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��eü{�g�

·��´UìÅg¦:,���:�ØäªC�`:��
{.�31kÚ����:xk.�8I¼êf(x)3xkNCëY�
�,�∇f(xk) 6= 0. òf(x)3xk?�VÐm

f(x) = f(xk) +∇f(xk)T (x− xk) + o(‖x− xk‖),

Px− xk = adk, Ù¥dk´��(½����þ.þª�±��

f(xk + adk) = f(xk) + a∇f(xk)T dk + o(‖adk‖).

·���,e�þdk÷v∇f(xk)dk < 0,Kdk´eü��.dþ
ª�,e∇f(xk)dk < 0 ��, =−∇f(xk)dk < 0��,Kf(x)e
ü���.
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��eü{�g�

d−∇f(xk)T dk = ‖∇f(xk)‖‖dk‖cosθk,Ù¥θk´�
þ−∇f(xk)��þdk�m�Y�,�,�a Ú‖dk‖�½�,
�θk = 0,�=�dk = −∇f(xk)�,−∇f(xk)T dk��,Ï

,f(x)3xk?eüþ��. ��|¢��dk = −∇f(xk),�A
��{¡���eü{.
ÙS��ª�µ

xk+1 = xk + akd
k,

akd�5|¢(½.
¦)¯K

min
x∈Rn

f(x), f ∈ C1
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3.1.1��eü{�äNÚ½

��eü{�äNÚ½

1! À½ÐÁ:x1Ú�½°Ý�¦ε > 0, -k = 1;
2! e‖∇f(xk)‖ < ε,KÊ,x∗ = xk,ÄK-dk = −∇f(xk);
3! 3xk?÷��dk��5|¢�xk+1 = xk + akd

k, k = k + 1,=
Ú2.
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3.1.1��eü{�äNÚ½

e31nÚ¥,æ^°(�5|¢,=

ak = argminf(xk + adk)

u´Òk

df(xk + adk)

da

∣∣
a=ak

= (dk)T∇f(xk+1) = 0 .

dªL²dk�dk+1´���.
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~3.1.1^��eü{¦)Ã�å¯K

^��eü{¦)Ã�å¯K

minf(x) =
x2

1

a
+

x2
2

b

�Ð©:x1 = (a, b)T .
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)

du

∇f(x) =

(
2

a
x1,

2

b
x2

)T

,

Ïd,∇f(x1) = (2, 2)T , �d1 = −∇f(x1) = (−2,−2)T ,���
|¢µ�E��¼ê

φ(α) = f(x1 + αd1) =
(a− 2α)2

a
+

(b− 2α)2

b
,

¦��

φ′(α) = −4

(
1− 2

a
α

)
− 4

(
1− 2

b
α

)
,

)�§φ′(α) = 0,��`Ú�

α1 =
ab

a + b(þ°ã²�ÆA^êÆX) �`znØ��{ 1nÙ December 26, 2008 8 / 73
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)

l

x2 = x1 + α1d

1

= (a, b)T + ab
a+b

(−2,−2)T

=
(
−a(a−b)

a+b
, b(b−a)

a+b

)T

ea + b,Kx2 = (0, 0)T ,∇f(x2) = (0, 0)T , Ê3O�,x2 �Ã�

å¯K��`).
ea 6= b, K2?1e�gS�,��

x3 =

(
a(a− b)2

(a + b)2
,
b(b− a)2

(a + b)2

)T

,
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)

Xd�e�,��

xk+1 =

(
a(a− b)k

(a + b)k
,
b(b− a)k

(a + b)k

)T

,

�k →∞�, xk → (0, 0)T . ��Ã�å¯K��`).
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3.2Úî{

Úî{�Ä�g�´|^�gCqõ�ª�4�:¦{�Ñ�¼
ê�4�:�¦{.
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3.2.1Úî�{�g�

�x∗´Ã�å¯Kminf(x), x ∈ Rn, �ÛÜ),Ù¥f(x)´�
g���,Kx∗÷v

∇f(x) = 0 (1)

)�§|��`z¯K�).�´T�§|��´��5�§
|,Ø´¦).

À�Ð©:x1(��x∗�1�gCq),3x1?TaylorÐm,��
gCqõ�ª

f(x) ≈ f(x1)+∇f(x1)T (x−x1)+(x−x1)T∇2f(x1)(x−x1) (2)
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3.2.1Úî�{�g�
-Cq�g¼ê��ê�",�

∇f(x1) +∇2f(x1)(x− x1) = 0 (3)

¦)�5�§|(3)��

x2 = x1 − [∇2f(x1)]−1∇f(x1),

��x∗�1�gCq.
XJx1�°ÝØ
,�±3x1?òf(x)Ðm,¦ÑCq�g¼ê
�4�:x3,Xde�,�±��S�xk ¿�÷vXeS�ú
ª

xk+1 = xk − [∇2f(xk)]−1∇f(xk), (4)
¡(4)�NewtondiS��£. �
O��B,(4)U�¤

xk+1 = xk + dk, (5)

Ù¥dk´�5�§|

∇2f(xk)d = −∇f(xk) (6)

�)�þ.Ï~¡(6)ª�Newton�§.
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3.2.2Úî�{�Ú½

dþã©Û,��Xe�{.

