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Abstract

We study a least squares estimator §T for the Ornstein-Uhlenbeck
process, dX¢ = 0X,dt + cdBE, driven by fractional Brownian motion B
with Hurst parameter H > % We prove the strong consistence of @‘\T (the
almost surely convergence of Or to the true parameter 0). We also obtain
the rate of this convergence when 1/2 < H < 3/4, applying a central limit
theorem for multiple Wiener integrals. This least squares estimator can
be used to study other more simulation friendly estimators such as the
estimator 07 defined by @I).

1 Introduction

The Ornstein-Uhlenbeck process X; driven by a certain type of noise Z; is
described by the Langevin equation

t
Xt:X()—G/ XSdS+UZt.
0

If the parameter 6 is unknown and if the process (X;,0 < t < T) can be observed
continuously, then an important problem is to estimate the parameter 6 based
on the (single path) observation (X, 0 < ¢t < T). When Z; is the standard
Brownian motion, this problem has been extensively studied (see for example
[9], [10] and the references therein). The most popular approaches are either
the maximum likelihood estimators or the least squares estimators, and in this
case they coincide. Other type of noise processes have also been studied. For
example, when Z; is an a-stable process maximum likelihood estimators do not
exist and other approaches are proposed in [5] and [6].
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In this paper we study the parameter estimation problem for the Ornstein-

Uhlenbeck process driven by fractional Brownian motion with Hurst parameter
H

t
thxo—e/ X,ds +oBH, (1.1)

0
where 6 > 0 is an unknown parameter. Although the Ornstein-Uhlenbeck pro-
cess is defined for all H € (0,1), we assume H > 1/2 in this paper. In [§], the

the maximum likelihood estimator f7 for the parameter 6 is obtained and has
the following expression

A {/OT QZ‘(s)dwf}_l /OT Q(s)dZ,

where
-1 .1-H g 3 1
ka(t,s) = kgs2 "(t—s)27"7, kyg=2HD §—H r H—|—§ ;
2HT'(3 —2H) (H + %
wg{ _ )\]7{1t2_2H; )\H _ ( - ) ( 2) :
r'(3—H)
d t
dwt 0
t
Zt = /kH(t,S)dXS
0

It is proved that limp_, o Or = 0 almost surely.
In this paper we propose two different estimators for the parameter 6 and we
study their asymptotic behavior. First we introduce an estimator of the form

[ X.dBF

é\T =0—-o0 ,
) x2dt

(1.2)

where fOT X dB is a divergence-type integral (see [1], [3], [4], [7] and the refer-
ences therein), and we call it the least squares estimator. This is motivated by
the following heuristic argument. The least square estimator aims to minimize

T
/ | X, + 6X,)dt,
0

and this leads to the solution

T

~ X dX

O — o XedXs, (1.3)
Jo XZdt

IfH = %, then the integral fOT X:d X, is an Ito stochastic integral which can be

approximated by forward Riemann sums. However, for H > % the numerical



simulation of the estimator @\T seems extremely difficult. For this reason, in this
case we introduce and study a second estimator 07, defined in ([@.1]).

We prove the almost sure convergence of the estimator §T to 6, as T tends
to infinity, and derive the rate of convergence, obtaining a central limit theorem
in the case H € [%, %) The proof of the central limit theorem is based on
the characterization of the convergence in law for multiple stochastic integrals
using the techniques of Malliavin calculus, established recently by Nualart and
Ortiz-Latorre in [12]. Finally, we derive the rate of convergence of the estimator

O from the rate of convergence of §T.

2 Preliminaries

In this section we first introduce some basic facts on the Malliavin calculus for
the fractional Brownian motion and recall the main result in [12] concerning the
central limit theorem for multiple stochastic integrals.

