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1 ( )
������������������� �� !!""�#$�%&�!�#�

#$ [1–9] $%&'���"(*���!# [4–6] )��**�����������'�
����(!)*+ �,-.!�"#%# [7] )��$+��,�(*�������
�����(� �� !/#%-)�$+��,�(*���������)*+ 
+,-.!� �!.&�'��$+ Cr(r ≥ 3) ����{

ẋ = f(x) + εP (t, x, y, ε, δ),

ẏ = g(y) + εQ(t, x, y, ε, δ),
(1)

(, x = (x1, x2) ∈ R2, y ∈ R, P, Q /�� t 0 T ���01! δ ∈ R, ε 02#1%

.&+��)*
(H1) 1+��

ẋ = f(x) (2)

0 Hamilton ��+"(2 Cr+1(r ≥ 3) � Hamilton 01 H(x), , f(x) = (−∂H(x)
∂x2

, ∂H(x)
∂x1

)T,

3+4� R -�./0 J , 1 Lh = {x : H(x) = h}, h ∈ J / (2) ����(5
(H2) g(0) = g′(0) = 0.

* 62,34�56 (10871074) 34577
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: (H1), (H2) ;!�� (1) & ε = 0 �"><?=<�,-=! y = 0, (-"(*��
�( {Lh : h ∈ J}, (, Lh = {(x, y) : H(x) = h, y = 0}, h ∈ J . .&)�:**���(�
2���'���� (1) �)*+ >,-.!� �� %

2 -./012345
* Lh "#1@?A x = q(t, h), 0 ≤ t ≤ T (h), (, T (h) 0 Lh ���%> G(θ, h) =

q( θ
Ω(h) , h), 0 ≤ θ ≤ 2π, (, Ω(h) = 2π

T (h) . @? G �� θ / 2π ���!+

H(G(θ, h)) = h, Gθ(θ, h) =
f(G)
Ω(h)

,

DH(x) = −f(x)⊥, Gh ∧ f(G) = 1, (3)

(,

(
a1

a2

)⊥
= (−a2, a1),

(
a1

a2

)
∧

(
b1

b2

)
= a1b2 − a2b1.

> G(θ, h) = (G1(θ, h), G2(θ, h))T, A

G⊥
h (θ, h) =

(
− ∂G2(θ, h)

∂h
,
∂G1(θ, h)

∂h

)
.

@B (3) A!># [7] ,CB 1 �DCDE!EFBC
67 1 ��-D x = G(θ, h), y = y, 0 ≤ θ ≤ 2π, h ∈ J , F�� (1) -0⎧⎪⎪⎨⎪⎪⎩

θ̇ = Ω(h)[1 + εGh(θ, h) ∧ P (t, G(θ, h), y, ε, δ)],

ḣ = −εf(G(θ, h)) ∧ P (t, G(θ, h), y, ε, δ),

ẏ = g(y) + εQ(t, G(θ, h), y, ε, δ).

(4)

0@B�� (4) )��� (1) �)*+ !*4� h0 ∈ J GEG�?1 m, k, 1

2π

Ω(h0)T
=

T (h0)
T

=
m

k
. (5)

.&)�� Lh0 FH�)*+  ��"#%

* h(t, θ0, r, y0, ε, δ), y(t, θ0, r, y0, ε, δ), θ(t, θ0, r, y0, ε, δ) /�� (4) & t = 0 �F (θ0, r, y0)
0GH� !:�� (4) � ε = 0 ��IJKA!E*

h(t, θ0, r, y0, ε, δ), y(t, θ0, r, y0, ε, δ), θ(t, θ0, r, y0, ε, δ)

"��L.A⎧⎪⎪⎨⎪⎪⎩
h(t, θ0, r, y0, ε, δ) = r + ε[a1(t, θ0, r, δ) + O(|y0, ε|)],
y(t, θ0, r, y0, ε, δ) = y1(t)y0 + y2(t, θ0, r, δ)ε + y3(t)y2

0 + O(|y0|3 + |y0ε| + ε2),

θ(t, θ0, r, y0, ε, δ) = θ0 + Ω(r)t + ε[θ1(t, θ0, r, δ) + O(|y0, ε|)],
(6)

