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Abstract

In this paper the methods of determining iterative initial value about iterative proce-

dure for discrete ordinate time-dependent neutron transport equation are studied. Proper

iterative initial value can extend time step limit, thereby save computing time. Four kinds

of methods which are applied to exponential method and diamond method are studied and

the different numerical results are compared. The discrete equation of exponential method

is nonlinear and the discrete equation of diamond method is linear. The numerical results by

using different initial value on problems of different physical process show that the method

of choosing iterative initial value based on the physical process has higher computational

efficiency than others. Thus one can select more rational method to solve time-dependent

transport equation such that the corresponding method can improve the computational ef-

ficiency on the condition of keeping numerical precision.
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1. ����=Jz�q0�pw|��ow=&o3md��, ~q0Xlq/w�2wq0, 8
�yBX+, �*oR<DRi7+�4DR. l�7�>=Jz�q0q9�^���N��: W�rB�����K`���l�+���o3fB��. #||XO�qmDR=Jz�q0f, #�fBul|XqmMKIwN)wq0T, =q0TN���, _j#|XCmXZDR, :=XC44Nb�q�L�GNl!, fu��`�LBNzJ. #*I=lfB&N4W0XC44 [1−3], 4D [4] f0:Vq0=XC44Nh@bIqlXZ
��. f��ow=&.._jDRhU<6�, lS:~$� (TO P) ..�fBrB[6CBe, @iJ9=J#�N'�, T��DN=J#��&fq6C'�, (�b_j�bfB!+. f�XCu�)�Nw*nk!
`h@�u�Nqm, TxXM�@� [5, 6], z�M�@� [7] o3hB-�qm [8, 9] P, 'Sqm_j
�z�q0NZ�q0,TRNxXq0-RNz�q0.f[�6�=XC44Nb��]�4DXZbUS��. 0
MK�~N�4Q�, T�7qDES�PfB!+, f�:
�$��BN:~6��f(q�QN,s0:
�$�Bf:
fBNjD�q�4@,Fqf���PfB3`[:~�e�&N6�, T�XC44bI���r, (�fB!+_jBz`�P, �fq�6[N�P (�T@ 10−3 K 10−4), y�XCe�-&q3u�@i�+�6�~N�4Q�. 'JJ9:
Q��R, :
fBD7�+i9m�S:~6�DRN_j. s=_jf=Jz�q0XCDR�0=NXC44XZbUf`, 
��~NXC44, l'�$XC44f=Jz�q0�4DRNzJ. #�w<f``:�~NXC44oE]XC>�, @ihC�QDR, '���BV�0:
=N=Jz�q0��pNw|. �4*fhN[�=Jz�q0NXCDR, �C7�z�6�=f
�N�@XC44XZbU��, w�l'=J#��&)�o3�&ef, �$XC44f:
Q�NzJ, �4Q��"
�N.�:~��&�0NXC44d�L�N:
Q�.

2. n�(+�!r_i&��hN[�=Jz�q0T> (C7�z�6�):

∂ϕg(r, µ, t)

vg∂t
+

µ∂[r2ϕg(r, µ, t)]

r2∂r
+

∂[(1 − µ2)ϕg(r, µ, t)]

r∂µ
+ Σtr

g ϕg(r, µ, t) = Qg (2.1):= r ∈ [0, R], µ ∈ [−1, 1], t ∈ [0, T ], R 0	_, T 0:
Q�fB. ϕg(r, µ, t) N�rq tfq r ;KqM µ ;T g NN=JK#�, V g �nT g NN=J�`, Σtr
g �nT g N=JNNO .�K Qg 
�
���, X^��^�+�, :�Al0 Qg = 1

4π

[

Qf
g + Qs

g + Sg

]

, ���K0 Qf
g = χg

G
∑

g′

νΣfg′φg′ (:= χg �nT g NN��=J5, ν q�>��N2h>6=J�, Σfg′ 0��O ), �M$\X^�K Qs
g =

g
∑

g′

Σs,g′→gφg′ (Σs,g′
→g 0X^O ), Sg q�#�9�N+�K.

