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Delay-dependent stability
analysis for discrete singular
systems with time-varying delays
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Abstract This paper studies the problem of stability analysis
for discrete singular time delay systems. Without resorting to
the decomposition and equivalent transformation of the consid-
ered system, some new delay-dependent criteria are established
for the considered systems to be regular, causal and stable in
terms of linear matrix inequality (LMI) approach. The obtained
criteria are less conservative, because the technique used in this
paper makes more use of the information on the involved time-
varying delays than the existing techniques do. A numerical
example is given to illustrate the effectiveness and the benefits
of the proposed methods.
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In the past few decades, singular systems have received
intensive interest because they appear frequently in sev-
eral applications including large-scale systems, power sys-
tems, economic systems, and so on [1,2]. Many funda-
mental notions and results based on regular systems have
been extended to singular systems. It should be men-
tioned that the stability problem for singular systems is
much more complicated than that for regular systems be-
cause it requires to consider not only stability, but also
regularity and absence of impulses (for continuous singular
systems) or causality (for discrete singular systems) simul-
taneously, the latter two do not arise in the regular sys-
tems [2]. For more details on singular systems, we refer the
readers to [1,2] and the references therein. On the other
hand, it is well known that time delays exist commonly
in many practical systems, which have been generally re-
garded as the main source of instability and poor perfor-
mance. Therefore, much attention has been devoted to
the problem of stability analysis for singular systems with
time delay. Both delay-independent stability results [2,3]
and delay-dependent stability results [4]-[12] were obtained
for the singular time delay systems in terms of linear ma-
trix inequality (LMI) approach. Generally speaking, when
the time delay is small enough, the delay-dependent results
are generally less conservative than the delay-independent
ones.

But all the above-mentioned works were developed in
the context of continuous singular time delay systems. Re-
cently, the stability problem for discrete singular systems
with time delay was discussed in [13]-[19], where several
delay-dependent conditions were established for the con-
sidered systems to be regular, causal and stable in terms
of linear matrix inequality (LMI) approach. But the in-
volved time delays of [13]-[19] are all time invariant, which
limits the scope of applications of the established stabil-
ity results. In the case where time-varying delays appear
in the discrete singular systems, [20]-[22] made use of the
free-weighting matrices method [23]-[25] to establish some
delay-dependent stability conditions in terms of LMI ap-
proach. However, it should be mentioned that the decom-
position and equivalent model transformation of the origi-
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nal system matrices are involved in [20] and the established
condition is in terms of the coefficient matrices of the de-
composed systems, which makes the stability analysis pro-
cedure indirect and complicated. It should also be pointed
out that some useful terms are ignored in the Lyapunov
functionals reported in [20]-[22]. The ignorance of these
terms may lead to conservatism to some extent. Therefore,
it is important and necessary to further improve the stabil-
ity results on discrete singular systems with time-varying
delay.

In this paper, the problem of delay-dependent stabil-
ity is discussed for discrete singular systems with time-
varying delays in terms of LMI approach. Some new delay-
dependent sufficient conditions are established for the dis-
crete singular systems to be regular, causal and stable. Un-
like the condition in [20], the derived conditions in this pa-
per are in terms of all the coefficient matrices of the orig-
inal system, which avoids the decomposition and transfor-
mation of the given singular system. Furthermore, because
the Lyapunov functional and the technique reported in this
paper make more use of the information on the considered
time-varying delays than those in [20]-[22], our results have
less conservatism, which will be demonstrated by a numer-
ical example.

1 Problem Formulation

Consider discrete singular systems with time-varying de-
lays described by

Ex(k+1) = Az(k) + Aax(k — d(k)), )
z(k) = ¢(k), k € [—da, 0], (1)

where (k) € R" is the state vector and d(k) is a time-
varying delay satisfying d1 < d(k) < dz2, where di and d2
are prescribed positive integers representing the lower and
upper bounds of the time delay, respectively. ¢(k) is the
compatible initial condition. The matrix E € R™*" may
be singular and it is assumed that rank (E) = r < n. A
and Ay are known real constant matrices with appropriate
dimensions.

