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�`z¯KêÆ�.���/ª

�`z¯KêÆ�.���/ª�
min f(x)
s.t. ci(x) = 0, i ∈ E = {1, 2, · · · , l}

ci(x) ≤ 0, i ∈ I = {l + 1, l + 2, · · · , l + m}
x ∈ Rn.

(1.1.1)

ùpminL«¦4��§s.t.=subject to¿g´É��
u· · ·§x´n��þ§Ù©þ´x1, · · · , xn. 3¯K(1.1.1)
¥¡f(x) �8I¼ê(objective function), ¡ci(x)(i ∈ E ∪ I)
��å¼ê(constraint functions). e¦4��,�±ò8I
¼ê�¤ min(−f(x)) , Ø�ª�å ci(x) ≥ 0 �±�
¤−ci(x) ≤ 0.
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�1�,�1:

½Â1.1.1
eP8Ü

D = {x|ci(x) = 0, i ∈ E; ci(x) ≤ 0, i ∈ I, x ∈ Rn},

K¡D�¯K(1.1.1)��1�,ex ∈ D,K¡x��1:.
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�`z¯K(1.1.1)�{ü©a

1! �â�1�Dy©: eD = Rn,=x´gdCþ,K¡¯
K(1.1.1)�Ã�å`z¯K;ÄK,D ⊂ Rn,¡¯K(1.1.1)��
å`z¯K.

2! �â¼ê�5�y©: e8I¼êÚ�å¼êÑ´�5�,K
¡¯K(1.1.1)��55y;e8I¼êÚ�å¼ê¥��k�
�´��5�,K¡¯K(1.1.1)���55y.?�Ú,e8I
¼ê´�g¼ê, ci(x)(i = 1, · · · , l + m) ´�5¼ê, K¡¯
K(1.1.1)��g5y.

3! �â�1��5�y©: e�1�S�:´k��,K
¡(1.1.1)�lÑ�`z¯K; e�1�S¹kÃ¡õ�Ø�ê
�:,��1�S�:�±ëYCz,K¡(1.1.1)�ëY�`z
¯K. éulÑ`z¯K, eCþþ��ê, K¡Ù��ê5
y¯K; eÜ©Cþ��ê, ,�Ü©CþëYCz,K¡
Ù�·Ü�ê5y¯K.
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�`z¯K(1.1.1)�{ü©a

4! �â¼ê��þ5�y©: e8I¼ê��þ¼ê�, K
¡(1.1.1)�õ8I5y¯K; e8I¼ê�êþ¼ê�, K
¡(1.1.1)�ü8I5y¯K.

5! �â5y¯Kk'&E�(½5y©: e8I¼ê½�å¼
êäk�Å5,�Ò´¯K�Lã/ª��m�CzCz,
äkØ(½5,ù��`z¯K¡��Å5y;�A/,,	�
aÒ´8I¼êÚ�1�Ñ´(½�,ù��5y¯K¡�(
½55y¯K.
�ÖÌ�?Ø(½55y¯K.
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¢~

~K1.1.1 Ý]¯K

b½I[�e��ÊcOyS^uuÐ,«ó��oÝ]
�b·�§�øÀJ,ï��8�kn�.®�1j��8�Ý]
�aj ·�§��ÂÃ�cj ·�§¯AXÛ?1Ý]§âU¦J
|Ç£=ü Ý]����ÂÃ¤��pº
)µ-ûüCþ�xj §Kxj A÷v^�

xj(xj − 1) = 0.

Ó�xj A÷v�å^�
∑n

j=1 ajxj ≤ b. 8I¼ê´�¦J|Ç

f(x1, x2, · · · , xn) =

∑n
j=1 cjxj∑n
j=1 ajxj

����. ù´���ê5y¯K.
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¢~

~K1.1.2 ��ÀJ¯K

�kn�½|§1j�½| ��(pj, qj) §§é,«ÀÔ�I
�þ�bj, j = 1, · · · , n.yOyïám�ó¥§1i�ó¥��;N
þ�ai, i = 1, · · · , m .Á(½ó¥� �§¦�ó¥é�½|�$
Ñþ�´§¦È�Ú���.
)µ�1i�ó¥� ��(xi, yi), i = 1, · · · , m§1i�ó¥�1j�
½|�ÀÔøAþ�zij, i = 1, · · · , m, j = 1, · · · , n§K1i�ó¥
�1j�½|�ål�

dij =
√

(xi − pj)2 + (yi − qj)2.
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¢~

~K1.1.2 ��ÀJ¯K

8I¼ê�

m∑
i=1

n∑
j=1

zijdij =
m∑

i=1

n∑
j=1

zij

√
(xi − pj)2 + (yi − qj)2

�å^��µ
£1¤z�ó¥��½|Jø�ÀÔþ�ÚØU�L§��;N
þ¶

£2¤z�½|l�ó¥���ÀÔþ�ÚA�u§�I�þ¶
£3¤$ÑþØU�Kê.