�{3.2.1(Newton{{{)

1! �Ð©:x1, �°Ý�¦ε, �k=1.
2! XJ||∇f(xk)|| ≤ ε, KÊ�O�(xk��Ã�å¯K�));Ä
K¦)�5�§|

∇2f(xk)d = −∇f(xk)

��dk.

3! �
xk+1 = xk + dk, k = k + 1,

=(2).
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~3.2.1^Newton{¦)Ã�å¯K

^Newton{¦)Ã�å¯K

minf(x) = 4x2
1 + x2

2 − x2
1x2

©O�Ð©:xA = (1, 1)T , xB = (3, 4)T , xC = (2, 0)T ,°Ý�
¦ε = 10−3.
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)

f(x) = 4x2
1 + x2

2 − x2
1x2

∇f(x) = (8x1 − 2x1x2, 2x2 − x2
1)

T ,

∇2f(x) =

(
8− 2x2 −2x1

−2x1 2

)
(1) �x1 = xA = (1, 1)T , �

�∇f(x1) = (6, 1)T ,∇2f(x1) =

(
6 −2
−2 2

)
,)�5�§|

∇2f(x1)d = −∇f(x1)

= (
6 −2
−2 2

)(
d1

d2

)
= −

(
6
1

)
��d1 = −1.75, d2 = −2.25,=d1 = (−1.75,−2.25)T . ¤±

x2 = x1 + d1 = (1, 1)T + (−1.75,−2.25)T = (−0.75,−1.25)T
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)

2?11�ÓO�, ²L5gS�,xkÂñ�¯K�4�
:x = (0, 0)T .

L3.2.1 x1 = (1, 1)T�O�(J

k xk f(xk) ∇f(xk) ||∇f(xk)|| ∇2f(xk)

1
(

1.0000
1.0000

)
4.0000

(
6.0000
1.0000

)
6.0928

(
6.0000 −2.0000
−2.0000 2.0000

)
2

(
−0.7500
−1.2500

)
4.5156

(
−7.8750
−3.6350

)
8.4495

(
10.5000 1.5000
1.5000 2.0000

)
3

(
−0.1550
−0.1650

)
0.1273

(
−1.2911
−0.3540

)
1.3388

(
8.3300 0.3100
0.3100 2.0000

)
4

(
−0.0057
−0.0111

)
0.0003

(
−0.0459
−0.0223

)
0.0511

(
8.0222 0.0115
0.0115 2.0000

)
5

(
0.0000
0.0000

)
0.0000

(
−0.0001
−0.0000

)
0.0001

(
8.0000 0.0000
0.0000 2.0000

)
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)

(2)�x1 = xB = (3, 4)T ,O�Ú½Ó(1),��xkÂñ

�(2
√

2, 4)T8I¼ê�Q:,O�(J�eL.

L3.2.2 x1 = (3, 4)T�O�(J

k xk f(xk) ∇f(xk) ||∇f(xk)|| ∇2f(xk)

1
(

3.0000
4.0000

)
16.0000

(
0.0000
−1.0000

)
1.0000

(
0.0000 −6.0000
−6.0000 2.0000

)
2

(
2.8333
4.0000

)
16.0000

(
0.0000
−0.2078

)
0.0278

(
0.0000 −5.6667
−5.6667 2.0000

)
3

(
2.8284
4.0000

)
16.0000

(
0.0000
0.0000

)
0.0000

(
0.0000 −5.6569
−5.6569 2.0000

)
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)

(3) �x1 = xC = (2, 0)T , ��∇2f(x1) =

(
8 −4
−4 2

)
,

HessianÝ
ÛÉ,Ã{?1e�ÚO�.

