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Abstract

In this paper we prove maximal inequalities and study the functional central
limit theorem for the partial sums of linear processes generated by dependent
innovations. Due to the general weights these processes can exhibit long range
dependence and the limiting distribution is a fractional Brownian motion. The
proofs are based on new approximations by a linear process with martingale
difference innovations. The results are then applied to study an estimator of the
isotonic regression when the error process is a (possibly long range dependent)
time series.

1 Introduction and notations

Without loss of generality, we assume that all the strictly stationary sequences
(¢;)iez considered in this paper are given by & = & o T% where T : Q+— Q is a
bijective bimeasurable transformation preserving the probability P on (Q, A).
We denote by 7 the o-algebra of all T-invariant sets. For a subfield Fy satisfying
Fo C Tﬁl(‘/'—'vo), let F; = Tﬁi(‘/'—'vo). Let F_oo = mn>0 F_n and Foo = \/kEZ F.
The sequence (F;);cz will be called a stationary filtration. We assume also that
&o is regular, that is E(£o|F_o) = 0 and & is Foo-measurable. On L2, we define
the projection operator P; by

Pi(Y)=E({Y|F;) - E(Y|F;-1).

For any random variable Y, ||Y||, denotes the norm in L”.
Recall that the linear process X = ZiEZ a;&,_; is well defined in L2 for

any (a;)iez in €2 (ie. > ,.za? < 00) if and only if the stationary sequence

1Supported in part by a Charles Phelps Taft Memorial Fund grant and NSA grant, H98230-
09-1-0005.


http://arXiv.org/abs/0903.1951v1

(¢:)icz has a bounded spectral density. Let S, = X1 +---+ X,, and ¢, ; =
ai1—j + -+ + ap—;. In the case where & is Fo-measurable, Peligrad and Utev
(2006-b) have proved that if the sequence (;);cz satisfies an appropriate weak
dependence condition, then

(Z Ci,j) _1/25n

JEZ

converges in distribution to /N where 7 is a positive Z measurable random
variable, and N is a standard normal random variable independent of 7. Their
result extends the classical result by Ibragimov (1962) from i.i.d &;’s, to the case
of weakly dependent sequences. In particular, the result applies if

D IPo(El2 < oo. (1)

i€z

Note that if this condition is satisfied, then the series ), ., [E({0&x)| converges,
and 1 = Yo B(S&HIT).

Condition () has been introduced by Hannan (1973), and by Heyde (1974)
in a slightly weaker form, and is well adapted to the analysis of time series
(see in particular the application to time series regression given in the paper
by Hannan (1973)). As we shall see in our Remark B3] Condition () is also
satisfied if

) 1 0 1
3 JRIBE A < oo and )l —BEa A < o0 ()

which is weaker than the condition introduced by Gordin (1969). If & is Fo-
measurable, the condition (2)) leads to new interesting conditions for weakly
dependent sequences, and can be successfully applied to functions of dynamical
systems (see Section 3 in Peligrad and Utev (2006-b), and Section 6 in Dedecker,
Merlevede and Volny (2007) for more details).

A natural question is now: what can one say about the weak convergence of
the partial sum process

{(Zci,j)il/zs[m]af € [0,1]} (3)

JEZ

in the space D([0,1]) of cadlag functions equipped with the uniform topology.
Since the paper by Davydov (1970) for i.i.d &;’s, we know that the question is not
as simple as for the central limit question, and that the limiting process (when
it exists) depends on the behavior of the normalizing sequence vy, = 3, 7 ¢p ;.
More precisely if () holds, and if there exists § €]0, 2] such that

. U[2nt] 8
for any ¢ €]0,1]  lim —— =17, (4)

—
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we show in Theorems B and that the finite dimensional marginals of the
process ([B) converges in distribution to those of \/nWp where Wy is a fractional
Brownian motion independent of 7, with Hurst index H = (3/2. The question
is now: under what conditions can one obtain the tightness in D([0, 1]).

In Theorem Bl of Section Bl we show that if 8 €]1,2], then the condition
(@) is sufficient for the weak convergence in D([0,1]). If 8 €]0, 1], we point out
in Theorem B.] that the convergence in D([0,1]) holds if () is replaced by the
stronger condition

> P&l < oo for g >2/8. (5)

i€z

As a matter of fact, for § = 1, it is known from counter examples given in
Wu and Woodroofe (2004) and also in Merlevede and Peligrad (2006) that if the
sequence (&;)iez is i.i.d. with E(¢2) < oo, then the weak invariance principle
may not be true for the partial sums of the linear process, so that a reinforcement
of (@) is necessary. The case 8 = 1, where W /2 is a standard Brownian motion,
is of special interest, and is known as the weakly dependent case. In that case, we
point out in Section 3.2 that if we make some additional assumptions on (a;);ez,
then the condition (1) is sufficient for the weak invariance principle (Comments
B and B2)), or may be reinforced in a weaker way than (&) (Theorem B3).

Note that, with the notations above, the sum S,, may be written as

Sn = Z Cn,igi' (6)

i€z

Consequently, to prove our main theorems, we give in Section 2 two preliminary
results for linear statistics of type (@)): first a moment inequality given in Propo-
sition 2.} and next a martingale approximation result given in Proposition [2.2]
which enables to go back to the standard case where the &;’s are martingale
differences. Both results are given in terms of Orlicz norms.