(þ°ã²�ÆA^êÆX) �`znØ��{ December 26, 2008 8 / 1



¢~

~K1.1.2 ��ÀJ¯K

Ïd§¯K�êÆ�.�µ
min f(x) =

∑m
i=1

∑n
j=1 zijdij

=
∑m

i=1

∑n
j=1 zij

√
(xi − pj)2 + (yi − qj)2

s.t.
∑n

j=1 zij ≤ ai, i = 1, · · · , m,∑m
i=1 zij = bj, j = 1, · · · , n,

zij ≥ 0, i = 1, · · · , m, j = 1, · · · , n,
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¢~

~K1.1.3 �[Ü¯K

3�Æ¢�!ó§�OÚ+nó�¥§²~¬��eã¯
KµÏL¢�½¢ÿ��n|êâ(ti, yi) §§��À�²¡þ
�n�:§Ï"(½�|ëêx = (x1, · · · , xm)T , ¦�y = φ(x; t)
�Z%Cùn�:"Ï~rù�¯K8(�Xe�`z¯Kµ

min f(x) =
∑m

i=1[φ(x, ti)− yi]
2

�x? �¯K��`)§Ky = φ(x?, t)=�ÏL���¦{én|
êâ(ti, yi)�[Ü�.
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¢~

~K1.1.4 ß�$Ñ¯K

�kV (m3) �ß!��d`/$Ñ�¯/§$ÑcI�kC
\��k.ÃX¿3.Ükw1ì�7�¥§ß!�$�¯/
�§l�¥�Ñ§2UY^��C$§ØØ�f��§zC$�
�§I0.1�§�.Úüà�á�¤�20�/m2 §�füýá�¤
�5�/m2 §�.�ü�w1ì��fÓ�§á�¤�2.5�/m§
¯7���!°!pA��õ��§âU¦$¤��f�¤�¤
�oÚ���.
)µ�7���!°!p©O�x1, x2, x3, $¤�¤�¤�oÚ
�w §Kþã¯K�8(�Xe�`z�.µ{

min w(x) = 0.1 ∗ V/(x1x2x3) + 20x1x2 + 10x1x3 + 40x2x3 + 5x1

s.t. xi > 0, i = 1, 2, 3.
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¢~

~K1.1.4 ß�$Ñ¯K

3þã¯K¥§e�¦�f.�üý¦^¢�5�§¢�
�k4²��§Ù¦�þã¯K�Ó§ù�¯K8(�µ

min w(x) = 0.1 ∗ V/(x1x2x3) + 40x2x3 + 5x1

s.t. 1
2
x1x3 + 1

4
x1x2 ≤ 1,

xi > 0, i = 1, 2, 3.
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�. �5�m

�5�m½Â

�E´��8Ü,3d8Üþ½Â\{Úê¦$�, ¿�$�´µ
4�,ù�/ª�E¡��5�m,Ù¥E¥���x¡��þ.

3n��5�m¥,Pn���þ�

x = (x1, x2, · · · , xn)T

Ù¥TL«=�.
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�. �5�m

�þ\{,ê¦½Â
ex,y ´�5�mE¥�ü��þ, Ï~�\{½Â�

x + y = (x1 + y1, x2 + y2, · · · , xn + yn)T ,

eλ´��Iþ, Ï~�ê¦½Â�:

λx = (λx1, λx2, · · · , λxn)T

(þ°ã²�ÆA^êÆX) �`znØ��{ December 26, 2008 14 / 1



�. �5�m

ê¦�5�

λ(µx) = (λµ)x,

(λ + µ)x = λx + µx,

λ(x + y) = λx + λy.

�5|Ü

�a1, a2, · · · , am�E¥m��þ,¡

x = λ1a1 + · · · , λmam

�a1, · · · , am��5|Ü.
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�. �5�m

�5�',�5Ã'
XJ�3λi 6= 0(=λiØ��"), ¦�

λ1a1 + · · · , λmam = 0,

K¡a1, a2, · · · , am�5�', ��K¡a1, a2, · · · , am�5Ã'.

�Ò´`, e

λ1a1 + · · · , λmam = 0,

K=kλi = 0, i = 1, · · · , m.
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�. Euclid�m£î¼�m¤

¤¢î¼�m§Ò´3�5�mþ½Â��Ýþ"éun�î
¼�m£P�Rn¤§�þx�y�SÈ½Â�

< x, y >=
n∑

i=1

xiyi = xT y.
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�. Euclid�m£î¼�m¤

SÈ�5�

1, < x, x >≥ 0,� < x, x >= 0�¿©7�^�´x = 0.
2, < x, y >=< y, x > .
3, < λx + µy, z >= λ < x, z > +µ < y, z >.

�ê½Â

n�î¼�mRnþ��ê½Â�µ

|x| =

(
n∑

i=1

x2
i

) 1
2

= (< x, x >)
1
2 ,

=Ï~¿Âe�ål,½¡�l2�ê.
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�. Euclid�m£î¼�m¤

�ê�5�

1, ‖x‖ ≥ 0,�‖x‖ = 0�¿©7�^�´x = 0.
2, ‖x‖ ≥ 0,�‖x‖ = 0�¿©7�^�´x = 0.
3, ‖x + y‖ ≤ ‖x‖+ ‖y‖(n�Ø�ª). ±9Cauchy-SchwarzØ�ª

| < x, y > | ≤ ‖x‖‖y‖,

��Ò¤á�¿©7�^�´µx�ô��§=�3λ§¦�

x = λy.

òTØ�ª�¤©þ/ª�µ

|
n∑

i=1

xiyi| ≤ (
n∑

i=1

x2
i )

1
2 (

n∑
i=1

y2
i )

1
2
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n. Ý


Ý
½Â

¡

A =


a11 a12 · · · a1n

a21 a22 · · · a2n
...

... . . . ...
am1 am2 · · · amn


�m× n�Ý
§P�A = Am×n.
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n. Ý


©¬Ý


éuÝ
A§�±?1©¬§=

A =

[
A11 A12

A21 A22

]
,

Ù¥A11�m1 × n1, A12�m1 × n2, A21�m2 × n1, A22�m2 × n2

�Ý
§�m1 + m2 = m, n1 + n2 = n.ùpAOJ�ü«AÏ�
©¬Ý
§U�©¬

A = [P1, P2, · · · , Pn] , Pj =


a1j

a2j
...

amj
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n. Ý


©¬Ý


ÚU1©¬

A =


aT

1

aT
2
...

aT
m

 , aT
i = (ai1, ai2, · · · , ain).

