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Abstract The winning probability of player in the contest depends not only on the player’s effort, but

on the opposition’s participate strategy. In this paper, we construct an affiliated effort Contests model

to depict the paly’s winning probability and test the first-order necessary conditions to the existence of

Nash equilibrium. Under the power distribution value, we analyzed the Nash equilibrium of symmetric

and asymmetric value model.
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¼b½�I�J Ñ ÍbÕbÖ Ób
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Õ�Ö �b¼b½gÎ "�×�Ø�9�0 Ù�Ù�Ú . g�� Ù C�D�Û�Ü \ Ób
bÔ�Ý�Þ�. Ù ÐbÑ�ß Ù�{�| : à î ¼b½ ÐbÑ�á Z � L���
.
¼b½gÎ Ób
bÔ�� � �� b��! Ù�/�����â�ã�ä�å�(æ*çbÍ�è " � Ï�é�ê ��ëbÙ�ì�í , îbÏb� �bÙ��gÎ ÔïiÄ�ð�ñ�ò�ó® C�T  Ï ùbÙ�w�ô ,

ä�å î Ù�/�� ��!�Q�õ . g Ä�/��b¾b¿bÙ æbç (æ*çbÍ�è�j�ö�÷ , ø�ù�"
g�� Ù �� b��!�gbÓb
bÔ Ù�{�| ��!�>�ú Ã�û�ü|Ù�ý�þ�ÿ�� . Che[10] æbç è Ób
bÔ�0 i�����/�2bÙ�K�lb¼½b¾b¿���m

. Landsberger[11] ��� 0bÓb
���7�$�"�� ; 5�6 Ù�G�	 ��4�5�6�Û�}�Q�
 � .��� íbî ���/�� ��! ¾b¿ Þ ä�å Ób
bÔ Ù Ób
���7 . 0���� íbî Ùb¾b¿gÎ , ������� ä�å�/�� ��!��� gbÓb
bÔbÓb
�7�8 Ù�{�| ,
Ü���;�H îbÏbÓb
bÔ Ù Ób
�7�8������ í . ��� ��� è�â�zb¼b½�I�J Ñ �bØ��Ï K�� Ób
��� b��! 2 , Ób
bÔ Ù + Ö�, 8b
���^ î Q���"�����. ��/bÙ , 
�g�� Ù������ Q���"�����ß �/bÙ

. 0 /�� �� ¾b¿�2 , Ób
bÔ�� � Q�9�0 � Ï���4��bÓb
�5�6�7�8 . ��� Ùb¾b¿ Û�Ü�é MbÙ�c��b¼b½® ïðgÎ�â�2bÙ�Ù�Ú
:
/��b¼b½b¾b¿gÎ�@�I�J Ñ ����K�� �� b��! G , Ób
bÔ�� � Q�9�0���4 Ù Nash 5�6bÓb


7�8 .

2 ������ 
!�" Î��bÙ UbÏbÓ�#bÔ ÍbÕbÖ þ ����� Ó�# ¼�� .

���
xi ã d Ó�#bÔ i Ó�# ¼��bÙ �� �$�! ,i = 1, 2 .

g Ä îbÏbÓ�#bÔ i
@�% ~��  g����� �$�!�� , ê�U  Ó�#�7�8���� : Ó�# ¼�� Ai = 1 ^ î �� �$�! xi ÐÑ�à î ¼�� Ai = 0.���b¼b½gÎ Ó�#bÔ i

Ù �� �$�! xi &�' :

0 ≤ xi ≤ 1, xi > ρxj (1)

ß Ù 5�( ;�[ . � Î ρ ∈ (0, 1), i, j ∈ {1, 2}
ä�å UbÏbÓ�#bÔ��� �$�! /����bÙ�L�) . ����Û�Ü�*  UbÏbÓ�#Ô Ù �� �$�!�"�Û�E�+�, ����/��bÙ . 0�1 /�� �� ¾b¿�2 , ��� ��� Ó�#bÔ ÙbÌ���- ê�����.�/ .

