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∫
�n

fdωn =
∫ 1

0

· · ·
∫ 1

0

f(x1, x2, · · · , xn)dω1dω2 · · · dωn, f(x1, x2 · · ·xn) : [0, 1]n → [0, 1],

# �n M n- LJM [0, 1]n, # dωn KN dx1 · · · dxn, <

∫
�n

fdωn =
∫ 1

0

· · ·
∫ 1

0

f(x1, x2, · · · , xn)dx1dx2 · · ·dωn.

9: 1.1[5] L f : [0, 1]n → [0, 1], < f � k L�M)>7

f (k)(x1, x2, · · · , xn+k) = f(x1, x2, · · · , xn), ∀(x1, x2, · · · , xn+k) ∈ [0, 1]n+k,

-N k = 0, 1, 2, · · ·, M k = 0 O f (0) = f .
9; 1.2 (18�N=)�)[5] P� n N8� f : [0, 1]n → [0, 1] ��� k L�M f (k) �

OÆ)>O-�18@P*O∫
[0,1]n

fdωn =
∫

[0,1]n+k

f (k)dωn+k.

L S = {p1, p2, · · · , pn, · · ·} "�  �P� ¬, ∨ � → 86" S -��N�5N�5N

P�* F (S) "Q S QQ� (¬,∨,→) RÆQ+�*SRR F (S) 3�NS7:!Q.�� S

3�NS p1, p2, · · · , pn, · · · 7T<:!QT<.�*
9: 1.3[8] L F (S) �; � M = [0, 1], � M 39) ¬x = 1 − x, x ∨ y = max(x, y),

x → y = R(x, y), < M Q7 (¬,∨,→) R+� Fuzzy :!��.8�'3 R : [0, 1]n → [0, 1]
"(UR�<�T R 7 Lukasiewicz �< RLu .

� L3�L A = A(p1, p2, · · · , pn) ∈ F (S), A QT<.� p1, p2, · · · , pn US ¬,∨,→/T%
Q�< A7$� nN8� A : [0, 1]n → [0, 1],-N� A(x1, x2, · · · , xn)"QNN x1, x2, · · · , xn

USP��� ¬, ∨, → /T%Q�'J�VT A Q p1, p2, · · · , pn US ¬, ∨, → /T%0�

J��R A(x1, x2, · · · , xn) 7Q.� A VS�.�8� (QR A 7 A �+ 8�).
Lukasiewicz UR�< →: [0, 1]2 → [0, 1] W= x → y = (1 − x + y) ∧ 1, x, y ∈ [0, 1] �W"

@TX� T 9 ⊗ : [0, 1]2 → [0, 1] W= x⊗ y = (x + y − 1)∨ 0, x, y ∈ [0, 1] -N x⊗ y ≤ z MY

UM x ≤ y → z .
Q� x, y ∈ [0, 1], 6# x → y = (1 − x + y) ∧ 1 = 1 − x + x ∧ y.
>; 1.4 L a, b, c, d ∈ [0, 1], <
(1) (a ∧ c) ⊗ (b ∧ d) ≤ (a ⊗ b) ∧ (c ⊗ d);
(2) (a → b) ⊗ (b → c) ≤ (a → c).

2 ?@ABCDEF
9: 2.1

(1) L f1(x) : [0, 1] → R+ ∪ {0}, Y ∫ 1

0 f1(x)dx = 1 �R f1(x) 7�N; >/8��
(2) L fn(x1, x2, · · · , xn) = f1(x1)g1(x2) · · ·h1(xn) �Y

∫
�n

fn(x1, x2, · · · , xn)dωn = 1 �

R fn(x1, x2, · · · , xn) 7 n NU6=; >/8��
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(3) [X�� fn(x1, x2, · · · , xn), Y
∫
�n

fn(x1, x2, · · · , xn)dωn = 1, R fn(x1, x2, · · · , xn)