(,

a1(0, θ0, r, δ) = 0, y1(0) = 1, y2(0, θ0, r, δ) = 0, y3(0) = 0, θ1(0, θ0, r, δ) = 0. (7)
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F (6) HK�� (4), PQCRL (H2), IMJKNL�1EB

ẏ1(t) = 0,

ẏ2(t, θ0, r, δ) = Q(t, G(θ0 + Ω(r)t, r), 0, 0, δ),

ẏ3(t) =
1
2
g′′(0)y2

1 ,

ȧ1(t, θ0, r, δ) = −f(G(θ0 + Ω(r)t, r)) ∧ P (t, G(θ0 + Ω(r)t, r), 0, 0, δ),

θ̇1(t, θ0, r, δ) = Ω ′(r)a1(t, θ0, r, δ) + Ω(r)Gh(θ0 + Ω(r)t, r) ∧ P (t, G(θ0 + Ω(r)t, r), 0, 0, δ).

:-ST JK8FGÆ&UO9�GPRL (7), QV M

y1(t) = 1,

y2(t, θ0, r, δ) =
∫ t

0

Q(s, G(θ0 + Ω(r)s, r), 0, 0, δ)ds,

y3(t) =
1
2
g′′(0)t,

a1(t, θ0, r, δ) = −
∫ t

0

f(G(θ0 + Ω(r)s, r)) ∧ P (s, G(θ0 + Ω(r)s, r), 0, 0, δ)ds,

θ1(t, θ0, r, δ) =
∫ t

0

[
− Ω ′(r)

∫ s

0

f(G(θ0 + Ω(r)τ, r)) ∧ P (τ, G(θ0 + Ω(r)τ, r), 0, 0, δ)dτ

+ Ω(r)Gh(θ0 + Ω(r)s, r) ∧ P (s, G(θ0 + Ω(r)s, r), 0, 0, δ)
]
ds.

*�� (4) � Poincaré WR0 P (θ0, r, y0, ε, δ), A( m )NO0

Pm(θ0, r, y0, ε, δ) = (θ(mT, θ0, r, y0, ε, δ), h(mT, θ0, r, y0, ε, δ), y(mT, θ0, r, y0, ε, δ)).

�RL (5) �!PQ 2� |ε| > 0, �� (4) � Lh0 FH4� m S)*+ &+T&�

S �JK�� (θ0, r, y0) � θ0 ∈ [0, 2π), |r − h0| � 1, |y0| � 1 -" 

h(mT, θ0, r, y0, ε, δ) − r = ε[a1(mT, θ0, r, δ) + O(|y0, ε|)]
= ε[−M(θ0, r, δ) + O(|y0, ε|)]
= −ε[M(θ0, h0, δ) + O(|r − h0| + |y0| + |ε|)]
= 0, (8)

y(mT, θ0, r, y0, ε, δ) − y0 = y2(mT, θ0, r, δ)ε + y3(mT )y2
0 + O(|y0|3 + |y0ε| + ε2)

=
1
2
g′′(0)mTy2

0 +
∫ mT

0

Q(s, G(θ0 + Ω(r)s, r), 0, 0, δ)ds ε

+O(|y0|3 + |y0ε| + |ε|2)

=
1
2
g′′(0)mTy2

0 +
∫ mT

0

Q(s, G(θ0 + Ω(h0)s, h0), 0, 0, δ)ds ε

+O(|y0|3 + |r − h0||ε| + |y0ε| + |ε|2)
= 0, (9)
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θ(mT, θ0, r, y0, ε, δ) − (θ0 + Ω(h0)mT )

= θ(mT, θ0, r, y0, ε, δ) − (θ0 + 2kπ)

= mT (Ω(r) − Ω(h0)) + ε(θ1(mT, θ0, r, δ) + O(|y0, ε|))
= mTΩ ′(h0)(r − h0) + εθ1(mT, θ0, h0, δ)

+O(|r − h0|2 + |r − h0||ε| + |y0ε| + ε2)

= 0. (10)

(,

M(θ0, r, δ) =
∫ mT

0

f(G(θ0 + Ω(r)t, r) ∧ P (s, G(θ0 + Ω(r)t, r), 0, 0, δ)dt.