2.1 0�1�2�34�5�6�7�8�9�:�; #�< 1 =�>�?�@�A�B . C�D�E�F , G ; #�< 2 H�I�J ; #�< 1 K�L ; #�M�N A1 = 1O ,�P�Q�R�S�T�U x1 = x V , C�W�X�R�S�Y�Z (1) [�\�]�R�S�T�U�^�_ :






(ρx, 1), if x ∈ [ρ, 1]
(

ρx,
x

ρ

)

, if x ∈ [0, ρ)
(2)

` ]�a�b�c�d .e�f G�g�Fh< 2 H�i�J�g�Fh< 1
;�j D�k A1 = 1

O�l P�Q�R�S�m�n x1 = x V , o�p�\�K�L ;�j M�N
A2 = 1 P�Q�R�S�T�U x2, q�r�C x2 > x V�\�s�t�D�E�]�u�v�w :

p2(x2 > A1x) =















1 − x

1 − ρx
, if x ∈ [ρ, 1],

1

1 + ρ
, if x ∈ [0, ρ).

x�y =�>�?�@�A�B�]�g�Fh< 1 C�P�Q x1 = x z�{�[ , \�C ;�j < 2 | ;�j z�{�[�s�t�D�E�]�u�v�w :

p1(x > A2x2) =











x − ρx

1 − ρx
, if x ∈ [ρ, 1],

ρ

1 + ρ
, if x ∈ [0, ρ).

}�~���� t�J
∂p1(x)

∂x
=

(1 − ρ)

(1 − ρx)2
> 0,

∂p2(x)

∂x
=

(−1 + ρ)

(1 − ρx)2
< 0.

�
: C�W�X�R�S�D�E�Y�Z�Fhg�Fh< 1 ]�s�t�u�v j�� P�Q�����W , g�Fh< 2 ]�s�t�u�v j x�� P�Q�����W .

_ `�� ]���� }�~���� t�J :

G ρ = 0 V , | � : ����g�Fh<�]�R�S�T�U�^�_ [0, 1]
`���� a�b�c�d�V , � y�� 6 � ;�j <�]�R�S�T�U����� � ;�j <�H�I�J ,

e�f � 6 � ;�j <�� 4 ��� s�t�D�E�] .
f V�D�E�Fh]�D�k�T�U�� x��h��� .

G ρ = 1 V ,
;�j < 2

��������� I x�� ]�R�S�T�U , W�X�R�S�T�U�� x���� , G�\�?�@ ;�j M�N�V , D
E�Fh]�D�k�T�U�� x��h��� . g�Fh< ;�j D�k�V�]���� � .

G x > 1
2−ρ
V , g�Fh< 1 s�t�]�u�v������ y g�Fh< 2.
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2.2 ·�¸�¹�º�»�¼
C�W�X�R�S�Y�Z�F , G ;�j <�K�L ;�j M�N Ai = 1

O�l P�Q�R�S�m�n xi V�\�]�½�¾�¿�À�o�[ :

ui(x1, x2) := pi(x) × 1 − xi.Á�Â
Nash a�Ã�]�Ä�Å , G�D�E�F ;�j <�R�S�T�U�Æ�J�a�Ã�V�]�P�Q (x1∗, x2∗) Ç�V�È�É�o�[�]�Ê���Ë�Ì�Í :

max
0≤x1≤1

u1(x1, x2∗) Î max
0≤x2≤1

u2(x1∗, x2)

}�~�Ï
(x1∗, x2∗) w�D�E�Y�Z�] Nash a�Ã�R�S�m�n .e�f G ;�j <�P�Q�R�S�T�U x1 = x z�{�[ ,

;�j < 2 Ð���FhK�L :
;�j�Ñ�Ò�4�;�j

.

[ � ]�Ä�Ó�Ô�Q ;�j < 2 ]�Õ�Ö x M .×�Ø
1 W�X�R�S�T�U�[ ,

x�y ;�j < 2, Ù�Ú�K�L A2 = 1
;�j D�k�[ :

G x ∈ (ρ, 1) V , (x1, x2) = (0, 1 −√
1 − ρ) Û�Ü 6 ��Ý�Þ Nash a�Ã ,

;�j < 1 ß�Q�D�E .

G x ∈ (0, ρ] V , (0, ρ) Û�Ü 6 � Nash a�Ã�M�N .à�á }�~�â�ã�ä Q (x1∗, x2∗) È�É�o�[�]�Õ���Ë�Ì�Í .

G x ∈ [ρ, 1] V :

max
0≤x1≤1

u1(x) =
x1(1 − ρ)

1 − ρx1
− x1, max

0≤x2≤1
u2(x) = 1 − x1(1 − ρ)

1 − ρx1
− x2.

Á�Â 6�å�æ c�z�{ (FOC) Î���� (1) t�J
x1 =

1 −√
1− ρ

ρ
, x2 = 1 −

√

1 − ρ.

f V :
u1(x1, x2) < 0, u2(x1, x2) = (1 − ρ)(1 −

√

1− ρ) > 0,

e�f ;�j < 1 ß�Q�D�E�P�Q�R�S�T�U 0.(0, x2) Û�Ü nash a�Ã .

