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1 ' (
������!"�� #��!$��"%��)"#"$&%&'�(��!$"

����Æ'�Æ')(�#��*!$) +)�+,�-��!.�"/"�##)0

#�Æ' $ &*�+,#-!"%#&1$%��!$��"2&%�'

'(#(.�+3.#/)'4*(01��� (5))2 [1–8] *"+"5�)2), *
+,*3-,6"7�.&� [1−4], -" (/.) /008� [1−3,5,6], -�-,690"4:
(1) [1,2,8]), -"/051 [4,8], -".; (/.)Hopf )<"7�� [3,7], )<"3670
8� [6,7] -32'89":#3=)"&>23 [4,5], 4?@;<A3 [3,7],  =4582-
(1) [2,7]).

56>?*#7%)2 (-"��:#5 �8�)(7#B(-"67#8C�"

@8�A32"��#)299'BB*(-"8���#C3�2332:�(:;;<

"<=#>+,?@��!$"��#D)-"#.9'DE#8����+Æ'"-#F
G"/0@8A=)"#?E'

@):#B3-�-,690HF@;6�"@8'Æ'C/) [1]⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

dP (t)
dt

= dq(P (t))S(t) + (b − µp − kZ(t))P (t),

dZ(t)
dt

= −µzZ(t) + kZ(t)P (t),

dS(t)
dt

= 2(1 − d)q(P (t− τ))S(t − τ)e−µsτ − dq(P (t))S(t).

(1)

* >?0D@�AB (NSFC-60874034) 1GHEI
FJGHK2008-06-16, FLIMJGHK2009-01-09.
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B�&NOÆ�Æ'#" τ PILM"�+# P (t), Z(t), S(t) )C1QPJ!$#�
!$�R!$"$&# d, b, µp, k, µz, µs �LM"5�# q = c θn

θn+P n (c, θ > 0) � P "E�#

K6"=@?E-*Æ'"��7FL5) [1] *"+"5�)2'� [1]  #.1NMGO
N (1) )HNIO"0&-#S�.;08?EP98;3.+ Rouché 82+ Hopf )<8
2-3=B3GK6"2&8�#)+#(B*63FGG�<ÆP'@)J� [1] (-,
&08���"KT7#<=ON�Q8=2"R"/0PUA#SFGÆ'"-�-,6
90HFON@;6�"/0@8A'

@)*+VS>P'W 2 L#JÆ'�O-X-,6YÆ��SQ,ZR[@3.#M
9\T23]*ON"U8�'W 3 L#(ON=2N5S!"R)(#OT [9]  VUE
�P6"3=#FG=2@;<"/0PUA'W 4 L#��ON=2*"^W=2@;6
�"PUA#SNM@;6�Q_O7,3&R#"K'W 5 L#FGON"-HF@;6
�"/0@8A'W 6 L#FGVXÆ'�-X-,6YÆ��+LM"63'

ST@)"U.�(&N=@"��!$Æ'N5"#`�9"3=(&Æ"�+Y
)3.-@8"��=)ZU�'

2 456789
@L56FG3."U8�6V'W [1]  "6VX#a b < µp �#ONW-P61.

&"-,6'E�#J3.: (1) �P690Æ��#]*LM"Æ��Æ'b⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

dP (t)
dt

= (b− µp)P (t) + cdS(t),

dZ(t)
dt

= −µzZ(t),

dS(t)
dt

= 2c(1 − d)S(t− τ)e−µsτ − cdS(t).

(2)

Ba b > µp �#ON-P6* (µz

k ,
b−µp

k , 0) 1-,6'(EO-X-,6#.%X

p(t) = P (t) − µz

k
, z(t) = Z(t) − b− µp

k
, s(t) = S(t),

YON (1) �1⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

dp(t)
dt

= dq
(
p(t) +

µz

k

)
s(t) − kz(t)

(
p(t) +

µz

k

)
,

dz(t)
dt

= −µz

(
z(t) +

b − µp

k

)
+ (kz(t) + b− µp)

(
p(t) +

µz

k

)
,

ds(t)
dt

= 2(1 − d)q
(
p(t− τ) +

µz

k

)
s(t− τ)e−µsτ − dq

(
p(t) +

µz

k

)
s(t).

(3)

cBa b > µp �#ON (3) -P61"-,6'�P690.Æ��#]"LM"Æ��Æ
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' ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

dp(t)
dt

= −µzz(t) + dq
(µz

k

)
s(t),

dz(t)
dt

= (b − µp)p(t),

ds(t)
dt

= 2(1 − d)q
(µz

k

)
s(t− τ)e−µsτ − dq

(µz

k

)
s(t).

(4)

W.( (2) "R*-"��][7 (4) "^/L_'>?* (2)  "WfAI-]\V-#]

Z(t) = Z0e−µzt, t > 0,

" # Z0 PI Z � t = 0 �"g<'�-�J (2) Æh�, Hilbert 3&R# "ZR[@
3.�#56^�� P (t) � S(t). �-#7(ON (4) "��][L_#56^_FGON⎧⎪⎪⎨⎪⎪⎩

dP (t)
dt

= (b− µp)P (t) + cdS(t),

dS(t)
dt

= 2c(1 − d)S(t− τ)e−µsτ − cdS(t)
(5)

"/0R)(*"-HF@;6�"/0@8'�-_`&Æ�#@)-( (4) ")(1
:#FG-"/0@8#(-X-,690-"67W�W 6 L FG63'

P2#FGÆ��Æ' (4) "U8�)('a`#56J (4) Q,&;"�+Y)3.'
1E#]

A0 =

⎛⎜⎜⎜⎜⎝
0 −µz dq

(µz

k

)
b− µp 0 0

0 0 −dq
(µz

k

)
⎞⎟⎟⎟⎟⎠ , A1 =

⎛⎜⎜⎜⎝
0 0 0
0 0 0

0 0 2(1 − d)q
(µz

k

)
e−µsτ

⎞⎟⎟⎟⎠ ,

S^

x(t) = (p(t), z(t), s(t))T,

Y (4) I-Q,
ẋ(t) = A0x(t) +A1x(t− τ). (6)

(7%ONLag<

x(0) = x0 = (p0, z0, s0)T, x(s) = φ(s), s ∈ [−τ, 0],

56_]*G&;"�+Y)3.⎧⎪⎪⎨⎪⎪⎩
ẋ(t) = A0x(t) +A1x(t− τ),

x(0) = x0,

x(s) = φ(s), s ∈ [−τ, 0].