φg = 2π
∫ 1

−1 ϕg(r, µ, t)dµ 02w#�.ZR!H:
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(1) 4k!H: t = 0 f, ϕg = ϕ

(0)
g .

(2) �T!H: ϕ(R, µ, t) = 0, µ ≤ 0.f�[}=Jz�q0N�4DRoo#|��i�qm, CT��qm, |XO�qm. �4#||XO�qmXZDR, '@qm�\`�:
^9\2B�6l@%=. �|�E 2qmf=Jz�q0XZ|X, f�fB�rBo3K`��N+*#|P��l
(EM), =�lquG\N, ~�[0jN\`, OP��lN�
���X�l\B, F�d�u|\�\`�N�V, �:
uh�hU<6�=, ����X�l. $f�4k�6
lS6�N�X�l:
Q�. �o>!}=, 0
D�<F��8t<,ONBv>�K+N>� g.> �6P��l (EM) ��X�l (DD) �rB�fB�K`��[N+*Xl.P��l+*XlT>:fB��+*

ϕ
n+ 3

2

m,k+ 1
2

=
(

ϕn+1
m,k+ 1

2

)2

/ϕ
n+ 1

2

m,k+ 1
2

, (2.2)K`��+*
ϕn+1

m+ 1
2
,k+ 1

2

=
(

ϕn+1
m,k+ 1

2

)2

/ϕn+1
m−

1
2

,k+ 1
2

, (2.3)rB��+*
ϕn+1

m,k ϕn+1
m,k+1 =

(

ϕn+1
m,k+ 1

2

)2

. (2.4)�X�l+*Xl0:fB��+*
ϕ

n+ 3
2

m,k+ 1
2

= 2ϕn+1
m,k+ 1

2

− ϕ
n+ 1

2

m,k+ 1
2

, (2.5)K`��+*
ϕn+1

m+ 1
2

,k+ 1
2

= 2ϕn+1
m,k+ 1

2

− ϕn+1
m−

1
2
,k+ 1

2

, (2.6)rB��+*
ϕn+1

m,k + ϕn+1
m,k+1 = 2ϕn+1

m,k+ 1
2

. (2.7)> oP��l0�, *J[�=Jz�q0N|XXl, �X�lo{�*J. �GB
0 ≤ r ≤ R, −1 ≤ µ ≤ 1, 0 ≤ t ≤ T XZT>$w

0 = r− 1
2

< r0 < r 1
2

< · · · < rk− 1
2

< rk < rk+ 1
2

< · · · < rK−
1
2

< rK < rK+ 1
2

= R,

−1 = µ0 < µ 1
2

< · · · < µm−
1
2

< µm < µm+ 1
2

< · · · < µM−
1
2

< µM = 1,

0 = t−
1
2 < t0 < t

1
2 < · · · < tn−

1
2 < tn < tn+ 1

2 < · · · < tN−
1
2 < tN < tN+ 1

2 = T,:= rk = 1
2

(

rk− 1
2

+ rk+ 1
2

)

, µm = 1
2

(

µm−
1
2

+ µm+ 1
2

)

, tn = 1
2

(

tn−
1
2 + tn+ 1

2

)

.q0 (2.1) �EÆ rn+1
k ≤ r ≤ rn+1

k+1 , µ
m−

1
2
≤ µ ≤ µm+ 1

2
, tn+ 1

2 ≤ t ≤ tn+ 3
2 [2w, ^��
MKT>|Xq0:

µm 6= −1 -�:

ϕ
n+ 3

2

m,k+ 1
2

− ϕ
n+ 1

2

m,k+ 1
2

v∆tn+1
+

µm(An+1
k+1ϕn+1

m,k+1 − An+1
k ϕn+1

m,k )

V n+1
k+ 1

2

+
(An+1

k+1 − An+1
k )

