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1 � 2
"34#$!�%�&!'(&")*5# $!+,"%-#$ (DEDS) #5$&'

%(.&')/0#$ (A, B, C). 20 *()+/0#$ (A, B, C) $1*),-./01".
62+2,33")*5# $$4'$&'%#$5/0#$ (A, B, C) $-/0-7+
./08*59:45161;<$'75=>#$ x(k + 1) = F (x(k)), ?2 F (x) 5$4
'$&'%6.+3@7187 F (x) =

∧
r∈I

(Arx), Ar 5 F (x) $$&'%9A+Ar ∈ Dn×n,

:8;492009-06-23.
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x(k) ∈ Rn, D = (R∪{−∞},∨, +)<)$&'%(.+.D a∨b = max(a, b), a∧b = min(a, b),
I 5 F (x) =@$&'%9A$E= r $5>1>? [1] @A1*6#3=>$4'$&'%
#$$BFGCD?>? [2,3] @EA=>$4'$&'%#$7F6#81*+H96I
GB:C$@;D/1

>? [4] @EHF6-=>$4'$&'%#${
x(k + 1) = F (x(k)) ∨ B(u(k)),

y(k) = Cx(k),
(1)

.D F (x) IJ+ B ∈ Dn×p, C ∈ Dp×n, u(k) ∈ Rq, y(k) ∈ Rp, G#$<=) (F, B, C).
(F, B, C) K@J (A, B, C) 5-/0$+LB.1*H%>?!IK1>? [4]JK6 (F, B, C)
$L@2,A>LBM$MGM"1>? [5–9] #$1*6 (F, B, C) $ANAO0!L@2
,BM!ND"CD1>? [8] JK6A5O-PCQDBM (F, B, C) $L@2,$MGM
"1;E+>? [10] 1*6-=>$4'$&'%#$ x(k + 1) = F (x(k)) ∨ G(u(k)), JK
6#$ND+L@2,ABM$M3M"+.D G(u) 5$4'$&'%6.+@7187
G(u) =

∧
s∈J

(Bsu), .NI (F, B, C), R#$<=) (F, G). #$ (F, G) S (F, B, C) $-/0
TUHF+HIK1

HEAV+GH-=>$4'$&'%#${
x(k + 1) = F (x(k)) ∨ G(u(k)),

y(k) = H(x(k)),
(2)

.D H(x) =
∧

t∈T

(Ctx), Ct ∈ Dp×n, F, G IJ+G#$<=) (F, G, H). OI+#$ (F, G, H)

S (F, G) $-/0TUHF!HIK1>? [11] JK6 (F, G, H) ANAO$MGM"1PF
PC:*5DHIG+C>1*5PFPCQDBML@2,CD+JK6EWM3M"1

2 PQRS
TU 2.1 @J$4'$&'%6. F (x) =

∧
r∈I

(Arx), = Ar $ i F j 8VQ) aij(r).

W F (x) #"JDEWR+S@ n WXY v1, v2, · · · , vn, ZD7[ aij(r) �= −∞ 2+ vj K vi

@K+I) aij(r), 3XTU r; [ aij(r) = −∞ 2+ vj K vi L@XTU r $K1RR<)
F (x) $XU@VWR+<< F (x) $R+=) G(F ). Y vi \Y vj Y,X@UM I D]U$
(vi, vj)− +\ (vj , vi)− +Z< vi 8 vj 5NUFO'$1= G1, G2, · · · , Gω 5 G(F ) $NU
FO'3[1

TU 2.2 : G(F ) DY% p + q WY u1, u2, · · · , uq; y1, y2, · · · , yp. [ Bs $ i F j 8VQ
bij(s) �= −∞ 2+ZDY uj KY vi @XTU s $K+I) bij(s); ^ZZK1[ C $ i F j

8VQ cij(t) �= −∞ 2+ZDY vj KY yi @ t UK+I) cij(t), ^ZZK1RR<)#$
(F, G, H) $R+<=) G(F, G, H).

