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(1) ;�"'(E9!!$J 1 �)4KKN!J 2 �)L54KKE9&" K!M
:OC!&��1)L5>+'�"KE9&P"L

(2) Æ7# "D5M Clifford  �M' conc = 0 "8'FG+
F&IÆ0 conc " �N)51+
J 1 O P7#IHN?N!?;MOIPQ!QÆ!QR5,$S:$J+
J 2 O ;�RSIR;S�"E9KN>7RS!(T&! �*KÆUTRK+
J 3 O ,>I#& Cayley ,>ÆRS&"DV,U(WX=2)="@+8/'+
J 4 O 9L2JYIÆ@+8/'$"9L$+%;Y$+RV!Æ*2'#ZUW

@+"8/'+

J 5 O #ZI#&MT![Q!;0%OIPQ9W@+8/'*'#Z+

J 6 O U#INVC5J 5 O&"*2'$OW(OIK!:X\5J 2 O]VP+
"51!(5;&*2'$^W(4KK+

Y�$WQ_RJ 2 O2J 4 O"$$S�+Y�"ZTNBIJ 2 [;_R?8'(
 �%Æ@+ � [6,7,10], J 3 [;<&RS\9L%JY$$+J 4 [;<&�X-Y"
')# "3++

2 <=>?@ABCDE@A
6� [6,7] $!90?8'( �%Æ@+ �(Z["_R!Y�!WQ^`U@+'

("V8+WQ1&aYF4*K\"+6 4D G9b4 R3,1 $!NV�9\"24W"?
="Æ!:]\"^" null \"+

H� 2.1 2D 89'("?8X9"N[

Ne := {x ∈ R3,1|x �= 0, x · x = 0, x · e = −1}, (2.1)

:N e ) R3,1 $]'"�9 null \"!^"89@+">Y^K+
90\" e0 ∈ Ne, c e % e0 IU" 2D @+6 R3,1 $"JX_b4" R2. 0)!

f(x) = e0 + x +
x2

2
e, x ∈ R2 (2.2)

)R R2 5 Ne "Md_/+^ Ne $" null \""@+P"K+3Z09 null \"*K@
+P3�9K!`Z^`)09 null \"/a�9�"`++

H� 2.2 90�+K P"?=\"b4 V n,I" �⊗(V n)XVKS[ a⊗a, ∀a ∈ V n

�U".b)abc5" K-  �!^" Grassmann  �!c" ∧(V n). I"=L5XJ]
.b)abc"\^"))=+

H� 2.3 90�+ K P"?=\"b4 V n, I" � ⊗(V n) XVKS[ a ⊗ a −
a · a, ∀a ∈ V n �U".b)abc5" K-  �!^" Clifford  �!4^'( �!c"
CL(V n). I"=L5XJ].b)abc"\^")'(=+

3N!09\""'(=K0[;KUI�"[;% 2 Y[;!;d)cQ"?=%)
=!& ‘·’ % ‘∧’ *K+

a1a2 + a2a1 = 2〈a1a2〉 = 2(a1 · a2), a1a2 − a2a1 = 2(a1 ∧ a2). (2.3)
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`Æ CL(V n) eU�9\"b41!^"�9 Clifford b4+ Clifford b48+"S[
^" Clifford 8/'+(e89\""'(=^" Clifford >/'+

Clifford  �)gÆ�;Y"!Y"CA)R 0 5 n. �9 Clifford 8/' A "J i Y

[;c" 〈A〉i. i = 0 % 1 1!;d)�"%\"[;+b(Y" i "S[EU Ci
n f"+

b4+@d!b(" n Y[;EU�f+b4+]'�9@ÆS[ In, |I2
n| = 1 M"fh!