Our results provide, besides the invariance principles, estimates of the max-
imum of partial sums that make them appealing to study statistics involving
linear processes. In Section ] we apply our results to the so-called isotonic
regression problem

yk=¢(§)+xk, k=1,2,....n, (7)

where ¢ is non decreasing, and the error Xy is a linear process. We follow the
general scheme given in Anevski and Hossjer (2006), who showed that in the
context of dependent errors, the main tools to obtain the asymptotic distribu-
tion of the isotonic estimator ¢ are the convergence in D([0,1]) of the partial
sum process defined in (@), and a suitable maximal inequality. As in Anevski
and Héssjer (2006), the rate of convergence of ¢ is determined by the asymp-
totic behavior of the normalizing sequence v2 = ZjeZ cfw», and the limiting

n
distribution depends on the limiting process Wy.



2 Moments inequalities and Martingale approx-
imation for Orlicz norms
Let us introduce the following class of functions (see page 60 in de la Pena and

Giné (1999)). For a > 0, the class A, consists of functions ® : Ry — R,
®(0) = 0, ® nondecreasing continuous and

D(ex) < “®(x) forallc>2, > 0.

Now for any convex function ¥ in A,, we denote by Ly the Orlicz space defined
as the space of all random variables X such that E¥(|X|/¢) < oo for some ¢ > 0.
It is a Banach space for the norm,

| Xle =inf{c >0, E¥(|X|/c) <1}.
Note also that when ¥(z) = 29, 1 < ¢ < o0, then Ly = L.

Proposition 2.1 Let {Y;}rez be a sequence of random variables such that for
all k, E(Yy|F-x) = 0 almost surely and Yy is Foo-measurable. Let U be a
convez function in Ay such that x — ¥(\/x) is a convex function. Assume that

j=—0c0

For any positive integer m, let {cm j}jez be a sequence in (2. Define S, =
> jez ¢m,jYj. Then for allm > 1, there exists a positive constant Cy, depending
only on « such that

ISl < Canu(e2,) )

JEZ

Remark 2.1 Under the notations of the above lemma, we get for the special
function ¥(z) = x? with q € [2,00], the following moment inequality. Assume
that

1Pej(V)llg <pj and Dy == > p; <oo.

j=—o00

Then, for any m > 1,

1/2
[[Smllq < O(I(Zcfn,j) Dy,
JEZ
where C = 18¢%/%/(q — 1)/2.

For all j € Z,let dj = ), 5 Pj(§). Clearly (d;);ez is a stationary sequence
of martingale differences with respect to the filtration (F;);cz.



Proposition 2.2 For any positive integer n, let {c, ;}icz be a sequence in (2.
Let U be a convex function in A, such that © — ¥(\/z) is convexr. Assume
that & € Lw. If 37 ;c4 |[Po(§;)|lw < oo then we have the following martingale
differences approximation: for any positive integer m, there exists a positive
constant Cy, only depending on a such that

Hzcn,i(&—di) b S 20a( ci,i)1/2 ST IRl

1€Z i€Z |k|>m

+3Cam((E(ens = ensr?) " S IIPE

JEZ JEZ

Corollary 2.1 Let (a;)icz be a sequence of real numbers in (2. Let U be a
convex function in A, such that x — V(\/x) is convex. Assume that § € Ly
and 3 ||Po(&5)llw < oo Let Xy =3 ez aiék—j and Yy = 3,y ajde—;. Set
Sp = > 1 Xk and T, = >}, Yi. Then for any positive m, there ezists
positive constants C1 and Cy such that

1S = Tullw < Cvvi > [1Po(E)lw + Cam, (9)

|k|>m
2 2 e P .
where v, = ez Cp iy and Cpj = a1-j + -+ Apj.

Proof of Corollary [2.7] We apply Proposition 2.2 by noticing that S, — T, =
Zjez ¢n,; (& — d;) and that

Z(Cn’j — Cn1j71)2 S 420,3 .

JEZ JEZ
<

Using the Orlicz norms, we give the following maximal inequality which is a
refinement of Inequality (6) in Proposition 1 of Wu (2007).

Lemma 2.1 Let v be a convex, strictly increasing function on [0, 00] with 0 <
U(0) < 1. Let p > 1 and write ¥y(x) for U(zP). Let (Y;)1<i<on be a strictly
stationary sequence of random wvariables such that ||Yi|lw, < oco. Let S, =
Yi+---+Y,. Then

1/p

1<m<2N

| max |sm|HpgzNj||52L||%(xp—1<2N_L))
L=0

Remark 2.2 Clearly we can take ¥(z) = = in Lemma [Zdl Hence, in the
stationary case, we recover relation (6) in Wu (2007).



3 Invariance principle for linear processes

In this section we shall focus on the weak invariance principle for linear processes.
Let (a;)icz be a sequence of real numbers in ¢2. Let

[nt]

X = Zasz—i and  Spy = ZXk, (10)
i€Z k=1
and
U?L :Zcid—, where ¢, =a1—; +- -+ an—; . (11)
JEZ

The behavior of the process {Sp,y,t € [0,1]}, properly normalized, strongly
depends on the behavior of the sequence (a;)icz.

In the two next sections we treat separately the case where the limit process
is a mixture of Fractional Brownian motions from the case where it is a mixture
of standard Brownian motions.

3.1 Convergence to a mixture of Fractional Brownian mo-
tions

Definition 3.1 We say that a positive sequence (v2)n>1 is regularly varying

with exponent B > 0 if for any t €]0,1],
2
v
[nt]
ﬁ—%ﬁ,as n— 0o. (12)

We shall separate the case 8 €]1, 2] from the case 5 €]0, 1].

