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On existence of solutions to backward stochastic differential

equation with generalized left-Lipschitz coefficients
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Abstract: In this paper, we proved the existence of the solution to a backward stochastic

differential equations (BSDE) with the generator satisfying the generalized left-Lipschitz

condition. The key idea for dealing with the problem consists in constructing a monotonic

sequence of solutions to BSDE and then passing to the limit. We construct a monotonic

sequence of solutions by monotonic iteration technique. It is worth noting that the

generator may be not continuous with respect to variable y and the varying of generator

with respect to variables y and z may be not uniformly with respect to time parameter t.
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ZsdBs, 0 6 t 6 T, (1)
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Ù¥(Bt)t>0 ´��VÇ�m(Ω,F , P ) þ�d �IO Brown $Ä, (Ft)06t6T ´(Bt)t>0 �
)�÷v“Ï~^�”�g,σ-�6, =Ft = σ{Bs, 0 6 s 6 t} ∨ N , t ∈ [0, T ], T´�½�
���ê, N�σ{Bs, 0 6 s 6 t}�P �Ñ8�N; ξ �FT �ÿ�²��È��ÅCþ,
=ξ ∈ L2(Ω,FT , P ); ¼êg(ω, t, y, z) : Ω × [0, T ] × R × Rd −→ R, éu?¿(y, z) ∈ R × Rd,
(g(t, y, z))t∈[0,T ] ´ÌS�ÿL§, ��¡�BSDE (1)�)¤�. ¡(g, T, ξ)� BSDE (1)�IO
ëê, BSDE (1){P�BSDE(g, T, ξ).

1990 c, Pardoux Ú $ ¢ {[1]3 ) ¤ � g ' u y, z ÷ v � � Lipschitz ^ � e, y ²

 BSDE (1)�3���·A). du BSDE 3�Å��! �©�§Ú7KêÆ[2]¥k
X­��A^, ¤±ÙïÄÉ�éõ'5. du�� Lipschitz ^��r, Ïd<�3~f)
¤�^�þ�
Nõó�. ~X, Lepeltier Ú San Martin[3]3)¤�'u y, z ëYÚ�5O�
�^�e, y²
 BSDE (1))��35; Chen[4]3)¤�'uy, z÷v2Â Lipschitz ^�e,
y²
 BSDE (1))��3��5; _2ñ[5, 6]3 g 'u y ÷v� Lipschitz ^�e, |^üN
S�Eây²
�§(1))��35. �C, Zheng Ú Zhou[7]3aqu_2ñ[5]�^�e, é
�� BSDE �y²
)��35.

É Lepeltier Ú San Martin[3], Chen[4]AO´_2ñ[5, 6]�ó�éu, �©é)¤� g ÷v
�^�?1
?�Ú�~f, �ÑÌ�^�Xe.

(H1) g 'u y ´mëY�; g 'u y ÷v2Â� Lipschitz ^�, =�3¼êb : R+ −→
R+, ÷v

∫T

0
b(t)dt < +∞, ¦�∀y1 > y2 ∈ R, z ∈ Rd, k

|g(t, y1, z) − g(t, y2, z) > −b(t)(y1 − y2), P -a.s.,∀t ∈ [0, T ];

(H2) ) ¤ � g ' u z ÷ v 2 Â Lipschitz ^ �, = � 3 ¼ ê c : R+ −→ R+, ÷
v

∫T

0
c2(t)dt < +∞, ¦�∀y ∈ R, z1, z2 ∈ Rd, k

|g(t, y, z1) − g(t, y, z2)| 6 c(t)|z1 − z2|, P -a.s.,∀t ∈ [0, T ];

(H3) �3)¤� gi : Ω × [0, T ] × R × Rd −→ R(i = 1, 2), ¦�∀(t, y, z), k

g1(t, y, z) 6 g(t, y, z) 6 g2(t, y, z), P -a.s..