(þ°ã²�ÆA^êÆX) �`znØ��{ 1nÙ December 26, 2008 19 / 73



~3.2.1L²^Newton{¦)Ã�å¯K¬Ñ
y±e�¹:

(1) Âñ�4�:;
(2) Âñ�Q:;
(3) HessianÝ
ÛÉ,Ã{UYO�.

|^Úî{¦)�`z¯K,Ù`:´Âñ�Ý¯,�´,§�":
´z�ÚØU�y8I¼ê�o´eü, ��HesseÝ
ÛÉ�Ã
{O�,¤±�kÙ¦�'�?��{.
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(3) HessianÝ
ÛÉ,Ã{UYO�.

|^Úî{¦)�`z¯K,Ù`:´Âñ�Ý¯,�´,§�":
´z�ÚØU�y8I¼ê�o´eü, ��HesseÝ
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3.3�ÝFÝ{

�ÝFÝ{´^5¦)�½�g5y��«`z�{,§äkeã
5�µ

1! �)�|¢��´eü��;
2! Ø7O�HessianÝ
, �O�8I¼ê�ÚFÝ;
3! äk�gª�5.
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3.3.1����Ú�Ý��

Äk�Ä�aAÏ��½�g¼ê

f(x) =
1

2
xT x + rT x + δ (7)

Ù¥x = (x1, x2, · · · , xn)T , r = (r1, r2, · · · , rn)T ∈ Rn, δ ∈ R.
5¿�TAÏ��½�g¼ê�±w¤Xe/ª�Cþ©l
�¼ê

f(x) = f1(x1) + f2(x2) + · · ·+ fn(xn)

Ù¥,fi(xi) = 1
2
x2

i + rixi + δi, i = 1, 2, · · · , n.Kl?¿�
:x1Ñu,�g÷Xz��I¶��?1��|¢,?1�H
£�?1ng|¢¤±�,ÒU��minf(x)��`).
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3.3.1����Ú�Ý��

ùp∇f(x) = x + r,-∇f(x) = 0,�f(x)�4�:x∗ = −r,
df(x)3x∗�TaylorÐmª��

f(x) = f(x∗) + 1
2
(x− x∗)T (x− x∗)

= f(x∗) + 1
2
||x− x∗)||2 (8)

(8)ªL²f(x)��p¡´�x(�)¥¡.AO/,�n = 2�,Ù
�p�´�x�.?�Ð©:x1÷ü��p�����?1°
(��|¢,��:x3 = x∗, =�¯K��`).
�n = 3�,daq�(J.�q1, q2, q3´n��p����"�
þ,K?�Ð©:x1,�g÷§�?1°(��|¢, ��4�
:x4 = x∗.AO5¿:x2´f(x)÷��q1)¤���þ�4�
:,x2´f(x)Lx1 d{q1, q2}Ü¤�²¡πþ�4�:,x4´��
�mþ4�:.
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½Â3.3.1

½Â3.3.1
eRn¥k(k ≤ n)��þq1, q2, · · · , qküü��,=

< qi, qj >= 0, i 6= j, 1 ≤ i, j ≤ k (9)

K¡§��k�����,eq÷v

qi 6= 0, i = 1, 2, · · · , k, (10)

K¡�k��"����.
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½n3.3.1

½n3.3.1
�8I¼ê�

f(x) =
1

2
xT x + rT x + δ

q1, q2, · · · , qk´k(k ≤ n)�üü����"�þ.l?¿Ð©
:x1Ñu,�g÷q1, q2, · · · , qk�°(��|¢,�
�x2, x3, · · · , xk+1,Kxk+1´f(x)3�56/

xk = {x = x1 +
k∑

i=1

α̂iq
i| −∞ < αi < +∞} (11)

þ���4�:.AO/,�k = n�,Kxk+1´f(x)3���mþ�
��4�:.
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½Â3.3.2

½Â3.3.2
�G´n× n�½Ý
.ed1, d2÷v

(d1)T Gd2 = 0 (12)

K¡d1, d2'uG�Ý.eq1, q2, · · · , qk, (k ≤ n)üü'uG�Ý,=

(di)T Gdj = 0, i 6= j, i, j = 1, 2, · · · , k (13)

K¡q1, q2, · · · , qk, , (k ≤ n)�G�k��Ý�
�.edi 6= 0, i = 1, 2, · · · , k,K¡�G�k��"�Ý��. A
O,�G=I�,�Ý��Ò´����.
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½n3.3.2*Ðf�m½n

*Ðf�m½n

�8I¼ê�

f(x) =
1

2
xT Gx + rT x + δ.

d1, d2, · · · , dk´G�k(k ≤ n)��"�Ý��,l?¿�Ð©:x1Ñ
u,�g÷di 6= 0, i = 1, 2, · · · , k, ���°(|¢,�
�x2, x3, · · · , xk+1,Kxk+1´f(x)3�561

xk = {x = x1 +
k∑

i=1

αid
i| −∞ < αi < +∞}

þ���4�:.AO�k = n�,Kxk+1´f(x)3���mþ��
�4�:.
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y²

Ï�G´�½Ý
,�3�½Ý
C¦�G = CT C.@o

f(x) =
1

2
xT Gx + rT x + δ =

1

2
(Cx)T Cx + rT C−1Cx + δ.

