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On existence of solutions to backward stochastic differential
equation with generalized left-Lipschitz coefficients

TIAN De-jian, JIANG Long, DENG Fang
(School of Sciences, China University of Mining and Technology, Xuzhou 221116, China)

Abstract: In this paper, we proved the existence of the solution to a backward stochastic
differential equations (BSDE) with the generator satisfying the generalized left-Lipschitz
condition. The key idea for dealing with the problem consists in constructing a monotonic
sequence of solutions to BSDE and then passing to the limit. We construct a monotonic
sequence of solutions by monotonic iteration technique. It is worth noting that the
generator may be not continuous with respect to variable y and the varying of generator
with respect to variables y and z may be not uniformly with respect to time parameter ¢t.
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HH (B0 A& 5E A/ MER W (Q, F, P) _Ld 4Ebr#E Brown iz 8)), (F)o<e<r 2 (Bi)iso I
A AL B B B Ro-110R, BIF, = 0{B,s,0 < s <t} VNt € [0,T], TR EN
—/NIEH, N Ao{B,,0 < s < t}IIP WRGER AR, & P vl FJ5 v 3R (0 B HL AR &,
Bl¢ € L2(Q, Fr, P); Piflg(w,t,y,2) : @ x [0,T] x R x R — R, X} T/E&(y,2) € R x R?,
(9(t.y, 2))ecio.r) REAEF AT, — MR W BSDE (1)[M4E BT, R (g, T,€) A BSDE (1) sk
2%, BSDE (1)fijic ABSDE(g, T, €).

1990 4F, Pardoux Fl 7 5K TNAE A2 [ 7t g 5% Ty, 2 9 A — B Lipschitz 45 1 1, {IF B
T BSDE (1) A7 7EME— [ 3&E N Al BT BSDE ZEBEHLES 6. I B 20 7 R R0 4 il 24 R oy
HEBERNA, BTULHF 52 2R 2 5¢iE. T — 3 Lipschitz 44555, KL AATTHEES 2E
JBoeAAE LA T VFZ TAE. B0, Lepeltier A1 San Martin® £ A4E G Ty, 2 ELEAIZL PEE K
(44 R, IEB T BSDE (1)fi# FIAEAENE; ChenWFE A BTG Ty, 2 /2 X Lipschitz 441 T,
UEHI T BSDE (1)fif (147 e ME—E; B 2515 OIFE g T o i 2 /2 Lipschitz 441 1, A1 511
A ARAEW T 7 RE (DR BIAEAEYE. B3, Zheng A1 ZhoulHERAL T 51 A B &4 R, X
S5 BSDE HAIE I T i (1 A- e

%% Lepeltier 1 San Martinl®, Chen il & 57) 50 SIK TAE )3 K, A SCH ARG g e
AT T 32Dy, 4 EEAF T,

(H1) g KTy RAELLN; g kT yii ) X ZE Lipschitz &5, BIfAE R ED : RY —
R*, WAL [ b(t)dt < +oo, i3 Vy, > ys € R,z € RY, 4T

l9(t,y1,2) — g(t,y2,2) = =b(t)(y1 — y2), P-a.s.,Vt € [0,T];
(H2) ‘E i JCg K T 23 & X Lipschitz 45 £F, W A7 76 B $le : RY — R*, i
EIOT A(t)dt < 400, i3 Vy € R, 21,20 € RY, f7
l9(t,y, 21) — g(t,y, 22)| < c(t)[z1 — 22|, P-a.s.,Vt € [0,T];
(H3) FAAEAERIC g : Q% [0,T] x R x R — R(i = 1,2), {13 V(t,y, 2),
g1ty 2) < gt,y,2) < g2ty 2), P-a.s..

I H, X FAEESEME e L2(Q, Fr, P), BSDE(g1,T, &) M1 BSDE(ga, T, €) 43 3 47 AE —
A R(YC, ZORI(Y0, Z29), ﬁﬁEY? < Y0 vt € [0,T)], P-as., EE[(J'OT |gl(s,Yg,Z9)\ds)2] +
El([o lg2(s, Y2, 20)|ds)?] < +o0.

