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7.1 AÛ5y

AÛ5y���/ª�µ

(GP ) :


min G0(x)
s.t. Gm(x) ≤ δm, m = 1, · · · p;

x > 0, x ∈ Rn

Ù¥Gm(x) =
∑Tm

t=1 δmtcmt

∏n
i=1 xamti

i , m = 0, 1, · · · , p, ùpTmL
«Gm(x)��
ê§cmt > 0§δmt = +1½ − 1, δm = +1½ − 1§amti �¢~�
ê"
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AÛ5y�©a

w,T¯K´��'uCþx�äk�à�1����5`z¯
K"AÛ5y�±©���ªAÛ5yÚ2ÂAÛ5yüa§
eGm(x)¥δmt = +1, x > 0§K¡Gm(x)�'uCþx���ª¼
ê§eéu¤k�m = 0, 1, , · · · , p, t = 1, · · · , Tm§

kδmt = +1� δm = +1§K¡(GP)¯K´����ªAÛ5y
£PGP¤§eδmt, δm ¥�3���−1��¹§K¡��2ÂAÛ
5y£GGP¤"
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��ªAÛ5z

��ªAÛ5y���/ªXeµ

(PGP ) :


min g0(x)
s.t. gm(x) ≤ 1, m = 1, · · · p;

x > 0, x ∈ Rn.

Ù¥gm(x) =
∑Tm

t=1 cmt

∏n
j=1 x

amtj

j , m = 0, · · · , p§ùp~X
êcmt > 0§amtj�?¿�¢ê§w,éum = 0, 1, · · · , p ¼
êgm(x)þ���ª¼ê"
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��ªAÛ5y

��5`§����ª¼ê¿Ø´à¼ê§~Xf(x) = x1/2´�
�ª¼ê§�3x > 0�«�þØ´à�"¯¤±�§�4�z�
��à¼ê�§·�o´éJé�§��Û4�:§
é��=
=´��ÛÜ4�:§�´éu��ªAÛ5y§§�ÛÜ4�
:�´§��Û4�:§Ï�z����ªAÛ5y¯KÑ�d
u��à5y§�Ò´�du3à«�þ4�z��à¼ê§ù
´��ªAÛ5y���­�A�"
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�d5

ù«�d5deã�{(½"é���ªAÛ5y(PGP)?1�
êCþO�§=-µ

xj = ezj , j = 1, · · · , n

K�5y(PGP)�duXe¯Kµ

(PGP ′) :

{
min f0(z)
s.t. fm(z) ≤ 1, m = 1, · · · p;

Ù¥fm(z) =
∑Tm

t=1 cmt exp{
∑n

j=1 amtjzj}, m = 0, · · · , p§Ï��
�±e�.±�5¼ê��ê��ê¼ê�à¼ê§�ct��X
ê§¤±5y¯K(PGP ′)¥�8I¼êÚ�å¼êþ�à¼ê§
=5y(PGP ′)�à5y"du?Û����ªAÛ5yÑ�du
��à5y¯K§Ïdà5y�nØ�±A^u��ªAÛ5y
��¹"
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Ø�ªy²

�âAÛ²þØ�ª3AÛ5y��ÐuÐ¥å�
�~­��
�^§Nõ�{Ñ´ÄuTØ�ª�EÑ5�"e¡·�Äk�
âü�Ún§y²����â²þ�Ø�uAÛ²þ�ù�k¶
�Ø�ª.

Lemma
�f(x)3[a,b]þkëY����ê
�f ′′(x) ≤ 0, xi(i = 1, 2, · · · , n)´[a,b]þ�?¿n�:§K

f(
n∑

i=1

xi/n) ≥
n∑

i=1

f(xi)/n.


�Ò¤á��=�¤k�xi =
∑n

i=1 xi/n = β, (i = 1, · · · , n).

y²µÑ.
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Lemma
3Ún1�b½e,2�pi > 0(i = 1, · · · , n),Kk

f(
n∑

i=1

pixi/
n∑

i=1

pi) ≥
n∑

i=1

pif(xi)/
n∑

i=1

pi.

y²: Ñ.
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Ø�ªy²

k
þ¡�Ún,éN´y²���AÛ²þ�Ø�L�â²þ
�.