!g" n YS[ An Æ0fh In "%-'h" An "@+I [An] = AnI−1
n = I−1

n An. S[
A % I−1

n "'(='h" A "9LI A∼ = AI−1
n . @d A∼

n = [An].
689'("?8X9Pb!�" Grassmann-Cayley, '( �%%i"89'(0%

^"?8'( �+6?8'( �8(09�"Ng�Ih@+%#@++90 2k 9 null
\"j^ a1, a2, · · · , a2k, cQ"'(=" 0 Y[;I 〈a1a2 · · ·a2k〉, ^"h@++cQ"#
@+'h"cQ'(=" 4 Y[;"9LI [a1a2 · · ·a2k] = 〈a1a2 · · ·a2k〉4I−1

4 . Æ k = 2 1
"#@+^"C?@++Kh@+%#@+b�U"8/'i^"Æ@+ � [5,7].

B+^&�XY�B&5"**I ai % bi j" null \"!A, B ∈ ∧(R3,1), A3, B3, C3

j) 3 Y\"
1) '(="8ON*!?=2)="8ON*% (i) 9^*+
2) null 9^*

a1a2a3a1 = −a1a3a2a1 = a1(a2 ∧ a3)a1,

a1a1 = a1 · a1 = 0.

3) 9L

[AB∼] = −〈AB〉,
〈AB∼〉 = [AB],

[a1a2a3A
∼
3 ] = −〈a1a2a3A3〉,

[a1a2A
∼
3 B∼

3 ] = −(a1a2|A3 ∨ B3),

[a1A
∼
3 B∼

3 C∼
3 ] = a1 · (A3 ∨ B3 ∨ C3),

!$ (a1a2|b1b2) = (a1 · b1)(a2 · b2) − (a1 · b2)(a2 · b1).
4) null ,>

a1a2a1 = 2(a1 · a2)a1,

a1a2a3a1 = 2(a1 · a2)a3a1 − 2(a1 · a3)a2a1.

5) 6 CL(V n) $!RV;Y$+"51^"JY+6')# $!A&"JY(B+
09k'

2〈a1a2a3〉1 = a1a2a3 + a3a2a1,

2〈a1a2a3〉3 = a1a2a3 − a3a2a1.

6Æ@+ �$(09:(&"l-IO#X=%Æ#$++_ a1 ) 4D G9b4 R3,1

$"�9 null \"!90\" a2,

Na1(a2) =
1
2
a2a1a2
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^") a2 Æ0fK a1 "Æ#! a1 % a2 "4)fKÆk+S[ a2 ∧ a3 % a4 ∧ a5 XJ\

" a1 "O#X="

(a2 ∧ a3) ∨a1 (a4 ∧ a5) = [a1a2a3a5]a4 − [a1a2a3a4]a5

= [a1a2a4a5]a3 − [a1a3a4a5]a2 mod a1.

&+09M')X a1 %M"!m&+09M'"aM0 λa1, λ )�9�"`++#&O#
X=%Æ#$+!nM<&89'(9l" �*K+B+)Y�$&5"�X*K

(1) (N a1a2 2(N a3a4 "XK a5

a5 = Ne((a1 ∧ a2) ∨e (a3 ∧ a4))

=
1
2
{(a1 ∧ a2) ∨e (a3 ∧ a4)}e{(a1 ∧ a2) ∨e (a3 ∧ a4)}

=
1
2
[ea1a2ea3a4]([ea1a3a4]a2 − [ea2a3a4]a1) + (a1 · a2)[ea1a3a4][ea2a3a4]e

=
1
2
[ea1a2ea3a4]([ea1a2a4]a3 − [ea1a2a3]a4) + (a3 · a4)[ea1a2a4][ea1a2a3]e.

J�9M')O# Cayley 8'!J69M') null Cayley 8'!&09M')` Cayley 8
'+

(2) <o8 a1a2a3 ")m oa1a2a3

oa1a2a3 = Ne(〈a1a2a3〉∼3 ) = [ea1a2a3]〈a1a2a3〉∼3 + (a1 · a2)(a1 · a3)(a2 · a3)e
= (a2 · a3)〈ea2a1a3〉a1 + (a1 · a3)〈ea1a2a3〉a2 + (a1 · a2)〈ea1a3a2〉a3

−(a1 · a2)(a1 · a3)(a2 · a3)e.

