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Abstract

We define zonal polynomials of quaternion matrix argument and deduce
some important formulae of zonal polynomials and hypergeometric functions
of quaternion matrix argument. As an application, we give the distributions
of the largest and smallest eigenvalues of a quaternion central Wishart matrix
W ~ QW (n,X), respectively.

1 INTRODUCTION

Zonal polynomials and hypergeometric functions of real (or complex) symmetric ma-
trices early introduced in [4] and [5] [6, [7] were used to study the density functions and
the distributions of eigenvalues of Wishart matrices. Now they are very useful tools
in the study of Multivariate Statistical Analysis. There are many ways of defining
zonal polynomials. Some of them have appeared in [4], [5] and [I0]. Muirhead’s defi-
nition of zonal polynomials of a real matrix argument is an axiomatic definition which
appeared in [9], involving partial differential operators. This definition is easier and
more convenient for practical use. Gross and Richards defined zonal polynomials of
a matrix argument over the division algebra F, including the real and complex fields,
and quaternion division by means of the representation of groups. Maybe the authors
thought there were some problems in their results, since they do not compute the
numerical presentations of C,(A) (A is a Hermitian quaternion matrix).

In this paper, we modify the definition of zonal polynomials of a real matrix ar-
gument given in [9] and define zonal polynomials of a quaternion matrix argument.
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Then we compute the presentations of C,(A). We also define quaternion hypergeo-
metric functions in terms of zonal polynomials of a quaternion matrix argument and
derive some useful formulas for quaternion hypergeometric functions. Using these re-
sults, we give the distributions of the largest and smallest eigenvalues of a quaternion
Wishart matrix W = AZA (ie., W ~ QW,,(n,X),n = m, A~ QN,um(0, I, ®X)).

The paper is organized as follows. §2 provides the preliminary tools for deriving our
results. The zonal polynomials and hypergeometric functions of a quaternion matrix
argument will be studied in §3 and §4, respectively. In the last section, we will give
the distributions of the largest and smallest eigenvalues.

2 PRELIMINARY

Following [13], let C and R denote the fields of complex and real numbers, respectively,
and let Q denote the quaternion division algebra over R, i.e., every a € QQ can be
expressed as a = ay + asi + asj + ask, where i, j, k satisfy the following relations

==k =1, ij=—ji=k jk=—kj=1iki=—ik=j.

Put o' = a; — asi — azj — ask and |ja| = (a'a)'/? = (a? + a2 + a2 + a2)'/?. Let
Rmxn Cmxn Q™™ denote the set of all m xn matrices over R, C and Q, respectively.
Any A € Q™™ can be written as A = (a;j)mxn = A1 + Aot + Asj + Ask, where
a;; € Q, and Ay, Ay, A3, Ay € R™*". Ay is the real part of A, denoted by Re A.
We also set Im (A) = A;, Jm (A) = A3z and Km (A) = Ay. Put A" = (afl)pum =
Al — Ayi — Ayj — Ayk. We say A is Hermitian if A = A. The eigenvalues of a
Hermitian matrix are all real. If the eigenvalues are all positive, then we say it is a
positive definite quaternion matrix.

Let tr () be the trace on Q™™ and put Retr (A) = tr (Re A) for A € Q"*". We
have

1
Retr (A) = St (A+ A"), Retr (AB) = Retr (BA), VA, Be Q™"

Moreover, if A = A7? € Q™" then Retr (A) = tr (A) = Y \,, where \(,...,\, are
s=1
the eigenvalues of A. Set ,S(n) = {A € Qm"| A¥ = A} and
Om) ={Ac QU A"A = AA" = 1.}, Vom ={Ac Q™" ATA=1,}.
Let A € men be A = Al +A22+A3]+A4k’ = (Al +A22)+(A3+A4Z)j = Bl +Bg]

B 192) (B = Ay — Agi, By = A — Ayi)

A has the complex representation A7 = | —-
By, B

and the real representations

A1 A2 Ag A4 A1 —A2 —Ag —A4
-A, A A A Ay A AL Ag

w

A= A A —ay | oA 4 A
—As A3 Ay A Ay —A3 Ay Ay
For A € Q™" denote by |A|, = det(A?) and |A|; = |A¥ A| the q-determinant
and double determinant of A, respectively; here | - | is the determinant of a square

quaternion matrix given in [I3]. We have |Af|; = |Al4 and |Al; = |A], (cf. [13]).
Moreover, we have



Lemma 2.1. Let A € Q"*".
(1) [A]7 = det(14) = det(24);

(2) Let A = THT, where T = (tij)nxn € Q"™ is an upper-triangular matriz with
ti >0,i=1,....,m. Then |A| =13, -- -2 .