=�>�?�@�A�B�] ;�j < 1 o�p ;�j D�E O�l P�Q�R�S�m�n x1 ç ,
;�j < 2 C�W�X�T�U�� x���� ] ρ [;�j D�E , è�é�t�ê�Ð�Ö�>�A�B�] ;�j < 1 ½�¾�¿�À�w�� ,

e�f ;�j < 1 ß�Q�D�E . G ρ → 1 V ;�j < 2 ]
½�¾�¿�À u2(x1, x2) → 0,

� W�X�T�U�� x�� ]�D�E�é�t ;�j ]�ë�ì�í�î ��ï .

C�G x ∈ (0, ρ] V ,

p1(x) =
ρ

1 + ρ
, p2(x) =

1

1 + ρ
.

f V ;�j < 2 C�H�i�J ;�j < 1
;�j M�N ç â�ã P�Q�R�S ρ, \�]�s�ð�u�v�Ù�Ú���� y�� 6 � ;�j < ,

;�ñ
D�E�ò�ó���Ð�î ��ï ] , ô � f V x�y ;�j < 1 Õ�õ���ß�Q�D�E , (o, ρ) Û�Ü Nash a�Ã�M�N .f Y�Z ����ö õ�]�÷�ø�o�[�ù�ú : G�D�E�û�ü x ;�j <�Ê�ê�ý�þ�S�ÿ���� ;�j <���S���G���������	�
� [�]�D�E�è�é�t�=�>�?�@�A�B�] 6 ì�í�î ��ï ; ç�� ;�j D�E�] ;�j <�?�@����A�w�M�N ;

;�j <�]�R�S
T�U�� x�� ]�R�S�T�U�� ñ ÿ�� ñ , D�E�]���p���=�>�?�@�A�B�] ;�j <�¿�À�w�� , ç�� ;�j <�¿�À�|�� � ;

G�D�E F û�ü x ë�ì�ý�þ�S�� 4 � , ��� ;�j < ;�j�� ¾ 4���� V , ç�� ] ;�j < � y�� Ð�����Ö�� , \ ö� ] ;�j�� M���é � D�k x�� ß�Q�D�E .

G ;�j < 2  y � x�! ��"�#�V , \�H�I�J ;�j < 1 ]�R�S�T�U ç , ?�@ A2 = 0,
��4�;�j D�E�V ,

}
~�ö�$�% �hÄ�Ó 1 t�J�o�[���& .'�(

1 C�W�X�D�E�Y�Z�[ ,
;�j < 2 H�i�J ;�j < 1 ]�R�S�m�n ç K�L A2 = 0,

��4�;�j D�k . q�rx�y ;�j < 1 C�P�Q�R�S�m�n x ∈ (0, 1), \ � u�v 1 s�t�)�ü .f V�]�D�k�*�+�,�Ü ;�j <�] ;�j M�N�K�L , =�>�?�@�A�B�] ;�j <�R�S�T�U x -�J�.�/ ;�j < 2 ];�j�� M .

2.3 0�1�2�3�4�5 R 6�7�8�9�:�;�<x�y D�E�Û�= Ò ��> , \�? ��� ]�@�A ;�j <�� ñ R�S�T�U ;�j D�k . B�� }�~ _�Ä�Ó 1
����C J , C

W�X�D�E�Y�Z�[�Ó 8 ] ;�j < 2 C�W�X�T�U�� x���� V�w�D�E “ ��F�G�H ” g � Ð ��� ß�Q�D�E Ñ�Ò�j�;j < 1 I���J ! D�E�T�U . C R&D Y�Z�F , Ð ��� Q�ù ;�j <�X�K�- ��L�M�N�O ]�A�w . w�P�D�E�Q�R�
� Q�ù , D�E�Û�= Ò�6�7 � : Ä 6 ��S�ThR�S�m�n Ñ�Ò Ï w�Õ � R�S�T�U , é�t ;�j <�C�U�t�û�ü�V 4�V Q
ù ‘
4�W ÿ�U ’ ]�Q�X�g � . C f Y�Z�F�Y�ù�C :�Z�6 ��S�Th��� R.
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×�f
1 o�p�D�E�Û�= Ò�: � 6 ��S�ThR�S���� R, G ;�j < i P�Q�R�S�m�n xi È�É xi ≥ R V , g�h;�j < ;�j D�E Ai(x) = 1; G xi < R V , g�Fh< 4 � ;�j D�E A(x) = 0. q�r }�~�Ï M�N Ai(x) w�i�j ;j M�N .