Ý
A��P�rank(A).e

rank(A) = min{m,n}

�§K¡Ý
A´÷��.em < n,K¡�1÷�§em > n,K¡
��÷�.�em = n�§KÝ
�n��ÛÉ�
.
Ý
�ÛÉ�¿©7�^�´µdet(A) 6= 0.
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n. Ý


é¡Ý
,�½Ý

eA�n× n�Ý
§eA÷v

AT = A,

K¡A�é¡Ý
.eéu��x 6= 0,þk

xT Ax > 0,

K¡A��½é¡Ý
.eé��x,þk

xT Ax ≥ 0,

K¡A���½Ý
.
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õ�¼ê©Û

½Â1.3.1
�é�¼êf(x)égCþx = (x1, x2, · · · , xn)T��©þxi� �

ê∂f(x)
∂xi

, i = 1, · · · , n Ñ�3§K¡¼êf(x)3ó?����§¿
¡�þµ

∇f(x) = (
∂f(x)

∂x1

, · · · ,
∂f(x)

∂xn

)T

�¼êf(x)3ó?����ê½FÝ§Pg(x) = ∇f(x)£g(x)�
��þ¤"
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õ�¼ê©Û

½Â1.3.2
�é�¼êf(x)gCþx = (x1, x2, · · · , xn)T��©þxi��� 

�ê ∂2f(x)
∂xi∂xj

, i = 1, · · · , n, j = 1, · · · , nÑ�3§K¡¼êf(x)3:

ó?����§¿¡Ý


∇2f(x) =


∂2f(x)

∂x2
1

∂2f(x)
∂x1∂x2

· · · ∂2f(x)
∂x1∂xn

∂2f(x)
∂x2∂x1

∂2f(x)
∂x2∂x2

· · · ∂2f(x)
∂x2∂xn...

... . . . ...
∂2f(x)
∂xn∂x1

∂2f(x)
∂xn∂x2

· · · ∂2f(x)
∂x2

n


�f(x)3x?����ê½HessianÝ
.
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õ�¼ê©Û

P�∇2f(x), =

∇2f(x) =

(
∂2f(x)

∂xi∂xj

)
n×n

.

k�P�G(x).
ef(x)éx�C��¤k�� �êÑëY§K

∂2f(x)

∂xi∂xj

=
∂2f(x)

∂xj∂xi

,

d�∇2f(x)�é¡Ý
"
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õ�¼ê©Û

~1.3.1
�A ∈ Rn×n�é¡Ý
§b ∈ Rn, c ∈ R1,¦
(1)�5¼êf(x) = bT x�FÝÚHessian Ý
,
(2)�g¼êf(x) = xT Ax + bT x + c�FÝÚHessian Ý
.

):(1) f(x) = bT x = b1x1 + b2x2 + · · ·+ bnxn,
¤±

∂f

∂xk

= bk, k = 1, 2, · · ·, n, (∗)

Ïd
5f(x) = (b1, b2, · · ·, bn)T = b.

é(∗)ª2¦�ê,��

∂2f

∂xk∂xl

= 0, k, l = 1, 2, · · ·, n,
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õ�¼ê©Û

Ïd��52f(x) = 0.
(2)-f

′
(x) = xT Ax,u´

f
′
(x) = xT Ax =

n∑
i=1

n∑
j=1

aijxixj,

Ïd

∂f
′

∂xk
= (
∑n

i=1,i6=k(
∑n

j=1 aijxixj) +
∑n

j=1,j 6=k akjxkxj + akkx
2
k)
′

=
∑n

i=1,i6=k aikxi +
∑n

j=1,j 6=k akjxj + 2akkxk

=
∑n

i=1 aikxi +
∑n

j=1 akjxj, k = 1, 2, · · ·, n,

Ú
∂2f

′

∂xk∂xl

= alk + akl, k, l = 1, 2, · · ·, n,
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¤±FÝ�

∇f
′
(x) =


a11 a21 · · · an1

a12 a22 · · · an2
...

... . . . ...
a1n a2n · · · ann




x1

x2
...

xn

+


a11 a12 · · · a1n

a21 a22 · · · a2n
...

... . . . ...
an1 an2 · · · ann




x1

x2
...

xn


= AT x + Ax

(∗∗)
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¤±FÝ�ÙHesseÝ
�

52f
′
(x) =


a11 a21 · · · an1

a12 a22 · · · an2
...

... . . . ...
a1n a2n · · · ann

+


a11 a12 · · · a1n

a21 a22 · · · a2n
...

... . . . ...
an1 an2 · · · ann


= AT + A.

(∗ ∗ ∗)
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Ï�A�é¡Ý
§=AT = A,K(∗∗)ªÚ(∗ ∗ ∗)ª�±�¤

5f
′
(x) = 2Ax,

52f
′
(x) = 2A.

Ïd
5f(x) = 2Ax + b,

52f(x) = 2A.
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½Â1.3.3
��þ¼êF (x) = (f1(x), f2(x), · · · , fm(x))T��©þ¼
êfi(x)(i = 1, · · · , m)égCþx = (x1, · · · , xn)T�©þ� �ê

∂fi(x)

∂xj

, i = 1, · · · , m, j = 1, · · · , n

Ñ�3§K¡F (x)3:x?����§¿¡Ý


F ′(x) =


∂f1(x)

∂x1

∂f1(x)
∂x2

· · · ∂f1(x)
∂xn

∂f2(x)
∂x1

∂f2(x)
∂x2

· · · ∂f2(x)
∂xn...