7 n N�A=; >/8��

(4) [X�� fn(x1, x2, · · · , xn), Y
∫
�n

fn(x1, x2, · · · , xn)dωn = 1, R

f1(x1) =
∫ 1

0

dx2

∫ 1

0

dx3 · · ·
∫ 1

0

fn(x1, x2, · · · , xn)dxn

7 n N�A=; >/8��C?>/8��

(5) [X�� fn(x1, x2, · · · , xn), Y
∫
�n

fn(x1, x2, · · · , xn)dωn = 1, R

f2(x1, x2) =
∫ 1

0

dx3

∫ 1

0

dx4 · · ·
∫ 1

0

fn(x1, x2, · · · , xn)dxn

7 n N�A=; >/8��VW>/8�*�Z #X9 f3(x1, x2, x3) PVW>/8�*
G (1) = J\; >/8��18P� 1, :18P� 1 �; >/8��"[�

��

(2)7]$.� (Y��� ��T<.�) �\J<,59��J\�SRZ�.2; 
>/8� f1(x1), f2(x1, x2), f3(x1, x2, x3), · · · , fn(x1, x2, · · · , xn), 86MH�N45N43 N4
· · ·4nN; >/8�*��6^[]�_\^�" f(x1), f(x1, x2), f(x1, x2, x3), · · · , f(x1, x2,

· · · , xn) 86MH�N45N4 3 N4 · · · 4 n N; >/8��

(3) f1(x), g1(x), · · · , h1(x) +K����N; >/8�*
9: 2.2[9] L A ∈ F (S), R : [0, 1]n → [0, 1] "(UR�<� A 7 A �+ 8�� f 7

; >/8��<R

τR−p(A) =
∫
�

ARfdω

7 A �-?+/�LM7 τR Q τ .
I 1 L p, q 7T<.�� f(x, y) = 4xy, \ τ(p ∨ q), τ(p ∧ q), τ(p → q).
] _ 

∫
�2

f(x, y)dxdy = 1, f(x) =
∫ 1

0 4xydy = 2x, f(y) =
∫ 1

0 4xydx = 2y.

`7 f(xy) = f(x)f(y), 6#-N� f(x), f(y) 7U6=; >/8��<

τ(p ∧ q) =
∫
�2

(x ∧ y) · 4xydxdy =
∫
�2(x≥y)

y · 4xydxdy +
∫
�2(x<y)

x · 4xydxdy =
8
15

,

τ(p ∨ q) =
∫
�2

(x ∨ y) · 4xydxdy =
∫
�2(x≥y)

x · 4xydxdy +
∫
�2(x<y)

y · 4xydxdy =
4
5
,

τ(p → q) =
∫
�2

(x → y) · 4xydxdy =
∫
�2(x≥y)

(1 − x + y) · 4xydxdy +
∫
�2(x<y)

4xydxdy

=
∫ 1

0

dx

∫ x

0

(1 − x + y) · 4xydy +
∫ 1

0

dy

∫ y

0

4xydx =
13
15

.

I 2 L p, q 7T<.�� f(x, y) = x + y, \ τ(p ∨ q), τ(p ∧ q), τ(p → q).
] _ 

∫
�2

f(x, y)dxdy = 1, f(x) =
∫ 1

0
(x + y)dy = x + 1

2 .
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`7 f(xy) �= f(x)f(y), 6#-N� f(x), f(y) 7�A=; >/8��C?>/8��
f(x, y) = x + y 7�A=; >/8��<

τ(p ∧ q) =
∫
�2

(x ∧ y)(x + y)dxdy =
∫
�2(x≥y)

y(x + y)dxdy +
∫
�2(x<y)

x(x + y)dxdy =
5
12

,

τ(p ∨ q) =
∫
�2

(x ∨ y)(x + y)dxdy =
∫
�2(x≥y)

x(x + y)dxdy +
∫
�2(x<y)

y(x + y)dxdy =
3
4
,

τ(p → q) =
∫
�2

(x → y)(x + y)dxdy

=
∫
�2(x≥y)

(1 − x + y)(x + y)dxdy +
∫
�2(x<y)

(x + y)dxdy =
5
6
.