¿ �, é u ? ¿ � ½ � ξ ∈ L2(Ω,FT , P ), BSDE(g1, T, ξ) Ú BSDE(g2, T, ξ) © O � 3 �
� )(Y

¯
0,Z

¯
0)Ú(Ȳ 0, Z̄0), ÷ v Y

¯
0
t 6 Ȳ 0

t , ∀t ∈ [0, T ], P -a.s., � E[(
∫T

0
|g1(s,Y¯

0
s,Z¯

0
s)|ds)2] +

E[(
∫T

0
|g2(s, Ȳ 0

s , Z̄0
s )|ds)2] < +∞.

�©�Ì�(Ø´:

½½½nnn 1 � g ÷v(H1–H3), Ké?¿ ξ ∈ L2(Ω,FT , P ), BSDE(g, T, ξ) ���3��).

1 ý�ó�

ÄkÚ\ü�~^��ÅL§�m:

S2(0, T, R) ,{ψ : ψ ´ëY¢�ÌS�ÿL§� E[ sup
06t6T

|ψt|2] < +∞},

H2(0, T, Rd) ,{ψ : ψ´Rd �ÌS�ÿL§� ‖ ψ ‖2= E[
∫T

0
|ψt|2dt] < +∞}.

BSDE(g, T, ξ)�)´�S2(0, T, R)×H2(0, T, Rd) þ��é�ÅL§ (yt, zt)06t6T ÷v�§(1).
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0�e¡ü�Ún, ©O�2Â Lipschitz ^�e BSDE )��3��5½nÚ�A�
'�½n.

ÚÚÚnnn 1[4] )¤�g : Ω × [0, T ] × R × Rd −→ R ÷ve�^�:
(A1) é ? ¿ �(y, z) ∈ R × Rd, g(·, y, z)´ � � Ì S � ÿ L §, � ¦ � ª

f(E)[(
∫T

0
|g(s, 0, 0)|ds)2] < +∞ ¤á;

(A2) g ÷v2Â Lipschitz ^�, =∀y1, y2 ∈ R, z1, z2 ∈ Rd k

|g(t, y1, z1) − g(t, y2, z2)| 6 b(t)|y1 − y2| + c(t)|z1 − z2|, ∀t ∈ [0, T ],

Ù¥, b(t) Ú c(t) ��K(½5¼ê�÷v
∫T

0
[b(t) + c2(t)]dt < +∞.

K∀ξ ∈ L2(Ω,FT , P ), BSDE(g, T, ξ) �3���·A).
ÚÚÚnnn 2[8] � ξ ∈ L2(Ω,FT , P ), g1, g2 Ñ÷v^�(A1)Ú(A2), � (yi, zi)(i = 1, 2) ©O

´ BSDE(gi, T, ξ) �). e∀(t, y, z) ∈ [0, T ]×R×Rd, k g1(t, y, z) > g2(t, y, z), K P -a.s., y1
t >

y2
t , ∀t ∈ [0, T ].

555 1 ¯ ¢ þ, 3 Chen Ú Wang[8]� y ² L § ¥, � ± u y, X J BSDE (g1, T, ξ)
Ú BSDE (g2, T, ξ)© O k )(y1, z1)Ú(y2, z2), eg1÷ v ^ �(A1)Ú(A2)¿ �g1(t, y2

t , z2
t ) >

g2(t, y2
t , z2

t )(½ög2÷v(A1)Ú(A2)¿�g1(t, y1
t , z1

t ) > g2(t, y1
t , z1

t )), Ún 2 �,¤á.
A^²;�~�©�§Ú �©�§¥�üNS�Eâ[9]Ú_2ñ[5,6]�g�5?1·

��y²ó�. �E�� BSDE, /X

Ȳ 0
t = ξ +

∫T

t

g2(s, Ȳ 0
s , Z̄0

s )ds −
∫T

t

Z̄0
s dBs, 0 6 t 6 T, (2)

