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Abstract: Explicit formulae for the autocorrelation functions and the fluctuation spectra

with respect to complex functions of the irreducible three-state Markov processes were

investigated. By the theory of cubic and quintic equations, the necessary and sufficient

condition for the fluctuation spectra with respect to complex functions to be nonmonotonic

on [0, +∞) was presented when there existed coinciding eigenvalues for the transition rate

matrix, and the sufficient conditions for the fluctuation spectra with respect to complex

functions to be nonmonotonic on [0, +∞) were given when there existed distinct nonzero

eigenvalues.
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0 Introduction

We address the simplest nonequilibrium problem — the three-state cyclic Markovian model
(which can be traced back to the so-called Onsager triangle) with a generally violated detailed
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balance. This basic model, apart from a fundamental significance, has numerous applications,
in particular, in biophysics.

As indicated in Refs. [1−3], if a Markov process is reversible, then the fluctuation spectra
are monotonic over [0, +∞). As pointed in Refs. [4 − 6], the irreversibility of the underlying
Markov process is equivalent to the existence of some nonmontonic fluctuation spectrum, and
there exist irreversible processes such that the fluctuation spectra with respect to real functions
are all monotonic. In some literatures (see, e. g. ,Ref. [7]),the steady distribution of a system
driven by an irreversible Markov process is sometimes referred to as a nonequilibrium steady
state (briefly, NESS).

In Ref. [8], explicit formulae for the autocorrelation functions and the fluctuation spectra
with respect to real functions of the irreducible three-state Markov processes are investigated,
and the necessary and sufficient conditions for the fluctuation spectra with respect to real
functions to be nonmontonic on [0, +∞) are given. In this paper, we discuss the similar
problems but with respect to complex functions.

1 Main results

We adopt the same notations as Ref. [8]. Throughout this paper ξ = {ξt : t ∈ R+} always
denotes an irreducible three-state Markov process, with its stationary distribution written as
µ = (µ1, µ2, µ3) and the transition rate matrix written as

Q =

 −a1 a2 a3

b1 −b2 b3

c1 c2 −c3

 ,

where a1 = a2 +a3, b2 = b1 +b3, c3 = c1 +c2, µ1 +µ2 +µ3 = 1, µi > 0, ai, bi, ci > 0, i = 1, 2, 3,
and a1b2c3, b1+c1, a2+c2, a3+b3 > 0 (i. e. irreducible). Let α = a1+b2+c3, β = k1+k2+k3,

where ki is the algebraic cofactor of the (i,i) entry of the matrix Q. Then the eigen-equation of
Q is λ(λ2 + αλ + β) = 0. Denote by −λ1, −λ2 the nonzero eigenvalues of Q. Let 4 = α2 − 4β.

For a complex function Z(x) = ϕ(x) + iψ(x) on the state space S = {1, 2, 3}, where ϕ(x)
and ψ(x) are real functions, i =

√
−1. Denote the autocorrelation function and the fluctuation

spectrum of {Z(ξt)} by BZ(t), SZ(ω) respectively, which are defined as

BZ(t) = E
[
(Z(ξt) − µ(Z))(Z(ξ0) − µ(Z))

]
, if t ∈ R+,

BZ(t) = BZ(−t), if t ∈ R−, SZ(ω) =
1

2π

∫
e−iωtBZ(t) dt,

where E is the expectation operator with respect to {ξt}, µ(Z) = E[Z(ξt)] independent of time
t because of stationarity, Z(x) denotes the conjugation of Z(x).

Let Z(1) = ϕ(1) + iψ(1), Z(2) = ϕ(2) + iψ(2), Z(3) = ϕ(3) + iψ(3), and denote
Z(i), ϕ(i), ψ(i) by Zi, ϕi, ψi respectively, i = 1, 2, 3, and yi = Zi−Zi+1, (Z4 = Z1), i = 1, 2, 3.

Let
γ =

µ1a2 + µ2b1

2
, δ =

µ2b3 + µ3c2

2
, κ =

µ3c1 + µ1a3

2
.
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s = (ϕ1ψ2 − ϕ2ψ1) + (ϕ2ψ3 − ϕ3ψ2) + (ϕ3ψ1 − ϕ1ψ3).