(7)

" # x0 ∈ C3, φ ∈ L2([−τ, 0],C3). bb#3. (7) 7 (4) �-`"'DE#@L+2"ci
_a�j3. (7) "U8�'1E#56`J (7) �1 Hilbert 3&R# "ZR[@3.'
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L3&R#1
H = C

3 × L2([−τ, 0],C3),

"78E*b

[X,Y ]H = (x, y)C3 +
∫ 0

−τ

(f(s), g(s))C3ds,

" #X = (x, f(s))T, Y = (y, g(s))T ∈ H. Bc#569 C3 PIk*bR##9 (·, ·)C3 PI

"7"*b#9 L2([−τ, 0],C3) PI-3IbE�R##9 Hk([−τ, 0],C3) PI k d Sobolev
R#'cX# H �&N Hilbert R#'

8E=2 A >P

D(A) =
{
(x, f(s))T ∈ H

∣∣∣ f ∈ H1([τ, 0],C3), f(0) = x
}
, (8)

A
(

x

f(s)

)
=

⎛⎝ A0 A1δ1

0
d
ds

⎞⎠( x

f(s)

)
, (9)

" # δ1ψ = ψ(−τ), ∀ ψ ∈ C[−τ, 0].
^

f(t, s) = x(t+ s), s ∈ [−τ, 0], X(t) = (x(t), f(t, s))T,

*

X(0) = X0 := (x0, φ(s))T, s ∈ [−τ, 0].

Y3. (7) �13&R# H  "ZR[@3.⎧⎨⎩
dX(t)

dt
= AX(t), t > 0,

X(0) = X0.

(10)

+cdN#3. (10) 7 (7) =)L_"I-�#�-56^_B33. (10) "U8�'
<= 2.1 L A � H >(8E#Y�R# H 77�&N7 [·, ·]H -`"*b#^1

[·, ·]1, !](dNl� M > 0, ,�

�[AX,X ]1 ≤M [X,X ]1, ∀ X ∈ D(A). (11)

> (e?" X = (x, f(s))T, Y = (y, g(s))T ∈ H, 8E*b

[X,Y ]1 = (x, y)C3 +
∫ 0

−τ

q(s)(f(s), g(s))C3ds,

" # q(s) �m8"3&�E�'bb# [·, ·]1 7 [·, ·]H �-`*b'1NM82"63#5
6^_NM (11) (e?:" X ∈ D(A) ,�'
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eF X = (x, f(s))T ∈ D(A) �:"#Y)

[AX,X ]1 = (A0x+A1f(−τ), x)C3 +
∫ 0

−τ

q(s)
( d

ds
f(s), f(s)

)
C3

ds

≤ ||A0||||x||2C3 + ||A1||||f(−τ)||C3 ||x||C3 +
1
2

∫ 0

−τ

q(s)
d
ds

||f(s)||2
C3ds

≤ ||A0||||x||2C3 +
1
2
(||A1||2||f(−τ)||2

C2 + ||x||2
C3

)
+

1
2
q(s)||f(s)||2

C3

∣∣∣0
−τ

−1
2

∫ 0

−τ

q′(s)||f(s)||2
C3ds

=
(
||A0|| + 1

2

)
||x||2

C3 +
1
2
||A1||2||f(−τ)||2

C3 +
1
2
q(0)||f(0)||2

C3

−1
2
q(−τ)||f(−τ)||2

C3 − 1
2

∫ 0

−τ

q′(s)||f(s)||2
C3ds

=
(
||A0|| + 1

2
+

1
2
q(0)
)
||x||2

C3 +
1
2
(||A1||2 − q(−τ)) ||f(−τ)||2

C3

+
∫ 0

−τ

−q′(s)
2q(s)

q(s)||f(s)||2
C3ds.

W7AIX#_#eC q(s) ∈ C1[−τ, 0], !] q′(s) < 0 f ||A1||2 − q(−τ) < 0. g:7#56
IC q(s) = 1

τ2 ||A1||2s2 + 1, s ∈ [−τ, 0], Y q(s) h?7%#V'E�# q(0) = 1, f

−q′(s)
2q(s)

=
−2 1

τ2 ||A1||2s
2( 1

τ2 ||A1||2s2 + 1)
≤ ||A1||2|s|

2τ ||A1|||s| =
1
2τ

||A1||.

C M = max{||A0|| + 1, 1
2τ ||A1||}, Y)

[AX,X ]1 ≤M
[
||x||2

C3 +
∫ 0

−τ

q(s)||f(s)||2
C3ds
]

= M [X,X ]1.

Nn'

<= 2.2 L=2 A >A (8) � (9) �8E#(e?" λ ∈ C, ^

∆(λ) = λI3 −A0 −A1e−λτ ,

" # I3 � C3 7"oi=2'Ya det ∆(λ) �= 0 �# λ ∈ ρ(A), f A "f-A�e"#S
WPAFG ⎧⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎩

(λI −A)−1Y = X = (x, f(s))T, ∀ Y = (y, g(s))T ∈ H,

x = ∆(λ)−1
[
y +A1

∫ 0

−τ

e−λ(τ+s)g(s)ds
]
,

f(s) = eλsx+
∫ 0

s

eλ(s−r)g(r)dr.