3 ?@ABCDEFJKLMN
�9�9<3��6&.�.8�%"#+/7 1 �.�`+.�*
9; 3.1 L A, B, C ∈ F (S), R : [0, 1]n → [0, 1] " Lukasiewicz UR�<� A, B, C 7

A, B, C �+ 8�� f 7; >/8��<

(1) [ τ(A) ≥ α, τ(A → B) ≥ β, < τ(B) ≥ α + β − 1(-?+/� MP 9<);
(2) [ τ(A → B) ≥ α, τ(B → C) ≥ β, < τ(A → C) ≥ α + β − 1(-?+/� HS 9<);
(3) [ τ(A → B) ≥ α, τ(A → C) ≥ β, < τ(A → B ∧ C) ≥ α + β − 1(-?+/^9�9

<).
O (1) Q18�N=)���YL A W B Y��Z�T<.� p1, p2, · · · , pn, Q)>

τ(A) =
∫
� AR · fdω <a!b_ τ(A) =

∫
� AR · fdω ≥ α, τ(A → B) ≥ β H

τ(B) =
∫
�

B · fdω =
∫
�

[A + (1 − A + B) − 1] · fdω

≥
∫
�

[A + (1 − A + B) ∧ 1 − 1] · fdω

=
∫
�

A · fdω +
∫
�

[(1 − A + B) ∧ 1] · fdω −
∫
�

1 · fdω

≥ α + β − 1.

(2) L �∗ = {ω ∈ �|(1 − A + C) · f(ω) > 1}, <

τ(A → C) =
∫
�

A → C · fdω =
∫
�∗

fdω +
∫
�−�∗

(1 − A + C) · fdω

=
∫
�∗

fdω +
∫
�−�∗

[(1 − A + B) + (1 − B + C) − 1] · fdω

=
∫
�∗

fdω +
∫
�−�∗

(1 − A + B) · fdω +
∫
�−�∗

(1 − B + C)fdω −
∫
�−�∗

fdω

=
( ∫

�∗
fdω +

∫
�−�∗

(1 − A + B) · fdω
)

+
(∫

�∗
fdω +

∫
�−�∗

(1 − B + C)fdω −
∫
�

fdω
)
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=
∫
�

[(1 − A + B) ∧ 1] · fdω +
∫
�

[(1 − B + C) ∧ 1] · fdω −
∫
�

1 · fdω

≥ α + β − 1.

(3) acJZX<�)� 3.1 3� (2).
9; 3.2 L A, B, C ∈ F (S), R : [0, 1]n → [0, 1] " Lukasiewicz UR�<� A, B, C 7

A, B, C �+ 8�� f 7; >/8��<
(1) τ(A → B) ≤ τ(A) → τ(B);
(2) τ(A → B) ⊗ τ(B → C) ≤ τ(A → C).
O (1) `7 (1 − A + B) ∧ 1 ≤ 1 − A + B, 6# B ≥ A + (1 − A + B) ∧ 1 − 1, [%

� τ(B) =
∫
� B · fdω ≥ ∫

�[A + (1 − A + B) ∧ 1 − 1] · fdω = τ(A) + τ(A → B) − 1, O

τ(A → B) ≤ 1 − τ(A) + τ(B), τ(A → B) ≤ 1, 6# τ(A → B) ≤ [1 − τ(A) + τ(B)] ∧ 1.
(2) `7 (A → B) → ((B → C) → (A → C)), Q (1) H τ(A → B) ≤ τ(B → C) → (A →

C) ≤ τ(B → C) → τ(A → C) H τ(A → B) ⊗ τ(B → C) ≤ τ(A → C).
9; 3.3 \L A, B ∈ F (S), f 7; >/8��<

(1) [ 
 A → B, < τ(A) ≤ τ(B);
(2) τ(A ∨ B) = τ(A) + τ(B) − τ(A ∧ B);
(3) [ A ∼ B, O A W B  aP`�< τ(A) = τ(B).
O (1) 
 A → B, < τ(A → B) = 1,6# 1 =

∫
� A → B ·fdω =

∫
�(1−A+B)∧1 ·fdω ≤∫

�(1 − A + B) · fdω = 1 − τ(A) + τ(B), O τ(A) ≤ τ(B).