ARSI FE L2

EE 1 gL (HI-H3), WXHEE ¢ € L2(Q, Fr, P), BSDE(g, T, §) &/ AF1E— Ak,

1 &I
AT NS H T BB L AR = 1)
S0.T,R) 2y : v LS IMLI E B sup fuef?] < +oo),
H2(0, T, RY) 2{¢p : R EAEF TSR L || ¢ (2= E[fg [v]?dt] < +o00}.

BSDE(g, T, &) #2458 S2(0, T, R) x H2(0, T, RY) L[ — X BENLIEFE (ve, 20 oo AR TTFE(1).
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AR A5 B8, 4234 T~ X Lipschitz 45 F BSDE fif 47 75 M — 1k 5 B AR R [
bt s 3.

S1F 14 Aoty Q x [0,7T] x R x RY — R il & F 41544

(A1) S AT E (y,2) € R x RLg(y, 28 — A6 % o /2, Hfd 3 R
TE)([y lg9(s,0,0)|ds)?] < +o0 AL

(A2) gi#ie] X Lipschitz 444, Bl Vy1, 2 € R, 21,20 € RTH

lg(t,y1,21) — g(t,y2, 22)| < b(t)|y1 — y2| + c(t)|z1 — 22|, Vt € [0,T7,

oA, b(e) A e(t) JoAE SR e vk R B L AL [ [b(t) + ¢2(8)]dt < +oo.

M ve e L2(Q, Fr, P), BSDE(g, T, €) 4775 ME— 38 M.

SIE 208 W& e L2(Q, Fr, P), gb, g> WL &IE(ADFI(A2), & (v, 2) (i = 1,2) 5
A& BSDE(¢%, T, &) HIfft. £ V(t,y,2) € [0, T] x Rx R, 7 g*(t,y,2) = ¢*(t,y, 2), W P-a.s., y} >
yZ, vt € [0, 7).

E1 FHSE b, 7E Chen Al Wang®I ) F B b 72 7, v DLk L, W % BSDE (¢, T, ¢)
A BSDE (g2, T, )70 WA i (y', ) (y?, 2%), Fighiti A 25 PE(AD)RI(A2)IF Hg' (¢, 47, 27) >
92t y7, 20) (B g AL (AL RI(A2)IF Hg' (8 yt, 24) = 9% (8, 21)), T3 2 HRAR BT

IS FH 28 L (1) B0y R R sk 2 g R v 1 B R I AR AR LR B ) 2 1961 g JASRe 1 AT 3k
IMUE] TAE. #9i&—%1 BSDE, JE

T T
ﬁ°:€+Jgﬂ&ﬂ%1Wb*J ZJdB, 0<t<T, (2)
t t
Vit =¢+ J [9(s, Y, Z0) 4+ b(s)(YV = Yt + e(s)| 2L — Z7 ] ds
t
T — .
- J Z*1dB,, 0<t<T, (3)
t
T T
Y =5+J gl(s,Yg,ZS)ds—J 7%4B;, 0<t<T. (4)
t t

BV (H3) 411, 7R (2) M FE(4) G i, H.(YO, ZOVFI(YO, Z20) 43 ) 7 R (2) M R (4) . 7
FE)MRAIAEAEME— Ml AN R 51 FE 3 (UE B A2 A5

S 3 ¥ g i (H1-H3), WIAHMERE AR i,

(i) El(Jq lg(s, Y7, Z1)|ds)?) < oo;

(i) TR (3) A ME (Y, Zh);

(iil) Y? < Vi < VP <Y, P-a.s., Wt € [0,T).

iE BR HAgNEE. Mi=0 0, HAFHL-H2), H Yy > ye € R, 21, 20 € RY, P-a.s.,

g(t,y1,21) — g(t,y2, 22) = —b(t)(y1 — y2) — c(t)|21 — 22|, Vt €0,T]. (5)
B (H3) AT 401, YO < V0, BT LA (5) x0T 43
g(S,Yg, ZO) - b(s)(YSO - Y(s)) - C(S)|Z? - Z(s)| g g(s, }7;0’ Zg)