-y = Cx, r̄ = rT C−1,K

f(x) = g(y) =
1

2
yT y + r̄T y + δ.

d½n3.3.1,�3k(k ≤ n)�üü����"�
þq1, q2, · · · , qk¦�8I¼êg(y)�g÷Xù
��?1��
|¢��y∗¦�g(y∗)�����. ù�,·�2
-di = C−1qi, i = 1, 2, · · · , k,K
d(qi)T qj = 0�(di)T CT Cdj = 0,=(di)T Gdj = 0,
=d1, d2, · · · , dk'uG´�"�Ý�þ.

-x∗ = C−1y∗,Kf(x)3x∗�����f(x∗) = g(y∗).
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íØ3.3.3

íØ3.3.3
3½n3.2.2�b�e,k

< ∇f(xk+1), di >= 0, i = 1, 2, · · · , k (14)
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íØ3.3.3�y²

y²

Ï�xk+1´�56/xkþ�4�:,¤±�´di��þ�4�:,Ï
d(18)ª¤á.
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3.3.2�ÝFÝ{�í�

�ÝFÝ{(Conjugate Gradient Mehtod)´�Ý���{�FÝ�
{(=��eü�{)(Üå5�Ä��«`z�{.
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3.3.2�ÝFÝ{�í�

�

f(x) =
1

2
xT Gx + rT x + δ

Ù¥G´�½é¡Ý
,d*Ðf�m½n�
�,ed1, d2, · · · , dn�n�G�Ý��,@ol?¿�Ð©:x1 Ñ
u,�õ�ng°(��|¢Ò�±��8I¼ê���4�:.�
âù�g��Ñéu�½�g¼ê��ÝFÝ{.
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3.3.2�ÝFÝ{�í�

?�Ð©:x1.e∇f(x1) = 0,KÊ�O�,x1��Ã�å¯K
�4�:. �∇f(x1) 6= 0,-

d1 = −∇f(x1), (15)

÷d1��?1��|¢��:x2, e∇f(x2) 6= 0, -

d2 = −∇f(x2) + β
(2)
1 d1, (16)

¿�¦d1, d2÷v
(d1)T Gd2 = 0, (17)

=d1, d2'uG�Ý.ò(20)ª�\(21)ª,���β
(2)
1 �L�ª

β
(2)
1 =

(d1)T G∇f(x2)

(d1)T Gd1
(18)
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3.3.2�ÝFÝ{�í�

òd(J�\(20)ª, ù���d2´�d1'uG�Ý.2lx2Ñ
u,÷d2���|¢,��x3,Xde�,.... b�
3xk?,∇f(xk) 6= 0,�Exk?�|¢��dkXe:

dk = −∇f(xk) +
k−1∑
i=1

β
(k)
i di, (19)
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3.3.2�ÝFÝ{�í�

e¡5(½Xêβ
(k)
i (i = 1, 2, · · · , k − 1).du�¦�E�|¢

��´'uG��Ý�,=÷v

0 = (di)T Gdk

= −(di)T G∇f(xk) +
∑k−1

j=1 β
(k)
j (di)T Gd(j)

= −(di)T G∇f(xk) + β
(k)
i (di)T Gdi, i = 1, 2, · · · , k − 1

¤±

β
(k)
i =

(di)T G∇f(xk)

(di)T Gdi
(20)

ò§�\(23)ª,���dk´�d1, d2, · · · , dk−1'uG�Ý. q
dí�L§��,c¡®���|¢��d1, d2, · · · , dk−1®
´G�k-1��Ý��,¤±,d1, d2, · · · , dk´G�k��Ý��.
d*Ðf�m½n,�k=n�,��n��"�G�Ý���,
xn+1����mþ���4�:.
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3.3.3O�úª�{z

dudi�L�ª¥1��´�A:?�KFÝ,§���¡:
?�FÝ�SÈ,Ïdù�A:�±{zO�úª.
du�E�|¢��´�"�G�Ý��,díØ3.3.3,��

∇f(xk)T di = 0, i = 1, 2, · · · , k − 1

(Ü(23)ª,k

∇f(xk)T∇f(x(i))

= ∇f(xk)T (−di + β
(i)
1 d1 + · · ·+ β

(i)
i−1d

i−1)
= 0, i = 1, 2, · · · , k − 1

(21)
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(21)
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3.3.3O�úª�{z

dudi�L�ª¥1��´�A:?�KFÝ,§���¡:
?�FÝ�SÈ,Ïdù�A:�±{zO�úª.
du�E�|¢��´�"�G�Ý��,díØ3.3.3,��
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3.3.3O�úª�{z

e¡O�β
(k)
i (i = 1, 2, · · · , k − 2). �
�Bå�,Ú?PÒ

si = xi+1 − xi = αid
i, (22)