(2) τ(A ∧ B) =
∫
� (¬(¬A ∨ ¬B)) · fdω =

∫
�(1 − (¬A ∨ ¬B)) · fdω =

∫
� fdω − ∫

�(¬A ∨
¬B) · fdω = 1 − τ(¬A) ∨ τ(¬B) , <

1 − τ(¬A) ∨ τ(¬B) =

{
τ(B), τ(A) > τ(B),
τ(A), τ(A) ≤ τ(B),

<Y

τ(A ∨ B) =
∫
�

((A → B) → B) · fdω

= τ((A → B) → B)
= τ(A → B) → τ(B) = [1 − τ(A → B) + τ(B)] ∧ 1

b

[1 − τ(A → B) + τ(B)] ∧ 1

= [1 − (1 − τ(A) + τ(B)) ∧ 1 + τ(B)] ∧ 1 =

{
τ(A), τ(A) > τ(B),
τ(B), τ(A) ≤ τ(B),

6# τ(A ∨ B) = τ(A) + τ(B) − τ(A ∧ B).
(3) [ A ∼ B, < 
 A → B Y 
 B → A, < τ(A) ≤ τ(B) Y τ(B) ≤ τ(A), a]*

4 CDEFPQ [0, 1] RJST
�-NZac4M #�-?+/ H7 [0,1] 3�<P"d�a6��*
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e Γ (n) = {A ∈ F (S)| X�� [ Γ 31�^/7 n �� ac }, _ D(Γ ) =
∪{Γ (n)|n = 1, 2, · · ·}.

� Lukasiewicz .839)! A ⊗ B = ¬(A → ¬B), A ⊕ B = ¬A → B, An = A ⊗ A ⊗
· · · ⊗ A, nA = A ⊕ A ⊕ · · · ⊕ A.

>; 4.1 L A ∈ F (S), < An = (A)n, n = 1, 2, · · ·.
>; 4.2 L A ∈ F (S), < τ(An) =

∫
�((nA − (n − 1) ∨ 0) ∨ 0)dω, n = 1, 2, · · ·.

>; 4.3 L A ∈ F (S), < An ∈ D(A), nA ∈ D(A), n = 1, 2, · · ·.
>; 4.4[12] 7Pc b

a ∈ Q ∩ [0, 1] (b, a ∈ N, b < a), UX� Aa
b (p) ∈ M , f'7$�

McNaughton 8�7

Aa
b =

⎧⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎩

0, x ∈
[
0,

b

a

]
,

ax − b, x ∈
[ b

a
,
b + 1

a

]
,

1, x ∈
[ b + 1

a
, 1

]
.

9; 4.5[13] 4M.��18+/"P� [0, 1] 3_>�O

A(x) = A
n

0 (x) ∧ ¬A
n

m(x) =

⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

nx, x ∈
[
0,

1
n

]
,

1, x ∈
[ 1
n

,
m

n

]
,

1 − nx + m, x ∈
[m

n
,
m + 1

n

]
,

0, x ∈
[m + 1

n
, 1

]
,

τ(A(p)) =
∫ 1

n

0

nxdx +
∫ m

n

1
n

1dx +
∫ m+1

n

m
n

(1 − nx + m)dx +
∫ 1

m+1
n

0dx =
m

n
.

9; 4.6 L A, B ∈ F (S), f 7; >/8��<4M.��-?+/"P� [0, 1] 3
_>*

O Q)� 4.5 H�

τ(A) =
∫ 1

0

A · fdx

=
∫ 1

n

0

nx · f(x)dx +
∫ m

n

1
n

1 · f(x)dx +
∫ m+1

n

m
n

(1 − nx + m) · f(x)dx +
∫ 1

m+1
n

0 · f(x)dx

=
∫ 1

n

0

nx · f(x)dx +
∫ m

n

1
n

1 · f(x)dx +
∫ m+1

n

m
n

(1 − nx + m) · f(x)dx.

`7� [0, 1
n ] -� 0 ≤ n|x| ≤ 1 #<� [m

n , m+1
n ] -� 0 ≤ |1 − nx + m| ≤ 1, <

∣∣∣ ∫ 1
n

0

nx · f(x)dx +
∫ m

n

1
n

1 · f(x)dx +
∫ m+1

n

m
n

(1 − nx + m) · f(x)dx
∣∣∣

≤
∣∣∣ ∫ 1

n

0

nx · f(x)dx
∣∣∣ +

∣∣∣ ∫ m
n

1
n

1 · f(x)dx
∣∣∣ +

∣∣∣ ∫ m+1
n

m
n

(1 − nx + m) · f(x)dx
∣∣∣
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≤
∫ 1