8C1#56)

σ(A) = σp(A) =
{
λ ∈ C

∣∣ det ∆(λ) = 0
}
.
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> +cdN#A�H "&Npq8Æ�=2'(e?F8" λ ∈ C* Y = (y, g(s))T ∈
H, ��>Pf-3.

(λI −A)X = Y, X = (x, f(s))T ∈ D(A),

f ⎧⎪⎪⎨⎪⎪⎩
λx−A0x−A1f(−τ) = y,

λf(s) − d
ds
f(s) = g(s), s ∈ [−τ, 0],

f(0) = x.

(12)

V-A (12)  "Y)3.#]

f(s) = eλsx+
∫ 0

s

eλ(s−r)g(r)dr. (13)

J (13) Q (12) "W&A#]

∆(λ)x = y +A1

∫ 0

−τ

e−λ(τ+s)g(s)ds.

cB#a det∆(λ) �= 0 �#56)

x = ∆(λ)−1
[
y +A1

∫ 0

−τ

e−λ(τ+s)g(s)ds
]
. (14)

DE# x � f(s) )CWA (14) � (13) .&Q8#f) (x, f(s))T ∈ D(A), cB λ ∈ ρ(A). 8
C1#)

R(λ,A)

(
y

g(s)

)
=

⎛⎜⎜⎝∆(λ)−1

[
y +A1

∫ 0

−τ

e−λ(τ+s)g(s)ds
]

eλsx+
∫ 0

s

eλ(s−r)g(r)dr

⎞⎟⎟⎠ .
W R(λ,A) "PUA+c)G#K� H 7"e=2'

(e?!] det ∆(λ) = 0 " λ ∈ C, 3. ∆(λ)η = 0 Æ)&OP- η ∈ C3. bb#

(η, eλsη)T ∈ D(A), f

(λI −A)

(
η

eλsη

)
=

(
0
0

)
,

cB λ ∈ σp(A). DE# σ(A) = σp(A) = {λ ∈ C | det∆(λ) = 0}.
@A 2.1 L A >(8E#Y A �, H 7"&N C0 \T'

> >?*=2 A "8Eg D(A) �R# H  qj'82 2.1 PM A −MI �gk=

2r82 2.2 PMk-2"h\-2D� A−MI "f-6'DE#=2 A−MI �, H 7
"&N C0 il\T'W)hÆ�=2m223X# A �, H 7"&N C0 \T'Nn'



8 [ Z[\de���������Y\��Z� 1015

3 BC A D6EFGH
@L56M9 [9] FG"3=�j=2 A "R'W82 2.2, 56^_B3E� det∆(λ)

"P6'W.

det∆(λ) = det(λI3 −A0 −A1e−λτ )

=

∣∣∣∣∣∣∣∣∣∣
λ µz −dq

(µz

k

)
−(b− µp) λ 0

0 0 λ+ dq
(µz

k

)
− 2(1 − d)q

(µz

k

)
e−µsτ e−λτ

∣∣∣∣∣∣∣∣∣∣
= (λ2 + µz(b− µp))

(
λ+ dq

(µz

k

)
− 2(1 − d)q

(µz

k

)
e−µsτe−λτ

)
.

cX=2 A �jk7)&(iIj6R µ1,2 = ±i
√
µz(b − µp), "lP6^/WUE�

h(λ) = λ+D0 −De−λτ Q8'Bc^ D0 = dq(µz

k ), D = 2(1 − d)q(µz

k )e−µsτ -j�<='

>?*# ∀ λ ∈ C h? α < �λ < β (α < β �HNe?C8":�), a |λ| → +∞
�#) |h(λ)| → +∞. k h(λ) �sg α < �λ < β  ^))mNP6'fa �λ → +∞
�# |h(λ)| → +∞. n�#56aQ8a �λ → −∞ �# h(λ) "P6'] h(λ) = 0, Y)
eλτh(λ) = λeλτ +D0eλτ −D = 0. ] z = λ +D0, ]* ezτh(z −D0) = zezτ −DeτD0 = 0. D
E# h(λ) "P6^/W

h̃(z) = zezτ −D1, D1 = DeτD0 (15)

l8'

W. D1 > 0, jo"�0)(ntPM# h̃(z) )fW)&N3:P6#^. µ3. P2"

82FGG h̃(z) "�)P6"PU'
<= 3.1 L h̃(z) >A (15) 8E#Y h̃(z) "P65IPI1

Λ = {ξn, ξn}n∈N

⋃
{µ3},

" # µ3 � h̃(z) .&"3:P6# ξn =)/0PUA

ξn =
1
τ

[
lnD1 − ln

(2n− 1
2 )π

τ

]
+ i
[ (2n− 1

2 )π
τ

− ln (2n− 1
2 )π

τ

τ(2n− 1
2 )π

]
+O
( 1
n

)
. (16)

> W. τ � D1 m13:�#ka h̃(z) = 0 �#o) h̃(z) = 0. BPM h̃ "P6n.

:k(u)v'DE# h̃(z) "P65I-^1

Λ = {(ξn, ξn) | ξn = xn + iyn, yn > 0, n ∈ N}
⋃

{µ3}.

^ ξ = x+iy, y > 0.YW3. h̃(ξ) = 0] eτx(x cos τy−y sin τy) = D1, eτx(x sin τy+y cos τy) =
0. �-

x = −y cos τy
sin τy

, (17)

eτx = −D1 sin τy
y

, (18)
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cB x = 1
τ [ln(−D1 sin τy) − ln y] . EA7 (17) Ao�#]

ln(−D1 sin τy) − ln y +
τy cos τy

sin τy
= 0.

W. D1 > 0, �- − sin τy > 0. BPM y ∈ ( (2n−1)π
τ , 2nπ

τ ), n ≥ 1.
^

G(y) = lnD1 + ln(− sin τy) − ln y +
τy cos τy

sin τy
, y ∈

((2n− 1)π
τ

,
2nπ
τ

)
, n ≥ 1.