2V n+1
k+ 1

2

wm

(αm+ 1
2
ϕn+1

m+ 1
2
,k+ 1

2

− αm−
1
2
ϕn+1

m−
1
2
,k+ 1

2

) + Σtr,n+1

k+ 1
2

ϕn+1
m,k+ 1

2

= Qn+1
k+ 1

2

(2.8)
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µm = −1 -�:

ϕ
n+ 3

2

o,k+ 1
2

− ϕ
n+ 1

2

o,k+ 1
2

v∆tn+1
−

An+1
k+1ϕn+1

o,k+1 − An+1
k ϕn+1

o,k

V n+1
k+ 1

2

+

(

An+1
k+1 − An+1

k

)

ϕn+1
o,k+ 1

2

V n+1
k+ 1

2

+ Σtr,n+1

k+ 1
2

ϕn+1
o,k+ 1

2

= Qn+1
k+ 1

2

(2.9):= V n+1
k+ 1

2

= 1
3

[

(

rn+1
k+1

)3 −
(

rn+1
k

)3
]

, αm±
1
2

=
(

1 − µ2
)

m±
1
2

, An+1
k =

(

rn+1
k

)2
, An+1

k+1 =
(

rn+1
k+1

)2
,

∆tn+1 = tn+ 3
2 − tn+ 1

2 , wm = µm+ 1
2
− µm−

1
2�P��l=fwfB�K`�rB��N+*	l (2.2),(2.3),(2.4) CUq0 (2.8), q0 (2.9) lMK

a
(

ϕn+1
m,k+ 1

2

)2

+ bϕn+1
m,k+ 1

2

+ c = 0, (2.10):= µm < 0 f:

a =
1

v∆tn+1ϕ
n+ 1

2

m,k+ 1
2

− µmAn+1
k

V n+1
k+ 1

2

ϕn+1
m,k+1

+

(

An+1
k+1 − An+1

k

)

αm+ 1
2

2V n+1
k+ 1

2

wmϕn+1
m−

1
2
,k+ 1

2

; b = Σtr,n+1

k+
1
2

;

c = −



Qn+1
k+ 1

2

+
ϕ

n+ 1
2

m,k+ 1
2

v∆tn+1
−

µmAn+1
k+1ϕn+1

m,k+1

V n+1
k+ 1

2

+
(An+1

k+1 − An+1
k )αm−

1
2
ϕn+1

m−
1
2
,k+ 1

2

2V n+1
k+ 1

2

wm



 .

µm > 0 f:

a =
1

v∆tn+1ϕ
n+ 1

2

m,k+ 1
2

+
µmAn+1

k+1

V n+1
k+ 1

2

ϕn+1
m,k

+

(

An+1
k+1 − An+1

k

)

αm+ 1
2

2V n+1
k+ 1

2

wmϕn+1
m−

1
2

,k+ 1
2

; b = Σtr,n+1

k+ 1
2

;

c = −



Qn+1
k+ 1

2

+
ϕ

n+ 1
2

m,k+ 1
2

v∆tn+1
+

µmAn+1
k ϕn+1

m,k

V n+1
k+ 1

2

+
(An+1

k+1 − An+1
k )αm−

1
2
ϕn+1

m−
1
2

,k+ 1
2

2V n+1
k+ 1

2

wm



 .

µm = −1 f:

a =
1

v∆tn+1ϕ
n+ 1

2

o,k+ 1
2

+
An+1

k

V n+1
k+ 1

2

ϕn+1
o,k+1

; b =
An+1

k+1 − An+1
k

V n+1
k+ 1

2

+ Σtr,n+1

k+ 1
2

;

c = −



Qn+1
k+ 1

2

+
ϕ

n+ 1
2

0,k+ 1
2

v∆tn+1
+

An+1
k+1

V n+1
k+ 1

2

ϕn+1
0,k+1



 .@iR6
ϕn+1

m,k+ 1
2

=
−b +

√
b2 − 4ac

2a
. (2.11)G µm <0, r 0U+�Tf, � ϕn+1

m,K = 0 (+�T!H, K �n+�TV). 'ff� r, �+j|P�)w+*, i#|!�l)w+*.f[}|Xq0_j#|XCqmDR, DE�XCooU-> NXl:

