)

≥ sup
x,y∈X

max(0, νA(x) + µA((x ∗ (y ∗ x)) ∗ z) ∧ µA(z) − 1),

v
µ(A) ≤ µI4(A), ν(A) ≥ νI4(A),

I
[(∀x)(∀y)(x ∗ (y ∗ x) ∈ A → x ∈ A)] ≤ I4(A),

?#%+fj/
rtc* 2.10, c* 2.11 �c* 2.12 �j2Gh;&8m@%+/
Mi 2.22 a X +?@ BCK- �'! Aλ(λ ∈ Λ) + X ;�?qEJ�"�!Q
1) |= (∀λ)((λ ∈ Λ) → (Aλ ∈ II)) →

( ⋂
λ∈Λ

Aλ ∈ II
)

;

2) |= (∀λ)((λ ∈ Λ) → (Aλ ∈ III)) →
( ⋂

λ∈Λ

Aλ ∈ III
)

.

Mi 2.23 h A, B Gh+ BCK- �' X, Y ;�EJ�"�! f : X → Y +?@p[

p!Q
1) |= A ∈ II → f(A) ∈ II, |= A ∈ III → f(A) ∈ III;
2) |= B ∈ II → f−1(B) ∈ II, |= B ∈ III → f−1(B) ∈ III.
MN 2.6 a A ∈ F(X × X), B ∈ F(X). b}eEJ�"-2 RB ∈ F(F(X × X)) 9

B =�EJ�"<3!&1
A ∈ RB := (∀x)(∀y)((x, y) ∈ A → (x ∈ B) ∧ (y ∈ B)).

ri 2.24 a A, B ∈ F(X), Q
|= (A × B) ∈ RX ↔ (∀x)(∀y)((x, y) ∈ A × B ↔ (x ∈ A) ∧ (y ∈ B)).

Mi 2.25 a X +?@ BCK- �'! A, B + X ;�EJ�"?�!Q
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1) |= (A ∈ sa) ∧ (B ∈ sa) → (A × B ∈ sa);
2) |= (A ∈ I) ∧ (B ∈ I) → (A × B ∈ I);
3) |= (A ∈ II) ∧ (B ∈ II) → (A × B ∈ II);
4) |= (A ∈ III) ∧ (B ∈ III) → (A × B ∈ III).
Y 8;Pj2 1) q!>Grt'j/

µsa(A × B)

= inf
x1,x2,y1,y2∈X

min(1, 1 + µA×B((x1, y1) ∗ (x2, y2)) − µA×B(x1, y1) ∧ µA×B(x2, y2),

1 + νA×B(x1, y1) ∨ νA×B(x2, y2) − νA×B((x1, y1) ∗ (x2, y2)))

= inf
x1,x2,y1,y2∈X

min(1, 1 + µA×B(x1 ∗ x2, y1 ∗ y2) − µA(x1) ∧ µB(y1) ∧ µA(x2)

∧µB(y2), 1 + νA(x1) ∨ νB(y1) ∨ νA(x2) ∨ νB(y2) − νA×B(x1 ∗ x2, y1 ∗ y2))

= inf
x1,x2,y1,y2∈X

min(1, 1 + µA(x1 ∗ x2) ∧ µB(y1 ∗ y2) − µA(x1) ∧ µB(y1) ∧ µA(x2)

∧µB(y2), 1 + νA(x1) ∨ νB(y1) ∨ νA(x2) ∨ νB(y2) − νA(x1 ∗ x2) ∨ νB(y1 ∗ y2))

≥ min
(

inf
x1,x2∈X

min(1, 1 + µA(x1 ∗ x2) − µA(x1) ∧ µA(x2), 1 + νA(x1) ∨ νA(x2)

−νA(x1 ∗ x2)), inf
y1,y2∈X

min(1, 1 + µA(y1 ∗ y2) − µA(y1)

∧µA(y2), 1 + νA(y1) ∨ νA(y2) − νA(y1 ∗ y2))
)

= min(µsa(A), µsa(B)),

k[

νsa(A × B) = sup
x1,x2,y1,y2∈X

max(0, νA×B((x1, y1) ∗ (x2, y2))

+µA×B(x1, y1) ∧ µA×B(x2, y2) − 1)
= sup

x1,x2,y1,y2∈X
max(0, νA×B(x1 ∗ x2, y1 ∗ y2)

+µA(x1) ∧ νB(y1) ∧ µA(x2) ∧ µB(y2) − 1)
= sup

x1,x2,y1,y2∈X
max(0, νA(x1 ∗ x2) ∨ νB(y1 ∗ y2)

+µA(x1) ∧ νB(y1) ∧ µA(x2) ∧ µB(y2) − 1)

≤ max
(

sup
x1,x2∈X

max(0, νA(x1 ∗ x2) + µA(x1) ∧ µA(x2) − 1),

sup
y1,y2∈X

max(0, νA(y1 ∗ y2) + µA(y1) ∧ µA(y2) − 1)
)

= max(νsa(A), νsa(A)).

?#

[(A ∈ sa) ∧ (B ∈ sa)]
= (µsa(A), νsa(A)) ∧ (µsa(B), νsa(B))
= (µsa(A) ∧ µsa(B), νsa(A) ∨ νsa(B)) ≤L∗ (µsa(A × B), νsa(A × B))
= [A × B ∈ sa].
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ON INTUITIONAL FUZZYIFYING IDEALS IN BCK-ALGEBRA

BASED ON L∗-LATTICE VALUED LODIC

PENG Jiayin

(Key Laboratory of Numerical Simulation of Sichuan Province, College of Mathematics

and Information Science, Neijiang Normal University, Neijiang 641112)

Abstract Under the semantic frame of L∗-lattice valued logic, we define the concept of
intuitional fuzzifying BCK-algebra on L∗-lattice valued logic by using �Lukasiewicz implication
operator as tool. In BCK-algebra, the concepts of ideals, positive implicative ideals and im-
plicative ideals have ever been depicted by classical set theory, but now, they are redefined by
a unary predicate calculus on L∗-lattice valued logic, and their properties and relations among
them are discussed.

Key words L∗-lattice valued logic, �Lukasiewicz implication operator, intuitional fuzzi-
fying BCK-algebra, intuitional fuzzifying ideal, intuitional fuzzifying positive implicative ideal,
intuitional fuzzifying implicative ideal.


