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Abstract. Three types of integral representations for the cumulative distribution
functions of convolutions of I'p(a, Xk, Ar)—distributions with non—centrality matri-
ces Ay are given by integration of products of simple complex functions over the
p-cube (—m,w]P. In particular, the joint distribution of the diagonal elements of a
generalized quadratic form X AX’ with n independent N}, (s, ¥)—distributed columns
in Xpxn and a fixed A > 0 is obtained. For a single I'p(a, X, A)—cdf (p — 1)—variate
integrals over (—m,7]?~" are derived. The integrals are numerically more favourable
than integrals obtained from the Fourier— or Laplace inversion formula.
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1. Introduction

The following notations are used: 3} ., stands for 3 . . _  with
ni,...,n, € Ng and ) without any indices means > > (n)- The notation D > 0
is also used for non-symmetrical matrices D,x, with only non—negative eigenvalues.
The spectral norm of a p x p-matrix B is denoted by || B||, I or I, is always an identity
matrix and C, is the p—cube (—m, 7]P.

The Laplace transform (L.t.) of a p—variate non—central I',(c, X, A)-density with
a > 0, 32 > 0 and a non—centrality matrix A > 0 was originally obtained from the L.t.
of a non-central W,(2«, ¥, A)-Wishart distribution (with an additional scale factor 2)
and is given by

~

fltr,. oty 2 A) = |1, + ST “etr(—=XT(I + XT)"*A), (1)
T = diag(tl,...,tp),tl,...,tp Z 0.

This function fis generally the L.t. of the density of a real measure on (0, 00)? which
is not always a probability measure. The term "I'p(e, X, A)-distribution” is used here
in this general sense. The exact set of values «, leading to a probability density (pdf)
f(z1,...,2p;, X, A), depends on ¥ and presumedly on A. To obtain a pdf, all positive
integers 2« (degrees of freedom) are admissible and all 2« > p — 1. Moreover, in the
central case all non-integer values 2a > p — 2 > 0 are allowed. For p—2 <2a <p—1
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see Royen (1997). Furthermore all & > 0 are admissible if |/ + X7'|7! is infinitely
divisible. Two characterizations of infinite divisibility of a T'p(«, ¥)-distribution are
found in Griffiths (1984) and Bapat (1989). Further conditions for admissible non—
integer 2a¢ < p — 2 are given in Royen (1997), (2006).

Three integral representations by integration over C, are provided by theorem 2 in
section 4 for the functions

F(:Cl,...7xp;a1,...,an,21,...,En,Al,...,An) (2)
T ZTp

Z/ / f({“l,...,§p;a1,...,an,El,...,En,Al,...7An)d§1...d§p,
0 0

where f has the L.t.

1 12 + ST etr(— S T(I + 5 T) 1 Ag), (3)
k=1
A1,y >0,21,...,5, >0,A1,...,A, >0.

Thus, F' is not always the cumulative distribution function (cdf) of a probability measure.

In particular let X,x, be a Npxn(Mpxn, Xpxp @I, )—random matrix and A, x, > 0 of
rank g with 7"AT = A = diag(M\1,..., ), A1 > ... > \,,. Then the joint distribution of
the diagonal elements of the generalized quadratic form %X AX' equals the distribution
of the diagonal of %YAY’ with a Ny (MT, 3)x,®1,)-distributed Y = XT. This is the
distribution of a sum of ¢ independent I‘p(%, A2, A = %MZMZ/E_l)frandom vectors,
where pj is the k—th column of M* = MT. This joint distribution of p quadratic
forms of normal random vectors is comprised within theorem 2 as a special case with
ap = %, Y =M, k=1,...,q. For methods under more general assumptions see also
Blacher (2003). For a survey of univariate quadratic forms of normal random variables
see chapter 4 in Mathai and Provost (1992). For several quadratic forms of skew elliptical
distributions see B.Q. Fang (2005).

In Royen (1991), (1992) three different types of series expansions for the x2(2a, )~
cdf were derived from three different representations of the x2(2c, ¥)-L.t. which are
extended to the general I',(c, ¥, A)-L.t. in section 3 in a similar way as in Royen
(1995).