(3) <o8 a1a2a3 "jm ha1a2a3

ha1a2a3 = Ne((e · a2)(e · a3)[ea1a2a3]a1 − (e · a1)[ea2a1a3]〈ea2a3〉∼3 )
= Ne((e · a1)(e · a3)[ea1a2a3]a2 − (e · a2)[ea1a2a3]〈ea3a1〉∼3 )
= Ne((e · a1)(e · a2)[ea1a2a3]a3 − (e · a3)[ea1a3a2]〈ea1a2〉∼3 ).

3 ��PQ

3.1 RSTUVWX
61jS�$!WQ&B+"�pDEPkl?YPQ

condition := [{ }, {[ ], [ ], · · ·}, {[ ], [ ], · · ·}, · · ·].
^*$"J i 9S[)N[!*KJ i �7R"K+N[8+"S[)^*!a9^*"J

�9S[m")K!&+'9S[cb]K"(3E98'+.N
condition : = [{a1, a2, a3, a4}, {[a5, ea1a2 ∩ ea3a4], [a6, ea1a4 ∩ ea2a3]},

{[a7, oa1a4a5 ], [a8, oa1a2a6 ], [a9, oa3a4a6 ], [a0, oa2a3a5 ]}].
4KKN) {a1, a2, a3, a4}, J6�"KN" {a5, a6}, Z a5 )(N a1a2 2(N a3a4 "X

K! a6 )(N a1a4 2(N a2a3 "XK!J<�"K {a7, a8, a9, a0} `[))m+
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FGPQN condition, & inform(ai) *KK ai "b( �*K"^*!& inform(ai)[1]
*K ai "O# Cayley 8'+6Y�$!& ≥plex *KgF?j"n0M0Æk+

6_R$$">!WQ�<&�X'h+
H� 3.1 8N 〈a1a2a3〉1 2 〈a1a2a3〉∼3 "\"!̂ "Y\"+8N (a2 ∧ a3)∨a1

(a4 ∧ a5)
"\"!^"X\"+

H� 3.2 _ a1, a2, a3 "(3" null \"!90Y\" 〈a1a2a3〉1, 'hc" null \"
N" {a1, a3}. 90Y\" 〈a1a2a3〉∼3 , 'hc" null \"N" {a1, a2, a3}.

H� 3.3 9X\" (a2 ∧ a3)∨a1
(a4 ∧ a5), !$ a1 " null \"!!gc9\"" null

\"qY\"!:'hc" null \"*"N["^*Î *"J�9S[" a2, a3, a4, a5 c

9\"$ null \""N[+^*8"!cS[4"N[!9i0 a2, a3, a4, a5 c9\"$
Y\"" null \"N!d`) null \"!^*"J69S[A"bN+90)=nMOe"
'h null \"*+

Z 3.1 90 null \" a1, ! null \"*" [{a1}, { }], 90Y\" 〈a1a2a3〉1 2
〈a1a2a3〉∼3 , ! null \"*;d" [{ }, {a1, a3}] % [{ }, {a1, a2, a3}].

H� 3.4 90�9N[ S, & num(S) *KN[ S $"S[9�!:9<'09 null
\"* [S1, S2, · · ·] % [T1, T2, · · ·], WQ'h)09 null \"*"Æk*"

[
num(S1 ∩ T1),

∑
i≥2

num(S1 ∩ Ti) +
∑
i≥2

num(Si ∩ T1),
∑

i≥2,j≥2

num(Si ∩ Ti)
]
. (3.1)