Y

G′(y) < 0, y ∈
((2n− 1)π

τ
,
2nπ
τ

)
, lim

y→ (2n−1)π
τ

G(y) = +∞, lim
y→ 2nπ

τ

G(y) = −∞. (19)

DE#�oNp# ( (2n−1)π
τ ,2nπ

τ )  #7�.&" yn, !] G(yn) = 0. (oN n ∈ N, ^

xn =
1
τ

ln
(
− D1 sin τyn

yn

)
,

Y ξn = xn + iyn � h̃(z) "P6'cB Λ  wpCq4N6'
>?*a yn > D1 �#

xn =
1
τ

ln
(
− D1 sin τyn

yn

)
< 0. (20)

fa n → ∞ �# xn → −∞, yn → +∞. A (17) � (18) rM eτxnxn = D1 cos τyn. oO

(20), IX cos τyn < 0. fa n → ∞ �# cos τyn → 0. �- τyn ∈ ((2n− 1)π, (2n− 1
2 )π), f

yn − (2n− 1
2 π)

τ → 0. I]

yn =
(2n− 1

2 )π + εn

τ
, (21)

Y εn ∈ (−π
2 , 0), fa n→ ∞ �# εn → 0. JA (21) Q G(y) "PUA #)

0 = G(yn) = lnD1 + ln cos εn − ln yn − τyn sin εn

cos εn
.

BPM#a n→ ∞ �# sin εn = − ln yn

τyn
+O( 1

n ). cB εn = − ln
(2n− 1

2 )π
τ

(2n− 1
2 )π

+O
(

1
n

)
. DE#

yn =
(2n− 1

2 )π
τ

− ln (2n− 1
2 )π

τ

τ(2n− 1
2 )π

+O
( 1
n

)
. (22)

JA (22) Q xn = 1
τ [lnD1 + ln(− sin τyn) − ln yn]  #]

xn =
1
τ

[
lnD1 − ln

(2n− 1
2 )π

τ

]
+O
( ln2 n

n2

)
. (23)

WA (22) � (23), X�<]N'
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P2"82FGG=2 A R")v'
<= 3.2 L=2 A >A (8) � (9) �8E#YP%PU,�
1) A "Rn.:k(u)vr
2)

σ(A) =
{
λn, λn

}
n∈N

⋃
{µ̃j}3

j=1 ,

" # µ̃j = µj , j = 1, 2, µ̃3 = µ3 −D0 �UE� h(λ) = λeλτ +D0eλτ −D .&":P6#

λn =
1
τ

[
lnD − ln

2n− 1
2

τ
π
]

+ i
[2n− 1

2

τ
π − ln 2n− 1

2
τ π

τ(2n− 1
2 )π

]
+O
( 1
n

)
, µ1,2 = ±i

√
µz(b− µp).

> W82 2.2 X#( λ ∈ C, λ ∈ σ(A) afWa det∆(λ) = 0. W.UE� det∆(λ)  
"O�m1:�#�-a det∆(λ) = 0 �#) det∆(λ) = 0. �- A "Rn.:k(u)v'

>?* z = λ+D0, kW (16) AI�f]*82 λn "PUA'

P2"82FGG A "@;<""�*LM@;6�"pA'
<= 3.3 L A >(8E#Yo&N λ ∈ σ(A) D�jo@;<#fLM"&N@;6

�=)pA

Φλ = (x, eλτx)T ∈ D(A),

" #

x =
( λ

b− µp
, 1,

1
D0

[ λ2

b− µp
+ µz

])T

.

> ∀ λ ∈ σ(A)∩C,) h(λ) = λ+D0−De−λτ = 0,B h′(λ) = τDe−λτ +1 = τ(λ+D0)+1 �=
0. cB h(λ) "kP6�jo"'Es#c1:P6 µi, i = 1, 2, 3 q�jo"'

nL λ ∈ σ(A),Φ = (x, f(s))T ∈ D(A) �"LM"&N@;6�#Y AΦ = λΦ, f⎧⎪⎪⎨⎪⎪⎩
A0x+A1f(−τ) = λx,

d
ds
f(s) = λf(s), s ∈ [−τ, 0],

f(0) = x.

(24)

V-A (24)  "Y)3.#]

f(s) = eλsx, s ∈ [−τ, 0].

J"Q (24)  "W&A#]

∆(λ)x =

⎛⎜⎝ λ µz −D0

−(b− µp) λ 0
0 0 λ+D0 −De−λτ

⎞⎟⎠x = 0.

V-7A#a λ � h(λ) = λ + D0 + De−λτ "P6�# x =
(

λ
b−µp

, 1, 1
D0

[
λ2

b−µp
+ µz

])T; a

λ = µ̃1,2 �# x =
(

λ
b−µp

, 1, 0
)T
. Nn'
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4 BC A JKLM6NO9P
�B&L #56NM A "@;6�_7,R# H "&NK'1E#56_#(Rt

r E(λ;A) "h�./0q<'
a`FG A"^W=2'L X = (x, f(s))T ∈ D(A), Y = (y, g(s))T ∈ D(A∗),Bc D(A∗)

�m8"'W8E

[AX,Y ]H = (A0x+A1f(−τ), y)C3 +
∫ 0

−τ

( d
ds
f(s), g(s)

)
C3

ds

= (A0x, y)C3 + (A1f(−τ), y)C3 + (f(s), g(s))C3

∣∣∣0
−τ

−
∫ 0

−τ

(
f(s),

d
ds
g(s)
)

C3
ds

= (x,A∗
0y)C3 + (f(−τ), A∗

1y)C3 + (f(0), g(0))C3 − (f(−τ), g(−τ))C3

+
∫ 0

−τ

(
f(s),− d

ds
g(s)
)

C3
ds

= (x,A∗
0y + g(0))C3 + (f(−τ), A∗

1y − g(−τ))C3 +
∫ 0

−τ

(
f(s),− d

ds
g(s)
)

C3
ds

= [x,A∗Y ]H.