TU 2.3 : G(F, G, H) D+O-Y vj <) ui − (r, s)− AN$+5EP[Y ui 8P
O-Y vl @ s− UK+Y vl 8Y vj ,@ r− U+1\,@Q]$ (r, s) ∈ I × J , Y vj 5

ui − (r, s)− AN$+Z<Y vj : G(F, G, H) D5 ui− AN$1
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TU 2.4 :R G(F, G, H) D+O'3[ Gi <) yi − (r, t)− AO$+5E Gi DY8 yi

@ (r, t) U+1\,@Q]$ (r, t) ∈ I × T , Gi 5 yi − (r, t)− AO$+Z< Gi : G(F, G, H)
D5 yi AO$1

TU 2.5 X G(F ) $]O'3[ G1, G2, · · · , Gω T\7@Q]$ 1 ≤ i < j ≤ ω, Gj L

@K Gi $ÆUK+E Gj DYK Gi DYL@ I D]U++< G1, G2, · · · , Gω ) G(F ) $=
]_1

'_XY_$MU+^#JKR G(F ) $=]_1

3 �_`abcd�
:PFPC K $e5`+`V#${

x(k + 1) = F (x(k)) ∨ G(K(y(k))),

y(k) = H(x(k)),
(3)

.D K(y) =
∧

d∈N

(Kdy), Kd ∈ Dq×p, G#$<=) (F, G, K, H).

>? [12] a76f% �.
TU 3.1 @ K(y) =

∧
d∈N

(Kdy), b Kdi, 1 ≤ i ≤ n 5 K(y) $Q] n Wa$&cA+Z
Wg Kl = [Kd1 , Kd2, · · · , Kdn ]T, l ∈ L, <e K(y) $a$&cAhX1 L 5 K(y) $a$&
cAhX$E=51 |L| "Jb N D#IIVQY n W$Z8.+[ |N |n.

TU 3.2 @ G(u) =
∧

s∈J

(Bsu), \ Bs = [B1
s , B2

s , · · · , Bn
s ]T, .D Bi

s, 1 ≤ i ≤ n 5 Bs $
c i F1f% � Dd)

Bs � Kl = [B1
sKd1 , B

2
sKd2 , · · · , Bn

s Kdn ]T ∈ Dn×q.

OI+[ K )a$&2+ Bs � Kl = BsK.

ij 3.1[12] BsK(y) =
∧

l∈L

(Bs � Kl)y.

b Cti , 1 ≤ i ≤ n 5 H(x) $Q] n Wa$&cA+Wg Ce = [Ct1 , Ct2 , · · · , Ctn ]T, e ∈ E

5 H(x) $a$&cAhX1 E 5 H(x) $a$&cAhX$E=517Ed+JK6
ij 3.2[13] x(k + 1) =

∧
(r,s,e,l)∈I×J×L×E

(Ar ∨ ((Bs � Kl) � Ce))x, .D

(Bs � Kl) � Ce = [B1
sKd1Ct1 , B

2
sKd2Ct2 , · · · , Bn

s KdnCtn ]T.

OI+[ K )a$&+ Ce = [Ct, Ct, · · · , Ct]T 2+ (Bs � Kl) � Ce = BsKCt.
:JR+eF6`V#$ (F, G, K, H) e$@URff+=) G(F, G, K, H), .XY5

) v1, v1, · · · , vn, [ (Ar)ij �= −∞ 2+@ vj K vi $ r− UK?]k[
∨

1≤m≤p

( ∨
1≤v≤q

(biv(s) + kvm(di)) + cmj(ti)
)
�= −∞

2+@ vj K vi $ (s, l, e) UK+YD r, s, l, e g+$EX z U1GR51* (F, G, H) PFP
C$@^h_1
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b A 5$&'%(.J$EW n `Wg1Dd
µ(A) = [µ1(A), µ2(A), · · · , µn(A)]T ∈ Rn,

.D µi(A) = ∨ {ω(c)
l(c) |c 5 G(A) DKY i @+$a }, .D ω(c) ff+ c $I+ l(c) ff+ c

$i1R µ(A) <)Wg A $L@2,1$&'$4'%6. F (x) =
∧

r∈I

(Arx) $L@2,
Dd)

χ(F ) = lim
k→+∞

1
k

F k(x).

ij 3.3[3] F (x) =
∧

r∈I

(Arx) $L@2, χ(F ) j:+3 χ(F ) =
∧

r∈I

µ(Ar).

gl+ χ(F ) D@*J Gi b]Y$3c^KI+kdhBM ω W4I$3c1
TU 3.3 b ∆ ∈ Rω,[3d[ z ∈ ∆2j:PFPC K iJ z 5`V#$ (F, G, K, H)

$L@2,+Z< ∆ 5#$ (F, G, H) BMÆ1BMÆ ∆ lm" (m1, m2, · · · , mω) )Dj+
M )ne$ ω kf+3 mi, 1 ≤ i ≤ ω Zg+Z< ∆ 5 ω k$1\,#$ (F, G, H) $BM
Æ ∆ 5 ω k$+Z<#$ (F, G, H) AoPFPCQDL@2,BM1