Proof. (1) Set S, = (Al _A?’), Sy = (A2 _A4). Then by the proof of [8]

As Ay —Ay —A
Lemma 3.1],
2
|AJ7 = |A]Z = | det (j{‘; i ﬁjﬁ. _A“f”__ Af;%i) ' = det(Sy + Sai) det(Sy — i)
= det (Sl 520 s — ng‘) = det (_225532 _;512) .
Note that

25, —iS;) _ (2 SoS\ (1N _ (2 (S -S\ (1
—iS 351 ) —1) \—5 S 5] i) \S2 Si -5/
Sy S Sy =S
2 _ 1 D2\ 1 2\ _ _
So |A|5 = det (_S2 51) = det (52 s, ) = det(;A) = det(xA).
(2) We have [A| = |T|s = |T|, = det(T7) = det (
with T7, Ty € C™™ and T}, T5 have the form

I —T5

T Tl),whereT:Tl—l—Tg]

tll 0
X X
T, = O e ) Ty = O I )
ton 0
. . . v =1\ 9
respectively. A simple computation shows that det 7o )= ti -t O
2 1

Let X = X7 + X901 + ng + X4k € @mxn and Xl, XQ, X3, X, are m X n matri-
ces of functionally independent real variables. Define the volume of X as (dX) =
(dX1) N(dX2) AN(dX3) A(dXy), where (dX), s = 1,2,3,4, are defined in [§].

Lemma 2.2. X, Y € Q™" and Y = AXB where A € Q™™ and B € Q™" are
constant invertible matrices.

(1) We have (dY') = |Al2*|B|2™(dX);
(2) Suppose X € (S(m) and B = A". Then (dY) = |A]Z"1(dX).
Proof. (1) Let Y = AW and W = X B. Then dY = AdW, dW = dX B and

(dYy, dYy, dYy, dY))" = (A)(dWy, dW, dWg, dW;)
(AW, dWa, dWs, dW,) = (dX1,dXs,dX3,dX4)(1B).



Using the operator vec(-) (defined in [§, Definition 1.2]) to dX,, dY; and dWs, s =
1,...,4, we have

vec(dY) vec(dWr) vec(dWh) vec(dX)
vee(dYs) vec(dWs) vec(dWsy) , vee(dXy)
vec(dYs) | — (1@ A) vec(dWs) |7 | vec(aws) | — (LB ® 1) vee(dXs)
vec(dYy) vec(dWy) vec(dWy) vec(dXy)

vec(dY) vec(dXy)
vec(dYs) , vec(dXs)
vee(dYs) | — (1@ A)(B) ©T) vec(dX3)
vec(dYy) vec(dXy)

Thus by [8, Lemma 1.2] and Lemma 2]}
(dY) = [ A|"[2B™(dX) = |A["| B (dX).

(2) Since A is invertible, it follows from [I3] Theorem 4.3] that A is the product
of elementary quaternion matrices. Thus using the same method as in the proof of [§]
Theorem 1.20], we can get the assertion. 0

The following two lemmas, which come from [I, p37, p38], will be used in this
paper:

Lemma 2.3. X € ,S(m) with X > 0. Suppose X = THT, where T = (t;j)mxm €
Qm*™ 4s an upper-triangular matriz with real diagonal elements. Then

(dX) =2 [ e (@),

i=1

where (dT') = N\ d /\ /\d tst, t—tgt)+t(t)z+t(3)j+tstk s<t, t=1,....,m.
s=1 p=1s<t

Lemma 2.4. Let Z = H\T € Q"™ with Hy € ;V,,,, here T the upper triangular
matrix with positive diagonal elements. Then we have

Ht4(” DTy A (HdHY),

where (HEdH,) = N N\ hPdh, for H= (H|Hs) = (h1,. - ho|Bmsts - - B

s=11t=s+1
In this paper, we shall use the singularvalue decomposition (SVD) of a matrix in

QM as follows. Let A € Q™™ with rank A = r. Then there are U = (U;|Us) €
O0(m), V= (Vi|Vs) € ,O(n), with Uy € V.1, Vi €4V, such that

A=U <107 8) VH =U,DVH (1)

([13, Theorem 7.2]), where D = diag (A1, ..., A,) and Ay, ..., A, are the singular values
of A. If A € ,S(n) with rank A = r, then V' and V; can be taken as U and U, in ()
respectively.