Ù¥αi´��|¢��`Ú�.
¤±

Gsi = Gxi+1 −Gxi = ∇f(xi+1)−∇f(xi) (23)

d(17)ª,k

(di)T G∇f(xk) = ∇f(xk)T Gdi

= 1
αi
∇f(xk)T Gsi

= 1
αi
∇f(xk)T (∇f(xi+1)−∇f(xi))

= 0, i = 1, 2, · · · , k − 2

(24)
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3.3.3O�úª�{z

Ïd,(24)ª�±{z�

β
(k)
i = 0, i = 1, 2, · · · , k − 2 (25)

�(23)ª�±�¤

dk = −∇f(xk) + βk−1d
k−1, (26)

(d�Ø�βk−1þI)Ù¥

βk−1 =
(dk−1)T G∇f(xk)

(dk−1)T Gdk−1
(27)
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3.3.3O�úª�{z

2{zβk−1, aqu(28)�í�L§,�±��

(dk−1)T G∇f(xk) =
1

αk−1

∇f(xk)T (∇f(xk)−∇f(xk−1)) (28)

Ú

(dk−1)T Gdk−1 =
1

αk−1

(dk−1)T (∇f(xk)−∇f(xk−1)) (29)

25¿�½n2�íØ1,

(dk−1)T (∇f(xk)−∇f(xk−1))
= −(dk−1)T∇f(xk−1)
= (∇f(x(k−1))− βk−2d

k−2)T∇f(xk−1)
= ∇f(xk−1)T∇f(xk−1),

(30)
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3.3.3O�úª�{z

¤±

βk−1 =
∇f(xk)T (∇f(xk)−∇f(xk−1))

∇f(xk−1)T∇f(xk−1))
(31)

½

βk−1 =
||∇f(xk)||2

||∇f(xk−1)||2
(32)
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3.3.3O�úª�{z

¤±
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3.3.3O�úª�{z

ù�Ò��
^u����¼ê��ÝFÝ{. Ù|¢��
�EXe: {

d1 = −∇f(x1),
dk = −∇f(xk) + βk−1d

k−1,
(33)

d(36)Ú(37)ª�E�O�úª¡
�PRP(Pulak-Ribiere-Polyak)úª,�A��{¡�PRP�{.
d(35)Ú(37)ª�E�úª¡�FR (Fletcher-Reeves)úª,�A
��{¡�FR�{.
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�{6.2.1(FR�{½PRP�{)

FR�{½PRP�{
1! �Ð©:x1,�°Ý�¦ε,�k=1.
2! XJ||∇f(xk)|| ≤ ε,Ê�O�(xk��Ã�å¯K�));ÄK�

dk = −∇f(xk) + βk−1d
k−1,

Ù¥

βk−1 =

{
0. k = 1
||∇f(xk)||2

||∇f(xk−1)||2 , k > 1

½

βk−1 =

{
0. k = 1
∇f(xk)T (∇f(xk)−∇f(xk−1))

∇f(xk−1)T∇f(xk−1)
, k > 1
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�{6.2.1(FR�{½PRP�{)

FR�{½PRP�{
3! ��|¢.¦)��¯K

minφ(α) = f(xk + αdk)

�αk,�
xk+1 = xk + αkd

k

4! �k=k+1, =(2).
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~3.3.1µ^�ÝFÝ{(FR�{)¦)Ã�å¯
K

^�ÝFÝ{(FR�{)¦)Ã�å¯K

minf(x) =
3

2
x2

1 +
1

2
x2

2 − x1x2 − 2x1,

�x1 = (0, 0)T .
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)

∇f(x) =

(
3x1 − x2 − 2

x2 − x1

)
=

(
g1

g2

)
∇2f(x) =

(
3 −1
−1 1

)
= G

��|¢Ú��

αk =
(dk)T∇f(xk)

(dk)T Gdk
= − d1g1 + d2g2

3d2
1 + d2

2 − 2d1d2

(34)

�x1 = (0, 0)T , K∇f(x1) = (−2, 0)T , d1 = −∇f(x1) = (2, 0)T .
d(38)�Ú�α1 = 22

3·22 = 1
3
,Ïd

x2 = x1 + α1d1 = (0, 0)T +
1

3
(2, 0)T = (

2

3
, 0)T
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)

2O�1�ÓÌ�:Ï�∇f(x2) = (0,−2
3
)T , k

β1 =
||∇f(x2)||2

||∇f(x1)||2
=

(
2
3

)2

22
=

1

9
,

Ïd

d2 = −∇f(x2) + β1d1 = (0,
2

3
)T +

1

9
(2, 0)T =

(
2

9
,
2

3

)T

.