QDL@2,BM5EMGh;lp$Bm$BM+BMÆnNi#A&+bB)L@
2,BM$*5Hqrj1

Tj :R G(F, G, H) D+XP[!PFY$W.&J ω, 3j:P[Y u1, u2, · · · , uω,
PFY) y1, y2, · · · , yω, \ G(F ) $O'3[$=]_ G1, G2, · · · , Gω, T\`8M"

i) @kW i, 1 ≤ i ≤ ω, Gi DY ui– AN+3 yi– AO?
ii) l ui, Gi, yi m)EY+=) Xi, @Q]$ i, 1 ≤ i ≤ ω, j:TU r(i), s(i), t(i), i

J4j: Xj , i < j ≤ ω DYK Xi DY$ (r(i), s(i), t(i))- U+1
Zj:PFPC K, #$ (F, G, H) AoPFPC K QDL@2,BM1
� Y K )a$&+b)@ng diag(k11, k22, · · · , kωω), .D

kii ∈ [M i, M i + 2M ], 1 ≤ i ≤ ω, (4)

M )M3&..1LkW i, 1 ≤ i ≤ ω, Gi DY ui− AN+Z@Q]$ (r, s) ∈ I × J , j:
v ∈ V (Gi)(V (Gi) ff Gi $XY5), uiv 5 s– UK+==@?oY$`=$5>) Ti(s), @
Q]$ k(i) ∈ Ti(s), =K uivk(i) $oI) bk(i)i(s); @Q]$ (r, e) ∈ I ×E, e YDg+W k(i)
pD6 Ce Dc k(i) W Ct g+=Y) Ct(e,k(i)). WJkW i, 1 ≤ i ≤ ω, yi– AO+bB@U t,
: Gi D^AmKEW v′ K yi @RU$K+==@?oY$`=$5>) Hi(t), @Q]$
h(i) ∈ Hi(t), Z vh(i) K yi @ t(e, k(i)) UK+=GK$oI) cih(i)(t(e, k(i))). :O'3[ Gi

D+̂ @ vk(i) K vh(i) $ r− U++==@?o+$5>) Pi(r), @Q]$ pi(r) ∈ Pi(r), b.
oI) ω(pi(r)), iU) |pi(r)|. OaU ([ l U) K yiui, .oI) kii, Z uivk(i)pi(r)vh(i)yiui

5R G (F, G, H) DEen$ (r, s, l, e)– Ua+pqa/ 3.2, (r, s, l, e)– UaD$ e @ n of
qr8+S\JsaD e $fqr8) t(e, k(i)), kJsat#=) (r, s, l, t(e, k(i)))– a1W
J K )a$&+Z |L| = 1, ="Gea#<=) (r, s, t(e, k(i)))– a+.oI)

bk(i)i(s) + ω(pi(r)) + cih(i)(t(e, k(i))) + kii.

b
Wi0 = bk(i)i(s) + ω(pi(r)) + cih(i)(t(e, k(i))),
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Z.rsoI)
Wi0 + kii

|pi(r)| + 1
,

7Edb
Wi1 =

∨
k(i)∈Ti(s),pi(r)∈Pi(r),h(i)∈Hi(t(e,k(i)))

Wi0 + kii

|Pi(r)| + 1
=

Wi00
+ kii

|pi| + 1
,

ffK Gi DY=@en (r, s, e)– UJpaDmEMPCK$;&$rsoI+.D r ∈
I, s ∈ J, t ∈ T, e ∈ E.

OI+G (F, G, K, H) D#Atj:m*MPCK$a+S\+@ (r0, s0, e0), Xj:O'
3[ Gl, Gj , Gm, l < j < m, vl1 , vl1 ∈ V (Gl), vj ∈ V (Gj), vm ∈ V (Gm), ulvl1 , ujvl2 , umvj

) s0– K+ vl2yl, vjyj , vmym ) e0– UK+Z ulvl1vmymumvjyjujvl2ylul 5EWm 3 MPC
K$a+.sI)

x =
1
4
(bl1l(s0) + aml1(r0) + cmt(e0,m)(e0) + kmm + bjm(s0) + cjt(e0,j)(e0)

+ kjj + bl2j(s0) + clt(e0,l2)(e0) + kll).