The following definition will be used in the proof of the
main results.

Definition 1 [15,20].

1. For given integers di > 0, d2 > 0, the discrete singular
time delay system (1) is said to be regular and causal for
any time delay d(k) satisfying di < d(k) < da, if the pair
(E, A) is regular and causal,

2. The discrete singular time delay system (1) is said
to be stable if for any scalar € > 0, there exists a scalar
d(e) > 0 such that, for any compatible initial conditions
#(k) satisfying sup_ 4, <p.<o |#(k)|| < 6(¢), the solution x(k)
of system (1) satisfies ||z(k)| < ¢ for any k > 0, moreover
hmk%w .’Il(k) =0.

In this paper, we analyze the stability of system (1), and
new stability criteria that are less conservative than the
existing ones will be proposed.

2 Main results

Theorem 1: For given integers di > 0 and d2 > O,
the discrete singular time delay system (1) is regular,
causal and stable for any time-varying delay d(k) satisfying
di1 < d(k) < da, if there exist symmetric positive-definite
matrices P, Q; (1 = 1,2,3), Z; (I = 1,2), and matrices S;
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( = 1,2) such that where
. k-1
D11 OLP P52 diePTsZe Vi(k) = z(k)"ET PEz(k) + z(1) Q12 (4)
= | * -pP 0 0 i=k—d
| % * -7 0 <0, (2 '
* * * —7Zs + Z Q3£
1=k—do
—di+1 k-1
where dia = do —di, R € R**"") ig any matrix with full + Z Z sz i),
column rank and satisfies ETR = 0, and = —da+1i=k—1+j
-1
0 Y Y w0 E )
1 Eie 0 ETZIE j=—dy i=k+j
G, — | * E» E'ZE E'ZE —di-1 k-1
* * =33 0 ’ + d12 E Z ETZ2E"7( )
* * * =y J=—dg i=k+j
En=—-E'PE+Q:+ (di2 +1)Q2 + Q3
—~E"Z\E+ S81R"A+ ATRS, Define AV (k) = V(k+1) — V (k). Then, along the solution

S1RTAy+ ATRST,
Zoo — Qz — 2ETZ2E =+ SQRTAd + A;FRS;F,
Es3= — Q3 — E'Z1E,

[
o
([l

Eu=-Q1—E"ZE-E"Z,E,
bro=1[A Aa 0 0],
Pi3=[A-E Ag 0 0].

Proof: We first show that the system (1) is regu-
lar and causal for any time-varying delay d(k) satisfying
d1 < d(k) < dz2. To this end, we choose two nonsingular
matrices G and H such that

I, 0
con- [t 9]

Set

_A1 Ao T _51 0
GAH,[As AJ,HsfM GTR= HU

where U € R(™"™*(™=") is any nonsingular matrix. Then,
Pre-multiplying and post-multiplying Z1; < 0 by HT and
H, respectively, we have SoUT Ay + ATUST < 0, which
implies A4 is nonsingular. Thus, the pair (E, A) is regular
and causal [1]. According to Definition 1, the system (1)
is regular and causal for any time-varying delay satisfying
dv < d(k) < do.