Ú��

α2 = −
2
9
· 0 + 2

3
·
(
−2

3

)
3
(

2
9

)2
+

(
2
3

)2 − 2 · 2
9
· 2

3

=
3

2
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)

dd��

x3 = x2 + α2d2 =

(
2

3
, 0

)T

+
3

2

(
2

9
,
2

3

)T

= (1, 1)T .

O�FÝ∇f (x3) = (0, 0)T , ||f(x3)|| = 0.
¤±x3 = (1, 1)T��`), �`¼ê��f(x3) = −1.
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)

,	,�kü�O�βk−1�úª,Ú

βk−1 =
∇f(xk)T (∇f(xk)−∇f(xk−1))

(dk−1)T (∇f(xk)−∇f(xk−1))

¡�Growder-Wolfeúª,Ú

βk−1 =
∇f(xk)T∇f(xk)

(dk−1)T∇f(xk−1)

¡�Dixonúª.
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3.3.4�Ý���eü5Ú�{��gª�5

�ÝFÝ{�,´�é�½�g¼ê�Ñ�, �E·^u���
��¼ê. ùpÄkI�)û���¯K:�ÝFÝ{�)�|¢
��´Ä´eü��?
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½n3.3.4

½n3.3.4
�f(x)äkëY��� �ê,¿b���|¢´°(�, �Ä^
�ÝFÝ{¦)Ã�å¯Kminf(x), x ∈ Rn. e∇f(xk) 6= 0, K|
¢��dk´xk?�eü��.
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½n3.3.4�y²

y²

�Ä�f(x)3xk?÷dk�Ðmª, �Iy²∇f(xk)T dk < 0.
5¿�xk´dk−1��þ�°(4�:,k∇f(xk)T dk−1 = 0 ,
Ïd

∇f(xk)T dk = −∇f(xk)T∇f(xk) + βk−1∇f(xk)T dk−1

= −||∇f(xk)||2 < 0
(35)
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½n3.3.5°(��|¢

°(��|¢

e��|¢´°(�, K�ÝFÝ{äk�gª�5.
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½n3.3.5�y²

(1) �Ä^FÝ{¦)�½�g8I¼ê,e∇f(xk) = 0, (k ≤ 0),
Kxk�Ã�å¯K��`);ÄKd�{���|¢�
�d1, d2, · · · , dn´'u�gÜ©�½Ý
�Ý�,d*Ðf�
m½n��,xn+1´Ã�å¯K��`).

(2) d½n��,éu�½�g¼ê,�ÝFÝ{�õnÚª�. X
J�{3nÚvkª�,K`²8I¼êØ´�½�g¼ê,½
ö`8I¼êvk?\���½�g¼ê�«�,Ïdù«�
Ý®²vk¿Â,d�,|¢��A­#m©,=-

dk = −∇f(xk)

(3) �{znÚ­#m©�g,¡�nÚ­#m©üÑ.¢SO�L
²,nÚ­#m©�FR�{�`�uFR�{. éuPFP�
{,�∇f(xk) ≈ −∇f(xk−1)�,kβk−1 ≈ 0, Ïddk ≈ ∇f(xk)
,=gÄ­#m©.Á�L²éu�.¯K,PRP�{`�
uFR�{.
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3.4[Úî{

lc¡A!�SN�,��eü{äk(�{ü,O�þ��`
:,�ÙÂñ�Ý�ú,Úî{Ú?�Úî{, �,Âñ�Ý¯,�
3S�L§¥�z�Ú�E|¢���,Äk�O�8I¼ê
�Hesse
,,�I�)���5�§|, O�ó�þé�, ùÒ-
�
Úî{Âñ�Ý¯�`:.�!0��[Úî{�E|¢��
�I|^8I¼ê9Ù���ê�&E, ;�
Hessian
�O
�,~�
O�þ,�äk��5Âñ�`:.[Úî{�¡�CÝ
þ{.
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3.4.1[Úî{��Ñ

3?�Newton{¥,I�¦)Newton�§

∇2f(xk)d = −∇f(xk)

5(½|¢��.XJ^S�L§¥�,
5�5(½��Cq
uHessianÝ
�Ý
Bk5�OHessianÝ
.^�§|

Bkd = −∇f(xk)