LR+m*MPCK$a$sI#ff) a+kimim

b $r8+.D a, b 5I kimim Zs$
.+ kimim )RaDPCK$;&oG1

@Q]$U (r, s, e) ∈ I × J × E, :qR G (Ar ∨ ((Bs � Kl) � Ce)) D+W i) u K $a
$&0l+K Gi ^j:moI) kii $K$Jpa+W (4) u M )M3&..l

µi

(
Ar

∨
((Bs � Kl) � Ce)

)
≥ a′ + kii

b′
,

.D a′, b′ 5I kii Zs$.1
:qR G(Ar(i) ∨ ((Bs(i) �Kl)�Ce(i))) D+Y Ce(i) = [Ct(i), Ct(i), · · · , Ct(i)]T, R2 (Bs �

Kl)�Ce = BsKCt(i). W ii) l7@Q]$ i, j, 1 ≤ i < j ≤ ω, j:TU r(i), s(i), t(i), 4j:
Xj DYK Xi DY$ (r(i), s(i), t(i))– U++LB+:qR G (Ar(i) ∨ ((Bs(i) � Kl) � Ce(i)))
D+moI) kjj , i + 1 ≤ j ≤ ω $PCK$aK Gi L@++[ Gi DY$L@2,dWm
oI) kii $PCK$apD+moI) kjj , i + 1 ≤ j ≤ ω $PCK$a@ Gi DY$L@
2,L@Au1

Wa/ 3.3 l
χi =

∧
(r,s,e)∈I×J×E

µ
(
Ar

∨
((Bs � Kl) � Ce)

)
,

.v,t5K Gi DY@++3moI) kii $PCK+4moI) kjj , i + 1 ≤ j ≤ ω $P
CK$ena$;&sI χi, .G$fN8t) ai+kii

bi
, .D ai, bi 5I kii Zs$.1

W (4) l+
ai + M i

bi
≤ ai + kii

bi
≤ ai + M i + 2M

bi
,

r
ai + M i

bi
− ai−1 + M i−1 + 2M

bi−1
= M i−1

[M
bi

− 1
bi−1

]
− 2M

bi−1
+

ai

bi
− ai−1

bi−1
,
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W (4) u M )M3&..l
ai + M i

bi
>

ai−1 + M i−1 + 2M

bi−1
, 2 ≤ i ≤ ω,

bB χ1 < χ2 < · · · < χω. bBY mi = ai+Mi+M
bi

)Dj+ M )ne$f+WDd 3.2 lD
/)D1

4 s �
b F (x) = (1 + x1, 2 + x3 ∧ (x1 ∨ 1 + x3), 3 + x2)T; G(u) = (3 + u1, 1 + u1 ∧ 4 + u2, u2)T;

H(x) = (1 + x1 ∧ (x1 ∨ 2 + x2), 3 + x3)T, Z

A1 =

⎛
⎜⎝

1 ε ε

ε ε 2
ε 3 ε

⎞
⎟⎠ , A2 =

⎛
⎜⎝

1 ε ε

0 ε 1
ε 3 ε

⎞
⎟⎠ ; B1 =

⎛
⎜⎝

3 ε

1 ε

ε 0

⎞
⎟⎠ , B2 =

⎛
⎜⎝

3 ε

ε 4
ε 0

⎞
⎟⎠ ;

C1 =

(
1 ε ε

ε ε 3

)
, C2 =

(
0 2 ε

ε ε 3

)
.

OI+G#$T\D/$M"7 i) OI? ii) @U (r, s, 1), r = 1, 2, s = 1, 2, v2, v3 @*$m
YK v1 @*$mYL@RU$+1Y

K =

(
k11 ε

ε k22

)
,

.D kii ∈ [M i, M i + 2M ], i = 1, 2, M )M3&..1gl Kl = [K, K, K]T, Z

B1 � Kl = B1K =

⎛
⎜⎝

3 + k11 ε

1 + k11 ε

ε k22

⎞
⎟⎠ , B2 � Kl = B2K =

⎛
⎜⎝

3 + k11 ε

ε 4 + k22

ε k22

⎞
⎟⎠ .

b

Ce1 = [C1, C1, C1]T, Ce2 = [C1, C1, C2]T, Ce3 = [C1, C2, C1]T, Ce4 = [C1, C2, C2]T,

Ce5 = [C2, C1, C1]T, Ce6 = [C2, C1, C2]T, Ce7 = [C2, C2, C1]T, Ce8 = [C2, C2, C2]T.