Theorem 3.1 Let (a;)icz in (2. Let 3 €]1,2] and assume that v2 defined by
(I1) is regularly varying with exponent 3. Let & be a regular random variable
such that ||&o|2 < 0o, and let & = &yoT*. Assume that condition () is satisfied.
Then the process {v;, ! Sin, t € [0,1]} converges in D([0,1]) to /qWu where Wy
is a standard fractional Brownian motion independent of n with Hurst index
H=03/2, and n =}, .7 E(&&k|Z) and there exists a positive constant C (not
depending on n) such that

E(lrgngécn S%) < Cv?. (13)
Theorem 3.2 Let 3 €]0,1] and assume that v2 defined by (1) is reqularly vary-
ing with exponent 3. Let & be a regular random variable such that ||&pll2 < oo,
and let & = & o T'. Assume that condition () is satisfied. Then the finite
dimensional distributions of {v;ls[nt],t € [0,1]} converges to the corresponding
ones of \/nWy, where Wy is a standard fractional Brownian motion indepen-
dent of n with Hurst index H = (3/2, and n = Y, .5 E(&oék|Z). Assume in
addition that for a ¢ > 2/ we have ||&o|lq < 00 and

D IPo(E)lly < oo (14)

JEZ



Then the process {v, ' Sy, t € [0,1]} converges in D([0,1]) to /Wy and (I3)
holds.

Remark 3.1 According to Corollary 2 in Peligrad and Utev (2006-b), one has
2
‘2 '

Remark 3.2 In the context of Theorem [31] condition [I2) is necessary for
the conclusion of this theorem (see Lamperti (1962)). This condition has been
also imposed by Davydov (1970) to study the weak invariance principle of linear
processes with i.i.d. innovations.

. Var(S,) . Var(G+-+&)
AT n == [ LR
J

Example 1. Let us consider the linear process X}, is defined by

(i +d)

Xip=(1-B)% = Zaiﬁk—i with a; = (TG’

i>0

(15)

where 0 < d < 1/2, B is the lag operator, and (;)iecz is a strictly stationary
sequence satisfying the condition of Theorem Bl In this case Theorem [3.]
applies with 8 = 2d + 1, since ay, ~ kqk?! for some kg > 0.

Example 2. Now, if we consider the following selection of (a)r>0: ap = 1 and
a; = (i+1)"* =i~ for ¢ > 1 with a €]0, 1/2[, then Theorem B2 applies. Indeed
for this selection, v2 ~ kon'~2%, where K, is a positive constant depending on
.

Example 3. For the selection a; ~ i~*£(i) where £ is a slowly varying function
at infinity and 1/2 < o < 1 then, v2 ~ kon372%¢?(n) (see for instance Relations
(12) in Wang et al. (2003)), where &, is a positive constant depending on «.

Example 4. Finally, if a; ~ i~/?(logi)~® for some a > 1/2, then v2 ~
n?(logn)!=2%/(2a — 1) (see Relations (12) in Wang et al. (2003)). Hence (I2))
is satisfied with g = 2.

For the sake of applications, we now give a sufficient condition for (I4]) to
hold.

Remark 3.3 For any q € [2,00], the condition ({IJ)) is satisfied if we assume
that

Z:l 174 IEEalF0)llg < oo and Z:l g I€-n = E(€-nlF0)llg < c0.  (16)

The fact that (I6) implies (I4) extends Corollary 2 in Peligrad and Utev
(2006-b) and also Corollary 5 in Dedecker, Merlevede and Volny (2007) from
the case ¢ = 2 to more general situations.

For causal linear processes, Shao and Wu (2006) also showed that the weak
invariance principle holds under the condition (I4]) as soon as the coefficients of



the linear processes satisty a certain regularity condition. To be more precise,
their condition on the coefficients of the linear processes lead either to § > 1 or
to B < 1. For this last case, they specified the coefficients (a;);>0 as follows: for
1< a<3/2 a5 =5 %) for j > 1 (where £(7) is a slowly varying function)
and Z;io aj = 0 (see for instance their Lemma 4.1). For this selection, v2
is regularly varying with coefficient § = 3 — 2a < 1. Our Theorem does
not require conditions on the coefficients but only the fact that the variance is

regularly varying which is a necessary condition.

3.2 Convergence to a mixture of Brownian motions

The case 8 = 1 deserves special attention. For this case the limit is a mixture
of Brownian motions.

As an immediate consequence of Theorem we formulate the following
corollary for causal linear processes, under a recent condition introduced by Wu
and Woodroofe (2004).

Corollary 3.1 Let &y be a regular random variable such that ||&ollq < oo for
some q > 2, and let & = & o T*. Assume in addition that

D IPo(E)lly < oo (17)

JEZ

Let (a;)icz be a sequence of real numbers in (% such that a; = 0 for i < 0. Let
bj =ao + -+ a;. Define (Xy)r>1 as above and assume that

n—1
Zbi—mx, as n — oo, (18)
k=0
and that )
S sy )2 =0 (3 83). (19)
7=0 k=0

Then v2 ~ nh(n), where h(n) is a slowly varying function. Moreover, the pro-
cess {v,, 'Sy, t € [0,1]} converges in D([0,1]) to /qW where W is a standard
Brownian motion independent of n, and n =3, ., E(§o&k|T). In addition (13)
holds.

