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Abstract: The bondage number 6(G) of a nonempty graph G is the cardinality of a smallest edge

set whose removal from G results in a graph with the domination number greater than the

domination number y(G) of G. [Fischermann M, Rautenbach D, Volkmann L. Remarks on the
bondage number of planar graphs. Discrete Math, 2003,260.57-67 ] showed that for a connected
planar graph G with girth g(G), b6(G)<6 if g(G) =4, b(G)<5 if g(G) =5, b(GH)<4 if g(G)=6
and H(G)<3 if g(G)=8. This result was generalized to a connected toroidal graph that was

embeddable on the torus.
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0 Introduction

For terminology and notation on graph theory
not given here, the reader is referred to Ref. [9].
Let G=(V,E) be a finite, undirected and simple
graph. For u € V. (G) let N; (u) be the
neighborhood of u, that is, Ng(uw) ={v€EV(G);:
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LER M B EB ARG E P,

uvEE(G)}, and Ng (X) = U.exNg (w) for a set
XCV(G). We denote the degree of u by d;(u) =
|N;(w) |, the minimum and the maximum degree
of G by §(G) and A(G). For a subset AV (G),
let G[A] be the subgraph induced by A. We
denote the distance between the vertices x and y in
the graph G by d (2, y). The girth g(G) of G is
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the length of a shortest cycle in G. If G has no
cycles we define g (G) =co, A set DEV (G) is
called a dominating set if DUUN(D) =V (G). The
domination number, denoted by y(G), is the
minimum cardinality of all dominating sets in G.
The bondage number of a nonempty graph G,
denoted by b(G), is the cardinality of a smallest
set of edges whose removal from G results in a
graph with domination number greater than y(G).

The first result on bondage number was
obtained in Ref. [1]. Ref. [3] conjectured that
b(G)<<A(G)+1 for any nontrivial planar graph G.
Ref. [ 7] confirmed this conjecture for A(G)==7 by
proving that 5(G)<{min{8,A(G)+2}, and proved
that b (G) <7 for any connected planar graph
of degree five. Ref. [ 4]
generalized the latter result, and showed that the

without vertices

conjecture is valid for all connected planar graphs
with g(G) =4 and A(G) =5 as well as all planar
graphs with g(G)==5 unless they are 3-regular. In
particular, they proved that for a connected planar
graph G,
6, if g(G) =4;
§G) < 5, ng(G)>5; D
4, if g(G) = 6;
3, i g(G) =8.

Recently, Ref. [ 6] has generalized the result
in Eq. (1) to a connected graph with small crossing
number. In this paper, we generalize the result in
Eq. (1) to a connected toroidal graph which can be
embedded on the torus, that is,

6, if g(G) =4 and G is not 4-regular;
5, if g(G) =5;
4, if g(G) =6 and G is not 3-regular;
3, if g(G) =8.

In the next section, we recall some results to

(&) <1

be used in our discussions. The proofs of our main

results are given in Section 2.

1 Preliminary results

In the first place, let us recall the concept of
embedding a graph into a surface. Let S be a given

surface. We say a graph G to be embeddable on S

if G can be drawn on S such that its edges intersect
only at their end-vertices. It is well known that a
graph G is embeddable on the sphere if and only if
it is embeddable on the plane. A graph G is called a
planar graph if G is embeddable on the plane or the
sphere. There exist many graphs, such as K; and
K5, which are not embeddable on the plane or the
sphere. To avoid crossings of edges when we draw
a graph G in the sphere, we could change the
surface by adding overpasses, called handles, to
the sphere. The torus is the surface obtained by
adding one handle to a sphere. A graph is called a
toroidal graph if it can be embedded on the torus.
For example, K; and K;j; both are toroidal
graphs. A more complicated example, the
cartesian product C,, X C, of two cycles C,, and C, is
a toroidal graph.
We use w(G)
components in a graph G. An edge e of G is a cut-
edge if w(G—e) >w(G). Use ¢(G) to denote the

number of cut-edges in G.

to denote the number of

As we know, see, for example, Theorem
4. 22 in Ref. [ 2], if G is a toroidal graph with n(G)
vertices, m(G) edges, w((G) components and $((3)
regions, then

() = m(G) —n(G) +o(G) — 1. )

The following lemma is an analogy of Ref. [ 4]
for a planar graph.

Lemma 1.1 If G is a toroidal graph with 3<C
g(G)<<co, then
2(GHn(G) —c()

g(G) —2

Every noncut-edge is on a common

m(G) <

Proof
boundary of two regions and every cut-edge is on a
boundary of exactly one region, so we have that
gD <2m (G) —c(G). Then, by Eq. (2)
we have
2(G) () — (B +w(G) — 1) < 2m(G) — ().
Thus,

(g(@ —2)m(G® < g NG — (G + 1D — (.