C�i�j ;�j M�N�[ , W�X�D�E�Y�Z F ;�j < 2 H�I�J ;�j < 1 ]�R�S�T�U x1 = x V�K�L ;�j M�N
A2 = 1, q�r�\�P�Q�R�S�T�U x2 > R z�{�[�s�t�D�E�]�u�v�w :

p2(x2 > x) =



























1 − max(x, R)

1 − ρx
, if x ∈ [ρ, 1],

x
ρ
− max(x, R)

x
ρ
− ρx

, if x ∈ [Rρ, ρ),

0, if x ∈ [0, Rρ).

C�i�j ;�j M�N�[ , W�X�D�E�Y�Z�Fh=�>�?�@�A�B�] ;�j < 1 C���� x1 = x 
 � [�s�t�D�E�]�u�v :

p1(x) = 1 − p2(A2x2 > x) =



























1 − 1 − max(x, R)

1 − ρx
, if x ∈ [ρ, 1],

1 −
x
ρ
− max(x, R)

x
ρ
− ρx

, if x ∈ [Rρ, ρ),

1, if x ∈ [0, Rρ).

C x ∈ [Rρ, ρ] V ,
∂p1(x)

∂x
= − Rρ

(1 − ρ2)x2
< 0,

∂p2(x)

∂x
> 0.

}�~�����C J ;�j < 1 ]�s�t�u�v j�� ��� x1 = x ����W ,
;�j < 2 ]�s�t�u�v j�� x�� ]���������W .

C�i�j ;�j�k�l [ ,
;�j < 2 K�L ;�j D�E�V�s�ð�] � ¾ ñ � ,

e�f C�H�I�J x�� ]�R�S�T�U ç , ��m�è ñ
������s�t�D�E .n 0 1 C 4 *�+�����D�E�F ;�j < i ]�¿�À�o�p ui(xi, xj) W y xi, xj ��q�r�s�V ,

}�~�Ï D�E�FhÝt�u z�{ (SCC) Ü � .
� F xi v�wyx �h]���z ( R�S ) T�U , xj , j 6= i v�w D�k x�� ]���z ( R�S ) T�U .

C }�~�{ Q�]�Y�Z�FhÝ t�u z�{ ã�ä C ;�j < 1 Ù�Ú ;�j D�E l P�Q�R�S x1 = x
O�l ;�j < 2 C�i

j ;�j�k�l [ ;�j D�E�V���� ;�j <�]�S�ThR�S - ¿���o�p f(x) = R
V

= R _�[ � j s�t�¿�À�o�p Ui(x) =

pi(x)V = pi(x) |�} t�u 6�~ .��Ø
1

[12] D�E�F���C�� 6 Ý�Þ���a�Ã�M�N�]���c�m ã z�{���Ý t�u z�{�Ü � .��Ø
2

[13] C�D�E (
Ñ +���P���� ) F ,

;�j <�]�R�S�T�U�����W�X ( ��ð�����W�X ) V , Ý t�u z�{�Ü�
, ��ÿ�D�E�F���C 6 ��� 6 ]�Ý�Þ Nash a�Ã�M�N .×�Ø

2 C�� ;�j D�E�F , G 6 � ;�j <�=�>�?�@�A�B ,
O�l P�Q�R�S�T�U x = xi z�{�[ , � 6 � ;�j

<�C�i�j ;�j�k�l [ ;�j D�E , q�r x�y ��� ;�j < 4 ��C 6 ��Õ���]���Ý�Þ�a�Ã ;�j M�N .à�á }�~�â�ã���� G ;�j < 2 C�i�j ;�j�k�l [ ;�j D�E�V , \�]�s�t�¿�� 4 È�É���z t�u z�{ .
�

:

f(x) = R
1 = R

j
p2(x)

t�u�� 4 â 6 � .

G R < ρ V : C x ∈ [ρ, 1] � ,
ä ÷ : f(x) = p2(x)

��� t�J : x = 1−R
1−ρR

. C x ∈ [Rρ, ρ) � , f(x) ,p2(x)

] t�u�� w : x = ρR
1−R+ρ2R

. G R > ρ V : C x ∈ [ρ, 1] � , f(x), p2(x) ] t�u�� w : C x ∈ [Rρ, ρ) � , f(x),

p2(x) ] t�u�� w : x = ρR

1−R+ρ2R
.}�~���� t�J : f(x) = R
j

p2(x) Ù�Ú�Ð�|������ Ñ�Ò ��� ��` ] t�u�� .
e�f Ä�Ó�t � .� =�> }�~ 9 Ä R = 0.2, ρ = 0.3, (R < ρ), q�r f V���ð�< 1 ]�s�t�u�v�o ï 1.}�~���� c���c�� ;�j < 2 ] x�� M�N . C x ∈ (0, 0.06),