WE#I8E

D(A∗) =
{
(y, g(s))T ∈ H

∣∣∣ g ∈ H1([−τ, 0],C3), g(−τ) = AT
1 y
}
, (25)

A∗
(

y

g(s)

)
=

⎛⎝A∗
0 δ0

0 − d
ds

⎞⎠( y

g(s)

)
, (26)

" # δ0ψ = ψ(0), ∀ ψ ∈ C[τ, 0], A∗
j PI Aj , j = 1, 2 "iIQa'

<= 4.1 L=2 A WA (25) � (26) �8E#Y A∗ "R1

σ(A∗) = σ(A) =
{
λ ∈ C

∣∣∣ det∆(λ)∗ = 0
}
,

" # ∆(λ)∗ = λI3 −AT
0 −AT

1 e−λτ . ( λ ∈ σ(A∗), LM"&N@;6�=)pA

Ψλ = (y, e−λ(τ+s)AT
1 y)

T, (27)

" #

y =
(λ+D0 −De−λτ

D0
,
λ(λ+D0 −De−λτ )

D0(b− µp)
, 1
)T

.

> W^W=2"R23#) σ(A∗) = σ(A). s A0, A1 �:rt#�- A∗
j = AT

j , j = 0, 1.
782 3.3 "NMLu#+cdN#WA (27) FG" Ψλ � A∗ LM. λ "@;6�'

<= 4.2 L=2 A >(8E# λ ∈ σ(A), E(λ;A) �LM" Riesz Rtr#Y(e?
" X ∈ H, )

E(λ;A)X = [X,Ψλ]HΦλ.
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" # Φλ,Ψλ )C182 3.3 � 4.1  FG"@;6�#fh? [Φλ,Ψλ]H = 1. N&x1#
a �λ→ −∞ �# Riesz Rtr E(λ;A) )>P/0q<

||E(λ;A)|| ≈ e|�λ|τ

2τ |�λ| ,

cB@;6�uQ {Φλ | λ ∈ σ(A)} _7,3&R# H "&NK'

> (e?" λ, ζ ∈ σ(A), λ �= ζ, ^ Φλ � A LM. λ "&N@;6�# Ψζ � A∗ LM

. ζ "@;6�#Y

λ[Φλ,Ψζ ]H = [AΦλ,Ψζ ]H = [Φλ,A∗Ψζ ]H = [Φλ, ζΨζ ]H = ζ[Φλ,Ψζ]yH.

�-a λ �= ζ �# [Φλ,Ψζ ]H = 0.

L λ ∈ σ(A), Φλ = (xλ, eλsxλ)T � A LM. λ "&N@;6�#E(λ;A) �LM" Riesz
Rtr#Y E(λ;A)H �W Φλ v," H "&v2R#'L Ψλ = (yλ, e

−λ(τ+s)AT
1 yλ)T � A∗

LM. λ "&N@;6�#f! [Φλ,Ψλ]H = 1, Y ∀ X ∈ H, D) E(λ;A)X = [X,Ψλ]HΦλ.

W.56B3"�a �λ→ −∞ �# ||E(λ;A)|| "q<A#kW82 3.3 �82 4.1, IL

xλ = k1(λ)
(

λ

b− µp
, 1,

1
D0

[
λ2

b− µp
+ µz

])T

, yλ = k2(λ)(0, 0, 1)T,

" # k1(λ), k2(λ) ∈ C �7 λ )n"m8O�'E�#)

1 = [Φλ,Ψλ]H

= (xλ, yλ)C3 +
∫ 0

−τ

(eλsxλ, e−λ(τ+s)AT
1 yλ)C3ds

= (xλ, yλ)C3 + τe−λτ (A1xλ, yλ)C3

= k1(λ)k2(λ)
[ 1
D0

( λ2

b− µp
+ µz

)
+

D

D0

( λ2

b− µp
+ µz

)
τe−λτ

]
.

^

η(λ) =
1
D0

(
λ2

b− µp
+ µz

)[
1 + τDe−λτ

]
,

k1(λ) =
√
|�λ|eλτ , k2(λ) =

1√|�λ|eλτη(λ)
,

Y [Φλ,Ψλ]H = 1, fa �λ→ −∞ �#)

||Φλ||2H = ||xλ||2C3 +
∫ 0

−τ

||eλsxλ||2C3ds = ||xλ||2C3

[
1 +
∫ 0

−τ

e2�λsds
]

= |k1(λ)|2
[
1 +
∣∣∣ λ

b− µp

∣∣∣2 +
1
D2

0

∣∣∣ λ2

b− µp
+ µz

∣∣∣2][1 +
1 − e−2�λτ

2�λ
]

= |�λ|e2�λτ
[
1 +

1 − e−2�λτ

2�λ
][

1 +
∣∣∣ λ

b− µp

∣∣∣2 +
1
D2

0

∣∣∣ λ2

b− µp
+ µz

∣∣∣2]
=
[
|�λ|e2�λτ − 1

2
(e2�λτ − 1)

][
1 +

|λ|2
(b− µp)2

+
1
D2

0

∣∣∣ λ2

b − µp
+ µz

∣∣∣2]
≈ |λ|4

2D2
0(b− µp)2
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*

||Ψλ||2H = ||yλ||2C3 +
∫ 0

−τ

||e−λ(τ+s)AT
1 yλ||2C3ds

= |k2(λ)|2 + |k2(λ)|2D2

∫ 0

−τ

e−2�λ(τ+s)ds

= |k2(λ)|2
[
1 +D2 1 − e−2�λτ

2�λ
]