Theorem
�xi ≥ 0, pi > 0(i = 1, · · · , n)Kk:(

n∏
i=1

xpi

i

) 1∑n
i=1

pi

≤
n∑

i=1

pixi�
n∑

i=1

pi (7.1.1)

�Ò��=�¤k�xi���¤á.
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Ø�ªy²

y²: �f(x) = ln x,u´f ′′(x) = −1/x2 < 0.\þ½n^�,�÷
vÚn1ÚÚn2�^�,|^Ún2�(Øk:

ln(
∑n

i=1 pixi/
∑n

i=1 pi
) ≥

∑n
i=1 pi ln(xi)/

∑n
i=1 pi

=
∑n

i=1 ln(xpi

i )/
∑n

i=1 pi

= ln(
∏n

i=1 xipi)
1/

∑n
i=1 pi

þ�ªü>�KéêÎÒk:(
n∏

i=1

xpi

i

) 1∑n
i=1

pi

≤
n∑

i=1

pixi�
n∑

i=1

pi

ÓÚn7.1.1��,�Ò��¤kxi���¤á.
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Ã�å��ªAÛ5y

�e5·�?ØÃ�å��ªAÛ5y,¯K{��Xe/ªµ

(UGP ) :

{
min y(x) =

∑m
j=1 cjfj(x)

s.t. x ≥ 0

Ù¥

fj(x) = cj

n∏
i=1

x
aij

i , x = (x1, · · · , xn)T .

e¡·�ò/^c¡¤y²L�Ø�ªr�4�z¯K=z�4
�z¯K§~¡�ö´�¯K�éó¯K§ùü�¯K�'X^
e¡�½n£ã.
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½n

Theorem
e�3�|�Kêp1, p2, · · · , pm÷vXeü�^�

m∑
j=1

pj = 1, (7.1.2)

m∑
j=1

aijpj = 0 (i = 1, 2, · · · , n) (7.1.3)

K�£UGP¤�����3�§Ù���7�u¼ê

d(p) =
m∏

j=1

(
cj

pj

)pj , p = (p1, p2, · · · , pm)T

3�å^�(7.1.2)(7.1.3)�e����.
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½ny²

y²µ©üÚ?1y². Äky²y(x) ≥ d(p) (Ù¥x > 0)
�âØ�ª(7.1.1)��:

y(x) =
∑m

j=1 cj

∏n
i=1 x

aij

i

≥
∏m

j=1

(
cj

∏n
i=1 x

aij
i

pj

)pj

=
(∏m

j=1(
cj

pj
)pj

)∏m
j=1

(∏n
i=1 x

aij

i

)pj

= d(p)
∏m

j=1

(∏n
i=1 x

aij

i

)pj

= d(p)
∏n

i=1

∏m
j=1 x

aij ·pj

i

= d(p)
∏n

i=1 x
∑m

j=1 aijpj

i

= d(p)

=µ
y(x) ≥ d(p)

Ùgy²µy(x∗) = d(p∗),Ù¥x∗ = (x∗
i , · · · , x∗

n)T´UGP ���
:§p∗ = (p∗1, · · · , p∗m)T´d(P )���:.
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½ny²

Ï�b�UGP��`)�3,Kx∗ > 0,2�âõ�¼ê��4��
7�^�k:

0 = ∂y(x)
∂xk

|x=x∗

= ∂
∂xk

[∑m
j=1 cj

∏n
i=1 x

aij

i

]
|x=x∗

=
∑m

j=1 cjakj

∏n
i=1 x

aij
i

xk
|x=x∗

= 1
x∗

k

∑m
j=1 cjakj

∏n
i=1 x∗

i
aij (x∗

k 6= 0)

= 1
x∗

k

∑m
j=1 cjakjfj(x

∗)

=
m∑

j=1

cjakjfj(x
∗) = 0 (k = 1, 2, · · · , n)

e�

p∗j =
cjfj(x

∗)

y(x∗)
, j = 1, 2, · · · , m (7.1.4)

w,k: ∑m
j=1 p∗j = 1,∑m
j=1 aijp

∗
j = 0(i = 1, 2, · · · , n)

ùÒ`²,·��½�p∗,÷v�å^�(7.1.2)Ú(7.1.3),e¡�L�
y

y(x∗) = d(p∗)
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½ny²

¯¢þ:

y(x∗) =
∏m

j=1(y(x∗))p∗j

=
∏m

j=1

(
cjfj(x

∗)

p∗j

)p∗j

=
(∏m

j=1(
cj

p∗j
)p∗j

)∏m
j=1

∏n
i=1 x∗

i
aijp∗j

= d(p∗)
∏n

i=1 x∗
i

∑m
j=1 aijp∗j

= d(p∗)