Denote E = γ|y1|2 + δ|y2|2 +κ|y3|2, F = µ1µ2|y1|2 +µ2µ3|y2|2 +µ3µ1|y3|2. By the stationarity,
it is clear that the probability flux is

µ1a2 − µ2b1 = µ2b3 − µ3c2 = µ3c1 − µ1a3.

Let ν = µ1a2−µ2b1
2 . The main results of this paper are the following.

Theorem 1 When t > 0, the autocorrelation function of {Z(ξt)} belongs to one of the
following three cases.
(1) If 4 6= 0, then

BZ(t) =
E − (2νs)i − Fλ2

λ1 − λ2
exp (−λ1t) +

E − (2νs)i − Fλ1

λ2 − λ1
exp (−λ2t);

(2) If 4 = 0 and the process {ξt} is irreversible, then

BZ(t) = F exp (−λ1t) − [E − (2νs)i − Fλ1]t exp (−λ1t);

(3) If 4 = 0 and the process {ξt} is reversible, then

BZ(t) = F exp (−λ1t).

Theorem 2 The fluctuation spectrum of {Z(ξt)} belongs to one of the following three
cases.
(1) If 4 6= 0, then

SZ(ω) =
1
π

ω2E + (2ανs)ω + β(αF − E)
ω4 + (α2 − 2β)ω2 + β2

;

(2) If 4 = 0 and the process {ξt} is irreversible, then

SZ(ω) =
1
π

ω2E + (2ανs)ω + β(αF − E)
(ω2 + β)2

;

(3) If 4 = 0 and the process {ξt} is reversible, then

SZ(ω) =
F

π

2α

4ω2 + α2
.

When 4 = 0 and the process {ξt} is reversible, due to α > 0, F > 0, hence SZ(ω) is
decreasing on [0, +∞), which means that the fluctuation spectra of {Z(ξt)} are monotonic on
[0, +∞) for any complex function Z(x).

When 4 = 0 and the process {ξt} is irreversible, we obtain the following conclusion.

Theorem 3 If 4 = 0 and the process {ξt} is irreversible, then the fluctuation spectrum
of {Z(ξt)} is nonmonotonic on [0, +∞) if and only if

(1) νs > 0; or

(2) νs = 0, 2αF − 3E < 0; or

(3) νs < 0, 42 > 0, and A 6 0,
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where 42 = 3α2ν2s2 − βE(2αF − 3E),

A = 9α3ν3s3 − (9αβνs)E(αF − E) −
√

3[3α2ν2s2 − βE(2αF − 3E)]3.

When 4 6= 0, we obtain the following result.

Theorem 4 If 4 6= 0, and if one of the following conditions holds
(1) νs > 0;
(2) νs = 0, βE − (α2 − 2β)(αF − E) > 0;
(3) νs = 0, βE − (α2 − 2β)(αF − E) = 0, αF − E < 0,

then the fluctuation spectrum of {Z(ξt)} is nonmonotonic on [0, +∞).

Remark 1 When 4 6= 0, the numerator of S′
Z(ω) is a quintic function, so it is compli-

cated to find the necessary and sufficient condition of existing at least a positive real solution
for S′

Z(ω) = 0.

2 Proofs of the theorems

Lemma 1 The unique stationary distribution (i. e. invariant probability distribution,
limiting probabilities) of the process is µi = ki/β, i = 1, 2, 3.

The proof is given in many Refs. [7, 9, 10] and is omitted here.

Denote by {P (t), t > 0} the transition probability matrix. Its (i, j) entry is written as
Pij(t).