Ȳ i+1
t = ξ +

∫T

t

[
g(s, Ȳ i

s , Z̄i
s) + b(s)(Ȳ i

s − Ȳ i+1
s ) + c(s)|Z̄i

s − Z̄i+1
s |

]
ds

−
∫T

t

Z̄i+1
s dBs, 0 6 t 6 T, (3)

Y
¯

0
t = ξ +

∫T

t

g1(s,Y¯
0
s,Z¯

0
s)ds −

∫T

t

Z
¯

0
sdBs, 0 6 t 6 T. (4)

db�(H3)�, �§(2)Ú�§(4)k), �(Ȳ 0, Z̄0)Ú(Y
¯

0,Z
¯

0)©O´�§(2)Ú�§(4)�). �
§(3))��3��5�±le¡Ún 3 �y²L§¥�Ñ.

ÚÚÚnnn 3 � g ÷v(H1-H3), Ké?¿��K�ê i, k
(i) E[(

∫T

0
|g(s, Ȳ i

s , Z̄i
s)|ds)2] < ∞;

(ii) �§(3)k��)(Ȳ i+1
t , Z̄i+1

t );
(iii) Y

¯
0
t 6 Ȳ i+1

t 6 Ȳ i
t 6 Ȳ 0

t , P -a.s.,∀t ∈ [0, T ].
yyy ²²² ^8B{. � i = 0 �, d^�(H1-H2), k ∀y1 > y2 ∈ R, z1, z2 ∈ Rd, P -a.s.,

g(t, y1, z1) − g(t, y2, z2) > −b(t)(y1 − y2) − c(t)|z1 − z2|, ∀t ∈ [0, T ]. (5)

d(H3)��, Y
¯

0
t 6 Ȳ 0

t , ¤±|^(5)ª��

g(s,Y
¯

0
s,Z¯

0
s) − b(s)(Ȳ 0

s − Y
¯

0
s) − c(s)|Z̄0

s − Z
¯

0
s| 6 g(s, Ȳ 0

s , Z̄0
s ).

qd^�(H3), ��

g1(s,Y¯
0
s,Z¯

0
s) − b(s)(Ȳ 0

s − Y
¯

0
s) − c(s)|Z̄0

s − Z
¯

0
s| 6 g(s, Ȳ 0

s , Z̄0
s ) 6 g2(s, Ȳ 0

s , Z̄0
s ). (6)
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d(H1-H3), ��

E

[( ∫T

0

b(s)|Ȳ 0
s − Y

¯
0
s|ds

)2]
6 E

[
sup

06s6T
|Ȳ 0

s − Y
¯

0
s|2

( ∫T

0

b(s)ds

)2]

=

( ∫T

0

b(s)ds

)2

E

[
sup

06s6T
|Ȳ 0

s − Y
¯

0
s|2

]
< ∞, (7)

E

[( ∫T

0

c(s)|Z̄0
s − Z

¯
0
s|ds

)2]
6 E

[ ∫T

0

c2(s)ds

∫T

0

|Z̄0
s − Z

¯
0
s|2ds

]

=
∫T

0

c2(s)dsE

[ ∫T

0

|Z̄0
s − Z

¯
0
s|2ds

]
< ∞. (8)

d(H3)¥g1, g2 ��È5, ±9(6)–(8)ª, ��

E

[( ∫T

0

|g(s, Ȳ 0
s , Z̄0

s )|ds

)2]
< ∞. (9)

�dÚn 1 ���i = 0 ��§(3)�3��)(Ȳ 1
t , Z̄1

t ).
é(6)ªA^Ún 2 ±95 1 ��

Y
¯

0
t 6 Ȳ 1

t 6 Ȳ 0
t , P -a.s., ∀t ∈ [0, T ].