=:
y(x∗) = d(p∗)

Ïdd(p∗)´d(p)�4��.
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5

d½nØ=w�·�,UGP�����u§�éó¼ê���
�;
��l¦��p∗�d(p∗)Ñu,/Ïu(7.1.4) ª)Ñx∗. (7.1.4)
ªlL¡þw´��5�§|,�é�§ü>�éê±�,ÒC¤

Xe±ln x∗

i���ê��5�ê�§|:{
n∑

i=1

aij ln x∗
i = − ln cj + ln p∗j + ln y(x∗), j = 1, · · · , m

Ïd�¯K��:x∗ØJ¦�.
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~f

�
\�éþã½n�n),?�Ú@£AÛ5y�`�5Ú¦)
Ú½,e¡�Ñ��~f, ù�~f´k¢S¿Â�,§´£ã��
ó�����½�,XÛÀJK�����Ï�¦Ù¤��$.
~µ¦Ã�åAÛ5y��`):{

min y = 60x−3
1 x−2

2 + 50x3
1x2 + 20x−3

1 x3
2

s.t. x > 0
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~f¦)

): r�¯K8I¼ê�¤IO/ª:

y(x) =
3∑

j=1

cj

2∏
i=1

x
aij

i

Ù¥c1 = 60, c2 = 50, c3 = 20, a11 = −3, a21 = −2, a12 = 3, a22 =
1, a13 = −3, a23 = 3 �â½n7.1.4, Ùéó¯K�:

max d(p) =
∏3

j=1(
cj

pj
)pj

s.t.
∑3

j=1 pj = 1,∑3
j=1 aijpj = 0. (i = 1, 2)

òaij���\�å^�,��Xe�§|:
p1 + p2 + p3 = 1
−3p1 + 3p2 − 3p3 = 0
−2p1 + p2 + 3p3 = 0
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~f¦)

)d�§|�:

p∗1 = 0.4, p∗2 = 0.5, p∗3 = 0.1

2d½n7.1.4�:
y(x∗) = d(p∗) = 125.8

��d(7.1.4)ª,

p∗j =
cj

∏2
i=1 x∗

i
aij

y(x∗)

��x∗ = (1.12, 0.944)T . Ïd�¯K��`)
�x∗ = (1.12, 0.944)T ,�A�����y(x∗) = 125.8,
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5

dd~�±w��m = n + 1�,)�3���.�±w�,XJ¢S
¯KéA�êÆ�.´ù«a.�AÛ5y¯K,¦)�~{ü.
Ïd·�3ïáêÆ�.�,¦þ84ÉK��Ì�Ï�,��g
�Ï�,¦Ù���êÆ�.¦þ÷vm = n + 1.
±þ?Ø
Ã�å��ªAÛ5y,lnØþ�äN){Ñ'�÷
¿,éuk�å���ªAÛ5y�±aq��éó5y,ùpÒ
Ø2�[0�.
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7.2õ8I5y

3¢S`z¯K¥,  �¦Ó��Äõ��I�`z.ù3êÆ
�.Ny���õ8I`z¯K. 'uõ8I5y¯K�nØ�
¦)�{3éõÖ7¥Ñk�[��ã,ùp·�Ì�ë�

[?],[?],[?].·�±e¡�~f5`²¯K�3�ÊH5.
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~f

~µ,ó�)�`,¯ü«�¬Ú,z�`�¬��)�2��,��
�þØU�L5��.`�¬�|d´z�2�¶)���`�¬Ú
)���¯�¬�ó���.z�¯�¬�|d´5�,z�ü«�
¬�þoÚØ$u6��.�Øpu8��,�þ�L6���Ü©¡
���þ.ó�F"£1¤`�¬��þ�¦�Uõ¶£2¤�
z
�<Ø\�,�þ��¶£3¤|d�õ. ÁïáT¯K�êÆ�
..
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~f¦)

))) �`�¬���þ�x1��,¯�¬���þ�x2��.d¯
K�n�8I�±�¤maxx1, min(x1 + x2 − 6), max(2x1 + 4x2),K
d¯K�êÆ�.´

min (f1(x1, x2), f2(x1, x2), f3(x1, x2))
s.t. x1 + x2 ≥ 6

x1 + x3 ≤ 8
x1 ≥ 2
x1 ≤ 5
x2 ≥ 0

Ù¥
f1(x1, x2) = −x1

f2(x1, x2) = x1 + x2 − 6
f3(x1, x2) = −2x1 − 4x2
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õ8I5y�Ä�Vg