Lk,mϕ
(s+1)
k,m = Q

f,(s)
k + Q

s,(s)
k + Sk (2.12)

L qz�
J, 5
L =

1

vg

∂

∂t
+ µ

∂

∂r
+

(1 − µ2)

r

∂

∂µ
+ Σtr

g (2.13)
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X^�����, s=o1XC44Nb��ulXCDR�0=q�L�GNl!, �NXC44��6�~:
Q�N$foojMXCq�u�, @iPd:
-�, > *f φ0 Nb�XZbU��.

3. n�(+�!r_&{�(mfb&i��@=Jz�q0N:
�0ook6, 0
s�AHMNM6:
Q�, XC�0qIGBjN. 8
w|�@@�qmo+, XC44fXC�0kq�zJN. VXC44|)RL�, XC>� @, NN:
fBk @, iA+6CXCe�NBv. �~NL0HMNXC44jMXC�0�SqAK�Nu�R, 'ioo��/\`N=�>, ��:
Q�. f�=Jz�q0XCDR=NXC44, �4
�
�$NbIql, |yl'XC44f=Jz�q0�4DRNzJ.`DR tn+1 fqN:~�, φ0 �n tn+1 fqXC44, > �6d�C�\N�@XC44NbIXl:qp 1.

φ0 = φn, φn 0 tn fqN=J#�.qp 2.

φ0 = φn+ 1
2 αk, φn+ 1

2 0 tn+ 1
2 fqN=J#�.qp 3.

φ0 = φn+1
0 , 5bI tn+1 fqAl�lNR.qp 4.

φ0 = φn + (φn − φn−1) ∆tn

∆tn−1 , +*6||!�l^..:= αk 0^.=�, ZrT>:

αk =

∑

g(φ
n+ 1

2

k,g /Vg)
∑

g(φ
n
k,g/Vg)

.[}7@XC44=, Tl@#|Nq<&Vm5DEbI=lfB&N#�W0XC44,TW@XC44#|jN\`Al�lDR,T�@qlM�l�
=��fB& tn−1,

tn N#�, #�G\T��6XC44, F_jl�+*6|N;~, �4#|!�l^.qm. f�Tj@XC44, #| tn+1/2 fqN#��^.=�/2. > w<�", =@ql C
b�NXC44.�{��:
�0=#�ÆfB�&N��, 5x@�%6#�N�&Fo, �=.9[b�>lfB!NXC44, d w<�0T>:Zr=J 3*� λ 0
λ(t) =

1

N(t)

dN(t)

dt
,�� N(t) = N(t0)e

∫

t

t0
λ(t)dt

. `�$fq t1, t2, := t1 < t2, -�
N(t1) = N(t0)e

∫ t1
t0

λ(t)dt, N(t2) = N(t1)e
∫ t2

t1
λ(t)dt.�c2w=4Z~-�> N�=:

N(t2) = N(t1)e
∫ t2

t1
λ(t)dt ≈ N(t1)e

λ̄dt (3.1)



4 8  ,v Q: \�>K{�r1YD55OcJrn 307:= λ̄ = λ(ξ), t1 < ξ < t2, ��� φ = Nv(v �n=JN�`), �o-�
φ2 = N2v ≈ N1e

λ̄dtv ≈ φ1e
λ̄dt. (3.2)[}�Al�"�lZN!H>, �$fq#�N�&d�lZN���=. f αk, e

λ̄dt
2 XZ�z!j, �

αk ≈ 1 +
∆t

2N

∂N

∂t
+ O(∆t2), e

λ̄dt
2 = 1 +

λ̄∆t

2
+ O(∆t2), (3.3)s= αk ≈ e

λ̄dt
2 , �o
�NTj@XC44,  C
#��fB[NlZ���=, 5 C
:~�=J#��fB[N�&Fo.��:~�0�&N0`+zJXCBv, �:f�:~�0kc'�N6�, XCu�w*,l�_j�bfB!+, s=8�Jw�@BXyl��$XC44f=Jz�q0�4:
NzJ, 5=J#��&)��=J#��&e�@Bv. �:q�#�kc'�f, 8���bfB!+iq�|�BfB!+XZ:
, �=l'��$N:~�&�0=�$XC44f:
Q�NzJ.