The fractional Brownian motion with Hurst parameter H € (0,1), (Bf,t €
R) is a zero mean Gaussian process with covariance

1
E(BI'B") = Ru(s,t) = 5 ([t + |s]* — [t — s[*") . (2.1)

2
We assume that B is defined on a complete probability space (€2, A, P) such
that A is generated by B¥. Fix a time interval [0, T]. Denote by & the set of

real valued step functions on [0,7] and let H be the Hilbert space defined as
the closure of £ with respect to the scalar product

<1[0,t]7 1[0,S]>H = RH (tu 8)7

where Ry is the covariance function of the fBm, given in ([21)). The mapping
1p0,4— B can be extended to a linear isometry between H and the Gaussian
space H; spanned by Bf. We denote this isometry by ¢ —— B (p). For
H = $ we have H = L?([0, T]), whereas for H > $ we have L7 ([0,T]) € H and

for ¢,y € L#([0,T]) we have

T T
(0, 0V = an / / atbelt — s 2dsde, (2.2)
0 0

where ag = H(2H — 1).
Let S be the space of smooth and cylindrical random variables of the form

where f € Cp°(R™) (f and all its partial derivatives are bounded). For a random
variable F' of the form (23] we define its Malliavin derivative as the H-valued
random variable



By iteration, one can define the mth derivative D™F, which is an element of
L2(Q; H®™), for every m > 2. For m > 1, D"™2 denotes the closure of S with

respect to the norm || - ||;m,2, defined by the relation
I1FI%, 2 = E[IF] + Y E(ID'Fll3e:) -
i=1

Let § be the adjoint of the operator D, also called the divergence operator. A
random element u € L?(£2,’H) belongs to the domain of §, denoted Dom(d), if
and only if it verifies

|[E(DF,u)n| < cu | Flzz,

for any F' € D*2, where ¢, is a constant depending only on u. If u € Dom(d),
then the random variable §(u) is defined by the duality relationship

E(F§(u)) = E(DF, u)y, (2.4)

which holds for every F' € D2, The divergence operator § is also called the
Skorohod integral because in the case of the Brownian motion it coincides with
the anticipating stochastic integral introduced by Skorohod in [15]. We will

make use of the notation §(u) = fOT udBJ.

For every n > 1, let ‘H,, be the nth Wiener chaos of B, that is, the closed lin-
ear subspace of L? (€2, A, P) generated by the random variables { H,, (B¥ (h)) ,h €
H, ||h||% = 1}, where H,, is the nth Hermite polynomial. The mapping I,,(h®") =
n!H, (B (h)) provides a linear isometry between the symmetric tensor product
HO™ and ‘H,,. For H = %, I,, coincides with the multiple Itd stochastic integral.
On the other hand, I,,(h®™) coincides with the iterated divergence §™(h®").

We will make use of the following central limit theorem for multiple stochas-
tic integrals (see [12]).

Theorem 2.1 Let {F,,n > 1} be a sequence of random wvariables in the p-
th Wiener chaos, p > 2, such that lim, ... E(F?) = o2. Then the following
conditions are equivalent:

i) F, converges in law to N(0,02) as n tends to infinity.
9 Y
(ii) |DF,||3, converges in L? to a constant as n tends to infinity.

Remark. In [12] it is proved that (i) is equivalent to the fact that | DFE,||3,
converges in L? to po? as n tends to infinity. If we assume (ii), the limit of
| DF, |3, must be equal to po? because

E(|DFu %) = pE(ES).



3 Asymptotic behavior of the least square esti-
mator

Consider Equation (II)) driven by a fractional Brownian motion B¥ with Hurst
parameter H > % Suppose that Xg = 0 and 6 > 0. The solution is given by

t
X, = a/ e Vt=)gBH, (3.1)
0

where the stochastic integral is an It6 integral if H = % and a path-wise
Riemann-Stieltjes integral if H > % Let 67 be the least squares estimator
defined in (Z). The next lemma provides a useful alternative expression for

Or.

Lemma 3.1 Suppose that H > % Then

o [T xzdt T xzdt

~ X2 Uy e 2e P gear
o T 0o Jo €T T dzdl (3.2)

Proof  Using the relation between the divergence integral and the path-wise
Riemann-Stieltjes integral (see Theorem 3.12 and Equation (3.6) of [3]) we can
write

T
/ X;o0dBl
0

T T t
/ X B +agy / / DX (t — )" 2dsdt
0 0 0
T T t
= / X,dB} +JaH/ / e 0= (4 — )22 dsdt
0 0 0

T T t
/ X dBF + oay / / 2208 qeqt .
0 0 0

As a consequence, we obtain

J X 0dBY L 20 S [l ert=20-0¢ geqy

é\T =0—-0
i X2dt ) Xx2dt

(3.3)
On the other hand,
T T T 1 T
a/ X, 0dB[ :/ XtodXt+9/ X2dt = 5X%w/ X2dt.  (3.4)
0 0 0 0

Substituting (B4]) into [B.3)) yields (B:2). O

The next theorem establishes the strong consistency of this estimator.