n

0

n|x| · |f(x)|dx +
∫ m

n

1
n

1 · |f(x)|dx +
∫ m+1

n

m
n

|(1 − nx + m)| · |f(x)|dx

≤
∫ 1

n

0

|f(x)|dx +
∫ m

n

1
n

1 · |f(x)|dx +
∫ m+1

n

m
n

|f(x)|dx < ∞,

[%X�� ��� ζ, f0

∫ 1
n

0

nx · f(x)dx +
∫ m

n

1
n

1 · f(x)dx +
∫ m+1

n

m
n

(1 − nx + m) · f(x)dx > ζ,

O τ(A) =
∫ 1

0 A · fdx > ζ, [%_>=0a*

5 ABVJWXF-YZ[
0%.�-?+/�)>�� Lukasiewicz ��.83B3.�@@</)>T^*
9: 5.1 L A, B ∈ F (S), A, B 7 A, B �+ 8�� f 7; >/8��<R

(1) ξ(A, B) =
∫
�[(A → B) ∧ (B → A)] · fdω 7 A W B "@�`�418@</�

(2) µ(A, B) = τ(A → B) ∧ τ(B → A) 7 A W B "@�`5418@</�
(3) η(A, B) = (τ(A) → τ(B)) ∧ (τ(B) → τ(A)) 7 A W B "@�`C\18@</*
7dbJ$�SR"#- 3 418@</8�M7 K, <e K1 = ξ, K2 = µ, K3 = η. <

�^5�:!*

]^ 5.2 L A, B ∈ F (S), A, B 7 A, B �+ 8�� f 7; >/8��<
(1) K(A, A) = 1;
(2) K(A, B) = K(B, A);
(3) K1(A, B) ≤ K2(A, B) ≤ K3(A, B).
O _ (1), (2) Q6*
(3) Q)� 3.2 H µ(A, B) ≤ η(A, B), O K2(A, B) ≤ K3(A, B). `7

∫
�[(A → B)∧ (B →

A)] · fdω ≤ ∫
�(A → B) · fdω, �O

∫
�[(A → B) ∧ (B → A)] · fdω ≤ ∫

�(B → A) · fdω, H∫
�[(A → B) ∧ (B → A)] · fdω ≤ ∫

�(A → B) · fdω ∧ ∫
�(B → A) · fdω, 0 ξ(A, B) ≤ µ(A, B),

O K1(A, B) ≤ K2(A, B).
I 3 L p, q 7T<.�� f(x, y) = 4xy, \ ξ(p, q), µ(p, q), η(p, q).
]

ξ(p, q) =
∫
�

[(1 − x + y) ∧ (1 − y + x)] · 4xydω

=
∫
�(x≥y)

(1 − x + y) · 4xydxdy +
∫
�(x<y)

(1 − y + x) · 4xydxdy

=
11
30

+
11
30

=
11
15

,

µ(p, q) = τ(x → y) ∧ τ(y → x)

=
∫
�

[(1 − x + y) ∧ 1]4xydω ∧
∫
�

[(1 − y + x) ∧ 1]4xydω =
13
15

,

η(p, q) = [τ(x) → τ(y)] ∧ [τ(y) → τ(x)] = 1.
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>; 5.3 L ∀a′, b′, c′ ∈ [0, 1], ∃m ∈ (0, 1] [ a = ma′, b = mb′, c = mc′, <

(a → c) ∧ (c → a) ≥ (a → b) ∧ (b → a) + (b → c) ∧ (c → b) − 1.

O `7 m ∈ (0, 1], 6#M a′ < b′ O�� a < b, '�X�*Q( [11] �6� 3.3 H�#
-�P�Q6*

9; 5.4 L A, B, C ∈ F (S), A, B 7 A, B �+ 8�� f 7; >/8��<
(1) ξ(A, C) ≥ ξ(A, B) + ξ(B, C) − 1;
(2) µ(A, C) ≥ µ(A, B) + µ(B, C) − 1;
(3) η(A, C) ≥ η(A, B) + η(B, C) − 1.

O (1) Q6� 5.3 0

ξ(A, C) =
∫
�

[(A − C) ∧ (C → A)] · fdω

≥
∫
�

[(A → B) ∧ (B → A) + (B → C) ∧ (C → B) − 1] · fdω

=
∫
�

[(A → B) ∧ (B → A)] · fdω +
∫
�

[(B → C) ∧ (C → B)] · fdω −
∫
�

fdω

= ξ(A, B) + ξ(B, C) − 1.