3��äN�`z¯K¥,k��I�U�¦��z,k��¦�
�z,k��å�U´"≤",k��U´"≥".�´·�o�±ÏL¦
±−1¦�§�z¤e¡õ8I5y�IO/ªµ

(MOP) min (f1(x), · · · , fp(x))
s.t. gi(x) ≤ 0, i = 1, 2, · · · , m

Ù¥x´n��þ,¡�ûü�þ,¤3��m¡�ûü�m;
f1(x), · · · , fp(x) ¡�8I¼ê,¤3��m¡�8I�
m,gi(x) ≤ 0, i = 1, 2, · · · , m¡��å¼ê.õ8I5y¯K½¡�
þ�`z¯K.
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õ8I5y�Ä�Vg

õ8I5y¯K¢Sþ´òûü�m���«�N��8I�m
���«�.¤±¯K�9�e¡ü��1��Vg.

X = {x ∈ En|gi(x) ≤ 0, i = 1, 2, · · · , m}

¡�£MOP¤��1�£feasiable set¤.

F = {(f1, f2, · · · , fp) ∈ Ep|fi = fi(x), i = 1, 2, · · · , p, x ∈ X}

¡���£image set¤.
ez�8I¼êÑ´à¼ê,
�1�´à8,K£MOP¤¡�õ
8Ià5y¯K. àõ8I5y¯KkéÐ�5�.
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õ8I5y�Ä�Vg

XJUé��|ûüCþ���,¦�z�8Iþ�����,ù
|�¡�(MOP)�ýé�`).�´���¹e,ù«)´Ø�3
�.�3�pÀâ�8I,��8I"CÐ"�,��k,	��8I
�"C�", ¤±<��Äõ8I5y¯K�)�Vg.
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õ8I5y�Ä�Vg

Definition
�x′ ∈ X. eØ�3,���1:x ∈ X¦
�fi(x) ≤ fi(x

′), i = 1, 2, · · · , p,�Ù¥��k��î�Ø�ª¤
á,K¡x′�£MOP¤���k�)£efficient solution¤(½��
),½Pareto�`)).

Definition
�x′ ∈ X.eØ�3,���1:x ∈ X ¦
�fi(x) > fi(x

′), i = 1, 2, · · · , p, K¡x′�£MOP¤���fk�
)(weak efficient solution ).

ex′´£f¤k�),K¡(f1(x
′), f2(x

′), · · · , fp(x
′))¡�8I�m

�£f¤k�:.
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õ8I5y�Ä�Vg

lþ¡�Vg�±wÑ,XJ·��Ääk���þ S"≤"��
êXÚ�Rp, K¦)õ8I5y¯K(MOP)Ò´¦�Rp¥��F
�4:.
�
Qã�B,·�k7�3ùp�Ñ�Rp¥� SPÒ:
�x = (x1, x2, · · · , xp), y = (y1, y2, · · · , yp) ∈ Rp.
(1) x = y¿g´xi = yi, i = 1, 2, · · · , p;
(2) x < y¿g´xi < yi, i = 1, 2, · · · , p;
(3) x ≤ y¿g´xi ≤ yi, i = 1, 2, · · · , p,�´,��k��î�Ø�
ª¤á;
(4) x 5 y¿g´xi ≤ yi, i = 1, 2, · · · , p.
éu�u�ukaq�PÒ.
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õ8I5y�Ä�Vg

éu£MOP¤�k�)Úfk�),w,ke¡�(Ø.

Theorem
k�)�½´fk�).
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~f

~µ�V8I5y¯K�

min (f1(x1, x2), f2(x1, x2))
s.t. x ∈ X = {x1, x2, x3, x4}

f1(x), f2(x)�¼ê�XeL�Ñ,¦ù�¯K�k�)Úfk�).

x1 x2 x3 x4

f1(x) 1 1 2 3
f2(x) 3 2 1 2

(f1, f2) A B C D

))) ¯K�k�)´µx2Úx3; fk�)´µx1, x2, x3.
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k�)�AÛ)º

k�)éA�k�:=�8I�1���e>�.
~µ37KnØ¥Markowitz|ÜÝ]ÀJêÆ�.=�V8I5
y¯K"�kp¥Ý]�¬§Ù]7©��þ
�x = (x1, x2, · · · , xp). R(x)�Ï"£�,V (x)����ºxÿ
Ý,@oT¯K�IOV8I5y�.�

min (−R(x), V (x))
s.t.