θ1(mT, θ0, r, δ) =
∫ mT

0

[
− Ω ′(r)

∫ s

0

f(G(θ0 + Ω(r)τ, r)) ∧ P (τ, G(θ0 + Ω(r)τ, r), 0, 0, δ)dτ

+Ω(r)Gh(θ0 + Ω(r)s, r) ∧ P (s, G(θ0 + Ω(r)s, r), 0, 0, δ)
]
ds.

3 :;<=23
XR Y �JK (8)–(10) � !EB��U�
>7 1 �RL (H1), (H2) �!)* (5) ASV!APQ 2� |ε| > 0, "

i) WP θ0 ∈ [0, 2π), δ ∈ R "

M(θ0, h0, δ) �= 0 �Z g′′(0)
∫ mT

0
Q(s, G(θ0 + Ω(h0)s, h0), 0, 0, δ)dsε > 0, A�� (1) �

Lh0 �X[YZ" m S)*+ %

ii) W4� θ∗0 ∈ [0, 2π), δ ∈ R 1 g′′(0)
∫ mT

0 Q(s, G(θ∗0 + Ω(h0)s, h0), 0, 0, δ)dsε < 0,
Ω ′(h0) �= 0, +

M(θ∗0 , h0, δ) = 0,
∂M(θ∗0 , h0, δ)

∂θ0
�= 0 (11)

SV!A�� (1) � Lh0 FH"N2 m S)*+ %

iii) W4� θ0 ∈ [0, 2π), δ0 ∈ R, 1 g′′(0)
∫ mT

0
Q(s, G(θ0 + Ω(h0)s, h0), 0, 0, δ0)dsε < 0,

Ω ′(h0) �= 0, +

M(θ0, h0, δ0) = Mθ0(θ0, h0, δ0) = 0, Mθ0θ0(θ0, h0, δ0) �= 0, Mδ(θ0, h0, δ0) �= 0 (12)

SV!A�� (1) � Lh0 FH� m S)*+ 4�NRTUU �<\%

? i) P θ0 ∈ [0, 2π), δ ∈ R"M(θ0, h0, δ) �= 0�Z g′′(0)
∫ mT

0 Q(s, G(θ0+Ω(h0)s, h0), 0,

0, δ)dsε > 0�!:JK (8)> (9)V;!Æ&�� (θ0, r, y0)� θ0 ∈ [0, 2π), |r−h0| � 1, |y0| � 1
-] !VW�� (1) � Lh0 �X[YZ" m S)*+ %

ii) & Ω ′(h0) �= 0 �!: (10) EB r = h0 + O(ε) ≡ r(y0, ε), H[ (9), BC

y(mT, θ0, r(y0, ε), y0, ε, δ) − y0

=
1
2
g′′(0)mTy2

0 +
∫ mT

0

Q(s, G(θ0 + Ω(h0)s, h0), 0, 0, δ)ds ε + O(|y0|3 + |y0ε| + |ε|2)
= 0. (13)
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& g′′(0)
∫ mT

0 Q(s, G(θ0 + Ω(h0)s, h0), 0, 0, δ)dsε < 0 �! (13) �� y0 "N 

y0 = (−1)j
(
− 2

g′′(0)mT

∫ mT

0

Q(s, G(θ0 + Ω(h0)s, h0), 0, 0, δ)dsε
)1

2
+ O(ε)

≡ y0j(θ0, ε, δ), j = 1, 2. (14)

\ rj = r(y0, ε)|y0=y0j(θ0,ε,δ) (j = 1, 2). F r = rj , y0 = y0j H[ (8), EB

h(mT, θ0, rj , y0j , ε, δ) − rj = −ε[M(θ0, h0, δ) + O(|ε| 12 )] = 0, j = 1, 2. (15)

W4� θ∗0 ∈ [0, 2π) 1

M(θ∗0 , h0, δ) = 0,
∂M(θ∗0 , h0, δ)

∂θ0
�= 0,

A:^01XB!PQ 2� |ε| > 0,JK (15) YP j = 1, 2�� θ0 " θ0j = θ∗0 +O(|ε| 12 ),
VW (8)–(10) �� (θ0, r, y0) "N (θ0j , rj , y0j), j = 1, 2. ZPQ 2�#1 |ε| > 0, �� (1)
� Lh0 FH"N2 m S)*+ %

iii) > ii) �_[DE!EB (15) ASV%F (15) A\0

h(mT, θ0, rj , y0j, ε, δ) − rj = −εFj(θ0, h0, ε, δ) = 0, j = 1, 2, (16)

(, Fj(θ0, h0, ε, δ) = M(θ0, h0, δ) + O(|ε| 12 ), j = 1, 2.