(2) Q)� 3.2 H� τ(A → C) ≥ τ(A → B) ⊗ τ(B → C) < τ(C → A) ≥ τ(C →
B) ⊗ τ(B → A) = τ(B → A) ⊗ τ(C → B), eQ6� 1.4 H τ(A → C) ∧ τ(C → A) ≥ (τ(A →
B)⊗τ(B → C))∧τ(B → A)⊗τ(C → B) = (τ(A → B)∧τ(B → A))⊗(τ(B → C)∧τ(C → B)).

(3) cW6� 1.4, acJZX< (2).
9; 5.5 L A, B ∈ F (S), A, B 7 A, B �+ 8�� f 7; >/8��<

K(A, C) ≥ K(A, B) + K(B, C) − 1 (8�Ka�).

]^ 5.6 L A, B ∈ F (S), A, B 7 A, B �+ 8�� f 7; >/8��� F (S) -
)>5Nbc,8� ρ : F (S) × F (S) → [0, 1] T^

ρ(A, B) = 1 − K(A, B), ρi(A, B) = 1 − Ki(A, B), i = 1, 2, 3,

< ρ " F (S) -�A>?� (F (S), ρ) 7A>?d@�'@$d@M7 (F (S), ρi).
]^ 5.7 L A, B, C ∈ F (S), <
(1) 0 ≤ ρ(A, B) ≤ 1;
(2) ρ(A, A) = 0;
(3) ρ(A, B) = ρ(B, A);
(4) ρ1(A, B) ≥ ρ2(A, B) ≥ ρ3(A, B);
(5) ρ(A, C) ≤ ρ(A, B) + ρ(B, C).
O (1) _ Q6*
(2) ρ(A, A) = 1 − K(A, A) = 1 − 1 = 0.
(3) ρ(A, B) = 1 − K(A, B) = 1 − K(B, A) = ρ(B, A).
(4) Q:! 5.2 <:! 5.6  0*
(5) ρ(A, C) = 1 − K(A, C) ≤ [1 − K(A, B)] + [1 − K(B, C)] = ρ(A, B) + ρ(B, C).
9; 5.7 L A, B ∈ F (S), A, B 7 A, B �+ 8�� f 7; >/8��<

(1) ρ1(A, B) =
∫
� |A − B| · fdω;
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(2) ρ3(A, B) = |τ(A) − τ(B)| = | ∫�(A − B) · fdω|.
O (1) gfga

ρ1(A, B) = 1 − ξ(A, B) =
∫
�

[1 − (1 − A + B) ∧ (1 − B + A)] · fdω =
∫
�
|A − B|fdω.

(2) ρ3(A, B) = 1 − [(1 − τ(A) + τ(B)) ∧ (1 − τ(B) + τ(A))] ∧ 1 = | ∫�(A − B) · fdω|
= |τ(A) − τ(B)|. \

]^ 5.8 L A, B ∈ F (S), A, B 7 A, B �+ 8�� f 7; >/8��<

ρi(¬A,¬B) = ρi(A, B), i = 1, 2, 3.

O (1) ρ1(¬A,¬B) =
∫
� |¬A,¬B|fdω =

∫
� |(1 − A) − (1 − B)|fdω =

∫
� |B − A|fdω =

ρ1(A, B).
(2) ρ2(¬A,¬B) = 1− [τ(¬A → ¬B)∧ τ(¬B → ¬A)] = 1− [(1− (1− τ(A)) + (1− τ(B)) ∧

(1 − (1 − τ(B) + 1 − τ(A))] = ρ2(A, B).
(3) ρ3(¬A,¬B) = |τ(¬A) − τ(¬B)| = |τ(¬A) − τ(¬B)| = | ∫�(1 − A) − (1 − B) · fdω| =

ρ3(A, B).
_` 5.9 L A, An ∈ F (S) (n = 1, 2, · · ·), f 7; >/8��<

lim
n→∞ ρi(An, A) = 0 MYUM lim

n→∞ ρi(¬An,¬A) = 0, i = 1, 2, 3.