;�j < 1
� u�v 1 s�t , ô � x�y ;�j <

2 Õ�õ���K�L�ß�Q�D�E . C x ∈ (0.06, 0.2),
;�j < 1 R�S�T�U x < R ,

e�f \�t 4 J�)�ü . Q�X�
 �
Q�ù�� e w 2 � ;�j < x�� ����� � , R�S�T�U�� x � � , Û�= Ò�4���� c���û�ü ,(0, 0) ��Ü�a�Ã�M�N . C
x ∈ (0.2, 0.3),

;�j < 1 ]�s�t�u�v p1(x) → 0,
f V ;�j < 2 C�i�j ;�j�k�l [�g�h ��;�j D�E , \�]�s�t

u�v�w p2(x) = x−0.3max(x,0.2)
x−0.09x

→ 1,
;�j < 2 ]�s�t�u�v � ò � ;�j < 1 � ,

;�j < 1 Õ�õ�ß�Q , (0, 0.2) �
Ü�a�Ã�M�N , ¿�À�w (0, 0.8) . C x ∈ (0.3, 1) V , _ ï�������C Q ,

;�j < 1 s�t�u�v�w�Ý�Þ�� ñ ] ,
;�j <

2 s�t�u�v�w�Ý�Þ�[���] . C x = 0.5882 V , p1(x) = p2(x) = 0.5,
x�y Ó 8 ] ;�j < 2 C x ∈ (0.5882, 1) V

ß�Q�D�E ,
f V nash a�Ã�w : (0.5882, 0), ¿�À�w (0.4118.0); x ∈ (0.3, 0.5882) V ,

;�j < 1 ß�Q�D�E , (0, 0.3)

Û�Ü Nash a�Ã , ¿�À�w (0, 0.7).
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C (R > ρ) 
 � [ ,
}�~�����Á�Â�ï��

2 ��Q�� � ]�c�� .

1

0.9

0.8

0.7

0.6

0.5

0.4

0.3

0.2

0 0.1        0.2        0.3       0.4        0.5        0.6        0.7        0.8       0.9         1
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0.3
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0.4

0.45

0.50.5

0.45

0.3

0.25

0.15

0.1

0.05

0

0.4

0 0.1        0.2        0.3       0.4        0.5        0.6        0.7        0.8       0.9         1

0.2

0.35

�
1 � � ¡ 1 ¢ R = 0.2, ρ = 0.32(R < ρ)£ ¤ ¥ ¦ � §¨� 2 � � ¡ 2 ¢ R = 0.5, ρ = 0.3(R > ρ)£ ¤ ¥ ¦ � §}�~�����C J : C�W�X�R�S�Y�Z�[ ,

;�j <�]�R�S�T�U x
j�� s�t�]�u�v 4�© ����������W�]�W�ª , �

��«�}�Ð ��� é�t�s�t�]�u�v�s�� . C�W�X�R�S�[ , G�H�i�J�=�>�A�B�] ;�j <�]���� ç , ç�� ] ;�j <�w
U�t�û�ü���m�è ñ � x¬ ��� � � ñ s�t�u�v . =�>�A�B�] ;�j <�� ñ R�S�T�U�®�¯ x���° ��]���� , D�k° ñ ® � .

3 ±³²³´
C�W�X�R�S�D�E�Y�Z�F ,

}�~ Ô�Q 6 ��µ�Ý�]�W�X�Y�Z�¶�· ;�j <�¸�¹�R�S�T�U�]�W�X 8 , Ô�Q�P ;�j
< ;�j D�E�V�]�a�Ã�M�N�A�w , t�J ;�j <�]�R�S�T�U j�� s�t�u�v�¸�¹ 4�© ������W�]�W�ª . � ñ R�S�T
U ��� Ô x�� {�º õ�] Ñ�Ò�» ]���� :

x�� ã r�¼�½ ñ ����� ,
ã r�ß�Q�D�E . G�D�E�Û�= Ò�:�Z Õ � ]�R

S ;�j T�U�V ,
x�y ç�� ] ;�j�Ò�4 ��C 6 ��Ý�Þ�a�Ã�M�N .

}�~�{ Q�]�Y�Z ����ö õ�]�÷�ø 4 *�+������
��Fh��ð�<�¸�¹���z�W�X�
 � [���� ;�j <�M�N�K�L�Ì�Í , ¾ >�¿�À�Á B�F�¾ > <�¸�¹���� t�Â Ì�Í .
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