Z

(B1 � Kl) � Ce1 =

⎛
⎝4 + k11 ε ε

2 + k11 ε ε
ε ε 3 + k22

⎞
⎠ ,

A1

∨
(B1 � Kl) � Ce1 =

⎛
⎝4 + k11 ε ε

2 + k11 ε 2
ε 3 3 + k22

⎞
⎠ ;
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b µi,j,ek
ff Ai∨(Bj�Kl)�Cek

@*$O'3[$L@2,1bB+µ1,1,e1 = (4+k11, 3+k22),
I/+ µ1,1,e2 = µ1,1,e3 = µ1,1,e4 = µ2,1,e1 = µ2,1,e2 = µ2,1,e3 = µ2,1,e4 = (4 + k11, 3 + k22);

(B1 � Kl) � Ce5 =

⎛
⎝3 + k11 5 + k11 ε

2 + k11 ε ε
ε ε 3 + k22

⎞
⎠ ,

A1

∨
(B1 � Kl) � Ce5 =

⎛
⎝3 + k11 5 + k11 ε

2 + k11 ε 2
ε 3 3 + k22

⎞
⎠ .

bB+ µ1,1,e5 = (3 + k22, 3 + k22). I/+
µ1,1,e6 = µ1,1,e7 = µ1,1,e8 = µ2,1,e5 = µ2,1,e6 = µ2,1,e7 = µ2,1,e8 .

I/#J+
µ1,2,e1 = µ1,2,e2 = µ1,2,e3 = µ1,2,e4 = µ2,2,e1 = µ2,2,e2 = µ2,2,e3 = µ2,2,e4 = (4 + k11, 3 + k22),
µ1,2,e5 = µ1,2,e6 = µ1,2,e7 = µ1,2,e8 = µ2,2,e5 = µ2,2,e6 = µ2,2,e7 = µ2,2,e8 = (3 + k22, 3 + k22).

7B+Wa/ 3.3 #l7 χ = (4 + k11, 3 + k22, 3 + k22). WDd 3.2 lG#$AoPFP
C K QDL@2,BM1
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[1] Olsder G J. Eigenvalues of dynamic max-min systems. Discrete Event Dynamic Systems, 1991, 1:

177–207.

[2] Gunawardena J. Min-max functions. Discrete Event Dynamic Systems, 1994, 4: 377–406.

[3] Gaubert S, Gunawardena J. The duality theorem for min-max functions. C. R. Acad. Sci., 1998,

326: 43–48.

[4] Chen W. Cycle time assignment of nonlinear discrete event dynamic systems. Proceedings of the

Intelligent Systems and Control Conference, USA, 2000.

[5] uvvwxwx DEDS y�zxw
�wx���� 1999, 16: 69–72.

[6] uvvwxwx DEDS yx4Æyzy�{zyzw
��|{� 2003, 18(5): 517–521.

[7] uvv�{{|wxwx DEDS y�}�zx�zyzw��|~� 2000, 45(22): 2457–2461.

[8] Chen W, Tao Y, Yu H. Cycle time assignment of min-max systems using a state feedback. Proc

of IEEE. International Conference on Networking, Sensing and Control, Taibei, 2004.

[9] Tao Y, Chen W. Cycle time assignment of min-max systems. Int. J. Control, 2003, 76(18):

1790–1799.

[10] Tao Y and Liu G. Sate feedback stabilization and majorizing achievement of min-max-plus systems.

IEEE Transactions on Automatic Control, 2005, 50(12): 2027–2033.

[11] |}}�uvv�}~wÆ~ - Æ� - ~�	 (F, G, H) y�z�}xw
��|{� 2009, 24(1): 121–123.



10 � BC<:;����������)����������* 1373

[12] Tao Y, Liu G. Cycle time assignability and feedback design for min-max-plus systems. Proceedings

of the 44th IEEE Conference on Decision and Control, and the European Control Conference,

Seville, Spain, 2005.

INDEPENDENT CYCLE TIME ASSIGNMENT VIA AN OUTPUT

FEEDBACK FOR MIN-MAX-PLUS SYSTEMS

ZHU Zhongxun

(Computer Science Department, Central China Normal University, Wuhan 430079; Applied

Mathematics Institute, Department of Computer Science, South Central for Nationalities,

Wuhan 430074)

WEI Hongyun

(Applied Mathematics Institute, Department of Computer Science, South Central for Nationalities,

Wuhan 430074)

TAO Yuegang

(Laboratory of Complex System and Intelligence Science, Institute of Automation, Chinese Academy

of Sciences, Beijing 100190)

CHEN Wende

(Institute of Systems Science, Academy of Mathematics and Systems Science, Chinese Academy

of Sciences, Beijing 100190)

TAN Liansheng

(Computer Science Department, Central China Normal University, Wuhan 430079)

Abstract In digital circuit, that two time signals pass through and door of logical circuit
is about equal to do max operation, and or door is min operation. The min-max-plus systems
can be used to the time analysis of digital circuit. In this paper, we obtain a sufficient condition
such that cycle time of the min-max-plus system (F, G, H) can be assigned independently by
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