�)�þdk5��|¢��.Ò����#��{.¡da�{�
[Úî{
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3.4.1[Úî{��Ñ

duBkCqu∇2f(xk),�±ß�,T�{ATk�Ð�Âñ�
Ç,¿��Ñ
O�þ��":.@o¯K�'�´XÛ�E
Ý
BkºÄk,BkØ�U3ê�þCq∇2f(xk),Ï�·��
8I´ØO�∇2f(xk).@oBk�U35�þCq∇2f(xk).Ï
d,kïÄ�eHessianÝ
∇2f(xk)äk�o��5�.
�Ä∇f(x)3xk+1?�TaylorÐmª

∇f(x) ≈ ∇f(xk+1) +∇2f(xk+1)(x− xk+1) (36)

�x = xk��

∇f(xk+1)−∇f(xk) ≈ ∇2f(xk+1)(xk+1 − xk) (37)

P
sk = xk+1 − xk, yk = ∇f(xk+1)−∇f(xk)

(þ°ã²�ÆA^êÆX) �`znØ��{ 1nÙ December 26, 2008 56 / 73



3.4.1[Úî{��Ñ

duBkCqu∇2f(xk),�±ß�,T�{ATk�Ð�Âñ�
Ç,¿��Ñ
O�þ��":.@o¯K�'�´XÛ�E
Ý
BkºÄk,BkØ�U3ê�þCq∇2f(xk),Ï�·��
8I´ØO�∇2f(xk).@oBk�U35�þCq∇2f(xk).Ï
d,kïÄ�eHessianÝ
∇2f(xk)äk�o��5�.
�Ä∇f(x)3xk+1?�TaylorÐmª

∇f(x) ≈ ∇f(xk+1) +∇2f(xk+1)(x− xk+1) (36)

�x = xk��

∇f(xk+1)−∇f(xk) ≈ ∇2f(xk+1)(xk+1 − xk) (37)

P
sk = xk+1 − xk, yk = ∇f(xk+1)−∇f(xk)

(þ°ã²�ÆA^êÆX) �`znØ��{ 1nÙ December 26, 2008 56 / 73



3.4.1[Úî{��Ñ

duBkCqu∇2f(xk),�±ß�,T�{ATk�Ð�Âñ�
Ç,¿��Ñ
O�þ��":.@o¯K�'�´XÛ�E
Ý
BkºÄk,BkØ�U3ê�þCq∇2f(xk),Ï�·��
8I´ØO�∇2f(xk).@oBk�U35�þCq∇2f(xk).Ï
d,kïÄ�eHessianÝ
∇2f(xk)äk�o��5�.
�Ä∇f(x)3xk+1?�TaylorÐmª

∇f(x) ≈ ∇f(xk+1) +∇2f(xk+1)(x− xk+1) (36)

�x = xk��

∇f(xk+1)−∇f(xk) ≈ ∇2f(xk+1)(xk+1 − xk) (37)

P
sk = xk+1 − xk, yk = ∇f(xk+1)−∇f(xk)

(þ°ã²�ÆA^êÆX) �`znØ��{ 1nÙ December 26, 2008 56 / 73



3.4.1[Úî{��Ñ

¤±(41)Ò�±U�¤

∇2f(xk+1)sk ≈ yk (38)

du�¦BkCq∇2f(xk), =Bk+1Cq∇2f(xk+1),�Ò
´Bk+1÷v(42)ª,¿ò≈U�¤=,
��

Bk+1sk = yk (39)

¡(44)ª�[Newton�§,¿�b�Bk+1´é¡Ý
.
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3.4.1[Úî{��Ñ

b�Bk+1´dBk(J?����.

Bk+1) = Bk +4Bk (40)

�4Bk = uvT , =

Bk+1 = Bk + uvT (41)

yk = Bk+1sk = Bksk + (vT sk)u (42)

¤±
yk −Bks(k) = (vT sk)u (43)
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3.4.1[Úî{��Ñ

�I�u = yk −Bksk, v÷v

vT sk = 1 (44)

K(53)ª¤á.
dBké¡,¿F"Bk+1é¡,Ïd�Iv�u��,=

v = λu = λ(yk −Bksk) (45)

ò(54)ª�\(53)ª,��

1 = λ(yk −Bksk)sk
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3.4.1[Úî{��Ñ

¤±

λ =
1

(yk −Bksk)sk
(46)

(Ü(55)Ú(51)��

Bk+1 = Bk +
(yk −Bksk)(yk −Bksk)T

(yk −Bksk)T sk
(47)

(57)ª¡�éBk�é¡�1?�úª.dd�í�Ñ�A�[
Úî{.
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�{3.3.2 (é¡�1?�úª�[Úî{)

1! �Ð©:x1,�Ð©Ý
B1(= I),�°Ý�¦ε,�k=1.
2! XJ||∇f(xk)|| ≤ ε, KÊ�O�(xk��Ã�å¯K��`
));ÄK¦)�5�§|