�i = 1, duY
¯

0
t 6 Ȳ 1

t 6 Ȳ 0
t , aquØ�ª(6), ��

g1(s,Y¯
0
s,Z¯

0
s) − b(s)(Ȳ 1

s − Y
¯

0
s) − c(s)|Z̄1

s − Z
¯

0
s| 6 g(s, Ȳ 1

s , Z̄1
s ),

g(s, Ȳ 1
s , Z̄1

s ) 6 g(s, Ȳ 0
s , Z̄0

s ) + b(s)(Ȳ 0
s − Ȳ 1

s ) + c(s)|Z̄0
s − Z̄1

s |.

d(H3)¥g1��È5Ú(9)ª, ±9aqu(7)ªÚ(8)ª�(J, ·�k

E

[( ∫T

0

|g(s, Ȳ 1
s , Z̄1

s )|ds

)2]
< ∞.

�dÚn 1 �� i = 1 ��§(3)�3��)(Ȳ 2
t , Z̄2

t ). A^Ún 2 ±95 1, ��

Y
¯

0
t 6 Ȳ 2

t 6 Ȳ 1
t , P -a.s., ∀t ∈ [0, T ].

b��i = k − 1 �(Ø¤á, =kE[(
∫T

0
|g(s, Ȳ k−1

s , Z̄k−1
s )|ds)2] < ∞, �§(3)k��

)(Ȳ k
t , Z̄k

t ) �Y
¯

0
t 6 Ȳ k

t 6 Ȳ k−1
t 6 Ȳ 0

t . Ó�aquØ�ª(6), ��

g1(s,Y¯
0
s,Z¯

0
s) − b(s)(Ȳ k

s − Y
¯

0
s) − c(s)|Z̄k

s − Z
¯

0
s| 6 g(s, Ȳ k

s , Z̄k
s ),

g(s, Ȳ k
s , Z̄k

s ) 6 g(s, Ȳ k−1
s , Z̄k−1

s ) + b(s)(Ȳ k−1
s − Ȳ k

s ) + c(s)|Z̄k−1
s − Z̄k

s |.

db�Ón��

E

[( ∫T

0

|g(s, Ȳ k
s , Z̄k

s )|ds

)2]
< ∞.
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dÚn 1 � i = k ��§(3)�3��)(Ȳ k+1
t , Z̄k+1

t ). A^Ún 2 ±95 1 ��

Y
¯

0
t 6 Ȳ k+1

t 6 Ȳ k
t , P -a.s., ∀t ∈ [0, T ].

�d, Ún 3 y..

ÚÚÚnnn 4 � g ÷v(H1-H3), K sup
i

E[
∫T

0
|Z̄i

s|2ds] < ∞.

yyy ²²² dÚn 3 (iii)�{(Ȳ i
t )t∈[0,T ]}∞i=1 3S2(0, T, R)¥Âñ, òÙ4�P�(Ȳt)t∈[0,T ].

Kk

sup
i

E
[

sup
06t6T

|Ȳ i
t |2

]
6 E

[
sup

06t6T
|Ȳ 0

t |2
]

+ E
[

sup
06t6T

|Y
¯

0
t |2

]
, C0 < ∞. (10)

é|Ȳ i+1
t |2 ¦^Itô úª§��

E
[
|Ȳ i+1

t |2
]

+ E
∫T

t

|Z̄i+1
s |2ds = E

[
ξ2

]
+ M i

t , (11)

Ù¥, M i
t = 2E

∫T

t
Ȳ i+1

s [g(s, Ȳ i
s , Z̄i

s) + b(s)(Ȳ i
s − Ȳ i+1

s ) + c(s)|Z̄i
s − Z̄i+1

s |]ds.

dÚn 3 (iii)ÚØ�ª(6)±9^�(H3)��

|g(s, Ȳ i
s , Z̄i

s)| 6 |g1(s,Y¯
0
s,Z¯

0
s)| + |g2(s, Ȳ 0

s , Z̄0
s )| + 2b(s)

(
|Y
¯

0
s| + |Ȳ 0

s | + |Ȳ i
s |

)
+ 2c(s)

(
|Z
¯

0
s| + |Z̄0

s | + |Z̄i
s|

)
.