To prove this result, it suffices to apply Theorem [3.2] and to use the fact
that under (I8) and ([IJ), v2 ~ nh(n) (see Wu and Woodroofe (2004)). Un-
der the same conditions (I8) and ([I9), Wu and Min (2005, Theorem 1) have
also proved the weak invariance principle but under the stronger condition
> 50 dllPo(€)llg < oo (in their paper the random variables §; are adapted
to the filtration F;).

Remark 3.4 The above result fails if in ({I7) we take 6 = 0. See Woodroofe
and Wu (2004) and also Merlevéde and Peligrad (2006, example 1 p. 657).



Let us make some comments on the case where the condition () is sufficient
for the weak convergence to the Brownian motion, with the normalization /7.
The first case is already known, and the second case deserves a short proof.

Comment 3.1 When ), ., |a;] < oo, (the short memory case) and condi-
tion () is satisfied one can use the result from Peligrad and Utev (2006-a) in
the adapted case, showing that the invariance principle for the linear process
is inherited from the innovations at mo extra cost. For this case, the process
{n=1/2S,.t € [0,1]} converges in distribution in D([0,1]) to \/qW, where W
is a standard Brownian motion independent of n and n = A> > rez E(&oér|T)
with A =3, .5 a;. Moreover E(maxi<p<n S2) < Cn?. See Dedecker, Merlevéde
and Volnyg (2007), Corollaries 2 and 3 for the nonadapted case.

Comment 3.2 Let (a;)icz in 2 and assume that the series ZiGZ a; converges
(meaning that the two series Y . a; and Y ,_,a; converge), and the Heyde’s
(1975) condition (H) holds -

(H) i(Zak>2<oo and i(Zak)2<oo.

n=1 k>n n=1 k<-—-n

<0

Assume also that condition (1) is satisfied. Then the same conclusion as in

Comment [31] holds.

Example 5. The Heyde’s condition allows the following possibility: > 4 |a;| =
oo but » .., a; converges. For instance, if for n < 0, a,, = 0, and for n > 1,
an = (—1)"u, for some sequence (uy,),>1 of positive coeflicients decreasing
to zero, such that ) ., u, = oo, then Condition (H) is satisfied as soon as
Y om0 u2 < oo, which is a minimal condition. It is noteworthy to indicate that
the Heyde’s condition implies (I9)).

Now, if .7 la;| = oo and (H) does not hold, condition (I7) may still be
weakened in some particular cases. The following result generalizes Corollary 4
in Dedecker, Merlevede and Volny (2007) to the case where the innovations of

the linear process are not necessarily martingale differences sequences. Denote
by

n

sfl:n( Z ai)2. (20)

i=—n

Theorem 3.3 Let (a;)icz be a sequence of real numbers in (% but not in (1,
and let s2 be defined by (20). Define (Xi)r>1 as above and assume that

T ay n
lim sup % < oo and Z Z a? = o(sy). (21)
k=1

e ‘ PR li|>k

If one of the two following conditions holds



(a) Z [1Po(&)]|ws.. < o0, where ¥a () = z?log™(1 + 2?) and a > 2.

JEZ
or
(b)Y log(1+ i) Po(&)ll2 < 00

JEZ
then {s;'Spy,t € [0,1]} converges weakly in D([0,1]) to \/qW, where W is
a standard Brownian motion independent of n and n = 3, ., E(&&k|T). In
addition, there exists a positive constant C (not depending on n) such that

<
E(lglkaé(n SH < 0s? (22)

Remark 3.5 For two positive sequences of numbers the notation u, ~ v,
means that lim, oo un /v, = 1. According to Remark 12 in Dedecker, Mer-
levéde and Volny (2007), we have that

52 ~v% ~nh(n),

where h(n) is a slowly varying function at infinity. In addition if we assume
the first part of Condition (Z1) and 3~ ;.4 |a;| = oo, we get that s,/\/n — oo,

as n — Q0.

Example 6. If we consider the following selection of (ay)rez: ap =1 and a; =
1/]i| for i # 1, then Theorem applies. Indeed for this selection, Condition

(1) holds and s, ~ 2y/n(logn).

We give now a useful sufficient condition for the validity of condition (b) of
Theorem 3.3

Remark 3.6 The condition (b) of Theorem [3.3 is satisfied if we assume that

21 B (En|Fo)llz 5’\1/'5))”2 < oo and ilogn”g”‘ _Efﬁ"'%)”? <oo. (23)

n=1

4 Application to isotonic regression

Let ¢ be a nondecreasing function on the unit interval and let

yk=¢(§)+xk, k=1,2,...,n. (24)

where (Xj) is a strictly stationary sequence of random variables such that
E(X%) = 0 and E(X?) < oo. The problem is then to estimate ¢ nonpara-
metrically. We denote by S, = > 7_; Xk.

Taking advantage of the monotonicity of the regression function, isotonic
estimates are well appropriated. Let ur = ¢(k/n). It is well known that the
least square estimator

n
k—argmln{z Yk — )% 1§~-~Sun},
k=1

10



is equal to

L LYt t Yy
uk—maxmlni, " .
i<k j>k j—i+1

In addition, setting

nt|

[
Yalt) = +( 3o ue) and ¥, = GOM(Y,),
k=1

where GCM designates the Greatest Convex Minorant, then
. ~, (k
Hi = Y7: (ﬁ) )

where the derivative in taken on the left (see Robertson, Wright and Dykstra
(1988)). Let now ¢,(.) be the left continuous step function on [0,1] such that
dn(k/n) = fir at the knots k/n for k =1,...,n.