Lemma 2.5. Let X € Q™" withrank X =n <m. Let X = UDVH with U € ,V,, .,
V e ,0(n) and D = diag (A1, ..., \,) (assume that \y > Ay > --- > X\, >0). Then
(1) (dX) = (27*) 7" [T(AF = A)* TT N 2(dD) AU dU) N(VHAV) for U #V;
j<i i=1

(2) (dX) = (2r?) " [1(N\; — \)*dD) AN(UHdU) form=mn and U =V,

1<

where (VHAV) = A\ vfldvs for V.= (vy---v,), (UHdU) = A\ ufdu, for U =
s<t s<t
(ulun)

Proof. The assertions can be found in [2] p241, p242]. But we must divide the volume
elements by (27%)" to normalize the arbitrary phases of elements in the first row of
U. O

Corollary 2.6. Let X = UDVH with X, U, D, V given in Lemma 2. Put Z =
XH"X. Then
(dX) =27 [[ A2 (dz) A (UM dU) = 27X |22 (dZ) A (U dU).
i=1
Recall that a quaternion variable X = X; + Xoi + X35 + Xyk ~ QN(0,1) if
Xy, X, X3, Xy iid. N(0, i) Thus X = (2ij)nxm € Q"™ is said to be the quaternion
normal matrix QN xm (0, I, ® I,) (or X ~ QN (0, L, @1,,)) if {xi;]i =1,...,n,j =
1,...,m} iid. to QN(0,1). It is easy to deduce that the density function of X ~
QNnXm(O> In 02y [m) is

2mn

F(X) = S exp(~2x (X11X)). (2)

By @) and Lemma 4] we can get

2m7.r2mn—m2+m 2m,ﬂ_2mn

vol (Vipn) = /V (H{'dH,) = — (3)

[1T(20 =2~ 1)) ~QL.(2n)

where QI'(a) = 7~ ﬁf(a —2(i—1)) (Re(a) >2(m—1)) (cf. (4.1) of []).

We call Y ~ QN,xm (i, [,@X) if Y = pu+X B where X ~ QN,xm (0, [,&1,,),2 =
BB is invertible. By Lemma 1] and ([{), we can write the density function of
Y ~ QN (pt, I, ® X) as follows:

22mn
7T2mn | » | 2n

Let W =YY we say W ~ QW,,,(n,2) (n = m), if Y ~ QN (0,1, @ X). W is
called the quaternion central Wishart matrix and the density function of W is

exp(Retr (=257 HY — M)H(Y — M))). (4)

22mn
QI (2n) |22

As applications of the theory of zonal polynomials of quaternion matrix argument,
we discuss the distributions of the maximum and the minimum eigenvalues of W,
respectively, in the last section.

exp(Retr (=22~ 'W)) (W |2r—2mtL, (5)



3 ZONAL POLYNOMIAL FOR QUATERNION
MATRIX

The zonal polynomials of a Hermitian matrix are defined in terms of partitions of
positive integers. Let k£ be a positive integer; a partition s of k is written as k =
(k1, ko, -+ +), where > . k; = k, with the convention, unless otherwise stated, that k; >
ky > ---, where ki, ko, --- are non-negative integers. And if k = (ky, ks, --) and
A= (l1,1la, ) are two partitions of k, we will write k > X if k; > [; for the first index
¢ for which the parts are unequal.

Definition 3.1. LetY € ,S(m) with eigenvalues yi, ya, . . ., Ym and let & = (ky, ko, - --)
be a partition of k into not more than m parts. The zonal polynomial of Y correspond-
ing to k, denoted by C.(Y) (in this paper, we use the symbol Cy(Y') to denote the
zonal polynomials of Hermitian quaternion matrices for notational simplicity) is a
symmetric homogeneous polynomial of degree k in the latent roots vy, . . ., Ym such that:

(i) The term of highest weight in Ci(Y') is yi*,---  yFm, that is,
Co(Y) = duyy -y + terms of lower weight (6)
where d,, is a constant.