WQ& list(a1, a2) *K\" a1 % a2 "Æk*!09Æk*"R$"9iS[%R+

Z 3.2 90X\" (a1 ∧ 〈ea1a4〉∼3 ) ∨e (a2 ∧ a3) % (a2 ∧ 〈ea2a4〉∼3 ) ∨e (a1 ∧ a3), !
null \"*;d" [{a1, a2, a3}, {e, a1, a4}] % [{a1, a2, a3}, {e, a2, a4}], &P+" (3.1) ,$
Æk*" [3, 2, 2], f )09X\"(<9k?">o null \" a1, a2 % a3, (09 null \
"&�69#"Y\"$!3Y\" 〈ea1a4〉∼3 % 〈ea2a4〉∼3 $(09k?" null \" e %

a4. n$!Æk*rs�09\""4Æk"gh1p+
3.2 [\]^W_`�a23

90@@+8'"D5*2'!.N<N?K*2' (a4 ∧a5)∨e (a6 ∧a7)∨e (a8 ∧a9),
(B+ 3 b,>#'

(a4 ∧ a5) ∨e (a6 ∧ a7) ∨e (a8 ∧ a9)

= [ea4a6a7][ea5a6a7] − [ea5a6a7][ea4a8a9] q>(a4 ∧ a5)

= [ea4a5a7][ea6a8a9] − [ea4a5a6][ea7a8a9] q>(a6 ∧ a7)

= [ea4a5a8][ea6a7a9] − [ea4a5a9][ea6a7a8] q>(a8 ∧ a9)

-Y&(b,>#'!WQ&B+"$$!npPQN[ condition *',>+
23 <N?KD5",>$$+
FG: (1) ?K" �*K (a4 ∧ a5) ∨e (a6 ∧ a7) ∨e (a8 ∧ a9); (2) PQN[ condition.
F&: �90/"@+8/'+

NVN[ {a4, a5, a6, a7, a8, a9} $( k 9)Y7RS517RV"

k=1 1I (ri a9 "Y7RS517R"S
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a) NV a8 ) a9 "fK!:^`UR (a4 ∧ a5) % (a6 ∧ a7) 8+]�9q>+,$Æ
k*

list1 = list(B1, inform(a9)[1]), list2 = list(B2, inform(a9)[1]).

NV a4 % a5 j)B��8+7R"\"!: B1 i" (a4 ∧ a5), d^�9)!Ai]\
"!dj()!: list1 = [0, 0, 0]. Oe" B2 )c9 a6, a7 "+NV list1 ≥plex list2, :q>
(a4 ∧ a5), s:q> (a6 ∧ a7);

b) NV a8 () a9 "fK!:q> (a8 ∧ a9).
k=2 1I
a) `7R"09\"63�9)=$1!.N a8 % a9, :q>)= (a8 ∧ a9);
b) s:!09\";>6(3")=$!.N) a7 % a9, :q> (a4 ∧ a5).
k=3 1I
a) 3 9\"$(0963�9)=$1!.N a7, a8 % a9, :q> (a8 ∧ a9).
b) `7R" 3 9\";j0(3")=$1!.N a5, a7 % a9 1!:
i) `a9)=$"09Kj)fKÆkqj()fKÆk1!:,$

list1 = list(a4, inform(a7)[1]) + list(a4, inform(a9)[1]),

list2 = list(a6, inform(a5)[1]) + list(a6, inform(a9)[1]),

list3 = list(a8, inform(a5)[1]) + list(a8, inform(a7)[1]).

N list1 ;n!:q> (a4∧a5); N list2 ;n!:q> (a6∧a7); N list3 ;n!:q> (a8∧a9).
ii) ]d�9k(fKÆk")=,>mn+
k=4 1I
a) `7R" 4 9\"$006�l1!.N a6, a7, a8 % a9, :q> (a4 ∧ a5);
b) 4 9\"$096�l!!g09;>1!.N a5, a7, a8 % a9, q> (a8 ∧ a9).
k=5 1I (ri a5, a6, a7, a8 % a9 "Y7RS517R"S

a) NV a4 () a5 "fK!:q> (a4 ∧ a5);
b) NV a4 ) a5 "fK!:,$ a4 %m)09)="Æk*

list1 = list(a4, inform(a6)[1]) + list(a4, inform(a7)[1]),

list2 = list(a4, inform(a8)[1]) + list(a4, inform(a9)[1]).