Some series expansions, closely related to the first two types, are already found in
Khatri, Krishnaiah and Sen (1977). The third type was introduced because of its superior
convergence properties. The simple method to transform many series expansions into
integrals over C, is explained in more detail in section 2 and summarized in theorem 1.
The idea is as follows:

If A(z1,...,2p) and B(z1,...,z2,) are analytical functions whose power series have
the coefficients a(my, ..., mp) and b(nq,...,n,) and which are absolutely convergent for
max |z;| < 74 and max |z;| < rg respectively, where r5' < r4, then

(27r)_p/c Alyr, .. yp) Byt ... ,yp_l)dcpl .. dop (4)

= Za(nl,...,np)b(nlau-a”p)

holds with y; = re'¥i, —nm<@;<m j=1,...,pand 7“]51 <r<ra.
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The integrals in (@) might be more economical than the series if the generating
functions A and B are simple available functions and if the series are slowly convergent
with very intricate coefficients. For non—central multivariate gamma distributions series
expansions are practically not feasible.

The integral representations in theorem 2 of section 4 are of the type in {@)). As
long as no elementary density formulas are availale it should be a reasonable way to
obtain the joint cdf by integration of elementary terms only over C, and not over R? as
by the Fourier or Laplace inversion formula. A single I'p(«, ¥, A)—cdf is represented by
a (p — 1)—variate integral over C,_1 in section 5.

A totally different (m;r 1)fvariate integral representation of the I',(c, ¥)—cdf has
been given recently by Royen (2006), which is based on m—factorial decompositions

;X = =D — BB’, where D is a real or complex diagonal matrix minimizing the rank
m of ¥~ — D. Approximations to a I',(a, X)-cdf are obtained by m—factorial approx-
imations to ¥ with a low value of m. These approximations are improved further by

successive correction terms.

2. The method

Theorem 1 in this section can be generalized in many ways, e.g. for Fourier trans-
forms, but the version below is sufficient for the purpose of the underlying paper.
Let f(t1,...,tp), t1,...,tp > 0, be a given L.t. of an unknown function f(z1,...,zp)

with f = 0 for minz; < 0. It is assumed that there are univariate L.t. 9]0( ) of
some probability densities g;,(x) on (0,00) and further functions h;(t) with |h;(t)| <1
uniformly for ¢ > 0, which enable a representation
R P
Ftr,-ty) = ([T G50 ®) | B(halta), ..., hp(ty)) (5)
j=1
with an analytical function B(z1, ..., 2,) whose power series expansion
S b, om H ©)
is absolutely convergent for |z1],...,|zp| < rp with a certain value rg > 1.

Furthermore, the products gj, (¢)(h;(t))™ are supposed to be the L.t. of continuous
functions g, (), > 0, which satisfy the conditions

|gjn ()] < n°k(z) with a constant ¢ and
k(z)e " dx < oo for all t >0 .

(7)

0
Hence, the generating functions (generators)

n=0

are defined for all z > 0 and |y| < 1, and they have the L.t.

B(ty) = (20 20 )



THEOREM 1. Under the assumptions from (@) and (7) fin (&) is the L.t. of

o, ay) = (2m) P /C Bty [ o5 v5)des (10)

Jj=1

with y; = re'%i, —m < <m, rél <r<1, g; from (8).

PROOF. The integral in (I0) is evaluated by

P Jj=1

= b(ni,...,np) H:?:l Gjn, ()

and this series has the L.t. from (&).

p
(2”)p/C > b(ma,omy) [Tw;™ ) | D0 T gms @)} | depr .. dep
j=1

Some further remarks: With

Gylasom) = [ as(eie (1)
instead of the g; in (I0), the corresponding representation arises for
Xy Tp
F(xl,,xp):/ / f(fl,,§p>d§1d€p (12)
0 0
If the series in (B]) are absolutely convergent for all y € C then additionally
tlggo hi(t) =0 (13)

is supposed to hold. Then the rhs of (@) is the L.t. of g;(z,y) for any fixed y and all
sufficiently large ¢.