`] j = 1, : (12) A!A

F1(θ0, h0, 0, δ0) = (F1)θ0(θ0, h0, 0, δ0) = 0,

(F1)θ0θ0(θ0, h0, 0, δ0) �= 0, (F1)δ0(θ0, h0, 0, δ0) �= 0.

:^01XB;4�a(� θ0 = θ0+O(|δ−δ0|+|ε| 12 ) ≡ θ̃0(ε, δ)1 (F1)θ0(θ̃0(ε, δ), h0, ε, δ) = 0.

F F1(θ0, h0, ε, δ) � θ0 = θ̃0(ε, δ) \b^L.

F1(θ0, h0, ε, δ)

= F1(θ̃0(ε, δ), h0, ε, δ) +
1
2
(F1)θ0θ0(θ̃0(ε, δ), h0, ε, δ)(θ0 − θ̃0(ε, δ))2(1 + o(1))

=
1
2
(F1)θ0θ0(θ̃0(ε, δ), h0, ε, δ)(1 + o(1))

[
(θ0 − θ̃0(ε, δ))2 − 	

1 + o(1)

]
,

(, 	 = − 2(F1)(θ̃0(ε,δ),h0,ε,δ)

(F1)θ0θ0 (θ̃0(ε,δ),h0,ε,δ)
= − 2Mδ(θ0,h0,δ0)

Mθ0θ0 (θ0,h0,δ0)
(δ − δ0) + O(|ε| 12 + |δ − δ0|2).

W 	 > 0(= 0, < 0), A F1(θ0, h0, ε, δ) = 0 �� θ0 "N ((2 !] ), �/&
0 < |ε| � 1 �! (16) � j = 1 ��� θ0 "N (( !] ), VW�� (1) � m S)*+

 4�(RTUU �<\ δ = δ1(ε) = δ0 + O(|ε| 12 ).
c] j = 2, >-SDE Y!E;�� (1) � m S)*+ ]4�_(RTUU �

<\!d"K� δ = δ2(ε) = δ0 + O(|ε| 12 ).
D^%

@ 1 W�/0 [0, 2π) -" n 2,e� θ∗0 1XB 1 ii) ,RLSV!A�� (1) � Lh0

X[Y" 2n 2,e� m S)*+ %eB!WPe(2 δ0, M(θ0, h0, δ0) � [0, 2π) ,`" l

2 θ0 1XB 1 iii) ,RLSV!A�� (1) d`" 2l 2TUU �a� δ0 FH%
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W ẋ = f(x) ���* {Lh : h ∈ J} ���0_1!* T (h) = T0, h ∈ J, A Ω(h) =
2π
T0

,Ω ′(h) = 0, h ∈ J , VWXB 1 ii), iii) ,fB�*g"K%`�JK (10) 0

θ(mT, θ0, r, y0, ε, δ) −
(
θ0 +

2πmT

T0

)
=

2π

T0
ε[M1(θ0, r, δ) + O(|y0, ε|)] = 0, (17)

(,

M1(θ0, r, δ) =
∫ mT

0

Gh

(
θ0 +

2π

T0
s, r

)
∧ P

(
s, G

(
θ0 +

2π

T0
s, r

)
, 0, 0, δ

)
ds.

>7 2 *P(b h ∈ J , " T (h) = T0, + T0
T = m

k , m, k 0EG�?1%PQ 2�

|ε| > 0, "

i) W4� h0 ∈ J , 1 g′′(0)
∫ mT

0
Q(s, G(θ0 +Ω(h0)s, h0), 0, 0, δ)dsε > 0 � g′′(0)

∫ mT

0
Q(s,

G(θ0+Ω(h0)s, h0), 0, 0, δ)dsε < 0+ (M(θ0, h0, δ), M1(θ0, h0, δ)) �= (0, 0).P(b θ0 ∈ [0, 2π), δ ∈
R SV!A�� (1) � Lh0 �X[YZ" m S)*+ 5