Bkd = −∇f(xk),

��dk.
3! ��|¢.¦)��¯K

minφ(α) = f(xk + αdk),

�αk.�
xk+1 = xk + αdk
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�{3.3.2 (é¡�1?�úª�[Úî{)

é¡�1?�úª�[Úî{
4! ?�Bk,P

sk = xk+1 − xk, yk = −αf(xk+1)− αf(xk)

�

Bk+1 = Bk +
(yk −Bksk)(yk −Bksk)T

(yk −Bksk)T sk

5! �k = k + 1,=(2).
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3.4.2A«~^�[Úî{

c¡0�
é¡�1?�úª�[Úî{. ��1úªkü�Ì�
":.
1! �¦(yk −Bksk)T sk 6= 0,eÑy(yk −Bksk)T sk = 0,KÃ{?
1?�ÚO�.

2! ØU�y�½5�D4,=Bk�½,d�1úª���Bk+1Ø�
½�½.�k(yk −Bksk)T sk > 0 âU�yBk+1�½,
ù�^
�3�{¥éJ¢y,=¦(yk −Bksk)T sk > 0,§��Ué
�,¬�)����\Ø�,ê�O��JØÐ.ù�¦��1?
�úª3A^¥É���.
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�
�Ñ�1 úª�":7¬Çé¡�2?�úª. �

4Bk = u1(v1)T + u2(v2)T (48)

=
Bk+1 = Bk + u1(v1)T + u2(v2)T (49)

ò(59)�\[Newton�§��

Bksk + ((v1)T sk)u1 + ((v2)T sk)u2 = yk (50)

(þ°ã²�ÆA^êÆX) �`znØ��{ 1nÙ December 26, 2008 64 / 73



�
�Ñ�1 úª�":7¬Çé¡�2?�úª. �

4Bk = u1(v1)T + u2(v2)T (48)

=
Bk+1 = Bk + u1(v1)T + u2(v2)T (49)

ò(59)�\[Newton�§��

Bksk + ((v1)T sk)u1 + ((v2)T sk)u2 = yk (50)

(þ°ã²�ÆA^êÆX) �`znØ��{ 1nÙ December 26, 2008 64 / 73



��1úªaqí�,�I�ui, vi(i = 1, 2)÷v{
u1 = yk,
(v1)T sk = 1

{
u2 = −Bksk

(v2)T sk = 1
(51)

K(60)ª¤á. 2dBk�é¡5Úaqu�1 úª�í�L
§,��

Bk+1 = Bk − Bksk(sk)T Bk

(sk)T Bksk
+

yk(yk)T

(yk)T sk
(52)

(62)ª¡�éBk�é¡�2?�úª,�¡�BFGSúª�A�
�{¡�BFGS�{.
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½n3.4.1

�Bk´é¡�½Ý
,e(yk)T sk > 0, ÏL�2úª���Bk+1�

±�½.
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�{3.3.3(BFGS�{)

BFGS�{
1! �Ð©:x1,�Ð©Ý
B1(= I),�°Ý�¦ε,�k=1.
2! XJ||∇f(xk)|| ≤ ε, KÊ�O�(xk��Ã�å¯K��`
));ÄK¦)�5�§|

Bkd = −∇f(xk),

��dk.
3! ��|¢.¦)��¯K

minφ(α) = f(xk + αdk),

�αk.�
xk+1 = xk + αdk
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�{3.3.3(BFGS�{)

BFGS�{
4! ?�Bk,P

sk = xk+1 − xk, yk = −αf(xk+1)− αf(xk)

�

Bk+1 = Bk − Bksk(sk)T Bk

(sk)T Bksk
+

yk(yk)T

(yk)T sk

5! �k = k + 1,=(2).
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~3.3.2µ^CÝþ{(BFGS�{)¦)Ã�å
¯K

^CÝþ{(BFGS�{)¦)Ã�å¯K

minf(x) =
3

2
x2

1 +
1

2
x2

2 − x1x2 − 2x1,

�x1 = (0, 0)T .
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)

∇f(x) =

(
3x1 − x2 − 2

x2 − x1

)
=

(
g1

g2

)
∇2f(x) =

(
3 −1
−1 1

)
= G

��|¢Ú��

αk =
(dk)T∇f(xk)

(dk)T Gdk
= − d1g1 + d2g2

3d2
1 + d2

2 − 2d1d2

(53)

�x1 = (0, 0)T , K∇f(x1) = (−2, 0)T , B1 = I, d1 =
−(B1)−1∇f(x1) = −∇f(x1) = (2, 0)T . d(44)�Ú
�α1 = 22

3·22 = 1
3
,
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)

Ïd

x2 = x1 + α1d
1 = (0, 0)T +

1

3
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