]^ 5.10 Q9; 5.9 H��NP� “¬” � (F (S), ρi), i = 1, 2, 3 3"/5�*
^5ac<P� “∨” WURP� “→” h� (F (S), ρi), i = 1, 2 "/5�*
>; 5.11 L ∀a′, b′, c′ ∈ [0, 1], ∃m ∈ (0, 1] L a = ma′, b = mb′, c = mc′, <

|a ∨ c − b ∨ c| ≤ |a − b|.

O �YL a′ ≤ b′, < a ≤ b.
(1) [ c ≤ a, < |a ∨ c − b ∨ c| ≤ |a − b|.
(2) [ a < c ≤ b, < |a ∨ c − b ∨ c| = |c − b| < |a − b|.
(3) [ b ≤ c, < |a ∨ c − b ∨ c| = |c − c| = 0 ≤ |a − b|.
9; 5.12 L A, B, C, D ∈ F (S), Y ρi(A, B) < ε, ρi(C, D) < ε, i = 1, 2, <

ρi(A ∨ C, B ∨ D) < 2ε, i = 1, 2.

O (1) Q)� 5.7 <6� 5.11 H

ρ1(A ∨ C, B ∨ D) =
∫
�
|A ∨ C − B ∨ D| · fdω

≤
∫
�
|A ∨ C − B ∨ C| · fdω +

∫
�
|B ∨ C − B ∨ D| · fdω

=
∫
�
|A − B| · fdω +

∫
�
|C − D| · fdω < 2ε.

(2) Q6� 1.4, )� 3.2 <:! 5.6  0*
_` 5.13 L A, An, B, Bn ∈ F (S)(n = 1, 2, · · ·), f 7; >/8��<
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(1) M lim
n→∞ ρi(An, A) = lim

n→∞ ρi(Bn, B) = 0 O� lim
n→∞ ρi(An ∨ Bn, A ∨ B) = 0, i = 1, 2;

(2) M lim
n→∞ ρi(An, A) = lim

n→∞ ρi(Bn, B) = 0 O� lim
n→∞ ρi(An ∧ Bn, A ∧ B) = 0, i = 1, 2.

>; 5.14 L ∀a, b, c, d ∈ [0, 1], <

|(a → b) − (c → d)| ≤ |a − c| + |b − d|.
9; 5.15 L A, B, C, D ∈ F (S), < ρi(A → B, C → D) ≤ ρi(A, C) + ρi(B, D), i = 1, 2.

O (1) Q6� 5.14 H

ρ1(A → B, C → D)

=
∫
�
|(A → B) → (C − D)| · fdω

≤
∫
�
|(A − C)| · fdω +

∫
�
|B − D| · fdω = ρ1(A, C) + ρ1(B, D).

(2) Q() [5] �:! 5.4.8, :! 5.4.12 <@(:! 5.7  0*
_` 5.16 L A, An, B, Bn ∈ F (S) (n = 1, 2, · · ·), M lim

n→∞ ρ(An, A) = lim
n→∞ ρ(Bn, B) = 0

O�<
lim

n→∞ ρ(An → Bn, A → B) = 0.

9; 5.17 �A>?-?d@ (F (S), ρi), i = 1, 23��NP� “¬”W5NP� “∨”, “∧”
W “→” 2"/5�*

9; 5.18 L A, B ∈ F (S), f 7; >/8��<�A>?-?d@ (F (S), ρ1) 3�
(1) �.� B W= 0 < ρ1(A, B) < ε;
(2) M τ(A) = α, τ(B) = β O�< ρ1(A, B) ≤ 2 − α − β.
O (1) _ Q6*
(2)

ρ1(A, B) =
∫
�
|A − B| · fdω ≤

∫
�
|1 − A| · fdω +

∫
�
|1 − B| · fdω

=
∫
�

(1 − A) · fdω +
∫
�

(1 − B) · fdω

= 1 − τ(A) + 1 − τ(B) = 2 − α − β.

9; 5.19 �A>?-?d@ (F (S), ρ3) 3� ∧,∨,→ "�/5�*ga�^$H�

L A = p, B = p, C = q, R = s, f(x1, x2, · · · , xn) = 1, H ρ3(A, C) = 0, ρ3(B, D) = 0, :
ρ3(A → B, C → D) �= 0, ρi(A ∨ B, C ∨ D) �= 0, O ∧,∨,→ "�/5�*= ∧,∨,→ �

(F (S), ρ1), (F (S), ρ2) 3/5�� (F (S), ρ3) �/5�:SR #03T^=.*
9; 5.20 L A, B ∈ F (S), f 7; >/8��<

ρ2(A, B) =
1
2
(ρ1(A, B) + ρ3(A, B)).