NV list1 ≥plex list2, :q> (a6 ∧ a7), s:q> (a8 ∧ a9).
k=6 1I `[)7RV"K!:n]�9)=q>mn+

3.3 efghi`jklm23
90@+8/'8'"D5!NVtÆ�BC?@+$\""oj&oRS!4nM2

5Z## "="+B+WQ<&St,$$!CAB&5"C?@+?\""Tj$$+
23 C?@+?\""Tj$$+

FG: (1) C?@+ [a4a5a6a7]; (2) PQN[ condition.
F&: L5PQN[u [a4a5a6a7] ?[ 4 9\"Tj&" "@++
NVN[ {a4, a5, a6, a7} $( k 9)Y7RS517RV"
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k=11I,$Æk* list1 = list(a4, inform(a7)[1]), list2 = list(a5, inform(a7)[1]), list3 =
list(a6, inform(a7)[1]), p&&F?j<) 3 9^*Tj!]d.n"09*b9i"\"M
" a7 "%q\"+

k=2 1I(ri a6 % a7 "7R"\"!,$Æk*

list1 = list(a4, inform(a6)[1]), list2 = list(a4, inform(a7)[1]),

list3 = list(a5, inform(a6)[1]), list4 = list(a5, inform(a7)[1]).

a) NV list1[1]% list3[1]jn0Æ!q list2[1]% list4[1]jn0Æ!:X\ −[a4a6a5a7];
b) NV list1[1] % list4[1] jn0Æ!:X\ −[a5a4a6a7];
c) NV list2[1] % list3[1] jn0Æ!:X\ [a4a5a6a7];
d) NV (list1 + list4) ≥plex (list2 + list3), :X\ −[a5a4a6a7].
e) MPVv")!jp5F&+
k=3 1I(ri a5, a6 % a7 "7R"\"!,$Æk* list1 = list(a4, inform(a5)[1]),

list2 = list(a4, inform(a6)[1]), list3 = list(a4, inform(a7)[1]), p&&F?j<) 3 9^*T
j!]d.n"09*b9i"\"M" a4 "%q\"+

k=4 1I 4 9\"j"7R"\"!;d,$

list1 = list(inform(a4)[1], inform(a5)[1]) + list(inform(a5)[1], inform(a6)[1])
+list(inform(a6)[1], inform(a7)[1]) + list(inform(a7)[1], inform(a4)[1]),

list2 = list(inform(a4)[1], inform(a6)[1]) + list(inform(a6)[1], inform(a7)[1])
+list(inform(a7)[1], inform(a5)[1]) + list(inform(a5)[1], inform(a4)[1]),

list3 = list(inform(a4)[1], inform(a7)[1]) + list(inform(a7)[1], inform(a5)[1])
+list(inform(a5)[1], inform(a6)[1]) + list(inform(a6)[1], inform(a4)[1]).

NgF?j list1 ;n!:X\ [a4a5a6a7]; NV list2 ;n!:X\ [a4a6a7a5]; NV list3
;n!:X\ [a4a7a6a5].

3.4 n�23
a9K" �*K( 3 OIO# Cayley 8'! null Cayley 8'!` Cayley 8'+6-

Y-&1! null Cayley 8'.` Cayley 8'wRrx!bMWQ(`U&` Cayley 8'R
S+O#" Cayley 8'7q0 null Cayley 8'!`">o(BpR@+"Wp+90>/
'"V8!7-&O#" Cayley 8'RS!/r7sqTR\""rsqy8+(�9)
fK+908/'V8!17`U>/'"O#RS7�+