Lemma 2 If 4 6= 0, then

P11(t) = µ1 +
1

λ1 − λ2
[(a1 − µ2λ2 − µ3λ2) exp (−λ1t) − (a1 − µ2λ1 − µ3λ1) exp (−λ2t)],

P12(t) = µ2 +
1

λ1 − λ2
[(−a2 + µ2λ2) exp (−λ1t) − (−a2 + µ2λ1) exp (−λ2t)],

P13(t) = µ3 +
1

λ1 − λ2
[(−a3 + µ3λ2) exp (−λ1t) − (−a3 + µ3λ1) exp (−λ2t)],

P21(t) = µ1 +
1

λ1 − λ2
[(−b1 + µ1λ2) exp (−λ1t) − (−b1 + µ1λ1) exp (−λ2t)],

P22(t) = µ2 +
1

λ1 − λ2
[(b2 − µ1λ2 − µ3λ2) exp (−λ1t) − (b2 − µ1λ1 − µ3λ1) exp (−λ2t)],

P23(t) = µ3 +
1

λ1 − λ2
[(−b3 + µ3λ2) exp (−λ1t) − (−b3 + µ3λ1) exp (−λ2t)],

P31(t) = µ1 +
1

λ1 − λ2
[(−c1 + µ1λ2) exp (−λ1t) − (−c1 + µ1λ1) exp (−λ2t)],

P32(t) = µ2 +
1

λ1 − λ2
[(−c2 + µ2λ2) exp (−λ1t) − (−c2 + µ2λ1) exp (−λ2t)],

P33(t) = µ3 +
1

λ1 − λ2
[(c3 − µ1λ2 − µ2λ2) exp (−λ1t) − (c3 − µ1λ1 − µ2λ1) exp (−λ2t)],

where −λ1, −λ2 are the nonzero eigenvalues of the transition rate matrix Q.

Lemma 3 If 4 = 0 and the process {ξt} is irreversible, then

P11(t) = µ1 + [(µ2 + µ3)(1 + λt) − a1t] exp (−λt),
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P12(t) = µ2 + [−µ2(1 + λt) + a2t] exp (−λt),

P13(t) = µ3 + [−µ3(1 + λt) + a3t] exp (−λt),

P21(t) = µ1 + [−µ1(1 + λt) + b1t] exp (−λt),

P22(t) = µ2 + [(µ1 + µ3)(1 + λt) − b2t] exp (−λt),

P23(t) = µ3 + [−µ3(1 + λt) + b3t] exp (−λt),

P31(t) = µ1 + [−µ1(1 + λt) + c1t] exp (−λt),

P32(t) = µ2 + [−µ2(1 + λt) + c2t] exp (−λt),

P33(t) = µ3 + [(µ1 + µ2)(1 + λt) − c3t] exp (−λt).

Lemma 4 If 4 = 0 and the process {ξt} is reversible, then

Q =

 −(x + y) x y

z −(y + z) y

z x −(z + x)

 .

In addition, the converse is also true.

Proofs of Lemma 2, Lemma 3 and Lemma 4 are given in Ref. [8] and are omitted here.

Denote the cubic function f(x) = ax3+bx2+cx+d with a 6= 0, then f ′(x) = 3ax2+2bx+c.
Let 4′

2 = 4(b2 − 3ac). When 4′
2 > 0, there exist two real numbers x1 = −b−

√
b2−3ac
3a , x2 =

−b+
√

b2−3ac
3a , such that x1 6 x2 and f ′(xi) = 0, (i = 1, 2). Clearly, one has

f(x2) =
2b3 + 27a2d − 9abc − 2

√
(b2 − 3ac)3

27a2
.

Denote f(x2) by A′. It is not hard to show the following Lemmas.

Lemma 5 For the cubic function f(x) = ax3 + bx2 + cx+d, (a > 0), there exists at least
x0 > 0 such that f(x0) = 0, if and only if
(1) d < 0; or
(2) d = 0, 4′

3 > 0 and
√
4′

3 > b; or
(3) d > 0, 4′

2 > 0, A′ 6 0 and
√
4′

2 > 2b,

where 4′
3 = b2 − 4ac.

Lemma 6 For the quintic functiong(x) = a5x
5 +a4x

4 +a3x
3 +a2x

2 +a1x+a0, (a5 > 0),
the sufficient conditions of existing positive real roots for g(x) are one of the following five
conditions holds.
(1) a0 < 0;
(2) a0 = 0, a1 < 0;
(3) a0 = 0, a1 = 0, a2 < 0;
(4) a0 = 0, a1 = 0, a2 = 0, 4′

4 > 0 and
√
4′

4 > a4;
(5) a0 = 0, a1 = 0, a2 > 0, 4′

5 > 0, B′ 6 0 and
√
4′

5 > 2a4,

where 4′
4 = a2

4 − 4a5a3, 4′
5 = 4(a2

4 − 3a5a3), B′ = 2a3
4+27a2

5a2−9a5a4a3−2
√

(a2
4−3a5a3)3

27a2
5

.
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Proof of Theorem 1 We only prove the first part. The others can be shown similarly
by Lemma 3 and Lemma 4, respectively. When t > 0, by the definition of autocorrelation,