... . . . ...
∂fm(x)

∂x1

∂fm(x)
∂x2

· · · ∂fm(x)
∂xn


��þ¼êF (x)3x?�ä�'(Jacobi)Ý
.
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��ê�'�,��Vg´���ê, n�¼ê����ê3
��55y¯K�ïÄ¥äk�~���^,e¡,·�/Ïu
��¼ê���Ú���ê,�Ñn �¼ê���Ú�����ê.
Äk§�âõ�EÜ¼ê�¦�{K§�Ñ��¼ê

φ(a) = f(x + ad), a ∈ R1, x, d ∈ Rn

���!���ê.
-

u = x+ ad = (x1 + ad1, x2 + ad2 + · · · , xn + adn)T = (u1, · · · , un)T ,
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K
φ′(a) = ∂f(u)

∂u1

du1

da
+ · · ·+ ∂f(u)

∂un

dun

da

= ∂f(u)
∂u1

d1 + · · ·+ ∂f(u)
∂un

dn

= ∇f(u)T d
= ∇f(x + ad)T d,

(1.3.1)
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φ′′(a) = (∂2f(u)

∂u2
1

d1 + ∂2f(u)
∂u1∂u2

d2 + · · ·+ ∂2f(u)
∂u1∂un

dn)d1

( ∂2f(u)
∂u2∂u1

d1 + ∂2f(u)

∂u2
2

d2 + · · ·+ ∂2f(u)
∂u2∂un

dn)d2

+ · · ·
( ∂2f(u)

∂un∂u1
d1 + ∂2f(u)

∂un∂u2
d2 + · · ·+ ∂2f(u)

∂u2
n

dn)dn

= (d1, d2, · · · dn)


∂2f(u)

∂u2
1

∂2f(u)
∂u1∂u2

· · · ∂2f(u)
∂u1∂un

∂2f(u)
∂u2∂u1

∂2f(u)
∂u2∂u2

· · · ∂2f(u)
∂u2∂un...

... . . . ...
∂2f(u)
∂un∂u1

∂2f(u)
∂un∂u2

· · · ∂2f(u)
∂u2

n




d1

d2
...

dn


= dT∇2f(x + ad)d.

(1.3.2)
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½Â1.3.4
éu?¿�½�d 6= 0,e4�

lim
a→0+

f(x̄ + ad)− f(x̄)

a‖d‖

�3§K¡T4���¼êf(x)3x̄?÷��d������ê§
{¡����ê§P� ∂

∂d
f(x̄),=

∂

∂d
f(x̄) = lim

a→0+

f(x̄ + ad)− f(x̄)

a‖d‖
(1.3.3)
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XJUþã½Â¦���ê�{���¡§e¡�Ñ���
ê�,�«L�ª"

½n1.3.1
e¼êf(x)äkëY��� �ê§K§3x̄?÷��d����
��ê�

∂

∂d
f(x̄) =< ∇f(x̄),

d

‖d‖
>=

1

‖d‖
dT∇f(x̄). (1.3.4)
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y²: Px̄ = (x̄1, x̄2, · · · , x̄n)T , d = (d1, · · · , dn)T ,�ÄüCþ¼ê

φ(a) = f(x̄ + ad),

d½n^��φ(a)��§dª(1.3.1)��

φ′(a) = dT∇f(x̄ + ad),

�a = 0�§k
φ′(0) = dT∇f(x̄). (1.3.5)
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,��¡§dª(1.3.3)(1.3.5)��µ

∂
∂d

f(x̄) = lima→0+
f(x̄+ad)−f(x̄)

a‖d‖

= 1
‖d‖ lima→0+

φ(a)−φ(0)
a

= 1
‖d‖φ

′(0)

= 1
‖d‖d

T∇f(x̄)
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���ê�AÛ¿Â

¼êf(x) 3x̄?÷d���CzÇ.e∂f
∂d

> 0,K÷X��dO\
�,¼ê�þ,,d�,�¡d�þ,��. e∂f

∂d
< 0, K¡d´eü�

�.

(þ°ã²�ÆA^êÆX) �`znØ��{ December 26, 2008 40 / 1



õ�¼ê©Û

dª(1.3.4)ÚCauchy-SchwarzØ�ª��

∂
∂d

f(x̄) = < ∇f(x̄), d
‖d‖ >

≤ ‖∇f(x̄)‖‖ d
‖d‖‖

= ‖∇f(x̄)‖.

AO�d = ∇f(x̄)�,k

∂
∂d

f(x̄) = < ∇f(x̄), d
‖d‖ >

= < ∇f(x̄), ∇f(x̄)
‖∇f(x̄)‖ >

= ‖∇f(x̄)‖.

(Üþ¡üª,d = ∇f(x̄)´3x̄?¦����ê������
�,¡Ù���þ,��.
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Ón�� ∂
∂d

f(x̄) ≥ −‖∇f(x̄)‖,�d = −∇f(x̄)�,k

∂

∂d
f(x̄) = −‖∇f(x̄)‖,

Ïd¡d = −∇f(x̄) �x̄?���eü��( direction of steepest
descent).
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e¡0������ê.

½Â1.3.5
éu?¿�½�d 6= 0,e4�

lim
a→0+

∂
∂d

f(x̄ + ad)− ∂
∂d

f(x̄)

a‖d‖

�3§K¡T4���¼êf(x)3x̄?÷��d������ê,
P� ∂2

∂d2 f(x̄),=

∂2

∂d2
f(x̄) = lim

a→0+

∂
∂d

f(x̄ + ad)− ∂
∂d

f(x̄)

a‖d‖
.
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½n1.3.2
e¼êf(x)äkëY��� �ê§K§3x̄?÷��d����
��ê�

∂2

∂d2
f(x̄) =

1

‖d‖2
dT∇2f(x̄)d.

y²:�ÄüCþ¼ê

φ(a) = f(x̄ + ad),

d½n^�9ª(1.3.2)��µ

φ′′(a) = dT∇2f(x̄ + ad)d.