H� 3.5 �9@+>/'$!uRS ai "O#RS7�!'h">/'$z`+&
& ai "O# Cayley 8'RS"9�1%!O�47,$6?+

Z 3.3 _ a6 = a4a1a2∩a4a3a4, conc = [ea1a2a4]2[ea3a5a6]2−[ea1a2a3]2[ea4a5a6]2.
K a6 "E9! a4 ) a6 "fK!J�9>/'"O#RS7�" 0, &+">/'"O

#RS7�" 2, bM(&&O# Cayley 8'RV a6.
23 '( �6')# $"RS$$+
FG: (1) @+8/' expression; (2) PQN[ condition.
F&: Æ expre $b(7R"\"`[RV&"8/'+
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9 ai, i = k · · ·n *'RS
(1) t�`U&O#" Cayley 8'*'RS!,$a9>/'Æ0 ai "O#RS7

�+u d M0a9>/'Æ0 ai "O#RS7�";tNL
(2) 90a9>/'*'RS!NV d = 0, :& ai " null Cayley 8'ÆU ai, d ai

" null Cayley 8'(8b*2'!:WQ,$ab*2'%qy"Æk*!]dÆk*n
"v9*2'*'RSL

(3) NV d �= 0, :9>/'$ d 9n&O# Cayley 8'RS" ai *'RS!v@O
�6?!90wB"`& null Cayley 8'+90(8b*2'"!:35#&Æk**']
d+
� 1 3��$"K"RSoj
(1) 90vXk(S{()"*K"K!7�RV!.NI<o8 a1a2a3 "OmL
(2) 90-(8bE9!q8b �*K"K!;/m5;&R!.Njm ha1a2a3 .

3.5 st23
*' Cayley ,>&!A)*'9L2JYu$!JV@+8/'$"9L$+%;Y

$++9L,>u7)#&k' (2.5)–(2.7). #&)Xk'!WQ<&9L$$+
23 C?@+ [a4a5a6a7] "9L$$+
FG: (1) C?@+ [a4a5a6a7].
F&: (W9L$+"@+8/'+
_ {a4, a5, a6, a7} $( k 9W9L$+"Y\"
k=0 1I (Mn(N)!p5F&+
k=1 1I (ri a7 = 〈b1b2b3〉∼3 , K9Lk'(TF& −〈a4a5a6〈b1b2b3〉3〉.
k=2 1I Ki9^*!(ri a6 = 〈b1b2b3〉∼3 , a7 = 〈b4b5b6〉∼3 , K9Lk'c

[a4a5〈b1b2b3〉∼3 〈b4b5b6〉∼3 ] = −(a1a2|(b1 ∧ b2 ∧ b3) ∨ (b4 ∧ b5 ∧ b6)).

B+",$x| (b1∧b2∧b3)∨(b4∧b5∧b6)",>!WQnMt�,$ n1 = num({a1, a2}∩
{b1, b2, b3}) % n2 = num({a1, a2} ∩ {b4, b5, b6}), NV n1 ≥ n2, :q> (b1 ∧ b2 ∧ b3). NV
n1 < n2, :q> (b4 ∧ b5 ∧ b6).

k=3 1I Ki9^*!(ri a5 = 〈b1b2b3〉∼3 , a6 = 〈b4b5b6〉∼3 , a7 = 〈b7b8b9〉∼3 , #&
9Lk'c

[a4〈b1b2b3〉∼3 〈b4b5b6〉∼3 〈b7b8b9〉∼3 ]

= a4 · {(b1 ∧ b2 ∧ b3) ∨ (b4 ∧ b5 ∧ b6) ∨ (b7 ∧ b8 ∧ b9)}.