The aim of this section is to derive the asymptotic behavior of qgn(t) when X,
is a linear process which can exhibit short or long memory. As it is indicated in
Anevski and Hossjer (2006) and in Zhao and Woodroofe (2008), the two main

tools to obtain the asymptotic behavior of qgn(t) are first a weak invariance
principle for the partial sums process {S},4,t € [0, 1]} properly normalized, and
a suitable moment inequality for maxj<g<n S7.

Theorem 4.1 Let (a;)icz and (&)icz be as in Comments [31] or [T2. Let us
consider the model (24) with Xy, defined by (I0). For anyt € (0,1) such that

¢'(t) >0,
3T (u(t) — o)) = (y1)* Pargmin{ B(s) + s%,s € R},

where B denotes a standard two-sided Brownian motion independent of n, n =

1/3
Y vez E(€o&|T), and k= 2(%A2¢’(t)> with A= Y, a;.
Let 8 €]0,2], and let h be a slowly varying function at infinity. Let now
1 1/2
L(z) = (W2 o m)) , (25)

and notice that L(z) is also is a slowly varying function at infinity. Denote then
by L* the asymptotically conjugate of L, which means that L* satisfies

lim L*(z)L(zL*(2)) = 1. (26)
Define then
1 w0\ 2/(4=5)
s = =7 () where £(n) = (L* ()77, (27)

11



Theorem 4.2 Let (a;)icz and (&)icz be as in Theorem [3.3. For B =1 and
h(n) = |30 . ai|?, let d,, be defined by (27). Let us consider the model (ZJ)
with X, defined by ([Id). For anyt € (0,1) such that ¢'(t) > 0,

0y K (ba(t) — B(0) = (Vi) Pargmin{B(s) + 52,5 € R},
where B denotes a standard two-sided Brownian motion independent of n, n =
1/3
ez B&&IT), and k& = 2(10'(1))

Theorem 4.3 Let (a;)icz and (&;)icz be as in Theorem [31 or[TZ, for some
B €]0,2[. By assumption, v2 defined by (I1) is regularly varying with exponent
B. For this B and for h(n) = v2n=", let d,, be defined by (27). Let us consider
the model (24) with X defined by (I0). Then for any t € (0,1) such that

@'(t) >0,

gt (dn(t) — () = (V)@ argmin{Bu(s) + s*, s € R},
where By denotes a standard two-sided fractional Brownian motion independent
of n, with Hurst index H = 3/2, n = 3, .7 E(§&x|Z), and the constant kg is
given by kg = 2(¢'(t)/2) 2=/ (4=F),

Proofs of Theorems [4.7], and For any t € (0,1) and any s €
[—td; 1, d L (1 —1)], let

Zn(s) = dy,? (Yn(t + dns) — Yo (t) — ¢(t)dy,s) -

Then d;; (¢ (t) — ¢(t)) = Z! (0), the left hand derivative of the GCM of Z, at
s = 0. Hence the key for establishing the result is the study of the GCM of the
process Z,. This can be done by following the arguments given in the Section
3 of the paper by Anevski and Hossjer (2006), and also in the paper by Zhao
and Woodroofe (2008). More precisely, a careful analysis of the proofs given in
both papers shows that the following lemma is valid.

Lemma 4.1 Assume that there exists a positive sequence m, — oo salisfying
for any t >0,
M) /M — t7 where H €]0, 1], (28)

and such that

1. The process {m;;*Spy.t € [0,1]} converges in D([0,1]) to \/qWg, where
7 18 a positive random variable and Wy is a standard fractional Brownian
motion (with Hurst index H ) independent of n,

2. E(maxlgkgn Sl%) S Cmi

Then, for any positive sequence d,, — 0 such that nd, — oo and d;Qn_lm[ndn] —
1, and for any t € (0,1) such that ¢'(t) > 0,

A kg (Dn(t) — 6(1) = (Vi)Y @~ Hargmin{ By (s) + 5%, s € R}.

where By (.) denotes a standard two-sided fractional Brownian motion indepen-
dent of n, with Hurst index H €)0,1[, and xg = 2(¢'(t)/2)—H)/(2=H)

12



We would like to mention that in order to use the continuous mapping the-
orem, the processes have to be corrected in order to be continuous. This can
be done easily since if Item 1 above holds then necessarily maxj<;<n, X;/mn
converges to zero in probability.

To finish the proofs, we notice that the conditions of Items 1 and 2 are
clearly satisfied by using either Comment [3.1] or (with m,, = y/n), either
Theorem B3] (with m,, = \/n| Y.~ a;|) or TheoremBTor B2 (with m,, = v,,).
In addition, in all these situations, we have that m, = (n’h(n))*/? and the
selection of d,, leads to

d;2n_1m[ndn] ~ dgf“l)/zn(ﬁ_m/2 h(nd,)
* -1 * —
~ (L*(n)) \/h((nL (n))2/-9)
1

~ (L) (L @)
which converges to 1 by (20).