=
1 + 1−e−2�λτ

2�λ D2

|�λ|e2�λτ 1
D2

0

∣∣ λ2

b−µp
+ µz

∣∣2 |1 + τDe−λτ |2

=
|�λ| − 1−e−2�λτ D2

2

1
D2

0
|�λ|2∣∣ λ2

b−µp
+ µz

∣∣2 |eλτ + τD|2

≈
[|�λ| − 1−e−2�λτ D2

2

]|λ|2
1

D2
0
|�λ|2∣∣ λ2

b−µp
+ µz

∣∣2 |λeλτ + λτD|2
,

>?* λeλτ ≈ D, �-

||Ψλ||2H ≈
D2

2 e2|�λ|τ |λ|2
1

D2
0
|�λ|2∣∣ λ2

b−µp

∣∣2|λτD +D|2
=
D2

0(b − µp)2e2|�λ|τ

2|�λ|2|λ|4τ2
. (28)

DE#a �λ→ −∞ �#

||E(λ;A)|| = ||Φλ||H||Ψλ||H ≈ e|�λ|τ

2τ |�λ| → +∞.

BrM@;6�uQ {Φλ|λ ∈ σ(A)} _7,R# H "&NK'

5 RS45T6UV
@L56FGZR[@3. (10) "-HF@;6�"/0@8A'1]*-"@8A

"ws�#56_#>P"A3�6V (1 [10]).
L {T (t)}t≥0 � BanachR# X 7" C0 \T#=2 A �"�,w'F8=2 A "R�t

k"#f σ(A) = σp(A) = {λn;n ∈ N}. (oN λn ∈ σ(A), ^ E(λn;A) �LM. λn " Riesz
Rtr'8ER# X " T (t)− R_%2R#

Sp(A) := span
{ m∑

j=1

E(λj ;A)x| x ∈ X; ∀ m ∈ N

}
,

-* X "u&N T (t)− _%2R#
M∞ := {x ∈ X| E(λ;A)x = 0, ∀ λ ∈ σ(A)} .

bb# Sp(A) + M∞ ⊆ X.
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(oN λn ∈ σ(A), 9 mn PILM. λn "v2R#"Q�"�#S(oN n ∈ N, 8E

=2
Dn := (A− λnI)E(λn;A), D0

n = E(λn;A),

Y Dn � X 7")hÆ�=2#f
Dk

n = (A− λnI)kE(λn;A), Dmn
n = 0.

WX 5.1 L T (t) � Banach R# X 7" C0 \T#=2 A �"�,w'FL A =)
tkR#fh?P%xw

(c1) 7�3l� M1, ρ1 * ρ3 !]
mn∑
k=0

tk‖Dk
n‖

k! ≤M1e−ρ1�λneρ3t, ∀ n ∈ N, t ≥ 0;

(c2) 7�l� τ0 > 0, !]x�
∞∑

n=1
e�λnτ0 ws#

Y56I-8E5�p#1 [τ0 +ρ1,∞) "HY=2 T1(t) : X → Sp(A) * T2(t) : X → M∞,
!]

1) T1(t) �e=2# T1(t) � T2(t) �yyx"r
2) Tj(t)T (s) = T (s)Tj(t) = Tj(t+ s), ( t ≥ τ0 + ρ1, s ≥ 0, j = 1, 2 ,�r
3) T (t) ))-b T (t) = T1(t) + T2(t), t ≥ τ0 + ρ1,

N&x1#>V A "Rh?P2"xw
(c3) 7�l� M2 > 0 * ρ2 > 0, !] |λn| ≤M2e−ρ2�λn ,

Y(oN x ∈ X, T1(t) �p# (τ0 + ρ1 + ρ2,∞) 7�IY"'
WX 5.2 L T (t) � Banach R# X 7"&N C0 \T#=2 A �"�,w'FL�<

5.1  "xw (c1)–(c3) ,�'fzPQxw%&h?
1) =2 A "zE@;6��R# X  ^Ur

2) =2 A "f-A�M∞ 7"my��R# X  C<" h ')m$�'UE�#

Y T (t) ( t > τ1 �IY\T#" τ1 := max{τ0 + ρ1 + ρ2, τ0 + ρ1 + h}.
P2#56JdN�< 5.1 � 5.2  "xw'
<= 5.1 L A >(8E#Y A h?�< 5.1  "/;xw#" ρ1 = τ, ρ2 = τ, ρ3 =

0, τ0 > τ.
> ∀ λ ∈ σ(A), 82 3.3 PM λ � A "jo@;<'v{82 4.2, E(λ;A) )/0q<

||E(λn;A)|| ≈ e|�λn|τ

2τ |�λn| ,

>?*a �λn → −∞ �# λeλnτ ≈ D, HyCÆ#] |λn|e�λnτ ≈ D, f |λn| ≈ De|�λn|τ . �

-# ||E(λn;A)|| ≈ De2|�λn|τ
2τ |�λn| . a n > 1

2

(
τD
π + 1

2

)
�# �λn < 0. C n0 1

1
2

(
τD
π + 1

2

)
+ 1 "U

�;)# d = 1
τ ln wn0

D , Y |�λn| > d > 0. cB

||E(λn;A)|| ≤ D

2τd
e|�λn|τ .

W.

e�λnτ0 = e
τ0
τ [ln D−ln

2n− 1
2

τ π] =
[ τD

(2n− 1
2 )π

] τ0
τ

,
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ka τ0 > τ �#)
∞∑

n=1

e�λnτ0 =
[τD
π

] τ0
τ

∞∑
n=1

1
(2n− 1

2 )
τ0
τ

<∞.

s λn �3. λeλτ = D +O(eλτ ) "-#k)

|λn| ≤ |λn| ≤ (1 +D)e−τ�λn .