4. &~v
4.1. kd`$"'*��[xy���'g� f�:~�0=#��&)�N6�, 8�l��$)w�lN:
Q�, 0
f�:
Q�, b�o{=J#�ÆfB�&N:~� λ W0l'fN. T����y�"�4l�#| S4 ��D2To3 NJOY 0a@�N=J$�. f�G\|Xq0o3uG\|Xq0�4#|NXCu�H�0: maxg,k | ϕs+1

g,k
−ϕs

g,k

ϕs
g,k

|< ε(�4#| ε = 10−6, s �n t fqNXC>�).x@l�EU<6�, fB!+ ∆t I0 10−3µs(=0$V 1). ( 1 �6fB!+0
10−3µs P��l#|�$XC44:
N=J�ÆfBN�&HG, @=ook6�$XC44��$fq�:
N:~�ql9N, -�:
�0=, #�N�&�L)�. � 1 �6P��l��X�l��$fB!+>:
:~� λ NQ�, � 2 �6
IwN:
fB.( 2 �6
P��l#|�$XC44fwNXC>�HG, ( 3 �6
�X�lfwNXC>�HG.@�4Q�k, �$XC44o3�$fB!+:
N:~�ql9N. @:
fBk,�$fB!+N:
fBq�$N, BfB!+��:
fq�|NXC>�IfLh, FN:
fBL], @i��/lZ:
\`N=�>Pd:
-�, f��$NXC44, :
N:~�q5�N, Fq:
Q��$, DEb� tn fqN=J#�W0XC44NQ�UR, IXC440 φ0 = φn+ 1

2 αk N:
fBU], Q�U�, AlDRo3hfB&=J#�+*>2, Fk"A��Tl@XC44ql.@P��l��X�l:
fB (F� 2) f�Bvk, f�Tj@XC44�X�lN:
fBhP�P��lN:
fB, :�W@XC44.�[�X�lN:
fBjB�P��lN:
fB, 'qs0�X�lq6|, f:XZ!�l^.jM�4Rq�u�R}Z+I, i�X�l��|.�:~��&FoNXC44f (Tj@XC44), ��44L:�7@XC44�@MZu�R, @i�X�l+*f6|>�L], XCqu�, #|
4∆t :
f::
fBW0Tl@XC44N�w2l, �"
�NTj@XC44:
Q�L�.
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4.2. kd`$"'*��o	�[��'g� = l'
:~�=J#��&�L)�NBv, > �6hU<:
=#�kc'�f, �$XC44f:
Q�NzJ. '�=JNO �fB[�ZBN"�, jM=J#�kc'�, =& λ @|4�0.4 (=0$V 2), 5� 0.1µs fqTjU<GNO Σt kc�&, 5�=fqNO 0�yN 50 �, F=fq���bfB!+, :~�'�=!#|&lfB!+ 4∆t. $fl'
:~�'�!, �bfB!+N:
Q�, �4#| 3∆t NfB!+XZ:
. � 3, � 4 �6
$V 2 =P��l#|�fB!+ (=0ql 1) o3�bfB!+ (=0ql 2) f, �$XC44N:
Q�o3�|fB. ( 4, ( 5 �6�$XC44:
N=J 3*� λ o3U!fq+5N(Xf�Bv. ( 6 �6-�:
�0=�$XC44��fB!XC>�N(Xf�Bv (P��l).�� 3, � 4 o1:~�kc'�f, fB!+#|ql 1 �ql 2 �:
N:~�q5�N,�:
fB[8
Tj@XC44qm+, :�W@XC44BfB!+N:
fBhP��bfB!+N:
fB. �"f�:~�kc'�N6�, oorG�2�fB!+.��#|�@fB!+, �$XC44:
Q�N��qI$N.@:
Q�k, U?Q�fq λ 4ql9N, @:
Q�k, Tj@�|NfBU], �0Tl@Njw2l. =$V=8�� 0.1µs fqjNO $�kcBe, jM#��&e. @( 4 ook6� 0.1µs fq, λ �l"A'�, @�$XC44N:
Q�k, ��q:
N λ (q+5, �$XC44MKN:
Q�5�NIG�. @( 6 �6
-�:
�0XC>�Qok, �=J#�'�2=Tj@XC44"A��:�XC44, :XC>��0Tl@XC44N�w2l, �#�'�;�$XC44�:
NXC>�]"A @,'qs0�'@G�>, =J#�N�&�Le, XC44|u�RL�, =fTj@qm��"AN�oF'�}ZNXC>�k]�:�W@XC44NXC>�, �'��!Tj@qmN�o2;�An6y, �'�!T�@XC44NXC>�Oj��Tj@FL"AR�:��@, �"
�\`+*qmN?�. @:
d�=J#�'�6�NXC>��:
fB[k, .�:~��&FoNXC44L�ZN:�W@XC44XC>�"AE], d�L�N:
Q�.
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time( s)) 3 �Y�m %YD55OYD?� (%W 1)