Theorem 3.2 If H > %, then
b — 0 (3.5)

almost surely, as T tends to infinity.



In order to prove this theorem we make use of the following technical result.

Lemma 3.3 Assume H > % Then,
1 T
7 / XZ2dt — 0?07 *H HT(2H), (3.6)
0

almost surely and in L?, as T tends to infinity.

Proof  For every t > 0 define
t
Y, = a/ e V=) gBH = X, + ¢, (3.7)

where £ = ofi)oo e?*dBH . The stochastic process (Y;,t > 0) is Gaussian, sta-
tionary and ergodic. For H = % this is well-known and for H > % this is proved
in [2]. Then, the ergodic theorem implies that

e 2 2
= [ Y/ dt — E(Yg),
T Jo
as T tends to infinity, almost surely and in L2. This implies that
e 2 2
— Xidt — E(Yy),
T Jo

as T tends to infinity, almost surely and in L2. If H = %, we know that
E(YE) = g—;, which implies F0). If H > 1, using 22) yields

E(X3) = CYHUQ/O /0 e 06ty — s|2H=2dyds,

and (3.6) follows from Lemma [E11 O
Proof of Theorem[3.2 In the case H = %, taking into account that the process
(f(f X.dB,,t > O) is a martingale with quadratic variation fot X2ds it follows
that §T — 6 almost surely, as T tends to infinity.
Now let H > 1/2. From Lemma [5.2] we deduce that almost surely
lim AL . (3.8)

It is easy to check that this convergence also holds in L2. Then we conclude the
proof using Lemma B3] (3.8), and

1 T t
lim —/ / 2H=2070Cdedt = 912HT(2H — 1),
0 0
0

The next theorem provides the convergence in distribution to a Gaussian
law of the fluctuations in the almost sure convergence (3.3)).



Theorem 3.4 Suppose H € [%,3). Let (X¢,t € [0,T]) be given by (1), then
VT [§T - 9} £ N(0,60%) (3.9)

as T tends to infinity, where

I'(3—4H)I'(4H — 1)
R 3.10
oh = -1 (14 P o (3.10)
Proof  We have
T t _o(t—s
xR (Gt
fQT Xt2dt fOT Xt2dt fOT det7
(3.11)
where Fr is the double stochastic integral
= 2\/_12 ( 79“75‘) ' (3.12)

From Lemma we know that % fOT XZ2dt converges almost surely and in L2,
as T tends to infinity to o20=2H HI'(2H). Then, it suffices to show that Fr
converges in law as 7' tends to infinity to a centered normal distribution. In
order to show this convergence we will apply Theorem [2.Tto a given sequence of
random variables in the second chaos Fr,, where T} T oo as k tends to infinity.
To simplify we assume that T = 1,2,.... The proof then follows from the
following facts:

(i) E(F2) converges to 0'~ 47545 where

T'(2H)T(3 — 4H)['(4H — 1)
T'(2—2H) )

oy = H*(4H — 1)(T'(2H)* +

as T tends to infinity.
(ii) ||[DFrl|3, converges in L? to a constant as T' tends to infinity.

Step 1: Proof of (i) Suppose first that H = % In this case, by the isometry
of the It6 integral we obtain

4 —20T
/ / ~20(t-9) gy — % <% 7492_1 >

hm E(FT)

which implies that

This implies the desired result because ¢ 1=



Now, let H € (%, %) In this case, by the isometry property of the double

stochastic integral I, the variance of Fr is given by

ola?
E(F}) = 2THIT, (3.13)
where
Iy = / e Ols2muzl=Olsi—uil g, g |2H=2)y, gy |2H 2 quds. (3.14)
(0,77

By Lemma in the Appendix we obtain that

Jim E(F2) = 01~ o6y,

Step 2: Proof of (i) For s < T we have

O'XS+O'2 /T
— e
VT VT Js

_ 1 .
Suppose first that H = 5. In this case,

o2 (T T T 2
|DFr|2, = T/ X52+20X5/ e 90=9)4B, + o2 / e t=9)dB, ds
0 s s

= AP + 4D + 4D

DyFr = —0t=s)gBH.

