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1 , -
 Æ!"�#$%& Hilbert ��'�( !���")#�*+,�-� Mann $%

& .!/"0#'$�1%()&0#'$�2*' Mann $%& +1,� 1968 (
Haugazeau[1] 3-%)456$%7.�*8�9:/.();<0=�>+?@ [2–6] 1+

2007 (� Qin 2 Su[2] #,3(A4-.(AB Banach ��'C/%(:D"#�=
+,5673)47.+.0�8&12!9E2F#?@ [3] '(-G834+

/0[3] 5 E 1,3(A4-.(AB Banach ���K 1 E '3#�/6:B17�
T : K → K 8(A L-Lipschitz 3.1 ϕ- 90#�=+,�/ F̃ (T ) = F (T ). 5H: {xn} I
8:;H;< ⎧⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎩

x1 = x ∈ K,

yn = J−1((1 − βn)Jxn + βnJ(T nxn)),
Cn = {z ∈ K : ϕ(z, yn) ≤ ϕ(z, xn) + M(κn − 1)},
Qn = {z ∈ K : 〈xn − z, Jx1 − Jxn〉 ≥ 0},
xn+1 = QCn∩Qn(x1), n ≥ 1,

(1)

* =�2<���= (10771050) 3JK>>
L??@@2008-11-20, LAMB??@@2009-12-13.
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B' 0 ≤ βn ≤ 1, lim
n→∞βn = 1; M = sup{ϕ(x, y) : x, y ∈ K}. CDI,;<3H: {xn} &0

#) QF (T )(x1).
O9P<G3EF�H?G#4I3Q&B34- Banach ��3HI8�J-(:K

)J ϕ- 90#�=+,5LM5673R)47.�NSKO7.3&0#T�Æ(3G
*'2UP%?@ [2–5] 3DK3G+

2 6789
5 X 8, Banach ��� C 1 X 3#�:B17� F (T ) QF+, T : C → C 356

77+ X∗ 1 X 3"L���VR"L+, J : X → 2X∗
'W1

J(x) = {j ∈ X∗ : 〈x, j〉 = ‖x‖2 = ‖j‖2}, ∀x ∈ X.

X “→”, “⇀” STQF X Y X∗ 'H:3&U"0#+
: 1 [7] 1) M X 84I3� X Y X∗ N1Q&B3�Z J : X → X∗ Y J−1 : X∗ → X

N1VO[32Q&WX3�. JX = X∗, J−1X∗ = X . ,P J−1 : X∗ → X 1VR"L+

,� JJ−1 = IX∗ , J−1J = IX , B' IX∗ Y IX STQF X∗ Y X Q3Y171+
2) 5 X 84I Banach ���Z X 8Q&B3 ⇔ X∗ 84-3ZX 84-3 ⇔ X∗ 8

Q&B3+

/; 1 Lyapunov [\ ϕ : X × X → R 'W1

ϕ(x, y) = ‖x‖2 − 2〈x, Jy〉 + ‖y‖2, ∀x, y ∈ X.

: 2 [7] 1) ∀x ∈ X , ]#\(3 x0 ∈ C, R< ϕ(x0, x) = min{ϕ(z, x), z ∈ C}. ,P�
∀x ∈ X , 'W QC : X → C 1 QC(x) = x0, N^ QC 1_ X ) C Q3PW5671+`
X = H 1 Hilbert ��P� QC = PC 1_ H ) C Q3ST5671+

2) (‖x‖ − ‖y‖)2 ≤ ϕ(x, y) ≤ (‖x‖ + ‖y‖)2, ∀x, y ∈ X ;
3) ϕ(x, y) = 0 `.!` x = y.
/; 2 +, T : C → C ^1D"#�=+,�UG T R<8:]V
1) F (T ) �= ∅;
2) ϕ(p, Tx) ≤ ϕ(p, x), ∀p ∈ F (T ), ∀x ∈ C;
3) F̃ (T ) = F (T ).