It follows that

g(G) () —w(G) +1) — ()
g(G) —2

m(G) < <
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2G)Hn(G) — ()
g(G)—2

as required. L]

Let G be a toroidal graph and let n;(G) denote
the number of vertices of degree 7 in G. We use g,
A, m, n and n; to denote g(G), A(G), m(G),
n(G) and n;(G), respectively. Then
n=mn +n+ - +n,,
2m = ny + 2ny, + <o+ Ang.
Noting that ¢ (G) = n;, from Lemma 1.1

3

we have

g m 4)

And the function f(g) :% is descending on

[4,+c0). Substituting Eq. (3) into Eq. (4) yields

A A
Zgz n,—2n = (g— 2)2 n;.
i=1 i=1
Thu59

gni +dn, + (6 —@ny = > (gt —2) — 20D

i=4

(5

Let r;=n; +ny +e++n, for i=1,2,-+,A.
Lemma 1. 2%
then 6H(G)<d;(u) +d;(v) —1 for any two distinct

vertices u and v with d;(u,v)<<2 in G.

If G is a nontrivial graph,

2 Bondage number of toroidal graphs

In this section, we present our main results.

Theorem 2. 1
graph. If G is not 4-regular and g(G) =4, then
b(G)<C6.

Proof By LLemma 1.2, we only need to show
that d; (u) +dg (v) <7 for some pair of distinct

Let G be a connected toroidal

vertices u and v with d;(u,v)<{2 in G. Suppose to
the contrary that d; (u) +d; (v) >=8 for any two
distinct vertices u and v with dg;(u,v)<{2 in G with
g(G)=4. Then dg () =7 if do(w) =1, ds(v)=6
if dg;(w)=2 and d;(v) =5 if d;(u)=3. Thus,

5 = m +2n2+3n3,l

75 = + 2y, (6)

T = n. f

Substituting g=4 and Eq. (6) into Eq. (5) yields

A
2n, + 2n, +ny = ns + 2ns + 3n; + 2 (—dn, =
8
A
tototo+ DO G—Dn =
8

A
37’21 +4:7’12 JF 37’23 + Z (l - 7)7’2, ’
8

that is,

A
0=n +2n +2n + >, Gi— Dn..
8

This inequality holds if and only if 7,=0 (i%4), a
contradiction, and so the theorem follows. L]
Theorem 2. 2
graph. If g(G)=5, then H(G)<I5.
Proof By Lemma 1.2, we only need to show
that dg (u) +dg (v) <<6 for some pair of distinct

Let G be a connected toroidal

vertices u and v with d;(u,v)<{2 in G. Suppose to
the contrary that d; (u) +dg (v) =7 for any two
distinct vertices u and v with d¢ (u,v)<2 in G with
g(G) =5, Then dg(v) =6 if ds(uw) =1, ds(v)=5
if d;(w)=2 and d;(v)=>=4 if d;(u)=3. Thus,

T =n 1 2n +3n3,1

5 =n 1+ 2ns, - 7

T6 2 n. J
Substituting g=5 and Eq. (7) into Eq. (5) yields

5n; +4ny, + 3n; =

A

2n, 4 5n5 + 8ng + D, (3i — 100n; =
7
A

220 4 375 + 30 + >, (3i — 18)n, =

A
8n, + 10m, + 605 + 2 (3:—18)n;,
7

that is,

A
0= 3n, + 6n; + 5n; + 2 (3:—18)n;,

which is impossible, a contradiction, and so the
theorem follows. L]

Theorem 2.3 Let G be a connected toroidal
graph. If g(G) =6 and G is not 3-regular, then
b(G)<A.

Proof By lLemma 1.2, we only need to show
that d; (u) +d; (v) <5 for some pair of distinct
vertices u and v with dg(u,v)<{2 in G. Suppose to

the contrary that d; (u) +dg (v) =6 for any two
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distinct vertices u and v with d¢ (u,v)<2 in G with
g(G)=6. Then dg (v) =5 if d; (u) =1 and
do(v) =4 if d;(w)=2. Thus,

T =m +2ny, s = m. ©))
Substituting g=6 and Eq. (8) into Eq. (5) yields

A
3ny +2n, = 2n, +dn; + D (28— 6)n, =
6
A
20, + 205 + > (20 — 10)0n; =
6

A
dny + dnsy + D5 (20— 10)n;
6

that is,

A
0=n +2n, + >, (2i — 10)n,.
6

This inequality holds if and only if n;,=0(i5%3), a
contradiction to the hypothesis that G is not a 3-
regular graph. The theorem follows. []

Theorem 2.4 Let G be a connected toroidal
graph. If g(G)=8, then b(G)<3.

Proof By Lemma 1.2, we only need to show
that d; (u) +dg; (v) <4 for some pair of distinct
vertices u and v with d;(u,v)<{2 in G. Suppose to
the contrary that d; (u) +d; (v) =5 for any two
distinct vertices u and v with dg; (u,v)<2 in G with
g(G) =8. Then dg (v) =4 if d; (u) =1 and
di(v)=3 if ds(uw)=2. Thus,

Ty =m 20, T = ny. )]
Substituting g=8 and Eq. (9) into Eq. (5) yields

A
47’11 +27’12 > N3 +47’11 + 2 (31_8)7’1, —
5

A
o430+ 2L (3 —12)m; =

% 39 A
A
dn, + 2n, + E (3t —12)n;,
that is,
A
0= >,Bi—12n, (10)
which is impossible, a contradiction, and so the
theorem follows. []
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