(il) C(Y) is an eigenfunction of the differential operator Ay given by

M=t ed Y D @)

i=1 j=1,j7#i —Y ayl

(iii) As k wvaries over all partitions of k, the zonal polynomials have unit coefficients
in the expansion of (trY)*, that is

(trY) =ttty =D CulY). (8)

By the way, if we replace (i) by (i) :
(i3) C,(Y) is an eigenfunction of the differential operator Ay given by

A=Yty 3 2

i=1 j=1,j#1

(9)

y] 8%

Then the conditions (i), (i) and (i) define zonal polynomials for Hermitian com-
plex matrices. We can verify this definition of zonal polynomials is just coincide with
the definition of zonal polynomials for Hermitian complex matrices in [6].

By using the same method as in the proof of [9, Theorem 7.2.2], we can obtain the
following:

Lemma 3.2. The zonal polynomial C(Y') corresponding to the partition k = (k1, ko, . .
of k satisfies the partial differential equation

AyColY) = [pe + k(dm — D]Cy(Y) (10)

6

k)



where Ay is given by (7) and

i=1
If K = (ki,ko,..., k), the monomial symmetric function of yi, s, ...,y corre-

sponding to k is defined as M, = yfl oykm 4 symmetric terms. For example,

M(Y)=wy+-+ym, MY)=yi+-+y,, Ma)=> vy
i<j
and so on.
When k=1, Cpy =trY =y + - + ym by (8).
When k = 2, there is two partitions (1, 1), (2,0) by definition Bl and Lemma [3.2]
so we have following equations,

Ca) =d@yMo)(Y) + BMu1)(Y) (12)
Can =2 = B)Mau(Y) (13)
AyCip(Y) =(8m — 6)Cx(Y) (14)

We have d(z) = 1 from above, since Cs) + C1,1) = (trY)2. Also we can verify

Ay Mp)(Y) =(8m — 6)Mz)(Y) + 8M11)(Y) (15)
Ay M (Y) =(8m — 12)Mu1y(Y). (16)

4
By means of (15), (16) and (14), we have 3 = 3 by the following equation,

(8m—06) (M) (Y)+8Mu1)(Y)) = (8m—6) M) (Y)+8Mu 1) (Y)+(8m—12)3M 1) (Y).

Then the two zonal polynomials for Hermitian quaternion matrices in the case k = 2
are

2
gM(lvl) (Y>

Now we consider the case k = 3. We have three partitions (3),(2,1), (1,1, 1) when
k = 3. Thus,

4
Cla) = M) (Y)+ gM(l,l)(Y>7 Can =

Cia) =M (Y) + BMe)(Y) + 7M1 (Y)
Can) =(3 — ﬁ)M(z,l)(Y) + (5M(1,1,1)(Y)
C'(1,1,1) :(6 -7 = 5)M(1,1,1)(Y).

Since

Ay M, (Y) (12m - 14)M( y(Y) 4+ 24M11)(Y)
Ay Maan(Y) =12(m — 2)Mu 1,1y(Y),

it follows from Lemma that

AyO(g)(Y) = (12m — 6)0(3)(Y), AyO(Zl)(Y) = (12m — 14)0(2,1)(}/).

7



3
From the above equations, we can deduce that § = 5 v =2, 6 = —. Therefore,

we have three zonal polynomials for Hermitian quaternion matrices when k£ = 3 as
follows:

3
Cp(Y) =M@ (Y) + 5 My (Y) +2Mau11H(Y)

2
3 18
C'(2,1)(Y) :5 (2,1)(Y) + 5 (1,1,1)(Y)
2
Caain(Y) ZgM(m,l)(Y).