In some cases the functions g;, and their L.t. g;, are known from univariate marginal
distributions apart from some scale factors. If the functions u; = h;(t) are explicitly
invertible then

F(h (), hy M (uy)

B(u1,...,up) = H;;:l T (h;l u])) (14)
can sometimes be found easily from the given f
3. Three representations for the I',(«, X, A)-Laplace transform
and the related generators
With any v > 0 we define
zi=1+v ) >0, uj=1—z =v 'z, wj =2z —uy, (15)

Z = diag(z1,..., %), U =diag(us,...,up), Q= diag(w1,...,wp).
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The scale factor v is introduced to obtain ||B|| < 1 for the matrices B defined in (20)
below and to effect the convergence of some series expansions. For a more general scaling
see remarks following theorem 2 in section 4.

From the relations

vIIT=UZ"" 1,=24+U, Q=27 -1, (16)

it follows for the matrices I + X7 in the L.t. (d):

I+XT =14+vXUZ ' = (Z +0XU)Z 7! (17)

and
I+ (w2 -1, (18a)
Z+v3U =< vX(I + (v1%t - 1)2), (18b)
LI +vX)(I + (21 +vE)7 = 1)Q), (18¢)

and therefore

I+ XT|7% =c*Z|*|I + BY|™® (19)

with
Y=U  B=vX-1, c=1, (20a)
Y=2B=@s) -1, c=|I+B|, (200)
Y=Q, B=2I+vS)"'—1, c=|I+B8)| (20¢)

It should be noticed that ||B|| < 1 in 20k) for every v > 0 and ¥ > 0.

Now, using (@), by a straightforward calculation the L.t. in () can be represented
by

Fltr, ..ty B, A) =

|Z|*|I + BU|~“etr(—(I + B)U(I + BU)™'A), (21a)
|7 + B|%etr(—A)|Z|*|I + BZ|"%etr(Z(I + BZ)~ (I + B)A), (21d)
|[I + B|%etr(—sA(I — B)) (21c¢)
| Z|™|I + BQ|~etr($Q(I + BQ) (I + B) (I — B)),
with the corresponding matrices B from 20) and Z, U, 2 from (3.
For the former series expansions the following relatlons were used
Laplace transform f(t): f(x): = [y I(
zou” vg, (vz) G, (va) (22a)
2ot VGa+n (V) Goin(vT) (22b)

2%w™ Vhe (V) Hyn(vz) (22¢)



where z = (1 + v~ 4)7L, goin(z) = e 2271 /T (a0 + n),

n

n dr a—1+n\""
) = gz o) = (70T e @0

with the generalized Laguerre polynomials L(a Y and

a—14n

n

)_1L$f—1><2w>ga<w>.

The last identity is verified by L.t.
The following bounds are derived from (22.14.13) in Abramowitz and Stegun (1965):

z/2 >1
(n) ’ < { ¢ 0a(2), .= 23
Jotn ()| < { 2na~te?/2g,(z), 0<a<l .
()] < 22T (), azl , (24)
; | 2n2* " T(a+1), O0<a<l

matching with the conditions in ().

The following generators (generating functions) with the I'(aw +n)—cdf G4, () are
required for the formulas in theorem 2:

S GIL @y = 5 Ga (25%) . i<, (25a)
Fo(z,y) = Z Gotn(T)y" = Ga(x Y), yeC, (25b)
3 o Ho )" = 5 Ga (0. 25),  lwl<1 (25¢)

The identities (a) and (c) are verified by the L.t. of fq(z,y) = %Fa(x,y). A short
calculation shows

= (Galz) —y'=ev=17 Gy (ay)) y#1, a>0
Golz,y) = ﬁ (Ga-1(z) — yl=elv—Da Ga-1(zy)), a>1, Go:=1 (26)
zga () + (1 +z —a) Ga(z), y=1

and

_ 9 _ J gala) +yt eI Go(ay), a>0
Jo(,y) = o Galz,y) = {yl—ae(y—l)w Ga-1(zy), az>l1 '

The functions F, (x,y) are especially simple for @ € N since G, (z) = 1—e? E]O‘;Ol 27 /41,
aeN.
Besides,

k
Grr1/2(2) = erf(z1/?) — 77 Z TG +1/2)

Jj=1

The following simple lemma is used for the proof of theorem 2.