4R (H3), T

g1(5, Y2, 23) = b(s) (VY = Y) = e()| 2 = 231 < 9(5, Y2, Z) < 9(5, Y, Z3). (6)
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FH (H1-H3), AT
T 2 T 2
0 0<s<T
T 2
= (J' b(s)ds) E| sup |[Y?-Y??| < o, (7)
0 0<s<T
T 2 T T
E (J c(s)IZSZ‘SIds> ] <E J c2(s)dsJ 120 — 7°2ds
0 0 0
T T B
:J CQ(S)dSE J | 2_Z2|2d81 < 00 (8)
0 0
HI(H3) g1, go MURIBUE, LLK(6)-(8)X, I3
T 2
E[(J |9(5>YSOaZg)|ds> ] < 0. (9)
0

W I 1 AR = 0 N RE () IEAEMEfR(Y,, Z1).
XF(6) RN H 5 1HE 2 B 1 nl 40

YO<VE<Y?, P-as., Vte[0,T].
Mi=1, HTY! <V Y0, BUTAZ%R(6), T

91(5, Y2, 22) — b(s) (V2 = YO) — e(s)| 22 — 20| < g(s, ¥, Z1),

’) =871°=s8 ? T8 S

9(s, Y, Z3) < (.Y, Z3) + b(s) (VY = YJ) + e(9)|1 22 = Z4).

’) T8 1 s ’ 781 s

1 (H3) gy AR AN (9) 3K, BLAERABL T (7) 2R (8) A 46 R, Al 1Ay

T 2
o ([ etz <
0
WO IEE LRI G = 1 INTTREB) AR ME— MR (Y2, Z2). NS BE 2 DL 1, AT 4N

YO<YV2ELY}, P-as., Vte[0,T].

YN0 = & — 1 ISR, BIEE([) [g(s, YEL, Z51)|ds)?] < oo, J5 5 (3) 45 ME—

fR(YvE, ZF) BY]) < VP <Y <v0 RRERLT AR (6), PIAT

g1(5, Y3, Z9) = b(s) (Y] = Y{) = e(s)| Z8 = 23] < 95, Y, Z9),

» =59 &8s

g(s7i7sk7 Zf:) < g(Sa }_/sk_17 Zf_l) + b(s)(?sk_l - Ysk) + C(S)|Z§_1 - Zf'

o e i [R) B m 45
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MG 100 = k BOTRE ) A EME— R (YA, ZY). N S1EE 2 BLRYE 1Al 4

Y? <V <Y, Peas., Ve [0,T).

2k, 513 3 IR

SIEE 4 g (H1-H3), W sup B[[] |Zi[2ds] < oo.

WE B WSS () AT (V) )reqo,m 102y FES?(0, T, R) PSR, R HLAR FRAC A (Y2) o, m-
JUEE)

supE[ sup |Y;Z|2] < E{ sup |)7t0|2} —l—E[ sup \Ygﬂ £ Cp < 0. (10)
i 0<t<T <

<t Itx

VL I 245, AT
B[17+ ] +EJ 12071 Pds = B[¢?] + M, (11)
t

o, Mi = 2B [} Vit [g(s, Y7, Z) + b(s) (Y — Yit1) + c(s)| 22 — Zi+Y|]ds.

S ) s

H 5B 3 (i) MIAEE L (6) A S S AT (H3) AT #43

l9(s. Y, Z01 < lga (s, Y3, Z)] + Lg2(s, Y2, Z9)] + 2b(s) (1Y2] + V2] + Y1)

sy L5 + 5185 » s

+2c(s) (122 + 122 +1Z7)) -

ESJii

y s

T
Mg < zEJ 730 |g(s. ¥, Z8) + b(s) (Vi — Vi+h) 4 e(s)| 2 — 20| ds
0

T
OB | 41 [blo) (1Y + [72] 4+ 73]+ (92 + a5, Y2, 29)
0
+lgals, 79, Z9)(|ds + OB | (o741 (1281 + | 221+ 1231 + |Z577)) s
0
<o+ O | clo)TH (1281 + 1281+ |23 + 123 .
0

Horr, OV T3 . 58 b, i F (HL) o) B TBIE . 4R (H3) L K (10) 5CnT 41

T
€1 2 6sup B[ 1971 [b(s) (V21 + 721+ 7]+ |97
1
+191(5, Y2, Z9)| + |g2(s, Y2, zg)@ds < 0.