ii) W4� h0 ∈ J, θ∗0 ∈ [0, 2π), 1 g′′(0)
∫ mT

0
Q(s, G(θ∗0 + Ω(h0)s, h0), 0, 0, δ)dsε < 0, +

M(θ∗0 , h0, δ) = 0, M1(θ∗0 , h0, δ) = 0, det∂(M,M1)
∂(θ0,r) |(θ∗

0 ,h0) �= 0, A�� (1) � Lh0 �X[Y"N2

m S)*+ %

? @B (8), (9), (17) V;U� i) SV%�DU� ii) SV%

: g′′(0)
∫ mT

0 Q(s, G(θ∗0 + Ω(h0)s, h0), 0, 0, δ)dsε < 0 ;& |r − h0| � 1, |θ0 − θ∗0 | � 1 �!
JK (9) �� y0 "N 

y0 = y0j(θ0, r, ε, δ)

= (−1)j
(
− 2

g′′(0)mT

∫ mT

0

Q(s, G(θ0 + Ω(r)s, r), 0, 0, δ)dsε
) 1

2
+ O(ε), j = 1, 2. (18)

`] j = 1, F (18) H[ (8), (17), EB⎧⎪⎨⎪⎩
h(mT, θ0, r, y01, ε, δ) − r = ε[−M(θ0, r, δ) + O(|ε| 12 )] = 0,

θ(mT, θ0, r, y01, ε, δ) − (θ0 + 2kπ) =
2π

T0
ε[M1(θ0, r, δ) + O(|ε| 12 )] = 0,

(19)

& 0 < |ε| � 1 �!:RL M(θ∗0 , h0, δ) = 0, M1(θ∗0 , h0, δ) = 0, det∂(M,M1)
∂(θ0,r) |(θ∗

0 ,h0) �= 0, ac^

01XBE;!JK8 (19) �� (θ0, r) " (θ0, r) = (θ∗0 , h0) + O(|ε| 12 ), Z�� (1) � Lh0 �

X[Y"(2 m S)*+ %P j ] 2 �>-DE)�!EB�� (1) � Lh0 �X[Y"

_(2 m S)*+ %VWU� ii) SV%
@ 2 >XB 1 iii) DE!W<�01 (M(θ0, h, δ), M1(θ0, h, δ)) �dU (θ∗0 , h0, δ0) ��

(θ0, h) ∈ [0, 2π)× J " 2 heU �!A�� (1) � Lh0 �X[Y"NR m S)*+ �T

UU �<\%

4 A/BCD23
�/f!.&�'�� (1) ���* {Lh : h ∈ J} FH�,-.!� �� %01�

 gb!cRL (H1), (H2) SVi!.&]+��)*
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(H3) ��� (1) , P, Q ,d"#1 δ, ,�'��$+ Cr(r ≥ 3) ��⎧⎪⎪⎨⎪⎪⎩
dx

dt
= f(x) + εP (t, x, y, ε),

dy

dt
= g(y) + εQ(t, x, y, ε),

(20)

3+F�T)� 0 < ε � 1 �"K%P 0 < −ε � 1 �EDE)�%
(H4) ��* {Lh : h ∈ J} ���/_1 T0, , T (h) = T0, h ∈ J , + T0

T 0]B1%

j`!>CB 1 DE!���-D x = G(θ, h), y = y, 0 ≤ θ ≤ 2π, h ∈ J �!�� (20) -
0 ⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

dθ

dt
=

2π

T0
[1 + εGh(θ, h) ∧ P (t, G(θ, h), y, ε)],

dh

dt
= −εf(G(θ, h)) ∧ P (t, G(θ, h), y, ε),

dy

dt
= g(y) + εQ(t, G(θ, h), y, ε).

(21)

] h0 ∈ J , > h = h0 + u, 0 < |u| � 1, A (21) Eb0⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

dθ

dt
=

2π

T0
+ ε

2π

T0
Gh(θ, h0) ∧ P (t, G(θ, h0), 0, 0) + O(|uε| + |yε| + ε2),

du

dt
= −ε[b1(t, θ, h0) + b2(t, θ, h0)u + b3(t, θ, h0)y + O(|u, y|2 + |ε|)],

dy

dt
=

1
2
g′′(0)y2 + εQ(t, G(θ, h0), 0, 0) + O(|y|3 + |uε| + |yε| + ε2),

(22)

(,

b1(t, θ, h0) = f(G(θ, h0)) ∧ P (t, G(θ, h0), 0, 0),

b2(t, θ, h0) = f(G(θ, h0)) ∧ (Px(t, G(θ, h0), 0, 0)Gh(θ, h0))

+ (fx(G(θ, h0))Gh(θ, h0)) ∧ P (t, G(θ, h0), 0, 0),

b3(t, θ, h0) = f(G(θ, h0)) ∧ Py(t, G(θ, h0), 0, 0).