LEMMA 1. If B is a symmetrical p x p—matriz with ||B|| <1 and

Y = diag(y1,...,yp) then the power series expansion
P
I +BY|™¢ = Zb(nl, ceey ) H Y’
j=1
is absolutely convergent for max|y;| < rg = || B!

This follows from >, [b(n1, ..., np)| = O(I") with any ¥ > ||B|, which has been
already shown in (2.1.16) ... (2.1.18) in Royen (1991) (with the notation —C' instead of
B).

4. The integral representations

In theorem 2 below the functions F'(z1,...,Tp; 1, ..., 0n, 21, ..., 2y A, Ay)
from (2] are represented by three different integrals over C, = (—m, 7]P. Together with
the generators F, from 28), a = Y, _, au, the following matrices are used with a scale
factor v to enforce || By < 1:

B =vX, — 1, Dy = Ak(l + Bk), F, from (m), (27a)
B = (ka)—l -1, Dy = (I + Bk)Ak, F,, from (%b), (27b)
By = 2(I+ ka)—l -1, D= %(I-ﬁ- Bk)Ak(I — By), F, from m) (270)

Furthermore, we define Amax = max || Sy , ALl = max ||S1], y; = rets,
-1 <; <m, Y =dag(y,.--,Up),

K=K(y,...,yp) =[] etr(£(Y + Bp) ' Di) I + BpY [,
k=1

where the negative sign occurs only with By, Dy, from ([27h), and
Fadp = [1}_; Folvr;,y;)de;.

THEOREM 2. With the above notations the functions F' from (@) are respresentable
by each of the following three integrals:

(2m) /C K Fade, (28)

F, from (Z3a), B, Dy from (27a), | Bkl <1 if v < 2A,L, max || Bg|| <r < 1,

(H etr( Ak)|I+Bk|%> (2m)~ / KFodp, (29)

k=1

Fo from (23b), By, Dy, from (270), ||Bx| <1 if v > It max || Bg| < r,

2 'min’

<H etr ( k(I — By)) |I+Bk|ak> (2m)~ / KF,dp, (30)

Fo from (23c), By, Dy, from (Z7c), v > 0, max || Bl < r < 1.



PROOF. Because of lemma 1 the assumptions of theorem 1 are satisfied with
Gio(t) = 28 = (1 + v~ 't;)~ and hy;(t;) corresponding to z; or u; = v 'tz; = 1 — 2;
or wj = z] —uj respectlvely The functions gj,(t)(h;(t))™ are the L.t. of the functions
in the second column of [22)) from which type (a) and (c) have the bounds in (23), 24,
satisfying the condition () for theorem 1. The series Y " Gayn(2)y" = Go(z,y) in
[@3b) is absolutely convergent for every y € C. Thus, all r > max || By|| are admissible
in 29). In B0) we have max || Bi|| < 1 for every v > 0. Hence, theorem 1 together with
the respresentations of the L.t. in (2I]) implies (28), (29) and (30).

The univariate case of (29) provides

F(x;oq,...,00,0%,...,02,8%,...,62) = (31)
- > . (62/(1 w1

(vo‘ HU,:%”“e‘;k) l/ Re{ (v, e H exp (95 /( — +U0 (e - gi) }d‘ﬂ
k=1 ™ Jo k=1 ( (vTloy ™ —1e w)

with 20 > maxo, %, r = 1, G, from @8). With p = 1 similar formulas arise from (28]

or (30).