B' F̃ (T ) = {w ∈ K : ∃{xnj} ⊂ K, �( xnj ⇀ w, . xnj − Txnj → 0} 1 T 390567

7+

/; 3 +, T : C → C ^1D"90#�=+,�UG T R<8:]V
1) F (T ) �= ∅;
2) ]#,^H: {κn} ⊂ [1,∞), κn → 1(n → ∞), �(

ϕ(p, T nx) ≤ κnϕ(p, x), ∀p ∈ F (T ), ∀x ∈ C.

3) F̃ (T ) = F (T ).
/; 4 +, T : C → C ^1J ϕ- 90#�=+,�UG T R<8:]V
1) F (T ) �= ∅;
2) ]#,^H: {κn} ⊂ [1,∞), κn → 1(n → ∞), �(

ϕ(p, T nx) ≤ κnϕ(p, x), ∀p ∈ F (T ), ∀x ∈ C.
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: 3 1) D"#�=+,8D"90#�=+,�,P�,^H: {κn} 1a^H: {1}.
2) D"90#�=+,8J ϕ- 90#�=+,�( -��BY5c+
/; 5 +, T : C → C ^1(A90VZ3�UG ∀ε > 0, ]#d^ N ≥ 1, �(

‖T n+1x − T nx‖ ≤ ε, ∀x ∈ C, n ≥ N.

/; 6 ^ Banach �� X Z/ K-K Teb")[fH: {xn} ⊂ X, x ∈ X , UG
xn ⇀ x . ‖xn‖ → ‖x‖, Z ‖xn − x‖ → 0.

3 =>?@
/0 1 5 X 14I3Q&B34- Banach���X Y X∗ cZ/ K-KTe�5 C 1

X 3#�/6:B17�{Ti}∞i=1 : C → C 8(5:3.(A90VZ3J ϕ- 90#�=+

,�. F =
∞⋂

i=1

F (Ti) �= ∅. UG {an,i}∞i=1 ⊂ [0, 1], lim inf
n→∞ an,i < 1, M = sup{ϕ(x, y) : x, y ∈ C},

5H: {xn} I8:;HÆ;<
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

x0 ∈ X,

C1,i = C, C1 =
∞⋂

i=1

C1,i, x1 = QC1(x0),

yn,i = J−1(an,iJxn + (1 − an,i)J(T n
i xn)),

Cn+1,i = {z ∈ Cn,i : ϕ(z, yn,i) ≤ ϕ(z, xn) + M(κn,i − 1)},

Cn+1 =
∞⋂

i=1

Cn+1,i,

xn+1 = QCn+1x0, n ≥ 0,

(2)

B' {κn,i} 8 Ti 390H:�CD {xn} &0#) p0 = QF (x0).
A g\S 6 dh<'$3SK+
e 1 d S F 8:B7+

ijS](f F (Ti) 8:B7� i = 1, 2, · · ·. 5 {pn} ⊂ F (Ti) . pn → p. g^ Ti 8J ϕ-
90#�=+,_( ϕ(pn, Tip) ≤ κ1,iϕ(pn, p), h ϕ(pn, p) → 0, ÆG ϕ(pn, Tip) → 0. kI)

lim
n→∞ϕ(pn, Tip) = lim

n→∞(‖pn‖2 − 2〈pn, J(Tip)〉 + ‖Tip‖2)

= ‖p‖2 − 2〈p, J(Tip)〉 + ‖Tip‖2 = ϕ(p, Tip).

ÆG ϕ(p, Tip) = 0, )8 p = Tip, _h F (Ti) 8:7+
5 p1, p2 ∈ F (Ti), ` q = tp1 + (1 − t)p2, t ∈ (0, 1), aX ϕ(x, y) 3'W_(

ϕ(q, T n
i q) = ‖q‖2 − 2〈q, JT n

i q〉 + ‖T n
i q||2

= ‖q‖2 − 2t〈p1, JT n
i q〉 − 2(1 − t)〈p2, JT n

i q〉 + ‖T n
i q‖2

= ‖q‖2 + tϕ(p1, T
n
i q) + (1 − t)ϕ(p2, T

n
i q) − t‖p1‖2 − (1 − t)‖p2‖2

≤ ‖q‖2 + κn,itϕ(p1, q) + κn,i(1 − t)ϕ(p2, q) − t‖p1‖2 − (1 − t)‖p2‖2

= (κn,i − 1)(t‖p1‖2 + (1 − t)‖p2‖2 − ‖q‖2).
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l1 κn,i → 1(n → ∞), Q bicd%( ϕ(q, T n
i q) → 0(n → ∞). Bf)