4

We already know from (B.6) that A(T1 ) converges in L? to 35 as T tends to
infinity. The third term can be written as

2
4 T T 4 0T u 2
A$>:%/ (/ e—9<f—8>dBt> dSZ%/ (/ e‘““‘”dBm) du,
0 s 0 0

so it also converges in L? to g—; a T tends to infinity. Finally we can show that

lim E ((A%)%) =0.

T—o00

In fact, we have

8 6 T T
E((AP») = = E | X,X, / e—0t=3)gp, / e=0t=0gB, | | dsdu
T {s<u<T} s u
8 s T
= 812 (/ 6_0(5+u_2r)d7“> / e 0t == gt | dsdu
T? Jis<u<ty \Jo u

= —808 / (€205 — 1) (720" — e~ 2T dsdu
402772 ’
{s<u<T}



which clearly converges to zero as T tends to infinity. Therefore, |DFr||3,

converges to ‘% in L2.
Suppose now that H > 3. From (Z2) we have

OéHO'2 T T T
el = 2= [0 (%o [ eneoany

T
X (Xu + O'/ ee(t“)dBtH> Ju — s>~ 2duds

We have to prove that ||DFr||3, converges to a constant in L? as T tends to
infinity. In fact,

|DFr|3, = O‘HU // (XX +2UX/ 0t=s)gBH

+0/ —0t- S)dBtH/ e b0 “)dBH>| — 5?72 duds

(e

2
HO 1 2 3
For the term Crfpl), since X; is Gaussian we can write

E (|C}1> - E(C(Tl))|2) - 2/ E (X, X) E (X.X,)
[0.7]

x|u — s|*772|v — t|*H 2 dudvdsdt.

By Lemma [5.4]
1
— E (X7X:) E (Xu X (T — u)*2|v — t|* =2 dudvdt
T [O,T]S
1
<= (T — t)* 72|y — o= 2(T — u)?7 2|0 — t|*P 2 dudvdt
T [01T13
< C&HTgH_6 / (1= )72y — o721 — u)?" 2 |v — t)*" 2 dudvdt,
(0,1

which converges to 0 as T tends to infinity when H < %. Hence, by 'Hopital
rule, E (|C§F1) - E(Cgpl))|2> converges to 0 as T tends to infinity. In the same

way we can prove that E (|C¥) - E(Cg)ﬂ?) converges to zero as T tends to



infinity, for ¢ = 2,3 when H < 3/4. By triangular inequality, we see that

E [(IDErl% ~ E(IDFr|3))’]

= E(Icf) + ¢ + o B + ¢ + o))

3
9> B (1cf) —E(Ci)P)
=1

— 0.

IN

Taking into account that
lim B(|DEr[3) = 2 lim E(F),

we conclude the proof of (ii). This completes the proof of the theorem. O

If one replaces the Ito type integral in (2] by the path-wise Riemann-
Stieltjes integral, then we can obtain the following estimator
T
@[:_fo XtOdXt: X,%
[ xzae 2 ) X2dt

which converges to zero in L? as T tends to infinity from Lemma 3.3 and (B.8).

4 An alternative estimator

Suppose in this section that H > % We introduce the following estimator

_ 1 T e
or = [ X2dt . 4.1
r <U2HI‘(2H)T/O t ) (41)

From (3.0), we see that 67 converges to 6 almost surely as T — oo. Theorem
B4l allows us to derive the rate of convergence in the approximation of 6 by 6.

Theorem 4.1 Suppose H € (%, %) Then

~ 0
VT [9T - 9} LN (0, ng,) : (4.2)
as T tends to infinity, where op is defined in (ZI0).