∑p
i xi = 1, xi ≥ 0, i = 1, 2, · · · , p

@oT¯K�k�)éA�k�:|¤�:8=�Í¶
�Paretok�c÷.
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ýk�)

3õ8I5y¯K�k�)¥��:x′,XJ��8I3,�:
/CÐ0
,K�½��k,��8I3ù:/C��§Ý��,
·�rx′¡�Xe½Â�k�).

Definition
�x′´£MOP¤�k�).e�3�êM¦�é÷
vfi(x) < fi(x

′)�z��i���x ∈ X,���3��j 6= i¦

�fj(x) > fj(x
′)� fi(x

′)−fi(x)
fj(x)−fj(x′)

≤ M¤á,K¡x′�(MOP)�ýk�
).

(þ°ã²�ÆA^êÆX) �`znØ��{ December 26, 2008 32 / 1



~f

~µ�ÄV8I5y¯K

minx∈R (x, (1− x)2)T

§�k�)8´(−∞, 1],ýk�)8´(−∞, 1).
y²µéux′ = 1Ú?¿x ∈ (−∞, 1), ´
�f1(x

′)− f(x) = 1− x > 0, f2(x)− f2(x
′) = (1− x)2.du

�x → 1−�, f2(x)− f2(x
′) = (1− x)2´f1(x

′)− f(x)�p�Ã¡
�þ,¤±Ø�3M1 > 0¦�

f1(x
′)− f(x)

f2(x)− f2(x′)
≤ M1

½=,x′ = 1Ø´¯K�ýk�).
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~f

éux′ < 1,ef1(x
′)− f1(x) = x′ − x > 0,Kx ∈ (−∞, x′).u´

f2(x)− f2(x
′) = (1− x)2 − (1− x′)2 = (x′ − x)(1− x− x′) > 0

AO/,�3M3 > 0¦�

f1(x
′)− f(x)

f2(x)− f2(x′)
≤ M3

d	,éu÷vf2(x)− f2(x
′) < 0�x ∈ R , 5¿�x′ < 1,�kXe

�/Ñy:
x > x′,¿�x < 2− x′.

u´·�kf1(x)− f1(x
′) = x− x′ ∈ (0, 2). ù`²

f2(x
′)− f2(x) = (x− x′)(1− x− x′) ≤ (f1(x)− f1(x

′))(2− 2x′),

=�3M4 = 2(1− x′) > 0,¦�f2(x′)−f2(x)
f1(x)−f1(x′)

≤ M4.
nþ¤ã,T¯K�ýk�)8´(−∞, 1), §´k�)8���ý
f8.
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k�5^�

aquü8I5y¯K,·��±�Ñõ8I5y¯K�k�5^
�.
éuõ8I5y¯K(MOP),·�Äk�Ñ§�Lagrange¼ê:

L(x, α, λ, µ) = αT f(x) + λT g(x)

Ù¥,α ∈ Rp
+, λ ∈ Rl

+.
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k�5^�

Theorem
(Fritz John 7�^�) ex′´(MOP)��k�)½ek�),8I
¼êÚ�å¼ê3x′?´���,K�3�þα ∈ Rp

+, λ ∈ Rl
+,¦

�(α, λ) 6= 0.¿�

∇xL(x′, α, λ, µ) = ∇f(x′)α +∇g(x′)λ = 0 (1)

λT g(x′) = 0 (2)

Ù¥∇f,∇g©OL«�þ�¼êf, g3�A:?�FÝÝ

(=JacobiÝ
�=�).
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�å5�

�
�y8I¼êc¡�Xêα 6= 0, <�?Ø
�ª����å
5�.[?]

Theorem
(Karush-Kuhn-Tucker7�^�)ex′´(MOP)��k�)½fk�
),8I¼êÚ�å¼ê3x′?´���,¿�
3x′?Kuhn−Tucker�å5�¤á,K�3�"�
þα ∈ Rp

+, λ ∈ Rm
+ , ÷vª(7.1)Ú(7.2).