0 ≤ (‖q‖ − ‖T n
i q‖)2 ≤ ϕ(q, T n

i q),

ÆG ‖T n
i q‖ → ‖q‖, _h ‖J(T n

i q)‖ → ‖Jq‖, Z {J(T n
i q)} /6+l X 4I�ÆG X∗ .4I�

)8_5
J(T n

i q) ⇀ f0 ∈ X∗,

l X 4I�ÆG J(X) = X∗, lh]# x ∈ X , �( f0 = J(x). aX ‖ · ‖2 3"8jO[T

_(

lim inf
n→∞ ϕ(q, T n

i q) = lim inf
n→∞ (‖q‖2 − 2〈q, J(T n

i q)〉 + ‖T n
i q||2)

= lim inf
n→∞ (‖q‖2 − 2〈q, J(T n

i q)〉 + ‖J(T n
i q)||2)

≥ ‖q‖2 − 2〈q, f0〉 + ‖f0||2
= ‖q‖2 − 2〈q, J(x)〉 + ‖J(x)||2
= ϕ(q, x).

ÆG ϕ(q, x) = 0, Z q = x, )8 J(T n
i q) ⇀ J(q). I) ‖J(T n

i q)‖ → ‖Jq‖, g^ X∗ Z/
K-K Te_( ‖J(T n

i q) − J(q)‖ → 0. aX J−1 : X∗ → X 3VO[T_( T n
i q ⇀ q, I)

‖T n
i q‖ → ‖q‖ Ge X Z/ K-K Te_(� ‖T n

i q − q‖ → 0. l1 Ti 8(A90VZ3�Æ

G T n+1
i q → q, � Ti(T n

i q) → q. kl1 Ti 8:3�ÆG Tiq = q, _h F (Ti) 8B7+

I)](f F (Ti) 8:B7� i = 1, 2, · · ·, CD F =
∞⋂

i=1

F (Ti) .8:B7�If5]V

F �= ∅ _" QF (x0) /fW+
e 2 d S Cn 8:B7+

m2SK](f Cn,i 8:B7� n ≥ 1. " n C^nkg.+
h,Q� n = 1 P� C1,i = C 8:B7+f5"id^ k ≥ 1, Ck,i 8:B7�8S

Ck+1,i 8:B7+I Ck+1,i 3lo_( Ck+1,i 8:7+ ∀z1, z2 ∈ Ck+1,i ⊂ Ck,i, t ∈ (0, 1), /

ϕ(z1, yk,i) ≤ ϕ(z1, xk) + M(κk,i − 1), (3)

ϕ(z2, yk,i) ≤ ϕ(z2, xk) + M(κk,i − 1), (4)

I ϕ(x, y) 3'W_(

−2〈z1, J(yk,i)〉 + ‖yk,i‖2 ≤ −2〈z1, J(xk)〉 + ‖xk‖2 + M(κk,i − 1), (5)

−2〈z2, J(yk,i)〉 + ‖yk,i‖2 ≤ −2〈z2, J(xk)〉 + ‖xk‖2 + M(κk,i − 1), (6)

(5) × t + (6) × (1 − t), ` z = tz1 + (1 − t)z2 ∈ Ck,i, /

−2〈z, J(yk,i)〉 + ‖yk,i‖2 ≤ −2〈z, J(xk)〉 + ‖xk‖2 + M(κk,i − 1),

)8
ϕ(z, yk,i) ≤ ϕ(z, xk) + M(κk,i − 1),

� z ∈ Ck+1,i, ÆG"(jVd^ n, Cn,i 8B7�_h Cn =
∞⋂

i=1

Cn,i 8:B7+

e 3 d S F =
∞⋂

i=1

F (Ti) ⊂
∞⋂

n=1
Cn = D.
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m2S F ⊂ Cn,i, n, i ≥ 1. " n C^nkg.+
pk F ⊂ C1,i = C, f5 F ⊂ Cn,i, Z")[f p′ ∈ F , / p′ ∈ Cn,i, l1 Ti 8J ϕ- 9