Proof  From Equation (8:2), we have

[ e P S e e tagar — X3/
X2dt = _ .
0 9T

10



Thus

VT|0r—0] = VT ( HT(2H) )”’5%;1_9

amg fy Jy €H-2e0dgdt — of

2
T
2T
From Lemma it follows that
1 Tt 2H—2_—0¢ _X% _ _ q\pl—2H
ayg 13 e dédt — —= = ayl(2H — 1)0 + of
T/ J 2T

where 0(%) denotes a random variable Hy such that /7 Hy converges to zero
almost surely as T tends to infinity. Therefore,

1

( HF(QH) ) 2H B < 1 ) 2H
2 = D—2H 1 (L
amg foT fot g —2e0dedt — ;(_% g1—2H 4 O(ﬁ)

On the other hand, we can write
VT (67 — o] = VT [%9 (6 —6) + 1 (s - 9)29;] ,

where 6% is a random point between 6 and f1. From Theorem 4] we obtain
the following convergence in law as 7" tends to infinity:
1 B 1 1

VT {9%” — (m} — N (o, W@w az> . (4.4)

Finally, from the decomposition

an [ [y €2H-2e-0¢dgdt — 3F
VT [éT_H — o7,

and using (A.3) and (@A) we deduce the desired convergence. O

5 Appendix

In the sequel we present some calculations used in the paper.

Lemma 5.1 For any H € (%, 1)

(2H — 1)/ / et |y — 522 duds = T (2H).
o Jo

11



Proof  We can write, by the change-of-variables u — s = «,

[ e P rasan =z [ [Tt o2 s
0 0 0 0

o u
= 2/ / e 2t 2H=2 g0 duy.
o Jo

Integrating first in the variable u and using that (2H — 1)I'(2H — 1) = T'(2H)
we conclude the proof. O

Lemma 5.2 Let Y; be the stationary Gaussian process defined in (3.7), where
H > 1/2. Then, for any o > 0, )T/—ﬁ converges almost surely to zero as T tends
to infinity.

Proof  The covariance of the process is Y; is, using Lemma [5.] to compute

Var(¢),
e R (5 {{ + U/t eeudBf]>
0

r t 0
= e |Var(¢) + UzaH/ / efutov)y — v|2H_2dudv]
0 J—o0

COV(}/()7 }/t)

r t o)
= % Var(§)+02aH/ / 6_0I+20”3:2H_2da:dv]
0 Jv

[ 1
= e o202 HT(2H) + o2{ ' 2HHT(2H)t — EtQH + o(t*H) }]

92H

= 20" HTr2H) |1 - ——
? CH) |1 - Srer D

t2H 1 o(t2H) }} .

Then the result lemma from Theorem 3.1 of Pickands [14]. O

Lemma 5.3 Let Iy given by (3.14). When % < H< %, we have

: Ir _ pl—4H
Jim o =6, (5.1)

where

I'(2H — 1)['(3 — 4H)T'(4H — 2)
T'(2—2H)

yg = (8H —2)T(2H — 1)* 4+ (16H — 4)

Proof  Taking the derivative with respect to T" we have

— = / e 0T—ua)=Olsi—wl (p _ g V2H=2 1y ) P2 40y duydsy . (5.2)
(0,77

12



Making the change of variable T'—us = x1, T —u1 = 22, and T — s; = x3 yields

dI
il A 4/ 6701179‘127“'3}?{_2@1 - $2|2H72d$1d$2d$3.
dT [07T]3

As a consequence,

. dlr w1 — 0z _ _
lim — =4 e 010l m3|$§H 2|:1:1—3:2|2H 2dx1dzodrs,
T—oo d1’ [0,00)3

and this integral is finite. Indeed, we can decompose this integral into the
integrals in the six disjoint regions {xg(l) < Zo(z) < :Eg(g,)}, where o runs over
all permutations of the indices {1,2,3}. In the case 1 < x3 < z3 making the
change of variables 1 = a, x3 — 1 = b, and x2 — 3 = ¢, we obtain

/ e 00 (g + b)2=2(b + )2 dadbde
[0,00)?