�a = 0�§k
φ′′(0) = dT∇2f(x̄)d.
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,��¡§d½n(1.3.1)�y²L§kµ

∂

∂d
f(x̄) =

1

‖d‖
φ′(0),

∂

∂d
f(x̄ + ad) =

1

‖d‖
φ′(a),

Ïdkµ

∂2

∂d2 f(x̄) = lima→0+

∂
∂d

f(x̄+ad)− ∂
∂d

f(x̄)

a‖d‖

= 1
‖d‖2 lima→0+

φ′(a)−φ′(0)
a

= 1
‖d‖2 φ

′′(0)
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�����ê�AÛ¿Â: £ã¼êf(x)3x̄?÷��d�]à
5Ú��§Ý.

n�¼ê��VÐmª3��55y�nØ©Û¥åX��
�^§'un�¼ê��VÐmª§¤áXe½n.
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½n1.3.3
(1)�¼êf(x) : Rn → R1, ef(x)3:x̄�,���N(x̄)S��ë
Y��, K�3θ ∈ (0, 1)¦�

f(x) = f(x̄) +∇f(x̄ + θ(x− x̄))T (x− x̄), x ∈ N(x̄).

(2)�¼êf(x) : Rn → R1, ef(x)3:x̄�,���N(x̄)S��ë
Y��, K

f(x) = f(x̄) +∇f(x̄)T (x− x̄) + o(‖x− x̄‖), x ∈ N(x̄).
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½n1.3.3
(3)¼êf(x) : Rn → R1, ef(x)3:x̄�,���N(x̄)S��ëY
��, K�3θ ∈ (0, 1)¦�

f(x) = f(x̄) +∇f(x̄)T (x− x̄)
+1

2
(x− x̄)T∇2f(x̄ + θ(x− x̄))(x− x̄), x ∈ N(x̄).

(1.3.6)

(4)êf(x) : Rn → R1, ef(x)3:x̄�,���N(x̄)S��ëY�
�, K

f(x) = f(x̄) +∇f(x̄)T (x− x̄)
+1

2
(x− x̄)T∇2f(x̄)(x− x̄) + o(‖x− x̄‖2), x ∈ N(x̄).

(1.3.7)
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y²:(Ø(1)(2)3�Öögy§e¡y²(Ø(3)Ú(4).
(3). �x = x̄�§(1.3.6)w,¤á§Ïd·�=�Äx 6= x̄��¹.
�

φ(a) = f(x̄ + ad),

Ù¥d = x− x̄,d��¼ê��Vúªkµ

φ(a) = φ(0) + φ′(0)a +
1

2
φ′′(θ)a2,

Ù¥0 < θ < a.�a = 1§�

φ(1) = φ(0) + φ′(0) +
1

2
φ′′(θ), (1.3.8)
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y²:(Ø(1)(2)3�Öögy§e¡y²(Ø(3)Ú(4).
(3). �x = x̄�§(1.3.6)w,¤á§Ïd·�=�Äx 6= x̄��¹.
�

φ(a) = f(x̄ + ad),

Ù¥d = x− x̄,d��¼ê��Vúªkµ

φ(a) = φ(0) + φ′(0)a +
1

2
φ′′(θ)a2,

Ù¥0 < θ < a.�a = 1§�

φ(1) = φ(0) + φ′(0) +
1

2
φ′′(θ), (1.3.8)

(þ°ã²�ÆA^êÆX) �`znØ��{ December 26, 2008 50 / 1



õ�¼ê©Û

w,φ(1) = f(x), φ(0) = f(x̄), dª(1.3.5)(1.3.2)�

φ′(0) = dT∇f(x̄).

φ′′(θ) = dT∇2f(x̄ + θd)d.

ò±þ�ª�\(1.3.8)ª§B�(1.3.6).
(4) �

φ(a) = f(x̄ + ad)
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Ù¥a = ‖x− x̄‖, d = x−x̄
‖x−x̄‖ , d��¼ê��Vúªkµ

φ(a) = φ(0) + φ′(0)a +
1

2
φ′′(0)a2 + o(a2), (1.3.9)

qkµ

φ(a) = f(x), φ(0) = f(x̄)

φ′(0)a = ∇f(x̄)T (x− x̄),

φ′′(0)a2 = (x− x̄)T∇2f(x̄)T (x− x̄),

ò±þ�ª�?(1.3.9)ª§=�(1.3.7)ª.
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3(2)(4)¥,eÑ�p�Ã¡�þ,KkCq'Xª

f(x) ≈ f(x̄) +∇f(x̄)T (x− x̄), (1.3.10)

f(x) ≈ f(x̄)+∇f(x̄)T (x− x̄)+
1

2
(x− x̄)T∇2f(x̄)(x− x̄), x ∈ N(x̄).

(1.3.11)
Ï~r(1.3.10)(1.3.11) �m>©O¡�¼êf(x)3x̄?��5Cq
(¼ê)Ú�gCq(¼ê).
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à8�à¼ê´�`z�{nØ©Û¥�����Ü©S
N,3�!·���/0�à8Úà¼ê�½ÂÚÄ�5�.