5 Proofs

5.1 Proof of Proposition 2.1

Without restricting the generality we shall assume Dy =1 and ), jez my] =1
2

since otherwise we can divide each coefficient ¢, ; by (3¢5 2, ;)*/? and each
variable by Dyg. Start with the decomposition

3

Z P J Yk Z pJPk J(Yk)/pj

j=—o0 j=—o00
Then

> i > cmrPei(Yi)/pj -

j=—o00 kEZ

By using the facts that ¥ is convex and non-decreasing, and p; > 0 with
ngz p; = Dg = 1, we obtain that

U([Sm]) < Z p;EV( |Zcmkpk i(Ye)/psl)-

j=—00 keZ

Consider the martingale difference Uy, = ¢y, 1 Pi—; (Y)/p; , k € Z. By Burkholder’s
inequality (see Theorem 6.6.2. in de la Penia and Giné (1999)), we obtain that

(] Z CmkPeej (Vi) /pi]) < KoBU((D 2w P2 (Vi) /3)?),
keZ keZ

13



where K, is a constant depending only on a. Let ®(x) = ¥(y/z). Since D is
convex and Y, ., cp . = 1, it follows that

\IJ(|Zcm7kPk,j(Yk)/pj|) < K E®(Y o PP (YVi)/p3)

keZ keZ
< KoY on  BO(PL(Yi)/p))
kEZ
< KoY BP0l /p)))
kEZ

Therefore
([Sml) < Ka Z Crm,k Z P E(W(|Pe—; (Yi)|/p;))
keZ j=—00
Now mnotice that ||Py—;(V3)|lw < pj, hence using the fact that Y7, ., cZ , =1
and Dy =322 p; =1, we get that

U(|Sml) < K

and so the desired result. ¢

5.2 Proof of Proposition

Fix a positive integer m and define

2m—2 m—1

Oom= >, > Pi&),and 0 =00moT".

k=0 i=k—m+1
Observe that, by stationarity,

2m—2

1Bo,mllw =11 Z Pi(&)lw < 2my_ [|Po(&)llw < oo

k=0 i1=k—m+1 1€Z

Simple computations lead to the decomposition

m—1 2m—1
> Pi(é) = Y Pul&) =00m — O1m,
i=—m+1 =1
implying that
& — ( ZPO& O T™ =00 —O1m+ D Pil€o) = (D Pol&)oT™.

jil=m |k[>m

With our notation (do = >, Po(&) ), we obtain

§o—do=dooT™ —do+00.m—Orm+ »_ Pi(€)— (> Pol&))oT™. (29)

li|=m |k[=m

14



By stationarity we obtain similar decompositions for each &; —d;. We shall treat
the terms from the error of approximation ), 4 cn (& — d;) separately. First
notice that

)_.

o0 o0 m—

Ry = Z cn,j(djoT™—d;) = Z (Cnj—m—Cnj)d Z (Cnyj—k—1—Cn,j—k)dj .

j=—00 Jj=—00 k=0 j=—00

According to Proposition 2.1}

oo

IR1]lw < Camlidollw( Y (enj —cnj—1)*)'?.

j=—o00

To treat the second difference in the error, notice that

oo oo

Ry = Z n,i(Oim — Oit1,m) = Z (Cni — Cnyim1)0im

i=—00 i=—00
By the definition of 6y ,, we have that

2m—-2 m-—1

SR Oom)le < > D0 D IP(Pi(&))]w -

JEZ k=0 i=k—m+1j€Z

Now P;(P;(f)) =0 for j # 4. It follows that

2m—2 m—1
> P (Oom) e < Z 1Po(&o)llw < 2m—1) > [Po(&)]lw,
JEZ k=0 {=k—m+1 l=—m+1

and by Proposition 2.1l we conclude that

(o9}

I1Rallw < 2Cam( Y (enj —nj-1)")"* > 1 Po&e)llw -

j=—00 LEZ

For the term Rs := 3772 ¢ni(30 )5 m Fi(&)) o T we apply Proposition 2]
to get -

IRsllw < Cal D> 2 )Y D 1Pi()w -

i=—o00 13| >m

To deal with the last term Ry := >~ Cn,i (k> m Po(€k)) © T+ we apply
again Proposition 2.1l which gives -

|Rallw < Cal( > )Y D7 [[Po(&)llw-

i=—o00 |k|>m

Combining all the bounds we obtain the desired approximation. ¢
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5.3 Proof of Lemma [2.1]

For any m € [1,2Y], write m in basis 2 as follows:
N .
m = Zbi(m)T, with b;(m) =0 or b;(m) =1.
=0

Set my, = EfiL b;(m)2¢. So for any p > 1, we have

|Sml? < (ZNJ Sy~ Smpal)
L=0

Hence setting
ar,

N 3

1/p
ar = 1Sz, (¥71@Y5)) 7 and Ay =
L=0 4L

we get by convexity

N
|Sm|p < Z AlL_plsmL - S””L+1|p :
L=0

Now my, # mp41 only if by, (m) = 1, and in that case my, = k2% with k,,, odd.
It follows that

N
1—
max |Sp,|P < E AP max |Skar — S(r—1)2z "
1<m<aN ot 1<k<2N-L k odd

Now, we apply Lemma 11.3 in Ledoux and Talagrand to the variables

~|Skor = Se_1y2 P
= e
and to the Young function ¥. Since

I , with A = ||SQL||\IJP,

B (z) =B, (22:) <1,

and since ™! is concave, we see that for any measurable set B,

B(Zi1p) < POV (35057 ).

so that the assumptions of Lemma 11.3 in Ledoux and Talagrand (1991) are
satisfied. It follows that

E( max J |Spor — S(k_1)2L|p> < APW71(2N7L).

1<k<2N-L k od

Finally, we conclude that

N p
B( max |Su") < (Y ar)’,

1<m<2N
=m= L=0

which is the desired result. ¢
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5.4 Proof of Theorems [3.1] and

By the weak convergence theory of random functions, it suffices to establish
the convergence of the finite dimensional distributions and the tightness of
{v;,1S[nt),t € [0,1]}. For the finite-dimensional distribution we shall use the fol-
lowing proposition which was basically established in Peligrad and Utev (1997,
2006-b).