Theorem
(Karush-Kuhn-Tucker¿©^�)b��þ¼êf, g´à�,3�1
:x′?´���. e�3�"�þα ∈ Rp

+, λ ∈ Rm
+ ,÷

v(7.1)Ú(7.2),Kx′´(MOP)�fk�),AO
/,�α > 0�,x′´(MOP)�k�).
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5

3±þ½n¥,·��¦f, g´à¼ê,âU�y÷vKuhn-Tucker^
���1)´fk�)½k�).'uù�^�CAc5kéõ�
í2,AO´,31981cHansonJÑØCàVg±�[?], k�þ�©
Ù?Ø32Âà¿Âe,Kuhn-Tucker^��¿©5[?],[?],[?].
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õ8I5y�){

1. Iþ{
2. �å{
3. ·Ü{
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1. Iþz�{

ù«�{�g�´^�
�K~êò(MOP)=z¤��ü8I5
y¯K,ÏL¦)Tü8I5y¯K�)��(MOP)��k�).
�â��8I�­�§Ý©O¦þ���X
êwi ≥ 0,

∑p
i=1 wi = 1, ­��8I¦��Xê��,ö�±ÏL©

Û��{`²ù��n.,�ò§�¦Ú, ����¼ê,±d��
8I¼ê,�E��ü8I5y¯KXe(Pw):

min wT f(x) =
∑p

i=1 wifi(x)
s.t. g(x) ≤ 0
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Iþz�{

Theorem
'uXþ�E�Iþz¯K��(MOP)�)ke¡�'X:
(1)ewi > 0, i = 1, 2, · · · , p, x∗´(Pw)��`),Kx∗´(MOP)�k
�);
(2)ewi ≥ 0, i = 1, 2, · · · , p, x∗´(Pw)�����`
),Kx∗´(MOP)�k�);
(3)ewi ≥ 0, i = 1, 2, · · · , p, x∗´(Pw)��`),Kx∗´(MOP)�f
k�).
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½ny²

y²µ(1) ^�y{.b�x∗Ø´(MOP)�k�),Kdk�)�½
Â,�3x ∈ S = {x | g(x) ≤ 0} ¦�

fi(x) ≤ fi(x
∗)(i = 1, 2, · · · , p)

¿���k��î�Ø�ª¤á.d^�wi > 0, i = 1, 2, · · · , p, k

wifi(x) ≤ wifi(x
∗)(i = 1, 2, · · · , p)

¿���k��î�Ø�ª¤á.
rþª�\,=�

wT f(x) =

p∑
i

wifi(x) <

p∑
i

wifi(x
∗) = wT f(x∗)

ùÒ´`,�3x ∈ S = {x | g(x) ≤ 0}¦�wT f(x) < wT f(x∗), �
´,ù�x∗´(Pw)��`)gñ. ¤±,x∗´(MOP)�k�).
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(2)^�y{.b�x∗Ø´(MOP)�k�),Kdk�)�½Â,�
3x ∈ S = {x | g(x) ≤ 0} ¦�

fi(x) ≤ fi(x
∗)(i = 1, 2, · · · , p)

¿���k��î�Ø�ª¤á.ù�,x 6= x∗. d^
�wi ≥ 0, i = 1, 2, · · · , p, k

wifi(x) ≤ wifi(x
∗)(i = 1, 2, · · · , p)
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½ny²

�´,XJòù
ªf\å5,ù�,½ök

wT f(x) =

p∑
i

wifi(x) <

p∑
i

wifi(x
∗) = wT f(x∗) (3)

½ök

wT f(x) =

p∑
i

wifi(x) =

p∑
i

wifi(x
∗) = wT f(x∗) (4)

(7.3)ª�x∗´Iþz¯K��`)gñ;(7.4)ª�x∗´Iþz¯K
����`)gñ. ¤±,x∗´�õ8I5y�k�).
(3)�y²Ó��±A^�y{�(1)aq/y²,ùpØ2Kã.
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5

±þ½nw�·�,ÏLC��Xê�±���
�õ8I5y�
k�)Úfk�).¿��±y²:�¯K´àõ8I5y�,
(MOP)�¤kk�)Úfk�)Ñ�±ÏLIþz�{��,�´
�¯KØ´àõ8I5y�,k�k�)KØ�UÏLù«�{�
�. Xeã¤
«: ã:�àV8I5y¯K�k�:?Ø�½�3������
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JÑ¯K