O
ρ2(A, B) = 1 − τ(A → B) ∧ τ(B → A)

= (1 − τ(A → B)) ∨ (1 − τ(B → A))

=
(
1 −

∫
�

(1 − A + A ∧ B) · fdω
)
∨

(
1 −

∫
�

(1 − B + A ∧ B) · fdω
)
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=
∫
�

(A − A ∧ B) · fdω ∨
∫
�

(B − A ∧ B) · fdω

=
1
2

( ∫
�

(A − A ∧ B) · fdω +
∫
�

(B − A ∧ B) · fdω
)

+
1
2

∣∣∣ ∫
�

(A − A ∧ B) · fdω +
∫
�

(B − A ∧ B) · fdω
∣∣∣

=
1
2

( ∫
�

(A + B) · fdω +
∫
�

(A + B − |A − B|) · fdω +
∣∣∣ ∫

�
(A − B) · fdω

∣∣∣)

=
1
2

( ∫
�
|A − B| · fdω +

∣∣∣ ∫
�

(A − B) · fdω
∣∣∣) =

1
2
(ρ1(A, B) + ρ3(A, B)).

9; 5.21 ρi �A>?-?d@ (F (S), ρi), i = 1, 2 3"_>�*
O (1) Ja ρ1 � (F (S), ρ) 3"d_>�ija ξ �d@3"d_>O *Q)> 5.1

H ξ(A, B) =
∫
�[(A → B) ∧ (B → A))] · fdω. �h�A=��YL 0 ≤ A → B ≤ B → A, <

ρ1 = ξ(A, B) =
∫
�(A → B) · fdω = 1 − ∫

� A · fdω +
∫
�(A ∧ B) · fdω = 1 − τ(A) + τ(A ∧ B),

Q)� 4.5 H τ(A) =
∫
� A · fdω � [0, 1] 3_>�e ρ1 � (F (S), ρ) 3_>*

(2) acJZ� (1).
9; 5.22 ρ3 �A>?-?d@ (F (S), ρ3) 3"�_>�*
O Q)� 5.19 H� ∧,∨,→ �A>?-?d@ (F (S), ρ3) 3"�/5��e�_>�*

6 abc
@(f�/5 Lukasiewicz :!��.883�A=�; >/8�4C?>/8

��US.�-?+/�)>�0#3�;-?+/�9�9<�B33 3 4@</�)>
<A;3'=5<=.�)>3 3 4A>?��B)3CB"@�DA=.�79�./�
� �823CC*ik�SRHe�B)���.8^.�Q:!�+/"Q.�Q:!

Æj�c36l4B)��h"kU��:fg3� �b_�8�,�-?+/�_\$
��3��KG3�4 “ kUR ” Xh=�7�l���4-?����db823�4 
2ij�JZ��Oh7� ��W�����9�"@g^3� mk*7n&oA-?

+/�c><H%�SRZKI�;@g/�db�i(A;*
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SIMILARITY DEGREE AND PSEUDO-DISTANCE OF THE

PROBABILITY TRUTH DEGREE FOR FORMULAE

IN THE PROPOSITIONAL LOGIC SYSTEM

YU Xichang

(Liao Cheng Vocational and Technical College, Shandong 252000)

HU Kai

(School of Mathematics Science, Beijing Normal University, Beijing 100875;

School of Mathematics Science, Liao Cheng University, Shandong 252059)

ZHANG Xingfang

(School of Mathematics Science, Liao Cheng University, Shandong 252059)

Abstract By introducing the concepts of valuation density function and edge density
function, a definition of probability truth degree for formula in the continuous value proposi-
tional logic is proposed,studies some inference rules of probability truth degree and proves the
density of probability truth degree in. On this groundwork, three similarities are given which
discusses the properties of the relationship. By introducing similarity degree, the definition of
pseudo-distance is proposed � and determines the relationship between them. Thus the basis
for the inference degree’s numerical is proved.

Key words Valuation density, probability truth degree, inference rule, similarity degree,
pseudo-distance.