Proposition 5.1 Let {{}rez be a strictly stationary sequence of centered and
regular random variables in L? such that > [1Po(&))ll2 < oo. For any positive
integer m, let {by,i, —00 < i < oo} be a triangular array of numbers satisfying

Zbiﬁi —1 and Z(bn’j —bpj-1)* =0 asn — oo, (30)
i J

and
sup |bn ;| =0 as n — oo . (31)
J

Then {Sn = »_, by ;§;} converges in distribution to \/nN where N is a standard
Gaussian random variable independent of n, and n =73, ., E({o&k|T).

Proof of Proposition 5.1l We give here the proof for completeness. By
using Proposition it suffices to prove this proposition with d; = do o T" in
place of {;, where dy = > Py(&;). Hence we just have to apply the central limit
theorem for triangular arrays of martingales (see Theorem 3.6 in Hall and Heyde
(1980)). The Lindeberg condition has been established by Peligrad and Utev
(1997) provided that ([BI)) and the first part of condition (B0]) are satisfied. Now
in the proof of their proposition 4, Peligrad and Utev (2006-b) have established
that (B0)) implies that

Z b?z,jd? — 1 in probability as n — oo,
J

which ends the proof of the proposition. ¢

We return to the proof of Theorems [3.1] and To prove the convergence
of the finite dimensional distributions, we shall apply the Cramér-Wold device.
For all integer 1 < £ < m, let ny = [nty] where 0 < t; < t2 < -+ <ty < 1. For
A1, ..., Am € R, notice that

Zm: AeSh, “ AeCn, \j
sE =) (s (32)
" JEZ =1 n
where ¢, ; = ai_j + - + a,—; for all j € Z, and v2 = 2jez C%,j- Let
1 & Ay
bpj = —— Z AMCnoj 7 (33)

Am,ﬁ =1 Un
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where
1 m
Ap =15 D Aty +1 — [t —tel”)
£,k=1
We apply Proposition 5.l to b, ; and the ;’s defined as A, g§;. We have first
to calculate the limit over n of the following quantity

Z B2 1 D jez 20t Dby MMCny jCny g
nJ T A2 2 )
JEZ m,3 n
For any 1 < ¢ < k < m, by using the fact that for any two real numbers A and
B we have A(A+ B) = 1/2(A? + (A + B)? — B?), we get that

1 1 2
. 2 2 o )
v_2 Z Cng,jCnig = 202 Z (Cnbj + Crp,j — (CWvJ C"ka) )
" jeZ " jeZ
1
_ 2 2 2
T 92 Z (Cnbj + Cry.j an—nz,j) :
" jez

By using now the condition ([I2), we derive that, for any 1 < /¢ < k < m,
Zjez bnzyjbmmj 1

= -~ 5(155’ ity — (t —t0)%) . (34)
It follows from (34) that
lim dobk =1 (35)
JEZ

As a consequence the first part of condition (B30) holds. On an other hand,
by using Lemma A.l in Peligrad and Utev (2006-b), the second part of the
condition (30) is satisfied. Now by the proof of Corollary 2.1 in Peligrad and
Utev (1997) we get that

max; |cy, ;] .

0,
Up,
which together with (I2]) implies [3I)). Applying now Proposition 5.1l we derive
that m g
A
2z My converges in distribution to A, g/nN,
Un

ending the proof of the convergence of the finite dimensional distribution.
We turn now to the proof of the tightness of {v, 'Sy, t € [0,1]}. By using
Proposition 211 we get for ¢ > 2 that

1/2
156, < Co(8,) " S 1Rl = Con 3 IRE)llr (36)
JEZ meZ meZ
provided that > . [|Po(&m)llq < co. Therefore the conditions of Lemma 2.1
p. 290 in Taqqu (1975) are satisfied with ¢ > 2/, and the tightness follows.
Finally to prove ([I3]), we use [B6) together with Lemma 2] applied with
Y(x) = x by taking into account that v2 is regularly varying with exponent [3.
o
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5.5 Proof of Remarks 3.3 and

To prove Remark B3] we apply lemma [6.1] from the appendix with b, = 1 and
u; = ||P-i(&)l|lq. Hence we get

ZHP @)l < C, Z(%Znauwg)”q
k=n

Applying the Rosenthal’s inequality given in Theorem 2.12 in Hall and Heyde
(1980), we then derive that for any ¢ € [2,00[, there exists a constant ¢, de-
pending only on ¢ such that

D IP-k(&)IE < gl D Por0) g = cal E(nlFo) 1§
k=n k=n

The same argument works with P_;(&p) replaced by P;(&y), and the result follows
by applying Rosenthal’s inequality and by noticing that ||{_, — E(§_,|F0)llq =

1>k Pret1(60) llg-
To prove Remark B.6] we apply Lemma from the appendix with b, =

log(n) and u,, = || Po(&n)||2- We then get that

S lognll Py(&n)] < © Z 1"g"(z IPuen3) .
n=1 n=1 k=n

Notice now that

> IP(&w)lI3 = Bl Fo)l3

k=n
and then

(&nlF
ZlognHPo €n) H2<C'Zlo 5\}0”2 < o0

The same argument works with Py(&;) replaced by Py(—;). ©

5.6 Proof of Theorem

For all j € Z, let dj = > ,.5 P;j(&). Note that, if either Condition (a) or
Condition (b) is satisfied, (d;);ez is a sequence of martingale differences in L2.