Ïd

M i
0 6 2E

∫T

0

|Ȳ i+1
s |

∣∣g(s, Ȳ i
s , Z̄i

s) + b(s)(Ȳ i
s − Ȳ i+1

s ) + c(s)|Z̄i
s − Z̄i+1

s |
∣∣ ds

6 6E
∫T

0

|Ȳ i+1
s |

[
b(s)

(
|Y
¯

0
s| + |Ȳ 0

s | + |Ȳ i
s | + |Ȳ i+1

s |
)

+ |g1(s,Y¯
0
s,Z¯

0
s)|

+ |g2(s, Ȳ 0
s , Z̄0

s )|
]
ds + 6E

∫T

0

c(s)|Ȳ i+1
s |

(
|Z
¯

0
s| + |Z̄0

s | + |Z̄i
s| + |Z̄i+1

s |
)
ds

6 C1 + 6E
∫T

0

c(s)|Ȳ i+1
s |

(
|Z
¯

0
s| + |Z̄0

s | + |Z̄i
s| + |Z̄i+1

s |
)
ds.

Ù¥, C1Ø�6ui�À�. ¯¢þ, d^�(H1)¥b(t)��È5!^�(H3)±9(10)ª��

C1 , 6 sup
i

E
∫T

0

|Ȳ i+1
s |

[
b(s)

(
|Y
¯

0
s| + |Ȳ 0

s | + |Ȳ i
s | + |Ȳ i+1

s |
)

+ |g1(s,Y¯
0
s,Z¯

0
s)| + |g2(s, Ȳ 0

s , Z̄0
s )|

]
ds < ∞.

?
|^HölderØ�ª±9(10)ª, ��

M i
0 6 C1 + 6

√
C0E

[( ∫T

0

c(s)(|Z
¯

0
s| + |Z̄0

s | + |Z̄i
s| + |Z̄i+1

s |)ds

)2]1/2

. (12)

du∀a, b, c > 0, (a + b + c)2 6 3(a2 + b2 + c2) ±9
√

a + b + c 6 √
a +

√
b +

√
c, Ïd(12)ª�
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z�

M i
0 6 C1 + 6

√
C0E

[
3

( ∫T

0

c(s)(|Z
¯

0
s| + |Z̄0

s |)ds

)2]1/2

+ 6
√

C0E

[
3

( ∫T

0

c(s)|Z̄i
s|ds

)2]1/2

+ 6
√

C0E

[
3

( ∫T

0

c(s)|Z̄i+1
s |ds

)2]1/2

.

-C2 , C1 + E[ξ2] + 6
√

C0E[3(
∫T

0
c(s)(|Z

¯
0
s| + |Z̄0

s |)ds)2]1/2, �£�(11)ª, k

E
∫T

0

|Z̄i+1
s |2ds 6 C2 + 18

√
C0E

[( ∫T

0

c(s)|Z̄i
s|ds

)2]1/2

+ 18
√

C0E

[( ∫T

0

c(s)|Z̄i+1
s |ds

)2]1/2

.

d Hölder Ø�ª, ab 6 εa2 + b2/ε, (ε > 0) ±9^�(H2)¥ c(t) ��È5, ��

E
∫T

0

|Z̄i+1
s |2ds 6 C2 + 18

√
C0E

[ ∫T

0

c2(s)ds

∫T

0

|Z̄i
s|2ds

]1/2

+ 18
√

C0E

[ ∫T

0

c2(s)ds

∫T

0

|Z̄i+1
s |2ds

]1/2

6 C2 + 2 × 4 × 182C0

∫T

0

c2(s)ds

+
1
4

(
E

[ ∫T

0

|Z̄i
s|2ds

]
+ E

[ ∫T

0

|Z̄i+1
s |2ds

])
.