Z7#�< 5.1  "xw c(1)–c(3) ,�'
<= 5.2 L A >(8E#Y"f-A1 C 7z4 2τ '")m$�'{zE�'c

B#�< 5.2  "xw 2) ,�'
> v{82 2.2, =2 A "f-A1

R(λ,A)

(
y

g(s)

)
=

⎛⎜⎜⎜⎝
∆(λ)−1

[
y +A1

∫ 0

−τ

e−λ(τ+s)g(s)ds
]

eλsx+
∫ 0

s

eλ(s−r)g(r)dr

⎞⎟⎟⎟⎠ =

(
x

f(s)

)
,

Bc X = (x, f(s))T ∈ D(A), Y = (y, g(s))T ∈ H. WE∥∥∥eλsx+
∫ 0

s

eλ(s−r)g(r)dr
∥∥∥

C3

≤ e�λs||x||C3 +
[ ∫ 0

s

||g(r)||2
C3dr
] 1

2
[ ∫ 0

s

e2�λ(s−r)dr
] 1

2

= e�λs||x||C3 + ||g||L2

√
1 − e2�λs

2�λ .

DE

||f ||L2 =
[ ∫ 0

−τ

∥∥∥eλsx+
∫ 0

s

eλ(s−r)g(r)dr
∥∥∥2

C3
ds
] 1

2

≤
[
2
∫ 0

−τ

(
e2�λs||x||2

C3 + ||g||2L2
1 − e2�λs

2�λ
)
ds
] 1

2

=
√

2
[
||x||2

C3
1 − e−2�λτ

2�λ + ||g||2L2

( τ

2�λ − 1 − e−2�λτ

(2�λ)2
)] 1

2

≤ M1e|�λ|τ (||x||2
C3 + ||g||2L2)

1
2 ,

" # M1 > 0 �l�'
( x, )

||x||C3 ≤ ||∆(λ)−1||||y +A1

∫ 0

−τ

e−λ(τ+s)g(s)ds||C3

= ||∆(λ)−1||
[
||y||C3 + ||A1||||g||L2

√
1 − e−2�λτ

2�λ
]

≤ M2e|�λ|τ ||∆(λ)−1|| (||y||2
C3 + ||g||2L2

) 1
2 ,
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" # M2 > 0 �l�'
P2q< ||∆(λ)−1||. <=I]

∆(λ)−1 =
1

det(∆(λ))

·

⎛⎜⎜⎝
λ(λ+D0 −De−λτ ) −µz(λ+D0 −De−λτ ) λD0

(b− µp)(λ+D0 −De−λτ ) λ(λ+D0 −De−λτ ) (b− µp)D0

0 0 λ2 + µz(b − µp)

⎞⎟⎟⎠ .
v{)2 [11], Æ) ||T || ≤ ||T ||F , Bc || · ||F PIrt" Frobenious h�'�-^_|G
∆(λ)−1  "){dw{'

a �λ > 0 �#){dw{1 λ(λ +D0 −De−λτ ) � λ2 + µz(b− µp). E�#

||∆(λ)−1|| ≤ ||∆(λ)−1||F ≤ M̃3
|λ||λ +D0 −De−λτ | + |λ2 + µz(b− µp)|

|λ2 + µz(b− µp)||λ+D0 −De−λτ | ≤M3.

a �λ < 0 �#){dw{1 λ(λ +D0 −De−λτ ). E�#

||∆(λ)−1|| ≤ ||∆(λ)−1||F ≤ M̃3
|λ||λ+D0 −De−λτ |

|λ2 + µz(b− µp)||λ+D0 −De−λτ | ≤M3.

W72"q<+cX|#

||R(λ,A)|| ≤Me2τ |�λ|, M > 0.

zE#56/|dNG�< 5.1 � 5.2  "�)xw'v{�< 5.2, 56]*P%6V'
<= 5.3 L A WA (8) � (9) 8E#Ya t > 4τ �#3. (10) "-IHF@;6�

@8>P

X(t) = T (t)X0

=
3∑

j=1

etµ̃j (X0,Ψµ̃j
)HΦµ̃j

+
∞∑

n=1

[
etλn(X0,Ψλn

)HΦλn + etλn(X0,Ψλn)HΦλn

]
, (29)

" # Φλ � Ψλ )C�82 3.3 � 4.1  8E#fh?
[Φλ,Ψλ]H = 1.

6 [\ (1) ]^]_`aF6TUV
W [1], ONÆ-P61"-,6'}u.( (4) "��#]

B0 =
(
b− µp cd

0 −cd
)
, B1 =

(
0 0
0 C

)
, " C = 2c(1 − d)e−µsτ .

S^

x(t) = (P (t), S(t))T,



1024 � � C J K � J 29 D

Y (5) I-Q, ẋ(t) = B0x(t) +B1x(t − τ).
(7%ONLag<

x(0) = x0 = (P0, S0)T, x(s) = φ(s), s ∈ [−τ, 0],

56_]*G7 (5) -`"&;�+Y)3.⎧⎪⎨⎪⎩
ẋ(t) = B0x(t) +B1x(t− τ), t > 0,
x(0) = x0,

x(s) = φ(s), s ∈ [−τ, 0].
(30)

" # x0 ∈ C2, φ ∈ L2([−τ, 0],C2).
P2#L3&R# H̃ 1

H̃ = C
2 × L2([−τ, 0],C2),

"7*b8E1

[X,Y ]H̃ = (x, y)C2 +
∫ 0

−τ

(f(s), g(s))C2ds,

" # X = (x, f(s))T, Y = (y, g(s))T ∈ H̃. "|A3>(2}L�~8'
8E=2 B >P

D(B) = {(x, f(s))T ∈ H̃ | f ∈ H1([−τ, 0],C2), f(0) = x},

B
(

x

f(s)

)
=

(
B0 B1δ1

0 d
ds

)(
x

f(s)

)
,

" # δ1ψ = ψ(−τ), ∀ ψ ∈ C[−τ, 0].
^

f(t, s) = x(t+ s), s ∈ [−τ, 0],

X(t) = (x(t), f(t, s))T, X(0) = X0 := (x, φ(s))T, s ∈ [−τ, 0],

Y�+Y)3. (30) �17%-`" Hilbert 3&R# H̃  "ZR[@3.⎧⎪⎨⎪⎩
dX(t)

dt
= BX(t), t > 0,

X(0) = X0.