We set
Yk = Zazdk i and T}, = ZYk,
i€Z

and apply Corollary 4 in Dedecker, Merlevede and Volny (2007). By taking into
account Remark B0 we derive that under (1),

{57, Ty, t € [0,1]} converges in distribution in (D([0, 1]),d) to y/E(d2|Z)W
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where W is a standard Brownian motion independent of Z. It follows that in
order to prove that {s; 'Sy, t € [0, 1]} converges in distribution in (D([0,1]), d)

to /E(d2|Z)W it is sufficient to show that

| maxi<k<n [Sk — Tklll2

—0,asn—o00. (37)
Sn

Now for any n, let N be such that 2V ~! < n < 2¥. By using Remark and
the properties of the slowly varying function, we get that s, ~ son. So, the
proof (&), is reduced to showing that

| max; <p<on [Sk — Tk[l2

—0,as N — 0. (38)

S9N

We first prove that (38) holds under Condition (a). By using Corollary 21
together with Lemma 2Tl we get that for any positive integer m,

N
_ _ 1/2
| max |Si=Telle < G Y- IPb(E)wa D var (g7 (2Y K
== |k|>m L=0
N
+Com > (g7 2V )2,

L=0

where g(x) = zlog®(1 + z). Noticing that for g~ 1(x) ~ oz (1Ta) S % goes to
infinity, by taking into account Remark and the first part of Condition (21I)
we get that

I max [Sk—Tilll2 < Csov Y [ Po(&k)llws,. + Cme(N)son (39)

1<k<2N
== |k >m

where e(N) — 0 as n — oco. By using now (B9) and letting first N tend to
infinity and next m tend to infinity, we derive (B8)) under Condition (a).

We turn now to the proof of (88]) under Condition (b). Taking m = mgr =
2L/4 in Corollary 21] and using Lemma 1 with p = 2 and ¢ (z) = z, we get
that

N
[ maxy <o [ — Thlll2 o2 > i
o2 Son £ 2 /
2N/2 al VoL
g iz O [Pl (40)

L=0 |k|>m,r,

By Remark we have that limy_, o ;ﬁ% = oo which together with the selec-
tion of mqr imply that the first term in the right hand of the above inequality
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tends to zero as n — oco. Now, to treat the last term, we first fix a positive
integer p and we write that

2SSt S pel < bl e 25 Y me]
SoN 2L/2 OSkllz =P SoN Oglgi(p 2L/2 NSk
=0 """ |k/>m,e [kl>m,.
2N/2 N VoL
Yoo 2. IRl
SoN 2
L=p [k[>m, L
Since limpy_ o0 251%% = oo, the first term in the right-hand side of the above

inequality tends to zero as n — oo. To treat the second one, we notice that if
N and p are large enough,

N
2N/2 VoL

Y. h(2l)
e > |\P0(§k)||2§02h(2]v) > P&k ll2
L=p

L=p |[k|>m,r, |[k|>m,r,

S9N
where h(n) = |37 _ a;|. By the first part of Condition (2IJ),

lim s a h(ZL)
11m su max
NﬁooppSLSN h(2N)

It follows that for N and p large enough and by taking into account the selection
of myr, we get that

oN/2 N Vot
. 5L/ ST R <C > logklPo(&e)ll2
L

=p |k[=m,L |k|>2r/4

which converges to zero as p — oo by using Condition (b). Hence starting from
Q) and taking into account the previous considerations, we get that (38)) holds
under Condition (b). The proof of [22]) is direct following the arguments used
to derive (37). ¢

5.7 Proof of Comment

The justification of this result is due to the following coboundary decomposition.
Define

0o 00 oo —f4—1
Zy = ZZ aré—¢ — Z Z arée - (41)
=1 k=t 1=0 k——oc

Since condition (l) implies that the sequence (&;);cz has a bounded spectral
density, the random variable Zy is well defined in L? under under condition
(H). Now

Zy—ZygoT = Zaz&z —502% —§ozﬁfk +Zafe§e-
= k=1 k=1 =
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Whence,
Ao+ Zo — Zp o T = apép + Z a;é—j = Xo .
Jj€Z\{0}
We derive that for any k > 1,

k
Sk =AD&+ 2y — Ziyr, (42)

i=1
where Z), = ZyoT}. Since under (), the partial sums process {n~1/2 chn:t]l &, t €
[0,1]} converges in distribution in D([0,1]) to VAW, with X = > jez E(6&1T),
we just have to show that

lim sup P( mkaé(n | Zks1| > 5\/5) =0,

n—00 1<

which holds because Zy € L? (see the inequality (5.30) in Hall and Heyde
(1980)). o

6 Appendix

6.1 Fact about series

Lemma 6.1 Let (bj)jen be a sequence of non-negative numbers such that for
any a > 1, n%,, < Ko > ), k*~1by,, for some positive constant K, depending
only on . Then for any sequence of non-negative numbers (u;)jen and for any
q > 1, the following inequality holds

o) oo 1 o) 1/q
b < - 1
> <0, 3o (130 0)
n=1 n=1 k=n
where Cy is a constant depending only on q.

Proof. Let p be the positive number such that 1/p+1/¢ =1 and let a = 2/p.
For this choice of a, let C) = K,. We write

> buun <O Y 0w (Y bk ) O3k (Y 0w
n=1 n=1 k=1 k=1 n>k
Then, Holder’s inequality gives
> > 1/p 1/q
> b < Yo b (X ) (5 )
n=1 k=1 n>k n>k

and the result follows. <
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