3½n7.3.5(2)¥,XJIþz¯K��`)Ø��,Ù�`)Ø�
½´�õ8I5y¯K�k�),Ï�3�Xê¦�A8I¼ê
�,¦f0¤¦�8I¼ê3ü�1)?�¼ê�Ø�,ù�ÙIþ
z¯K3ùü��1)?��Ó���`�.@oXÛ�äù��
�`)´�õ8I5y¯K�k�)Q?
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�O½n

Theorem
eéuwi ≥ 0, i = 1, 2, · · · , p, x∗´(WP)��`),��
(1)δ̄ = 0�, x∗´(MOP)�k�)¶
(2)δ̄ > 0�, x∗Ø´(MOP)�k�)¶
Ù¥δ̄´eã9Ï5y¯K��`¼ê�.

δ̄ = maxδ =
∑p

i=1 δi;
s.t.fi(x) + δi = fi(x

∗), i = 1, 2, · · · , p;
g(x) ≤ 0;
δi ≥ 0, i = 1, 2, · · · , p.
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½ny²

(1)XJ9Ï¯K�8I�δ̄ = 0,ù�,éu?Û
�x ∈ S = {x | g(x) ≤ 0}, δi = 0,=Ø�3�1)x¦
�f(x) ≤ f(x∗),@ox∗�(MOP)�k�).
(2)�y²�w,.
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~f

~µ^\�{¦)eã¯K�k�).

max (f1(x1, x2), f2(x1, x2))
s.t. −x1 + x2 ≤ 4

x1 + x2 ≤ 9
x1 ≤ 5
x2 ≤ 5

−x1 ≤ 0
−x2 ≤ 0

Ù¥f1(x1, x2) = 2x1 − x2, f2(x1, x2) = −x1 + 3x2.
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~f¦)

) P�18�

X = {(x1, x2) ∈ E2| − x1 + x2 ≤ 4, x1 + x2 ≤ 9, 0 ≤ x1, x2 ≤ 5}

8I¼ê�\�Ú�w1f1 + w2f2,�A�Iþz¯K�µ

max w1f1(x1, x2) + w2f2(x1, x2)
s.t. x ∈ X

Ù¥w1, w2 > 0�\�Ïf.
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~f¦)

d\�¯K��`)(x1, x2)A÷vKuhn-Tuck^�µéAu�1
8�8��å^��38�Lagrange ¦fµi(i = 1, · · · , 6)¦

∂
∂xi

[w1f1(x1, x2) + w2f2(x1, x2)]

−
∑6

j=1 µj
∂

∂xi
gj(x1, x2) = 0, i = 1, 2

µjgj(x1, x2) = 0, j = 1, · · · , 6

¤á,
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~f¦)

2w1 − w2 + µ1 − µ2 − µ3 + µ5 = 0
−w1 + 3w2 − µ1 − µ2 − µ4 + µ6 = 0

(−x1 + x2 − 4)µ1 = 0
(x1 + x2 − 9)µ2 = 0

(x1 − 5)µ3 = 0
(x2 − 5)µ4 = 0

−x1µ5 = 0
−x2µ6 = 0

µ1, · · · , µ6 ≥ 0

¤á.
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~f¦)

Ï�Iþz¯K´���55y,�`)3�18�>.þ.qÏ
�kü�gCþ,�`)k��½ü�k��å,k�Ä�
kx2 ≤ 5å�^. d�,�ªx2 = 5¤á,Ù§5��åî�Ø�ª¤
á,Ïdµ1 = µ2 = µ3 = µ5 = µ6 = 0)þª
�w1 = 1/3, w2 = 2/3, µ4 = 5/3. ^d|w1, w2���\Iþz¯
K¿¦)ù��55y,�Ã¡õ�),ù
)©Ù3ã«�CD�
ãþ,ù
)Ñ´�¯K�k�). ïÄ,	ü�k��å��
¹,�

�

k��å Lagrange ¦f )Iþz¯K� k�)

x2 ≤ 5 µ1, µ2, µ3, µ5, µ6 = 0
(w1, w2)
= (1/3, 2/3)
µ4 = 5/3

CD�ã

x1 + x2 ≤ 9 µ1, µ3, µ4, µ5, µ6 = 0
(w1, w2)
= (4/7, 3/7)
µ2 = 5/7

DE�ã

x1 ≤ 5 µ1, µ2, µ4, µ5, µ6 = 0
(w1, w2)
= (3/4, 1/4)
µ3 = 5/4

EF�ã

©ÛÙ§�¹vk��#�k�).Ïd,ò�CDEF´k�:8
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2.�å{