½Â1.4.1
�8ÜD ⊂ Rn,XJéu?¿�x, y ∈ D �?¿�a ∈ [0, 1]k

ax + (1− a)y ∈ D,

K¡8ÜD´à8.(convex set)
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à8�AÛ¿Â´:eü�:áud8Ü,Kùü:ë�þ�?
¿�:þáud8Ü(�ã1.4.1)
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½n1.4.1
�D1, D2 ⊂ Rn´à8,α ∈ R1,K
(1) D1 ∩D2 = {x|x ∈ D1, x ∈ D2}´à8.
(2) αD1 = {αx|x ∈ D1}´à8.
(3) D1 + D2 = {x + y|x ∈ D1, x ∈ D2}´à8.
(4) D1 −D2 = {x− y|x ∈ D1, x ∈ D2}´à8.

ù�½n�y²�dà8�½Â���Ñ,3�Öö��öS.
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½n1.4.2
D´à8�¿©7�^�´:é?¿�m ≥ 2,?
�x(1), · · · , x(m) ∈ DÚ¢êα1, · · · , αm,
�αi ≥ 0, i = 1, · · · , m,

∑m
i=1 αi = 1,þk

α1x
(1) + · · ·+ αmx(m) ∈ D

y²:�m = 2�§dà8�½Â,·Kw,¤á.
b��m = k�·K¤á§=�x(i) ∈ D, i = 1, 2, , · · ·, k, αi ≥
0, i = 1, 2, · · ·, k,

∑k
i=1 αi = 1,k

∑k
i=1 αix

(i) ∈ D.
�m = k + 1�§x(i) ∈ D, i = 1, 2, · · ·, k, k + 1, αi ≥ 0, i =
1, 2, · · ·, k, k + 1,

∑k+1
i=1 αi = 1,k
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∑k+1
i=1 αix

(i) =
∑k

i=1 αix
(i) + αk+1x

(k+1)

= (
∑k

j=1 αj)[
∑k

i=1
αi∑k

j=1 αj
x(i)] + αk+1x

(k+1)

(1.4.1)
du

∑k
i=1

αi∑k
j=1 αj

= 1,� αi∑k
j=1 αj

≥ 0,d8B{b�k

k∑
i=1

αi∑k
j=1 αj

x(i) ∈ D (1.4.2)

5¿�
∑k

j=1 αi + αk+1 = 1,d(1.4.1)ªÚ(1.4.2)ª9à8�½Â§
��

∑k+1
i=1 αix

(i) ∈ D.
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½Â1.4.2
�D´��à8§f´½Â3Dþ�¼ê§XJé?¿
�x(1), x(2) ∈ D, α ∈ (0, 1),þk

f(αx(1) + (1− α)x(2)) ≤ αf(x(1)) + (1− α)f(x(2)),

K¡f�Dþ�à¼ê(convex function).
eé?¿�x(1), x(2) ∈ D, α ∈ (0, 1),þk

f(αx(1) + (1− α)x(2)) < αf(x(1)) + (1− α)f(x(2)),

K¡f�Dþ�î�à¼ê.
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e−f�à¼ê§K¡f�]¼ê(concave function),e−f�î
�à¼ê§K¡f�î�]¼ê.
à¼ê�AÛ¿Â�µ�x�üCþ�§à¼ê�?¿ü:m�
�ão3u�e�§]¼êo3u�þ�£�ã¤.
e�¼êþ�Rnþ�à¼êµ(1)f(x) = cT x; (2)f(x) =
‖x‖; (3)f(x) = xT Ax(Ù¥A´é¡�½Ý
).
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½Â1.4.3
¡8Ü

Dα = {x|f(x) ≤ α, x ∈ D}

�¼êf�Y²8(level set).

½n1.4.3
eD´��à8§f´½Â3Dþ�à¼ê§Ké?¿�α ∈ R,Y
²8Dα´à8.

(þ°ã²�ÆA^êÆX) �`znØ��{ December 26, 2008 61 / 1



à8�à¼ê

½Â1.4.3
¡8Ü

Dα = {x|f(x) ≤ α, x ∈ D}

�¼êf�Y²8(level set).

½n1.4.3
eD´��à8§f´½Â3Dþ�à¼ê§Ké?¿�α ∈ R,Y
²8Dα´à8.
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y²µéu?¿�x(1), x(2) ∈ Dα, =f(x(1)) ≤ a, f(x(2)) ≤ α, Ké
u?¿�λ ∈ (0, 1),k

f(λx(1) + (1− λ)x(2)) ≤ λf(x(1)) + (1− λ)f(x(2))
≤ λα + (1− λ)α = α

¤±
λx(1) + (1− λ)x(2) ∈ Dα
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e¡�ÑA�à¼ê��O½n.

½n1.4.4
f(x)�à¼ê�¿�^�´é?¿�x, y ∈ Rn,��¼
êϕ(α) = f(x + αy)´'uα�à¼ê.

y²µ7�5 �λ1 ≥ 0§λ2 ≥ 0§�λ1 + λ2 = 1 §dϕ(α)�½
ÂÚf(x)�à5k

ϕ(λ1α1 + λ2α2) = f(x + (λ1α1 + λ2α2)y)
= f(λ1x + λ2x + (λ1α1 + λ2α2)y)
= f(λ1(x + α1y) + λ2(x + α2y)
≤ λ1f(x + α1y) + λ2f(x + α2y)
= λ1ϕ(α1) + λ2ϕ(α2)

d¼ê�½Â�ϕ(α)´à¼ê.
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à8�à¼ê

¿©5 ?�x, y ∈ Rn,�z1 = x + α1y,z2 = x + α2y,

f(λ1z
1 + λ2z

2) = f(λ1(x + α1y) + λ2(x + α2y))
= f(x + (λ1α1 + λ2α2)y)
= ϕ(λ1α1 + λ2α2)
≤ λ1ϕ(α1) + λ2ϕ(α2)
= λ1f(x + α1y) + λ2f(x + α2y)
= λ1f(z1) + λ2f(z2)