Next we will show that system (1) is stable for any time-
varying delay satisfying di1 < d(k) < d2. To this end, we
define n(k) = z(k + 1) — (k) and consider the following
Lyapunov functional candidate for system (1):

V(k) = Vi(k) + Va(k), (3)

of system (1), we have
AVi(k) <z(k+1)"E"PEz(k +1)
—z(k)"ET PEx(k)
z(k) Qua(k) —x(k — d1)" Quz(k — dv)
2 (k)" Qsa(k) —x(k — d2)" Qaz(k — d2)
+ (diz + D (k)" Qoz (k)
—a(k — d(k))" Qaz(k — d(k))
42 [a:(k)TisT Valk— d(k))TSQRT]
x Ex(k+1)

(4)

and

AVa(k) = din(k)" E* Z1 En(k)

k—1
—dv Y n(i)TETZEn(i)
i=k—d
2 oro (5)
+ dion(k) E” ZoEn(k)
k—di—1
—di2 Y n(i)"E" Z2En(i)
i=k—ds
It is easy to get that
k—1
—dv Y n()TET ZEn(i)
i=k—dy
k—1 k—1
<=1 > a@)ET| Zu |[E D n()
i=k—dq i=k—dy
[ =zk) 1'[-E"Z.E ETZE (k)
T x(k - dy) * —EYZ,E| |z(k—d1)|’

(6)
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and and
k—dj—1
—di2 Y n()"E" Z2En(i)
P k—d(k)—1
AT T .
k—dy—1 —(d2—d(k)) Y ()" E"Z:En(i),
= —di Y n(i)"ETZ2En(i) i=k—ds
i=k—d(k)
k—d(k)—1
— diso Z n(i)T E*Z, En(i) respectively. It is obvious that such treatment may lead
iy to conservatism, so there is room for further investigation.
ki -1 Next, an improved stability criterion of Theorem 1 can be
AT T . developed as follows.

S — (dk) _dl)_ E (i) £ Z2En(i) Theorem 2: For given integers d; > 0 and d2 > 0,
i=k—d(k) the discrete singular time delay system (1) is regular,
k—d(k)-1 causal and stable for any time-varying delay d(k) satisfying

— (d2 — d(k)) Z n(i)"ET ZoEn(i) di1 < d(k) < d2, if there exist symmetric positive-definite
i=k—dsy matrices P, Q; (1 = 1,2,3), Z; (I = 1,2), and matrices S;
(7 = 1,2) such that
k—dj—1 k—dy—1
<= Y a)'ETZ |E Y )
i=k—d(k) i=k—d(k)
k—d(k)—1 k—d(k)—1 E—AJEZ:EA; <0, f = 1,2, (10)
—| > a®TET| 2 |E > al)
i=k—dg i=k—dg
z(k — d(k)) T [_2ETZ,E EYZ,E ETZ,E \{VhGI; = follows the same definition as the one in Theorem
= | 2k —d) % —E"Z,E 0 an
z(k — do) * * —EYZ,E
xz(k —d(k)) Ay=[0 1 0 —-I 0 0 0],
x | z(k—d1)
z(k — da) Ay=1[0 I —-I 0 0 0 0].
(M
Th
s Proof Because (7) can be rewritten as
AV (k) < &(k)" O (), (8)
where k—dy—1
AT T
O =&y + PLPP1s + 451T3(d§21 + d%QZ2)¢13, = da2 Z (i) E Z2En(i)
i=k—dg
€k) = [z @k —dk)" @(k—d2)" a(k—d)T]".
_ AT T
According to Schur complements, © < 0 is equivalent to = —d Z (i) B Z2En(i)
(2). Hence, there exists a scalar o > 0 such that i=h—d(k)
k—d(k)—1
AV (k) < —alla (k)% () —di S () E ZaEn()
i=k—d
Using the similar method of [15], (9) implies that the sys- ’ k—dy—1
tem (1) is stable. This completes the proof. | _ _ AT T
It is noted that in (7), the terms = — (dk) = di) _712(19)”@) B 2:En() (1)
k—dy—1 - k—d(k)—1
—diz ) () E"Z2Bn(i) ~(da—d(k)) Y n()"E"ZaEn(i)
i=k—d(k) i=k—dg
and k—dq—1
—(da—dk) S () E ZaEn(i)
k—d(k)—1 i=k—d(k)
AT T .
—d12 Z n(i)" £~ Z2En(i) k—d(k)—1
ok —(d(k)—di) Y @) E" ZaEn(i).
are expanded as i=k—dz
k—dy—1
—(d(k) —dv) Y (i) ET Z2En(i) _
i—h—d(k) Let g(k) = d(?le, we can get 0 < g(k) < 1and da—d(k) =
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(1 — g(k))d12. Thus,