The cdf of a quadratic form :E’Aaz with T'AT = diag(\1,...,An) > 0 of rank ¢
2 _
) k; -

n
and a N (i, 0?1, )-random Vector x is a special case of (BII) with o = % Aro? and
non—centrality parameters 52 —uk 20?2 k=1,....,q, u* =T p.
Some further remarks: In 29) also ||Bg|| > 1 is allowed since every r = ||Y] >

max || B|| is admissible, which entails max || ByY 1| < 1.
With 4 = Anax/Amin it follows with special values of v:

9 -1
max || Bg|| < TT1 in @8) with v = 2(Amin + Amax)

¥ —1
max || Byl < FEE B9 with v = —()\Eun + Anax)s

but

\/_
\/_
More generally, the scale factor v = w? can be replaced by a scale matrix

W? = diag(wi, ..., w?) > 0. Then with T, = W 'TW 1,5, = WEW, A, = WAW !
the L.t. () equals

in B0) with v = (/\min>\max)71/2-

max || Bg|| <

[T+ 20 Tw| ™ etr(=Z0Tow (I + L0 Tw) T Ay). (32)

Consequently, besides the substitutions v3; — WE, W, A, — WA,W ™!, the matrices
I + By in theorem 2 must be replaced by WX,W, (WXW)~! and 2(1 + WX W)~ 1
respectively, and the generators Fy (vej,y;) by Fo (wf-:z:j, Yji)-

In particular for a single I'j (e, X, A)-distribution this more general scaling can be
used to minimize || B|| or for a "natural scaling” i.e. to standardize I + B to a correlation
matrix. However, ||B|| < 1 must be taken into account in (28)), whereas this condition
is satisfied in (B0) for every scaling. It was shown in Royen (1991) that natural scaling
can always be accomplished also in [ + B = 2(I + WEW)~! by a unique W?2.
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5. Representations of the I',(«, X, A) distribution function by (p — 1)-variate
integrals

For a single I', (v, 3, A)—cdf it is always possible to perform the integration over a
single variable ¢; within the integrals from theorem 2.
We use the following functions

B [e’) yn o) . —y n
Gulr,9) = e Y Carn) =3 681, () 0
"o " (33)
T,y € (C, Ga+n, GaJrn from m, and

Gal(x,y) = e¥Gal(z,y).

For positive half integers o = 1/2 + k these functions can also be computed by the
erf-function and a sum of k terms which are essentially given by the modified Bessel
functions I;_1/2(2(zy)/?), j = 1,...,k, (see e.g. Royen (1995) or (2006)).

Now let be W? = diag(w?, ..., w}) a general scale matrix,
Y = diag(y1,...,yp), yj = 1€, —1 < @; <,
B b WEW —1, (34a)
B=|"""* (WEW)~t -1, (34b)
b bpp 1
P 20+wWEW)~t -1, (34c)
Do d WAXW, (35a)
D= < dz;p dp) ={ Wl AW, (35b)
e 20+ WEW)'WAW LI — (I + WEW)™1), (35¢)
Yo = yo(y1, - - 7yp—1) = b;lo(Y;?p + Bpp)_lbp — bpp (36)
- Ypp + Bpp) b
q=qY1,-- Yp-1) = (b;lo(ypp+Bpp) 17_1)D<( pp _fp) p) (37)
and

Ko =Ka(y1,- -, ypfl) = etr(:l:(Ypp + Bpp)ilep)u + Bppr;ll"‘,
where the negative sign is only taken for B, from [34h).

THEOREM 3. With the above notations the I'y(c, B, A)—cdf F(x1,...,2p; 0, 5, A)
is given by each of the following three integrals:

1 wiz, q Pl yi
ga - ’ KO‘ Ga (w2x, J—> d i s 38
(2m)p—1 /Cp1 <1—y0 1—y0> H 1—y; i g — 1 Pj (38)

Jj=1

B from [{3a), D from (33a), |B|| <r <1,

etr(—WAW 1) 1 o , .
s e, 0w G (0w
= (39)

- Ky H Ga(wjng, yj)dspjv

j=1
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B from {34p), D from (33b), |B| <,
2°%etr(—gWAW (I -B)) 1 / o q
I+ WEW]e err Tt Jo TP\ \T=y )
~1
(1 - yO) aga ( — yowf)xpu 2q 2) Kah L Ga (’U}?.’II], 2y] ) dQOJ,
1+ 9o 1—y5 j:11+yj y; +1

B from {3c), D from (33c), |B|| <r < 1.