BZ(t) = E[(Z(ξt) − µ(Z))(Z(ξ0) − µ(Z))] =
3∑

i,j=1

µiZiPij(t)Zj −
∣∣∣∣ 3∑

i=1

µiZi

∣∣∣∣2.
In BZ(t), by Lemma 2, the coefficient of 1

λ1−λ2
exp{−λ1t} is

µ1Z1(a1 − µ2λ2 − µ3λ2)Z1 + µ1Z1(−a2 + µ2λ2)Z2 + µ1Z1(−a3 + µ3λ2)Z3

+ µ2Z2(−b1 + µ1λ2)Z1 + µ2Z2(b2 − µ1λ2 − µ3λ2)Z2 + µ2Z2(−b3 + µ3λ2)Z3

+ µ3Z3(−c1 + µ1λ2)Z1 + µ3Z3(−c2 + µ2λ2)Z2 + µ3Z3(c3 − µ1λ2 − µ2λ2)Z3

= µ1(a1 − µ2λ2 − µ3λ2)(ϕ2
1 + ψ2

1) + µ2(b2 − µ1λ2 − µ3λ2)(ϕ2
2 + ψ2

2)

+ µ3(c3 − µ1λ2 − µ2λ2)(ϕ2
3 + ψ2

3)

+ (ϕ1ϕ2 + ψ1ψ2)(−2γ + 2µ1µ2λ2) − 2ν(ϕ1ψ2 − ϕ2ψ1)i

+ (ϕ2ϕ3 + ψ2ψ3)(−2δ + 2µ2µ3λ2) − 2ν(ϕ2ψ3 − ϕ3ψ2)i

+ (ϕ3ϕ1 + ψ3ψ1)(−2κ + 2µ3µ1λ2) − 2ν(ϕ3ψ1 − ϕ1ψ3)i.

In the above expression, the coefficient of λ2 is

− µ1(µ2 + µ3)(ϕ2
1 + ψ2

1) − µ2(µ1 + µ3)(ϕ2
2 + ψ2

2) − µ3(µ1 + µ2)(ϕ2
3 + ψ2

3)

+ 2µ1µ2(ϕ1ϕ2 + ψ1ψ2) + 2µ2µ3(ϕ2ϕ3 + ψ2ψ3) + 2µ3µ1(ϕ3ϕ1 + ψ3ψ1)

= −µ1µ2[(ϕ1 − ϕ2)2 + (ψ1 − ψ2)2] − µ2µ3[(ϕ2 − ϕ3)2 + (ψ2 − ψ3)2]

− µ3µ1[(ϕ3 − ϕ1)2 + (ψ3 − ψ1)2] = −µ1µ2

∣∣y1

∣∣2 − µ2µ3

∣∣y2

∣∣2 − µ3µ1

∣∣y3

∣∣2 = −F ;

the constant term is

µ1a1(ϕ2
1 + ψ2

1) + µ2b2(ϕ2
2 + ψ2

2) + µ3c3(ϕ2
3 + ψ2

3)

− 2γ(ϕ1ϕ2 + ψ1ψ2) − 2δ(ϕ2ϕ3 + ψ2ψ3) − 2κ(ϕ3ϕ1 + ψ3ψ1)

− 2ν[(ϕ1ψ2 − ϕ2ψ1) + (ϕ2ψ3 − ϕ3ψ2) + (ϕ3ψ1 − ϕ1ψ3)]i

= (γ + κ)(ϕ2
1 + ψ2

1) + (δ + γ)(ϕ2
2 + ψ2

2) + (κ + δ)(ϕ2
3 + ψ2

3)

− 2γ(ϕ1ϕ2 + ψ1ψ2) − 2δ(ϕ2ϕ3 + ψ2ψ3) − 2κ(ϕ3ϕ1 + ψ3ψ1) − (2νs)i

= γ[(ϕ1 − ϕ2)2 + (ψ1 − ψ2)2] + δ[(ϕ2 − ϕ3)2 + (ψ2 − ψ3)2]

+ κ[(ϕ3 − ϕ1)2 + (ψ3 − ψ1)2] − (2νs)i

= γ
∣∣y1

∣∣2 + δ
∣∣y2

∣∣2 + κ
∣∣y3

∣∣2 − (2νs)i = E − (2νs)i.