P+"?=( 3 b,>#'!;d)q> (b1 ∧ b2 ∧ b3), (b4 ∧ b5 ∧ b6) % (b7 ∧ b8 ∧ b9), -c
A = {b1, b2, b3}, B = {b4, b5, b6}, C = {b7, b8, b9}, u r = num(A ∩ B), s = num(B ∩ C),
t = num(C ∩ A), `"i9^*!(r}_ r ≥ s ≥ t,

1) ` r = s = t, r = 1, 2, 3 1!NV a4 ∈ A, :q> (b1 ∧ b2 ∧ b3), NV a4 ∈ B, :q>
(b4 ∧ b5 ∧ b6), NV a4 ∈ C, :q> (b7 ∧ b8 ∧ b9);

2) ` r = s > t qo r > s > t 1!:q> (b4 ∧ b5 ∧ b6);
3) ` r > s = t 1!NV a4 ∈ A, :q> (b1∧b2∧b3), NV a4 ∈ B, :q> (b4∧b5∧b6).

s:!n]6o"�q>+
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� 2 k = 4 "V86'(')# $(B&�!WQv(`U+90!v"@+8'!
9L,>"#'Oe0P+"$$+

B�OA)#&k' (2.9) JVyY$++(5$$:Z>!(T&M'"swÆUr
wmn+P+"$$"xwpj" O(n), !$ n *K*2'$;W"@+Wp+WQ?C6
Maple 11 PS��P+"$$!QU#� [8] 8+"b(x|WQ"$$"3+!jc5�
xa"DV+6B�[;WQ<&09-( **"'(')# "3++

4 w �
Z 4.1 a4 )<o8 a1a2a3 "jm! a5, a6, a7 ;d); a1a2a3, a2a3a4, a1a3a4 "

)m!# I(N a4a5, a1a6, a2a7 ?K+

a

a a

a a

a

a

y 1

condition := [{a1, a2, a3}, {[a4, ha1a2a3 ]}, {[a5, oa1a2a3 ], [a6, oa2a3a4 ], [a7, oa1a3a4 ]}].
conc : (a4 ∧ a5) ∨e (a1 ∧ a6) ∨e (a2 ∧ a7) = 0.

� �&<N?K",>$$!nMz')q> a4 ∧ a5. p&!&RS$$RS!a9
TRK a5, a6, a7 jn&O# Cayley 8'RS+p&o&9L%JY$$JV9L$+%;
Y$++

conc = (a4 ∧ a5) ∨e (a1 ∧ a6) ∨e (a2 ∧ a7)

= [ea1a4a6][ea2a5a7] − [ea1a5a6][ea2a4a7]

= [ea1a4〈a2a3a4〉∼3 ][ea2〈a1a2a3〉∼3 〈a1a3a4〉∼3 ]

−[ea2a4〈a1a3a4〉∼3 ][ea1〈a1a2a3〉∼3 〈a2a3a4〉∼3 ]

= −2−1[a1a2a3a4]︸ ︷︷ ︸{〈ea1a4a2a3a4〉(ea2|a1a3) − 〈ea2a4a1a3a4〉(ea1|a2a3)}.

B+&RS$$9 〈ea1a4a2a3a4〉 *'RS!!$"J�9 a4 & null Cayley 8'!;
&�9 a4 nM&O#" Cayley 8'!Q&Æk*]d(3"*2'RS+

〈ea1a4a2a3a4〉 = 2−1〈ea1{(e · a2)(e · a3)[ea1a2a3]a1 − (e · a1)〈ea2a1a3〉〈ea2a3〉∼3 }
e{(e · a2)(e · a3)[ea1a2a3]a1 − (e · a1)〈ea2a1a3〉〈ea2a3〉∼3 }

a2a3{(e · a1)(e · a2)[ea1a2a3]a3 − (e · a3)〈ea1a3a2〉〈ea1a2〉∼3 }〉
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= (e · a2)(e · a2)[ea1a2a3]〈ea1〈ea2a3〉∼3 ea1a2a3〈ea1a2〉∼3 〉
−(e · a1)〈ea2a1a3〉〈ea1〈ea2a3〉∼3 e〈ea2a3〉∼3 a2a3〈ea1a2〉∼3 〉

= 4−1(e · a2)(e · a2)[ea1a2a3]〈ea1ea2a3ea1a2a3ea1a2〉
−4−1(e · a1)〈ea2a1a3〉[ea1ea2a3ea3a2ea2a3ea1a2]

= 8(e · a1)2(e · a2)2(e · a3)(a2 · a3)[ea1a2a3]︸ ︷︷ ︸((e · a3)(a1 · a2) − 〈ea2a1a3〉)
= −(ea1|a2a3).