k—d;—1
—(d2 —d(k)) > n(i)"ETZ:En(i)
i=k—d(k)
k—dp—1
= —(1-gk)d2 Y  n@) E"Z:En()
i=k—d(k)
k—di—1

< — (1 —gk)(dk) —di) > n@)TETZ:En(i)
i=k—d(k)

k—di—1 k—d;—1

< —(1—g(k))[ n()"EY| Zo |E > n(i)
i i=k—d(k)

[x(/c - d(k:))} B [ETZQE —ETZQE}
* EYZ:E

(12)

and

k—d(k)—1
—(d(k) —d1) > n(i)TET Z:En(i)
i=k—dg
k—d(k)—1
> () ETZ:En()
i=k—do
k—d(k)—1
< —g(k)(dz—d(k) > n(i) E" Z:En(i)
i=k—dy (13)
k—d(k)—1 k—d(k)—1
ST on@WTEY Z (B Y n(i)
i=k—dg i=k—ds
(k—dk)]" [EYZ,E —E"Z,F
—9(k) [ma:(k—dg)} { * ETZQE}

y [x(lc - d(k:))} .

— g(k)di2

/A

—g(k)

:t(k‘ — dz)
Thus, we can get from (4), (5), (6) and (13) that

AV (k) <ER)T((1 - g(k)(© — ] ET Z,En)
+ g(k)(© — Wy ET Z2 Ews))E(k),

where £(k) and © follow the same definitions as those in
(8), and

=100 1 0 —I],
U=1[0 I —I 0].
According to Schur complements, @ — U ETZ,E¥; < 0

and © — WFETZ,EW, < 0 is equivalent to (10). Hence,
there exists a scalar o > 0 such that

AV (k) < —allz(k)[I?, (14)

which implies that the system (1) is stable. This completes
the proof. O

3 Numerical Example

Example 1: Consider discrete singular time delay sys-
tem (1) with

1 0 08 0 —0.1 0
E= [o 0} A= {0.05 0.9}  Aa = [—0.2 —0.1} '
Using the methods of [20]-[22] and the results reported in
this paper, the allowable maximum values of d2 with var-
ious di ensuring the regularity, causality and stability of
system (1) are presented in Table 1, which shows our con-
ditions give better results than those in [20]-[22] and The-
orem 2 has less conservatism than Theorem 1. In addition,
the stability criteria proposed by [13]-[19] are invalid for
the above-mentioned system. Fig. 1 gives the simulation
results of z1(k) and z2(k) when d(k) = 10 + 6sin(kn/2)
4
o7s|s k€ [-16,0].
From Fig. 1, we can see that the states z1(k) and z2(k)
asymptotically converge to zero.

and the initial function is ¢(k) =

4 Conclusion

In this paper, the delay-dependent stability problem of
discrete singular systems with time-varying delay is inves-
tigated. In terms of LMI approach, several new delay-
dependent criteria are derived ensuring the considered sys-
tem to be regular, causal and stable without resorting to the
decomposition and equivalent transformation of the consid-
ered system. The newly obtained results are less conserva-
tive than the existing ones. Numerical example is given
to illustrate the effectiveness of the presented criteria and
their improvement over the existing results.

Table 1 Comparison of the allowable maximum values of ds for
various d,

dy 0 3 6 9 12 15
20 7 8§ 10 13 15 18
21 12 14 14 15 17 20
22 12 13 14 15 17 20

Theorem 1 13 15 18 20 23 26
Theorem 2 15 16 19 22 25 28
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