For the proof of theorem 3 the following two lemmas are required.

LEMMA 2. WithY = diag(yi,...,Yp), y; = re’i, ||B|| <r, B, D,yo,q from (5),
(33), (36), (37) the following decomposition is obtamed

etr(Y + B)"'D)|Y + B|™®

(41)
= etr ((Ypp + Bpp)_lep) |Ypp + Bpp| ™ exp (

) (Yp — yo0) .

Yp — Yo

PROOF. From frequently used formulas for p x p—matrices, (see e.g. complements
and problems 2.4, 2.7 in chapter 1b of Rao (1973)) it follows for

A=Y +B= App by :
by, Yp + bpp

|A] = |App|(yp + bpp — b;/DA;D;D ) = |Ypp + Bpp|(yp = Y0),

—1 1 1 / 1 1
. (App + oAb AL — s AL by )
1 -1 1
Yp—Y0 P pp Yp—Y0

and

trace(A'D)

1
—1 1 —1
= trace (App Dpp + H (A b b;App D A;D;D bpdp)) + yp — % (dpp b;App d )
= trace(A,,' Dpp) + L, which implies (Z]).
Yp — Yo

LEMMA 3. Let be q any number, S, = {y € C|ly| = r}, yo any number with
lyo| < r, then with Fy, from (23), Ga, G from (33), and the negative sign in £q only for

(42)

1 +q ) —a, a—1
— etr F,(x, — Yy d
omi o, ( — (,9)(y — yo) "y 'dy

ga (1 Yo 1 qyo) Fa from m@), r< 1, (42@)
=9 (1—y0)™ Ga ((1 —Y0)Ts 1 ‘Iyo) F,, from (23b), (42b)
exp (1_qy0) (1=y0)"* Ga (ng T, Eig) ,  Fo from (Z3c), r <1, (42¢)
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Proor. Tt is sufficient to verify ([#2]) for the corresponding derivatives f, = B%Fa.
At first, ([@2h) is shown:
With F, from (25h) and the binomial series for (1 — yo/y)~(“*t") we obtain

omi f{ fa(z,y)(y — yo) "My tdy
7T’L

s f, (Somor) (71 ) () ) e

With z = (1 +¢)7!, u = tz, the last integral has the L.t.

(S (£ @)

m=0

k—1
== ) “’"(QMZ >y§=z“u"<1—uyo>-<a+”>.
m=n+k

Multiplication by (—¢)"™/n! and summation over n leads to the L.t.

2 . ( qu > 1 . 1,% (I —wo)t
— ex — = X -
(1 — uyp)™ P\T1C uYo (141 —yo)t) P 14+ (1 —yo)t
and this is the L.t. of 2 B Gao (1 oo o yo)
To verify ([@2b) we obtain with F,, from (25b):

fa z,y)(y — yo) Ty dy
2m

~Tlatnth) (w)"), o
2mi <Zga+m ) (k_o I(a+ n)k! <?0> )y dy

(a+n+k) N
= Z gaer Tﬂ)k" g = Ga+n (I)e Yo
m=n+k :

=(1—-yo)" (a+n)(1 = Y0)9a+n((1 = yo)z).
a 0

Multiplication by ¢"/n! and summation provides (1 — o)™ %= G* ((1 — Yo)z, ﬁ)
([@2k) can be shown by L.t. in a similar way as [@2h).

Proor oF THEOREM 3.  Without loss of generality ¥, is selected from the variables
y; =re™i inY = diag(yi,. . .,y,) with any fixed r > || B||. If y,, is replaced by a variable
y with any |y| then the equation
Y + B| = |Ypp + Bpp|(yp + byp — b;lo(Y;?p + Bpp)_lbp) =0
has always a unique solution
Y=UYo= b;lo(Y;?p + Bpp)_lbp — bpp

with |yo| < r since || Bppl| < || Bl
Hence, with lemma 2 and lemma 3, theorem 3 is obtained by integration over ¢, in
the integrals of theorem 2 with n = 1.
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