\ 1 jZt�w��t�]�lea%zÆh λ(�� 1)YD55 gC", rn 1 rn 2 rn 3 rn 4Q��m ∆t 5.57194 5.57196 5.57194 5.57194

2∆t 5.57188 5.57190 5.57188 5.57186

4∆t 5.57151 5.57159 5.57151 5.57148�Y�m ∆t 5.57194 5.57196 5.57194 5.57194

2∆t 5.57188 5.57190 5.57188 5.57186

4∆t 5.57158 5.57164 5.57158 5.57156



310 �5;�	;�0x} 2008 /\ 2 jZt�w��t�]�lea%hzÆ
| (s)(�� 1)YD55 gC", rn 1 rn 2 rn 3 rn 4Q��m ∆t 88 39 87 49

2∆t 62 29 60 35

4∆t 43 25 40 26�Y�m ∆t 92 32 84 52

2∆t 67 19 63 39

4∆t 48 12 45 30\ 3 jZt�]�lea%zÆh λ(�� 2)YD55 rn 1 rn 2 rn 3 rn 4rm 1 22.9315 22.9315 22.9315 22.9315rm 2 22.9423 22.9423 22.9423 22.9423\ 4 jZt�]�lea%hzÆ
| (s)(�� 2)YD55 rn 1 rn 2 rn 3 rn 4rm 1 238 124 236 181rm 2 247 118 250 183
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group numbers) 5 Q��m %YD55;�O,6 (%W 2)
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5. ~����4f`
[�=Jz�q0XCDR=XC44bINqm, �l'
�$XC44fz�q0�4:
NzJ, @:
Q�kXC44NbIf-��4$-N:
Q��LBNzJ. #�f=J#��&)��=J#�kc'�6�N�4Q�k, �$XC44:
N�:~�5�NIG�; f��ZN�@XC44, �#��&�q�Bf, XC44b�0Tj@N:
Q�"AL�, T�@NQ�>2. BfB!+:
f, �X�l#|Tj@XC44�|:
fBW0<&XC44N�w2l; G#�ÆfBN�&�Lef,Tj@bIqm�T�@qm:
Q�L�, @XC>�[kQOqTj@qm#�o, =qmq.�:~�&�0�6Iw#�N�4,  C
�:
:~�=J2w#��fB[N�&��,iA=@XC44�P��l��X�lN:
=hd�L�N:
Q�,�C
=@XC44NIF\.s=�b��~�QXC44NBv>,oorGst�4:
f
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