HEm A Holder AN55E 3 L A (10) 5, AT #3

r 211/2
M3<cl+6fc0E[<j c<s><z2|+|zs|+|z;;|+|zz+1|>ds) ] )
0

HFVa,b,c > 0,(a+b+¢)? <3(a?+0% +c2) LLEVa+b+c<vVa+Vo+ e Fik2)= ]
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T 291/2
3(j c<s><|z2|+ZS|>ds> ]
0
2-1/2 291/2
(J Zl|ds> +6\EOE[ (J |Z’+1|ds> 1 .
A0y 2 Oy + E[€2] + 6VCoEB([, c(s)(12°] +129))ds)?) /2, B FIEI (1)K, 4
T 241/2
<J c(s)|Z§ds> ]
0
T 241/2
(J c(s)|Z§+lds>] .
0

1 Holder AN5EI, ab < ea? + b2 /e, (e > 0) LU AR (H2) 1 o(t) BT FUE, nT43
T T
J cz(s)dsj |Z12ds
0 0
T T
J CQ(S)dSJ Z;+1|2ds]
0 0

T
<Cy+2x4x 182COJ *(s)ds

0
1 r
+-|E J |Zit2ds| .
4 0

403 £ Cy+2 x 4 x 1820, 502(3)ds, PR L ] 45

A

M < Cy + 6y/CoE

+6vCE

J |ZiT2ds < Oy + 18y/CoE

+ 18y/ChE

T 1/2
EJ |Zi12ds < Cy + 18/ CoE
0

1/2
+18v/CoE

T —.
J |Zi?ds| + E
0

W

T 1 T _
EJ 1Zi+12ds < 03+3EJ \Z1[2ds

0
: 1 1 T 02 1 T ~012
703;037+@E |Z92ds < 2C’3+3E 1 Z%2ds.

Q| W~

Ak, FATIE ngpE[ Jo 1Zi]2ds] < oo
2 &1 é‘JiJ‘EH}]/
JSEFHBIBE 3 05 BE 4, AT LUE WY A SC I R 345 e B 1
PPt = g(s, Y2, Z0) 4+ b(s)(YP = YIHY) + ()| 22 — 25+

BG4 R AL BE AN, T LAIE W

T 2
SupE[(J |<p§|ds>
i 0

< +o00.
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XYP - Y12 Ao 25, 1

PNYli

T T
|ﬁf*2ﬂ2+EJ|foZﬂ%s:2EJ(Y VI — pl)ds.
0 0
T _ B T B _
ELIﬂfZW®<2ELO?fWM%f¢%b

T
<2El sup IKP*YS’”J (|P5] + |@2[)ds
0<s<T 0

B o] l/2 T ?
< QE[ sup |Y? —Y]| } E J (1251 + |@d])ds
0<s<T

1/2

MG 350, {(Y)eepo,r 12y ES?(0,T,R) TS, BIRA (V) iep,m. BIE{(Z)) e )52
E%%LIEHHQ(O,T,Rd)EPE’JCauchy A, AR BRAAAE, TR N (Ze) e po,1-

Hi g KTy AELE, L0 — oo, X J5HE(3) WYL AN HUBR R, R4

T T
:§+J g(s, Ys, 7s)dst Z,dB,, 0<t<T.
t t

LAY, Zi)o<i<r #& BSDE(g, T, &) MIf#. UEEE.

FE 2 I SCHER[6]) R IS, AT DAUE I BRAT 11X BELA5 B 0 fift 2 e K.

I 1 W g W (HL)MH2) H|g(w, t,y, 2)| < ar(w) + b(t)|y| + c(t)|z| B, Ha(w) W
E[(fq |ac(w)]dt)?] < +o0, H4 BSDE(g, T, &) 4 fik.

HE MR Mg = ar(w) +0(0)|y| +c(t)|z], g2 = —as(w) — b(t)|y| — c(t)|z|. 7T LLEGIEAR B,

JG g AR (H3), FIH @ 1 RIANHES 1 or. UFke.

i 1 mimmg—bﬂ@mfgwu#q}ﬁTrf@ﬁ.ﬂu%ﬂgﬁﬁ%#mL

H3), FrLLE BT N IBSDE (g, T, &) f#A77E.
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