�õ8I5y�

(MOP) max (f1(x), f2(x), · · · , fp(x))
s.t. gj(x) ≤ 0, j = 1, 2, · · · , m

�å{(constraint method)�´�«^ü8I5y¦)õ8I5y
k�)��{.À��8I��8I,Ù{8IC��å,�Eeã
ü8I5y¯KPk(εk)µ

min fk(x)
s.t. fi(x) ≤ εi, i 6= k

gj(x) ≤ 0, j = 1, 2, · · · , m

(þ°ã²�ÆA^êÆX) �`znØ��{ December 26, 2008 54 / 1



½n9y²

Theorem
x∗´(MOP)�k�)�¿©7�^�´µx∗Ó�´p��å¯
KPk(εk)��`).

y²µ7�5. b�x∗´(MOP)�k�). XJx∗Ø´,
�Pk(εk)��`),Ù¥εi = f(x∗), i = 1, 2, · · · , p.i 6= k. =�
3x ∈ S = {x | g(x) ≤ 0}¦�fk(x) < fk(x

∗),¿
�fi(x) ≤ fi(x

∗), j = 1, 2, · · · , p, j 6= k,ù�x∗´(MOP)�k�)g
ñ.¤±x∗ Ó�´p��å¯KPk(εk)��`).
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½ny²

¿©5. Ï�x∗Ó�´p��å¯KPk(εk)��`), @oØ�
3x ∈ S = {x | g(x) ≤ 0}¦�fi(x) < fi(x

∗)¿���k��î�
Ø�ª¤á. ¤±x∗´(MOP)�k�).

(þ°ã²�ÆA^êÆX) �`znØ��{ December 26, 2008 56 / 1



½n

Theorem
éu,��k, ex∗´Pk(εk)����`),Kx∗´(MOP)�k�),
ùpε∗k = (ε∗1, · · · , ε∗k−1, ε

∗
k+1, · · · , ε∗p),Ù

¥ε∗i = fi(x
∗), i = 1, 2, · · · , p, i 6= k.

y²µÏ�x∗´Pk(εk)����`), é,��k, Ù
¥ε∗i = fi(x

∗), i = 1, 2, · · · , p, i 6= k,@oé¤k
�x ∈ S = {x | g(x) ≤ 0}, fi(x) ≤ fi(x

∗), i 6= k, fk(x) > fk(x
∗), l


, vk��fi, i 6= k, U
3ØO\fk��¹e
~�. ¤
±x∗´(MOP)�k�).
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3.·Ü{

Definition
r\�{Ú�å{(Üå5¡�·Ü{(hybrid method).

�ÄIþz¯KP (w, ε):

max wT f(x)
s.t. fi(x) ≤ εi(i = 1, 2, · · · , p)

gj(x) ≤ 0, j = 1, 2, · · · , m

Ù¥w > 0.
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½n

Theorem
x∗´(MOP)�k�)�¿©7�^�´µx∗´P (w0, ε)��`
),Ù¥w0 > 0,Úεi(i = 1, 2, · · · , p) ´?¿�½�¦�P (w0, ε)�
)��þÚ�|¢ê.

y²µ7�5. ñD�,é?¿�½�w0 > 0, x∗Ø´P (w0, ε)��
`),éu?Ûε Ù¥�)P (w0, ε∗), ε∗ = f(x∗).
�x0´P (w0, ε∗)��`).l
·�k

(w0)T f(x0) < (w0)T f(x∗) (5)

Ú

f(x0) < f(x∗) (6)

Ï�w0 > 0,d(7.5)Ú(7.6)íÑf(x0) ≤ f(x∗). l
x∗Ø
´(MOP)�k�).
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½ny²

¿©5. b�x∗´P (w0, ε)��`),éu,�ε ∈ Rp. §�½�
´P (w0, ε∗) ��`),Ù¥ε∗ = f(x∗). b�x∗Ø´(MOP)�k�
), @o�3�1)x0¦�f(x0) ≤ f(x∗) l
,é?
Ûw0 > 0, (w0)T f(x0) < (w0)T f(x∗), §�x∗´P (w0, ε∗)��`)
gñ.Ïd, x∗´(MOP)�k�).
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