L5Oe",$!nc 〈ea2a4a1a3a4〉 = −(ea2|a1a3), 0) conc = 0, c#+
P+"# )�96/"# +6 CPU 1.8GHz, 1GB ?k" Dell 1300 y{P!#&

Maple 11 |Q!&WQ>+"$$9]')*'%i"u$!^&1 0.012sAS��<N?
K,>!RS!J9L%JYu$+6klP!/( 3 9)m% 1 9jm!R>+<&"j
m%)m"*2'Pe!^& 4 9:z"^*mnkl+

Z 4.2 _ a1, a2, a3, a4 )4KK! a5 6; a1a2a3 P! a6 ); a1a2a4 2(N a2a5

"XK! a7 )(N a3a5, a4a6 "XK!# I a1, a3, a4, a7 ?;+

a

a
a

a

a

a a

y 2

condition := [{a1, a2, a3, a4, a5}, {[a6, a2a1a4 ∩ a2ea5]}, {[a7, ea3a5 ∩ ea4a6]}],
conc : [a1a3a4a7] = 0.

� : z a7 "E9$( a3, a4, bMtÆ [a1a3a4a7] 8+\""oj!-c a7 "r
sqy;d) a3, a4. R a6 1!(T&! null Cayley 8'ÆU+

conc = [a1a3a4a7] = −[a3a1a4a7]
= −2−1[a3a1a4{(a3 ∧ a5) ∨e (a4 ∧ a6)}e{(a3 ∧ a5) ∨e (a4 ∧ a6)}]
= −2−1[ea3a4a5][ea3a4a6]︸ ︷︷ ︸[a3a1a4a6ea5]

= 2−1[a3a1a4{(a1 ∧ a4) ∨a2
(e ∧ a5)}a2{(a1 ∧ a4) ∨a2

(e ∧ a5)}ea5]
= 2−1[ea1a2a4][ea2a4a5]︸ ︷︷ ︸[a3a1a4a1a2a5ea5]

= 22(e · a5)(a1 · a4)︸ ︷︷ ︸[a1a2a3a5] #& a1, a2, a3, a5 ?;PQ

= 0.

#{+#&WQ"$$!/r7 0.016s A<&�3 4.2 ">/# !3ZklP/r7 3 9
^*A2�+
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4 x y
Y�R1jS�"op&%!90#&'( �*''(4DC)!.&�A&"'9

$$IRS$$%9L,>$$+#&)X$$!-# 51Z#:8+B�O"lz`U
N(({|*' Cayley ,>!%�("$$EU�9ÆY!!�lf0Æ'( �"')
"}# "@|+
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ALGORITHMS OF ELIMINATION AND SIMPLIFICATION

BASED ON GEOMETRIC ALGEBRA IN AUTOMATIC PROVING

OF GEOMETRIC THEOREM

CAO Yuanhao LI Hongbo

(Key Laboratory of Mathematics Mechanization, Chinese Academy of Sciences, Beijing 100090)

Abstract In symbolic computing, a major bottleneck is middle expression swell. Sym-
bolic geometric computing based on invariant algebra can alleviate this difficulty. For example,
the size of proofs of Euclidean geometric theorems can be reduced significantly based on null
bracket algebra. In this paper, we consider algorithms of elimination, duality and ungrading in
null bracket algebra from the viewpoint of program implementation.

Key words Conformal geometric algebra, null bracket algebra, automated geometry
reasoning, algorithm.