Thus the coefficient of 1
λ1−λ2

exp{−λ1t} is E − (2νs)i − Fλ2, and similarly the coefficient of
1

λ2−λ1
exp{−λ2t} is E − (2νs)i − Fλ1. This ends the proof.

Proof of Theorem 2 We only prove the first case, and the others can be shown similarly
by (2) and (3) of Theorem 1. In fact we only prove the case 4 < 0. When 4 > 0, the proof is
similar. Without loss of generality, let −λ1 = −p+ iq and −λ2 = −p− iq be a pair of conjugate
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complex eigenvalues of the matrix Q. By the definition of fluctuation spectrum,

SZ(ω) =
1

2π

[∫+∞

0

exp{−iωt}BZ(t) dt +
∫0

−∞
exp{−iωt}BZ(t) dt

]
=

1
2π

(I1 + I2),

where

I1 =
∫+∞

0

exp{−iωt}BZ(t) dt

=
∫+∞

0

exp{−iωt}
[E − (2νs)i − Fλ2

λ1 − λ2
exp (−λ1t) +

E − (2νs)i − Fλ1

λ2 − λ1
exp (−λ2t)

]
dt

=
E − (2νs)i + F (−p − iq)

−2iq

∫+∞

0

exp{−i(ω − q)t} exp{−pt}dt

+
E − (2νs)i + F (−p + iq)

2iq

∫+∞

0

exp{−i(ω + q)t} exp{−pt}dt

=
E − (2νs)i + F (−p − iq)

−2iq
· p − (ω − q)i
(ω − q)2 + p2

+
E − (2νs)i + F (−p + iq)

2iq
· p − (ω + q)i
(ω + q)2 + p2

,

similarly,

I2 =
∫0

−∞
exp{−iωt}BZ(t) dt

=
∫+∞

0

exp{iωt}
[E + (2νs)i − Fλ2

λ1 − λ2

exp (−λ1t) +
E + (2νs)i − Fλ1

λ2 − λ1

exp (−λ2t)
]
dt

=
E + (2νs)i + F (−p + iq)

2iq
p + (ω − q)i
(ω − q)2 + p2

+
E + (2νs)i + F (−p − iq)

−2iq
p + (ω + q)i
(ω + q)2 + p2

.

Note that p2 + q2 = β, p = α
2 , we obtain

SZ(ω) =
1
π

ω2E + (2ανs)ω + β(αF − E)
ω4 + (α2 − 2β)ω2 + β2

.

This ends the proof.
Proof of Theorem 3 Since

S′
Z(ω) = −2[Eω3 + (3ανs)ω2 + β(2αF − 3E)ω − (αβνs)]

π(ω2 + β)3
,

it can be shown directly by Lemma 5.
Proof of Theorem 4 Since

S′
Z(ω) = − 2

π[ω4 + (α2 − 2β)ω2 + β2]2
{Eω5 + (3ανs)ω4 + 2β(αF − E)ω3

+ (ανs)(α2 − 2β)ω2 − β[βE − (α2 − 2β)(αF − E)]ω − (ανsβ2)},

it can be also shown directly by Lemma 6.
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3 Applications

Example 1

Q =

 −4a 4a 0
0 −a a

a 0 −a

 , (a > 0).

Clearly, 4 = 0 and the process {ξt} is irreversible. For the complex function Z(1) = 1 +
i, Z(2) = −1 − i, Z(3) = 1 − i, it is easy to show νs > 0. By Theorem 3, the fluctuation
spectrum with respect to the above complex function is nonmonotonic on [0, +∞). However,the
fluctuation spectrum with respect to the complex function Z(1) = 1− i, Z(2) = −1− i, Z(3) =
1 + i, is monotonic on [0, +∞), since νs < 0, 42 < 0.

Example 2

Q =

 −2a a a

a −3a 2a

2a 2a −4a

 , (a > 0).

Clearly, 4 6= 0. For the complex function Z(1) = 1 + i, Z(2) = −1 − i, Z(3) = 1 − i, it is easy
to show νs > 0. By Theorem 4, the fluctuation spectrum with respect to the above complex
function is nonmonotonic on [0, +∞).
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