+ef-D u = ε
1
2 u, y = ε

1
2 y, �� (22) -0⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

dθ

dt
=

2π

T0
+ ε

2π

T0
Gh(θ, h0) ∧ P (t, G(θ, h0), 0, 0) + O(ε

3
2 ),

du

dt
= −ε

1
2 b1(t, θ, h0) − ε[b2(t, θ, h0)u + b3(t, θ, h0)y] + O(ε

3
2 ),

dy

dt
= ε

1
2

[1
2
g′′(0)y2 + Q(t, G(θ, h0), 0, 0)

]
+ O(ε).

(23)

0�@Bh iKXBBC�� (23) �,-.!�4�k!.&`B=a>�jkF (23)
bg!,"��CB%

67 2 )* T0
T 0]B1!+

G(θ, h0), f(G(θ, h0)), P (t, G(θ, h0), 0, 0), Q(t, G(θ, h0), 0, 0)
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l0�� 2π
T t, θ �$mglA!A4� (θ, u, y) C (ϕ, ρ, z) ���-D!F�� (23) b0�

�$Æ�����!�� (t, ϕ)  Y"�� T, 2π.⎧⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎩

dϕ

dt
=

2π

T0
+ εΦ1(h0) + O(ε

3
2 ),

dρ

dt
= −ε

1
2 b1(h0) − ε(b2(h0)ρ + b3(h0)z) + O(ε

3
2 ),

dz

dt
= ε

1
2

[1
2
g′′(0)z2 + Q1(h0)

]
+ O(ε),

(24)

(,

Φ1(h0) =
1

TT0

∫ 2π

0

∫ T

0

Gh(θ, h0) ∧ P (t, G(θ, h0), 0, 0)dtdθ,

b1(h0) =
1

2πT

∫ 2π

0

∫ T

0

f(G(θ, h0)) ∧ P (t, G(θ, h0), 0, 0)dtdθ,

b2(h0) =
1

2πT

∫ 2π

0

∫ T

0

[f(G(θ, h0)) ∧ (Px(t, G(θ, h0), 0, 0)Gh(θ, h0))

+ (fx(G(θ, h0))Gh(θ, h0)) ∧ P (t, G(θ, h0), 0, 0)]dtdθ,

b3(h0) =
1

2πT

∫ 2π

0

∫ T

0

f(G(θ, h0)) ∧ Py(t, G(θ, h0), 0, 0)dtdθ,

Q1(h0) =
1

2πT

∫ 2π

0

∫ T

0

Q(t, G(θ, h0), 0, 0)dtdθ.

(25)

? �'4���KA�-D

θ = ϕ + εΦ1(t, ϕ) + O(ε
3
2 ),

u = ρ + ε
1
2 S1(t, ϕ) + ε[S2(t, ϕ)ρ + S3(t, ϕ)z] + O(ε

3
2 ),

y = z + ε
1
2 R1(t, ϕ) + O(ε),

(26)

(, Φ1(t, ϕ), S1(t, ϕ), S2(t, ϕ), S3(t, ϕ), R1(t, ϕ) hX!-D (26) F�� (23) -0 (24), .&
DC*m�-D (26) no4�%F-D (26) H[ (23), 3@B (24), EB�� ε, ρ, z �(8
$A!IMNLe)p��1!EB

∂Φ1

∂t
+

∂Φ1

∂ϕ

2π

T0
=

2π

T0
Gh(ϕ, h0) ∧ P (t, G(ϕ, h0), 0, 0) − Φ1(h0),

∂S1

∂t
+

∂S1

∂ϕ

2π

T0
= −b1(t, ϕ, h0) + b1(h0),

∂S2

∂t
+

∂S2

∂ϕ

2π

T0
= −b2(t, ϕ, h0) + b2(h0),

∂S3

∂t
+

∂S3

∂ϕ

2π

T0
= −b3(t, ϕ, h0) + b3(h0),

∂R1

∂t
+

∂R1

∂ϕ

2π

T0
= Q(t, G(ϕ, h0), 0, 0)− Q1(h0),

(27)
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:� T0
T 0]B1!,?inRLSV!@B# [1] j 12 oCB 4.1, 4.2, E;&