0#�=+,�ÆG

ϕ(p′, yn,i)

= ϕ(p′, J−1(an,iJxn + (1 − an,i)J(T n
i xn)))

= ‖p′‖2 − 2〈p′, an,iJxn + (1 − an,i)J(T n
i xn)〉 + ‖J−1(an,iJxn + (1 − an,i)J(T n

i xn))||2
≤ ‖p′‖2 − 2〈p′, an,iJxn + (1 − an,i)J(T n

i xn)〉 + an,i‖xn||2 + (1 − an,i)‖T n
i xn||2

= an,iϕ(p′, xn) + (1 − an,i)ϕ(p′, T n
i xn)

≤ an,iϕ(p′, xn) + (1 − an,i)κn,iϕ(p′, xn)
= ϕ(p′, xn) + (1 − an,i)(κn,i − 1)ϕ(p′, xn)
≤ ϕ(p′, xn) + M(κn,i − 1),

� p′ ∈ Cn+1,i, )8")[fVd^ n, / F ⊂ Cn,i, l, F ⊂
∞⋂

i=1

Cn,i = Cn, ∀n ≥ 1, _h

F ⊂
∞⋂

n=1
Cn = D, CD D =

∞⋂
n=1

Cn �= ∅.
e 4 d S ‖xn − p0‖ → 0, B' p0 = QD(x0).

I Cn 3lo_" C ⊃ C1 ⊃ C2 ⊃ · · ·, g^e 2 d2e 3 d( D =
∞⋂

n=1
Cn �= ∅ 1#�

:B7+g\5 p0 = QD(x0), I) xn = QCn(x0), aXPW56713'W_(
ϕ(x1, x0) ≤ ϕ(x2, x0) ≤ · · · ≤ ϕ(p0, x0).

I X 34IT�_5 xn ⇀ g1 ∈ X . l1 Cj ⊂ Cn, ∀j ≥ n, ÆG xj ∈ Cn, ∀j ≥ n. I) Cn

8:B7�ÆG g1 ∈ Cn, ∀n ∈ N , ÆG g1 ∈ D. h

ϕ(p0, x0) ≤ ϕ(g1, x0) ≤ lim inf
n→∞ ϕ(xn, x0) ≤ lim sup

n→∞
ϕ(xn, x0) ≤ ϕ(p0, x0),

lh g1 = p0 . lim
n→∞ϕ(xn, x0) = ϕ(p0, x0), �

lim
n→∞(‖xn‖2 − 2〈xn, Jx0〉 + ‖x0‖2) = ‖p0‖2 − 2〈p0, Jx0〉 + ‖x0‖2,

ÆG lim
n→∞ ‖xn‖ = ‖p0‖. I) X Z/ K-K Te�l, ‖xn − p0‖ → 0.

e 5 d S Tip0 = p0.

I) xn+1 ∈ Cn+1 =
∞⋂

i=1

Cn+1,i, ∀n ≥ 0, i ≥ 1, ÆG

0 ≤ ϕ(xn+1, yn,i) ≤ ϕ(xn+1, xn) + M(κn,i − 1), (7)

I) ‖xn − p0‖ → 0, ÆG ϕ(xn+1, xn) → 0, h κn,i → 1, g^ (7)  _(

ϕ(xn+1, yn,i) → 0(n → ∞), (8)

Bf)
0 ≤ (‖xn+1‖ − ‖yn,i‖)2 ≤ ϕ(xn+1, yn,i),
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ÆG ‖yn,i‖ → ‖p0‖, _h ‖J(yn,i)‖ → ‖Jp0‖, Z {J(yn,i)} /6+l1 X 4I�ÆG X∗ .4
I�)8_5