-C3 , C2 + 2 × 4 × 182C0

∫T

0
c2(s)ds, Ïd��

E
∫T

0

|Z̄i+1
s |2ds 6 4

3
C3 +

1
3
E

∫T

0

|Z̄i
s|2ds

6 4
3
C3

i∑
k=0

1
3k

+
1

3i+1
E

∫T

0

|Z̄0
s |2ds 6 2C3 +

1
3
E

∫T

0

|Z̄0
s |2ds.

�d, ·�y²
sup
i

E[
∫T

0
|Z̄i

s|2ds] < ∞.

2 ½n 1 �y²

A^Ún 3 ÚÚn 4 , Ò�±y²�©�Ì�(Ø½n 1 . -

ϕp+1
s = g(s, Ȳ p

s , Z̄p
s ) + b(s)(Ȳ p

s − Ȳ p+1
s ) + c(s)|Z̄p

s − Z̄p+1
s |.

$^Ún 4 ¥Ó��?n�{, �±y²

sup
i

E

[( ∫T

0

|ϕ̄i
s|ds

)2]
< +∞.
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é|Ȳ p
t − Ȳ q

t |2 ^Itô úª, k

|Ȳ p
0 − Ȳ q

0 |2 + E
∫T

0

|Z̄p
s − Z̄q

s |2ds = 2E
∫T

0

(Ȳ p
s − Ȳ q

s )(ϕ̄p
s − ϕ̄q

s)ds.

Ïdk

E
∫T

0

|Z̄p
s − Z̄q

s |2ds 6 2E
∫T

0

(Ȳ p
s − Ȳ q

s )(ϕ̄p
s − ϕ̄q

s)ds

6 2E

[
sup

06s6T
|Ȳ p

s − Ȳ q
s |

∫T

0

(|ϕ̄p
s | + |ϕ̄q

s|)ds

]

6 2E
[

sup
06s6T

|Ȳ p
s − Ȳ q

s |2
]1/2

E

[( ∫T

0

(|ϕ̄p
s | + |ϕ̄q

s|)ds

)2]1/2

.

qdÚn 3 �, {(Ȳ i
t )t∈[0,T ]}∞i=1 3S2(0, T, R) ¥Âñ, 4��(Ȳt)t∈[0,T ]. Ïd{(Z̄i

t)t∈[0,T ]}∞i=1

´���mH2(0, T, Rd)¥�Cauchy �, �Ù4��3, ¿ò4�P�(Z̄t)t∈[0,T ].
du g 'u y mëY, -i → +∞, é�§(3)ü>Ó��4�, =�

Ȳt = ξ +
∫T

t

g(s, Ȳs, Z̄s)ds −
∫T

t

Z̄sdBs, 0 6 t 6 T.

¤±(Ȳt, Z̄t)06t6T ´ BSDE(g, T, ξ) �). y..
555 2 aqu©z[6]¥��/, �±y²·�ùp���)´��).
íííØØØ 1 � g ÷v(H1)Ú(H2)�|g(ω, t, y, z)| 6 at(ω) + b(t)|y| + c(t)|z| �, Ù¥at(ω) ÷

vE[(
∫T

0
|at(ω)|dt)2] < +∞, @o BSDE(g, T, ξ)k).

yyy ²²² �g1 = at(ω) + b(t)|y| + c(t)|z|, g2 = −at(ω) − b(t)|y| − c(t)|z|. �±�y)¤
� g ÷v(H3), |^½n 1 =�íØ 1 ¤á. y..

~~~ 1 �)¤� g = It6=0Iy>0

√
|y|√
t

, Ù¥ I{·} L««5¼ê. �±�y g ÷v^�(H1-
H3), ¤±§¤éA�BSDE (g, T, ξ))�3.
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