(31)

W.nt][7(2}LL_#56}~NM!L#]\FGPQ63'

<= 6.1 L B � H̃ >(8E#Y�R# H̃ 77�&N7 [·, ·]H̃ -`"*b#^1
[·, ·]2, !](dNl� M > 0, ,�

�[BX,X ]2 ≤M [X,X ]2, ∀ X ∈ D(B).

<= 6.2 L=2 B >(8E#(e?" λ ∈ C, ^

∆(λ) = λI2 −B0 −B1e−λτ ,
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" # I2 � C2 7"oi=2'Ya det∆(λ) �= 0 �# λ ∈ ρ(B), f B "f-A�e"#S
WPAFG ⎧⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎩

(λI − B)−1Y = X = (x, f(s))T, ∀ Y = (y, g(s))T ∈ H̃,

x = ∆(λ)−1

[
y +B1

∫ 0

−τ

e−λ(τ+s)g(s)ds
]
,

f(s) = eλsx+
∫ 0

s

eλ(s−r)g(r)dr.

8C1#56)
σ(B) = σp(B) = {λ ∈ C | det∆(λ) = 0}.

@A 6.1 L B >(8E#Y B �, H̃ 7"&N C0 \T'

<= 6.3 L B >(8E#YPQP%,�
1) B "Rn.:k(u)vr
2) B "/0R1

Λ = {ξn, ξn}n∈N

⋃
{µ1, µ2},

" #

ξn = −µs +
1
τ

[
ln 2c(1 − d) − ln

(2n− 1
2π)

τ

]
+ i
[ (2n− 1

2 )π
τ

− ln (2n− 1
2 )π

τ

τ(2n− 1
2 )π

]
+O
( 1
n

)
,

µ1 = b− µp, µ2 �UE� λeλτ − C "3:P6r

3) σ(B) = {λn, λn}n∈N

⋃{µ̃1, µ̃2}, " # µ̃1 = µ1, µ̃2 � λeλτ + cdeλτ − C IO":P

6'(?~}" n ∈ N, )

λn = ξn +O
( 1
n

)
;

4) o&N λn ∈ σ(B) D�jo@;<#fLM"&N@;6�=)pA

Φλn = (xn, eλnsxn)T ∈ D(B),

" xn �3. ∆(λn)x = 0 "OP-#"/0PUA1

xn =
(
1,
λn − (b− µp)

cd

)T

.

<= 6.4 L=2 B >(8E#YP%n."^W=2 B∗ "~%,�
1) B∗ "8E1

D(B∗) = {(y, g(s))T ∈ H | g ∈ H1([−τ, 0],C2), g(−τ) = B∗
1y}.

B∗
(
y

g(s)

)
=

(
B∗

0 δ0

0 − d
ds

)(
y

g(s)

)
,

" # δ0ψ = ψ(0), ∀ ψ ∈ C[−τ, 0], B∗
j PI Bj "iIQa# j = 0, 1;

2) B∗ "R
σ(B∗) = σ(B) = {λ ∈ C | det∆(λ)∗ = 0},
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" # ∆(λ)∗ = λI2 −BT
0 −BT

1 e−λτ ;
3) ∀ λn ∈ σ(B∗), LM"&N@;6�=)pA

Ψλn
= (yn, e−λn(τ+s)BT

1 yn)T,

" #

yn =
(λ+ cd− Ce−λτ

cd
, 1
)T

.

<= 6.5 L=2 B >(8E# λ ∈ σ(B), Φλ,Ψλ )C182 6.3 � 6.4  FG"@;
6�#fh?

[Φλ,Ψλ]H̃ = 1,

Ya �λ→ −∞ �#=2 B LM. λ " Riesz Rtr)>P/0q<

||E(λ;B)|| ≈ e|�λ|τ

2τ |�λ| ,

cB@;6�uQ {Φλ|λ ∈ σ(B)} _7,R# H̃ "&NK'

<= 6.6 L B >(8E#Y B h?�< 5.1  "xw (c1)–(c3), " ρ1 = ρ2 = τ, ρ3 =
0, τ0 > τ. f B "f-A1 C 7z4 2τ '")m$�'{zE�#cB�< 5.2  "xw
c2) ,�'DE#a t > 4τ �#3. (31) "-IHF@;6�@8>Pb

X(t) = T (t)X0 (32)

=
2∑

j=1

etµ̃j (X0,Ψµ̃j
)H̃Φµ̃j

+
∞∑

n=1

[
etλn(X0,Ψλn

)H̃Φλn + etλn(X0,Ψλn)H̃Φλn

]
, (33)

" # Φλ � Ψλ )C�82 6.3 � 6.4  8E'
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SPECTRAL ANALYSIS AND SOLUTION STRUCTURE

OF A RED BLOOD CELLS MODEL WITH ONE DELAY

ZHANG Yaxuan XU Genqi

(Department of Mathematics, Tianjin University, Tianjin 300072)

Abstract In this paper, the expansion of the solution of a red blood cells model with
one delay is considered. First, the model near its equilibrium is linearized and the linearized
model is rewritten as abstract evolutionary equation. Then, the well-posed-ness of the equation
is obtained by applying the theory of C0 semigroup. With a detailed spectral analysis, the
explicit asymptotical expressions of all eigenvalues are given. Finally, it is shown that the
eigenvectors of the system fail to form a basis for the Hilbert state space by estimating the
norm of Riesz projection of the system operator. However, the asymptotic expansion of the
solution associated with the eigenvectors is given.

Key words Red blood cell, delay, C0 semigroup, asymptotic expansion of solution.