G(θ, h0), f(G(θ, h0)), P (t, G(θ, h0), 0, 0), Q(t, G(θ, h0), 0, 0)

l0�� 2π
T t, θ �$mglA�! (27) A,�JK"�� t, ϕ  Y0�� T, 2π � 

Φ1(t, ϕ), S1(t, ϕ), S2(t, ϕ), S3(t, ϕ), R1(t, ϕ)

&+T& (25) ASV%CBD^%
@B$Æ�� (24), EB�!�XB%
>7 3 )* (H1)–(H4) SV!

G(θ, h0), f(G(θ, h0)), P (t, G(θ, h0), 0, 0), Q(t, G(θ, h0), 0, 0)

l0�� 2π
T t, θ �$mglA!+ b1, b2, b3, Q1 : (25) AkM%& 0 < ε � 1 �!"��U

�SV

i) WP(b h ∈ J , " b1(h) �= 0 � g′′(0)Q1(h) > 0, A (20) � {Lh : h ∈ J} FHZ"
,-.!5

ii) W" h0 ∈ J , 1 b1(h0) = 0, b2(h0) �= 0, b3(h0) �= 0 + g′′(0)Q1(h0) < 0, A (20) � Lh0

FH"N2,-.!%

? i) :JK (24) V;!& b1(h0) �= 0 � g′′(0)Q1(h0) > 0 ,4�,-.!!VW (20)
� {Lh : h ∈ J} FHZ",-.!5

ii) & b1(h0) = 0 + g′′(0)Q1(h0) < 0 �!\ z0 =
√

−2Q1(h0)
g′′(0) , (24) Ep0⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

dϕ

dt
=

2π

T0
+ εΦ1(h0) + O(ε

3
2 ),

dρ

dt
= −ε(b2(h0)ρ + b3(h0)z) + O(ε

3
2 ),

dz

dt
=

1
2
g′′(0)ε

1
2 (z + z0)(z − z0) + O(ε).

(28)

�!)X b2(h0) �= 0, b3(h0) �= 0.

> ρ = ρ − b3(h0)

b2(h0)
z0, z = z0 + ε

1
4 w, (28) -0⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

dϕ

dt
=

2π

T0
+ εΦ1(h0) + O(ε

3
2 ),

dρ

dt
= −εb2(h0)ρ + O(ε

5
4 ),

dw

dt
= ε

1
2 g′′(0)z0w + O(ε

3
4 ),

(29)

:# [8] XB 2.1 G(P 2.1 V;!`� (29) � (ρ, w) = (0, 0) FH",-.!!VW (20) �

Lh0 FH",-.!%W> ρ = ρ̃ + b3(h0)

b2(h0)
z0, z = ε

1
4 w̃ − z0, A (28) -0⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

dϕ

dt
=

2π

T0
+ εΦ1(h0) + O(ε

3
2 ),

dρ̃

dt
= −εb2(h0)ρ̃ + O(ε

5
4 ),

dw̃

dt
= −ε

1
2 g′′(0)z0w̃ + O(ε

3
4 ),

(30)
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>-eB!E; (30) � (ρ̃, w̃) = (0, 0) FH",-.!!VW (20) � Lh0 FH"_(,-.

!4�%�/XB 3 ii) SV%
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BIFURCATION OF A THREE-DIMENSIONAL SYSTEM

WITH PERIODIC PERTURBATION

LIU Xuanliang MENG Xiaoying

(Department of Mathematics, South China University of Technology, Guangzhou 510640)

Abstract In this paper, bifurcation of subharmonic solutions and invariant tori of a three-
dimensional system under periodic perturbation is studied. Assume that the unperturbed three
dimensional system has a family of closed orbits, by using Poincaré map and integral manifold
theory, sufficient conditions for the existence of subharmonic solutions and invariant tori of the
perturbed system are obtained. Moreover, saddle-node bifurcation of subharmonic solutions
are studied.

Key words Bifurcation, subharmonic solutions, invariant tori.