< / e~ 0@t tH=4 40 dbde,
[0,00)3

which is finite because H < %. The other cases are simpler and can be handled
in a similar way. We can write

/ 6701179\127m3|$§H—2|$1 _ {E2|2H72d$1d$2d$3 — 9174HdH,
[0,00)3

where
dyg = / e TR 2H=2 g 12H 2 g dyd. (5.3)
[0,00)3

The integral in (53]) can be simplified as follows. First we make the change of
variables y — w, where w = y — x, and we obtain

o0 o0 o0
dg = / / / eﬂc*pﬁLw*z‘zQH*Q|w|2H72dwd:cdz
0 0 —x
o0 o0 o0
_ / / / e—(21+w—z)22H—2|w|2H—2dwdde
0 0 z—x

—|—/ / / e Fmw) 20 =21, 2H=2 Gy ez
0 0 —x

Integrating in z we get
dy = %/OO /OO e—2[(z—w)\/0]—(w—z)Z2H—2|w|2H—2dde
0 —o0

* o 2 —w) — ((—w ef(sz)Z2H72w2H72 wdz
+/0 /ﬂ)[( )~ ((—w) VO, 2" dud.

13



Therefore,

dy = %/OO /00 672[(z7w)\/0]7(w7z)Z2H72w2H72dde

l /OO /OO 67<z+w)22H72w2H72d’de
2Jo Jo

+/ / [(z —w)], e (W) G 2H =20 2H=2 11,
/ / ~(etw) 2H-1) 2H=2 g0y

dg = fu + <2H - %) T'(2H —1)% (5.4)

and we obtain

where

fu = / / (14 2z — w)e™ 7w 2H =20 2H=2 1y,
o Jo

Making the change-of-variables z — w = x yields

fu= / / (1+2)e " (w + z)*7 2w 2 dwdz.

Substituting the equality (w + x)?7=2 = m Jo T emstwtml=2Hae iy fy

we obtain

1 o0 o0 o0
fn = TE—7) / / / (14 z)e @~ EwHe) 2H=21=2H ge gy

(2H - 1)
—z—€xs2—4H
2—2H)/ / (1+=xz)e 13 dédx

_ T(2H — 1)I'(3 — 4H)

(1+£L‘) —x 4H de

I'2-2H) 0
T(2H — 1)I'(3 — 4H)T(4H — 2)
=4H -1 . 5.5
Finally from (54) and (B3] we get the desired result. O
Lemma 5.4 Let X; be given by (I.2). We have
T T
E / e—9<5—8>d3§1/ e DaBH | < Cp |t — P2, (5.6)
s t
and
E[X;X,] < 0?Coult — 5?72, (5.7)

for some constant Cyp g > 0.

14



Proof  Let us assume that s < t. We can write using ([2.2)

T T
E / e " =)qBf / e ?0qpH

s t

T T
= QH/ / 6—0(5—5)6—9(7]—15”5 _ 77|2H_2d§d77 _ aH(B{(Z‘\l) + B;?)),
t s

where

and

It is easy to see that By’ is bounded by Cg ge~

T T
B:g—‘l) — / / e*ﬁ(ffs)efe(nft)lg _ 7’]|2H72d§d7’]
t t

T t
Bg) _ / / 679(575)679(17715)% _ 7’]|2H72d§d7’].
t s

1) 0lt—s|

The second term can be

estimated as follows

t T—¢
B:(F2) _ / / 6—0(£—s+y+§—t)y2H—2dyd§
s Jt—¢&
T—s (T—y)At
_ / y2H_2dy/ 6_9(y+2£_s_t)d§
0 (t—y)Vs
1 (77 a2 (ty)vs—s—t) 2H-2
< _— —0(y —Y)Vs—s— -2y
= 29/, € Yy Y
L (77 oyrs—ty, 22 L7 oyts—t), 202
= — SOlyts—t) 2H-2g,, 4 — ~Olyto—t)y2H-2
2 J,_. e Y Y+ 20 J, e Y Y
T—s t—s
S 091H|t_8|2H—2/ 6_0(y+s_t)dy+09/ yZH—2dy
t—s 0

< Coult—sPH2.

This proves (0. The inequality (57) can be proved in a similar way (see also

2]).

O
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