��f(x)´à¼ê.
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à8�à¼ê

½n1.4.5
�D ⊂ Rn´��mà8§f : D ⊂ Rn → R1, �f(x)3Dþ��ë
Y��§K
(1) f(x)´Dþ�à¼ê�¿�^�´

f(y) ≥ f(x) +∇f(x)T (y − x), ∀x, y,∈ D. (1.4.3)

(2)f(x)´Dþ�î�à¼ê�¿�^�´

f(y) > f(x) +∇f(x)T (y − x), ∀x, y,∈ D,�x 6= y. (1.4.4)
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à8�à¼ê

y²µ7�5 �f(x)´Dþ�à¼ê§K∀α ∈ (0, 1)k

f(αy + (1− α)x) ≤ αf(y) + (1− α)f(x),

�
f(x + α(y − x))− f(x)

α
≤ f(y)− f(x). (1.4.5)

d�VÐmª��

f(x + α(y − x))− f(x) = α∇f(x)T (y − x) + o(α‖y − x‖),
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à8�à¼ê

òÙ�\(1.4.5)ª�

∇f(x)T (y − x) +
o(α‖y − x‖)

α
≤ f(y)− f(x).

ü>'uα → 0�4�§k∇f(x)T (y − x) ≤ f(y)− f(x).
¿©5 �f(y)− f(x) ≥ ∇f(x)T (y − x),∀x, y ∈ D, ∀α ∈ (0, 1).
�x = αx + (1− α)y§duD´à8§�x ∈ D"d(1.4.3)ª�§
éx, x ∈ DÚy, x ∈ D©Ok

f(x) +∇f(x)T (x− x) ≤ f(x), ∀x ∈ D, (1.4.6)

f(x) +∇f(x)T (y − x) ≤ f(y), ∀y ∈ D. (1.4.7)
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à8�à¼ê

é(1.4.6)ª¦±α§(1.4.7)ª¦±(1− α)�\�

f(x) +∇f(x)T (αx + (1− α)y − x) ≤ αf(x) + (1− α)f(y),

5¿�x = αx + (1− α)y§u´�

f(x) ≤ αf(x) + (1− α)f(y),

=
f(αx + (1− α)y) ≤ f(x) + (1− α)f(y).

þªé?¿�α ∈ (0, 1)¤á§�d½Â1.4.2�f(x)´à8Dþ�
à¼ê.
aq�y(Ø(2).
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à8�à¼ê

e¼êf(x)��ëY��§Kke¡��O½n.

½n1.4.6
�D ⊂ Rn´��mà8§f : D ⊂ Rn → R1, �f(x)3Dþ��ë
Y��§Kf(x)´Dþ�à¼ê�¿�^�´f(x)�HessianÝ

∇2f(x)3Dþ´��½�.

y²µ7�5 ?�x ∈ D§dD´mà8�§∀x ∈ D§�
3δ > 0¦�α ∈ (0, δ)�kx + αx ∈ D§duf(x)´Dþ�à¼
ê§d½n1.4.5�(Ø(1)k

f(x) + α∇f(x)T x ≤ f(x + αx), ∀x ∈ D. (1.4.8)
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à8�à¼ê

qduf(x)��ëY��§U���VÐmªk

f(x + αx) = f(x) + α∇f(x)T x +
1

2
α2xT∇2f(x)T x + o(‖αx‖2).

(1.4.9)
òþª�\(1.4.8)�

1

2
α2xT∇2f(x)T x + o(‖αx‖2) ≥ 0, ∀x ∈ D.

þªü>Ø±α2§¿-α → 0§¦�

xT∇2f(x)T x ≥ 0, ∀x ∈ D, (1.4.10)

=∇2f(x)3Dþ´��½�.
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à8�à¼ê

¿©5 �∇2f(x)3?¿�:x ∈ D��½§òf(x)3x(x ∈ D)?
�VÐm

f(x) = f(x)+∇f(x)T (x−x)+
1

2
(x−x)T∇2f(ξ)(x−x), (1.4.11)

Ù¥ξ = x + θ(x− x) = θx + (1− θ)x(0 < θ < 1).duθ ∈ (0, 1),
9D´à8§Ïξ ∈ D,qd^��∇2f(ξ)��½§�
k(x− x)T∇2f(ξ)(x− x) ≥ 0.d(1.4.11)ª��

f(x)− f(x) ≥ ∇f(x)T (x− x).

½n1.4.5�(Ø(1)�f(x)´Dþ�à¼ê.
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à8�à¼ê

½n1.4.7
�D ⊂ Rn´��mà8§f : D ⊂ Rn → R1, �f(x)3Dþ��ë
Y��§XJf(x) �HessianÝ
∇2f(x)3Dþ´�½
�.Kf(x)´Dþ�î�à¼ê§��XJf(x)´î�à¼ê§
K∇2f(x)3Dþ´��½Ý
.

y²µ∀x, y ∈ D, x 6= y§df(x)3x?��VÐmªk

f(y) = f(x) +∇f(x)T (y − x) +
1

2
(y − x)T∇2f(ξ)(y − x),

Ù¥ξ = x + θ(y − x), θ ∈ (0, 1).Ï�D´à8§�ξ ∈ D§dd§
�â∇2f(x)3Dþ��½5§��

(y − x)T∇2f(ξ)(y − x) > 0.
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à8�à¼ê

�\�VÐmªk

f(y)− f(x) > ∇f(x)T (y − x),

�â½n1.4.5�(Ø(2)�f(x)´Dþ�î�à¼ê.
qdf(x)3Dþ´î�à¼ê�f(x)3Dþ´7à¼ê§�â½
n1.4.6�f(x)�HessianÝ
∇2f(x)3Dþ´��½Ý
.
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à8�à¼ê