J(yn,i) ⇀ f0 ∈ X∗, (9)

kl1 X 4I�ÆG J(X) = X∗, lh]# x ∈ X , �( f0 = J(x). aX ‖ · ‖2 3"8jO

[T_(

lim inf
n→∞ ϕ(xn+1, yn,i) = lim inf

n→∞ (‖xn+1‖2 − 2〈xn+1, J(yn,i)〉 + ‖yn,i||2)
= lim inf

n→∞ (‖xn+1‖2 − 2〈xn+1, J(yn,i)〉 + ‖J(yn,i)||2)
≥ ‖p0‖2 − 2〈p0, f0〉 + ‖f0||2
= ‖p0‖2 − 2〈p0, Jx〉 + ‖Jx||2
= ϕ(p0, x).

I (8)  " ϕ(p0, x) = 0, Z p0 = x, )8 f0 = Jp0, � J(yn,i) ⇀ Jp0, I ‖J(yn,i)‖ → ‖Jp0‖ G
e X∗ Z/ K-K Te_(

‖J(yn,i) − Jp0‖ → 0. (10)

l1 J : X → X∗ VO[�ÆG Jxn ⇀ Jp0, Bf)
|‖Jxn‖ − ‖Jp0‖| = |‖xn‖ − ‖p0‖| ≤ ‖xn − p0‖ → 0,

g^ X∗ Z/ K-K Te_(
‖Jxn − Jp0‖ → 0. (11)

I (2), (10), (11)  e lim inf
n→∞ an,i < 1, /

‖J(T n
i xn) − Jp0‖ → 0.

I J−1 : X∗ → X 3VO[T_( T n
i xn ⇀ p0, Bf)

|‖T n
i xn‖ − ‖p0‖| = |‖J(T n

i xn)‖ − ‖Jp0‖| ≤ ‖J(T n
i xn) − Jp0‖ → 0,

qg^ X Z/ K-K Te_( T n
i xn → p0. l1 Ti 8(A90VZ3�ÆG T n+1

i xn → p0,
� Ti(T n

i xn) → p0. kI) Ti 8:3�ÆG Tip0 = p0, � p0 ∈ F (Ti), ∀i ≥ 1, _h

p0 ∈
∞⋂

i=1

F (Ti) = F.

e 6 d S p0 = QF (x0).
g^e 3 d2e 4 d_(

ϕ(p0, x0) = ϕ(QD(x0), x0) ≤ ϕ(QF (x0), x0),

qaXe 5 d" p0 ∈ F , ÆG

ϕ(QF (x0), x0) ≤ ϕ(p0, x0),

)8 p0 = QF (x0). Sm+
: 4 '$ 1 _G8lf/mUP%?@ [2–4] '3DK3G+
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1) _(A4-.(AB3 Banach ��UP)4I3Q&B34- Banach ��Z
2) G?@ [3] '3D"90#�=+,n")J ϕ- 90#�=+,Q+G?@ [2,4]

'3D"#�=+,n")J ϕ- 90#�=+,Q+
3) g\37.n?@ [2–4] '37.oW�N.G {an} 3%r]V_ [2] ' lim sup

n→∞
an < 1 op) lim inf

n→∞ an < 1.
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ITERATION METHODS OF THE COMMON FIXED POINTS

FOR A FAMILY OF QUASI ϕ-ASYMPTOTICALLY

NONEXPANSIVE MAPPINGS

GAO Xinghui

(College of Mathematics and Computer Science, Yan’an University, Yan’an 716000)

ZHOU Haiyun

(Department of Basic Courses, Ordnance Engineering College, Shijiazhuang 050003)

Abstract The purpose of this article is to propose a new hybrid projection algorithm
and prove a strong convergence theorem for a family of quasi ϕ-asymptotically nonexpansive
mappings by using new analysis techniques. The results hold in reflexive, strictly convex,
smooth Banach spaces. The results of this paper improve and extend some existing relative
results.

Key words Quasi ϕ-asymptotically nonexpansive mapping, hybrid algorithm, general-
ized projection operator, K-K property, strong convergence theorem.