5

��5¿�´df(x)3Dþ´î�à¼êØUí
Ñ∇2f(x)3Dþ´�½Ý
.~X§��¼êf(x) = x4 ´î�à
¼ê§f ′′(x) = 12x2,�f ′′(0) = 0,=f ′′(x)3x = 0?Ø´�½�.
à8©l½n´ïÄ��55y�`5^��nØÄ:§e

¡�±0�.
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à8�à¼ê

½Â1.4.4
�D1, D2´ü���8Ü§α ∈ Rn, β ∈ R1§ek

D1 ⊂ H+ = {x ∈ Rn|αT x ≥ β},

D2 ⊂ H− = {x ∈ Rn|αT x ≤ β},

K¡�²¡H = {x ∈ Rn|αT x = β}©l
8ÜD1�D2§?e
kD1 ∪D2 6⊂ H, K¡H�~©l
D1�D2.ek

D1 ⊂ H̄+ = {x ∈ Rn|αT x > β},

D2 ⊂ H̄− = {x ∈ Rn|αT x < β},

K¡Hî�©l
D1�D2.
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à8�à¼ê

½n1.4.8
�D ⊂ Rn´��4à8§y ∈ Rn�y 6∈ D,K
(1)�3����:x ∈ D§¦�y�D�ål��.=k

‖x− y‖ = inf{‖x− y‖, x ∈ D} > 0.

(2)x´y�D���ål:�¿�^�´

(x− x)T (x− y) ≥ 0, ∀x ∈ D.
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à8�à¼ê

y²:(1)�kü ¥S = {s|‖s‖ ≤ 1, s ∈ Rn},�¿©��µ > 0�
¦

D ∩ (y + µS) 6= ∅.

5¿�D´48§y + µS´k.48§�D ∩ (y + µS)´��k.
48.Ïd§ëY¼ê

f(x) = ‖y − x‖

3D ∩ (y + µS)þ�����.�ù����3
:x ∈ D ∩ (y + µS)þ��§Kx´y�D�ål���:"
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à8�à¼ê

yy:x���5.�kx̃ ∈ D, x̃ 6= x,¦

‖y − x̃‖ = ‖y − x‖ = γ,

K

‖y − x + x̃

2
‖ ≤ 1

2
‖y − x‖+

1

2
‖y − x̃‖ = γ.

dD´à8�x+x̃
2
∈ D§9γ´��ål§�þª�Ò¤á§l

�3λ ∈ R1§7k
y − x = λ(y − x̃).

qdu‖y − x‖ = ‖y − x̃‖ = γ§¤±|λ| = 1.eλ = −1§K
dy − x = −y + x̃�y = x+x̃

2
∈ D§ù�y 6∈ D gñ.Ïλ = 1§

=kx̃ = x, x���5�y.
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à8�à¼ê

(2)¿©5 é?¿�x ∈ D,k

‖x− y‖2 = ‖x− x + x− y‖2

= ‖x− x‖2 + ‖x− y‖2 + 2(x− x)T (x− y).

du‖x− x‖2 > 09(x− x)T (x− y) ≥ 0§lþªk

‖x− y‖2 > ‖x− y‖2, ∀x ∈ D,

=x���ål:.
7�5 dx´y�Dål���:§�

‖x− y‖ ≤ ‖x− y‖, ∀x ∈ D,

½�d/k
‖x− y‖2 ≤ ‖x− y‖2, ∀x ∈ D. (1.4.12)

dux ∈ D9D´à8§¤±§é?¿�α ∈ (0, 1)§k

x + α(x− x) = αx + (1− α)x ∈ D, ∀x ∈ D.
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à8�à¼ê

^þª�O(1.4.12)¥�x§K�

‖x− y‖2 ≤ ‖y − x− α(x− x)‖2

= ‖y − x‖2 + α2‖x− x‖2 − 2α(y − x)T (x− x).

lþª��

α2‖x− x‖2 − 2α(y − x)T (x− x) ≥ 0, ∀α ∈ (0, 1).

òþªüàÓØ±α§¿-α → 0§B�

(x− x)T (x− y) ≥ 0, ∀x ∈ D.
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à8�à¼ê

½n1.4.9(:�à8�©l½n)
�D ⊂ Rn´��4à8§y ∈ Rn�y 6∈ D.K�3α ∈ Rn

�α 6= 0, β ∈ R1§¦�

αT x ≤ β < αT y, ∀x ∈ D,

=�3�²¡H = {x|αT x = β, x ∈ Rn}î�©ly�D.
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à8�à¼ê

y²µdD´4à8§y 6∈ D9½n1.4.8�§�3�����å
l:x ∈ D§¦�

(x− x)T (x− y) ≥ 0, ∀x ∈ D

¤á§þª�=

xT (y − x) ≤ xT (y − x), ∀x ∈ D, (1.4.13)



‖y − x‖2 = (y − x)T (y − x) = yT (y − x)− xT (y − x).
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à8�à¼ê

d(1.4.13)ª§�

‖y − x‖2 ≤ yT (y − x)− xT (y − x), ∀x ∈ D.

-α = y − x§w,§α 6= 0§Kþª¤�

0 < ‖α‖2 ≤ yT α− xT α, ∀x ∈ D,

=αT x < αT y, ∀x ∈ D.-β = sup{αT x|x ∈ D}§á=�

αT x ≤ β < αT y, ∀x ∈ D,

=�²¡H = {x|αT x = β, x ∈ Rn}î�©ly�D.
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