In general, let x be a partition of k. Then C,(Y) can be expressed in terms of
monomial symmetric functions as

CK(Y) = Z C(/@,A)M()\) (Y)

A<k

By Lemma 3.2, we obtain that the coefficients ¢, 1) are determined by the following
equation:
3 Al + 1) = (; = t)]

Pr — Px

Clr,m)s (17)

ClrN) =

A<k

where p, = > ki(k; —40), A= (l1,.. ., L) and p = (Iy, .., L+, .. —t,...1,) for
i=1

t =1,---,l; such that, when the parts of the partition p are arranged in descending
order, p is above A and below or equal to k. The summation in () is over all such
1, including possibly, non—descending ones, and any empty sum is taken to be zero.
For example, when k = 4, we have five partitions (4), (3,1), (2,2),(2,1,1),(1,1,1,1).
Then the zonal polynomial C4(Y') has the form
Ciay(Y) =My (Y) + cayn My (V) + ¢y 22 My (Y)
+ 0(4),(2,1,1)M(2,1,1)(Y) + 0(4),(1,1,1,1)M(1,1,1,1)(Y)-

By (11), we have

pa) =0, pa1y = —10, pe2 = —16, pre11) = —22, pai11 = —36.

4 x4 8
Let K = (4), A = (3,1). Then by (ID), cuz1y = 1XO x 1= T The coefficient
C(4),(2,2) comes from the partitions (3, 1), (4), so
4x2 8 4x4 9
cwes = g Xt g =5

Since the coefficient c(),(2,1,1) comes from the partitions (3, 1,0), (3,0, 1),(2,2,0),

4x3 8 4x2 9 12
Ca),(2,1,1) = 2 X 5 XE+ % ngg'

Noting that the coeflicient c(4)(1,1,1,1) comes from the partitions (2,0,1,1), (2,1,0,1),
(2,1,1,0), (1,2,1,0), (1,2,0,1), (1,1,2,0), we have

4x2 12 16

C(a),(1,1,1,1) = 6 % T =T




We list the coefficients of M,(Y') in C,(Y) for quaternion matrix Y in the Table.
We see that these coefficients are different from these in the real cases given in [9]
p238].

Table: Coefficients of monomial symmetric functions M, (Y') in Cy(Y)

k=2,
A
| (2) (11
k(2 | 1 4/3
11| o 2/3
k=3,
A
| (3,0) (21) (1L,L1)
G0 | 1 372 2
o1 | o 32 185
1Lyl o 0 25
k=4,
A
4) (31) (22) (21,1) (1,1,1,1)
@) 1 8/5 9/5 12/5  16/5
31) | 0 12/5 16/5 104/15  64/5
Y22 o o0 1 4/3 16/5
211 |0 0o 0  4/3 327
1110 0 0 0 8/35
k=5,
A
(5) (4,1) (32) (3,1,1) (221) (21,1,1) (1,1,1,1,1)
(5) 1 573 2  8/3 3 4 16/3
(41) | 0 10/3 5 220/21 90/7  160/7  800/21
32 |0 o 3 1 26,3 16 32
"o@31L1) |0 0 0 207 80/21 857 200/7
221 |0 0 0 0 5/3 4 80,7
2111) |0 0 0 0 0 1 40/9
(LLLLD ] 0 0 0 0 0 0 8/63

Let X be an m x m positive definite quaternion matrix and put
(ds)? = Retr (X 'dX X 'dX) (18)

where dX = (dz;;)mxm. This is a differential form and is invariant under the trans-
formation X — LXLY, here L € Q™™ is invertible. For then dX — LdXLY, so
that

Retr (X 'dX X 'dX) — Retr (LXL") ' LdX L (LX L") ' LaX L")
= Retr (X 'dX X 'dX).



Put n = 2m? — m, let « be the n x 1 vector

x = (211, Re 2, ..., Rexm, Taa, ..., R Zop, - o, T, Im 10, .., IM 2y 41,
!/
Jmaye, ..., Jmx, o1, Kmayg, ..o, Kma, 1)
For notational convenience, relabel x as (z1,...,x,). Similar to the real case, we have

(ds)? = Retr (X 'dX X 'dX) = d2’G(z)dx

where G(z) is an n x n nonsingular symmetric matrix. Define the differential operator
A% as

A% = det G(x 1/220 {detG 1/229 a]
X, T,

where Gla)? = (o)), Let 3 =

0

a !
—,--+,—— |, then we can write A% as
Oxy ' 8%) *

A% :detG(x)_l/Q(%)[detG( Y26 ()~ ai} (19)

which is invariant under the transformation X — LXLH (L € Q™™ is invertible),
ie, A =A% o iu-

The proofs of the above assertions are just the same as in [9, p240] and we do
not show them here. Consider the positive definite quaternion matrix X = HY H,
H e ,O(m), Y = diag (y1,...,Ym). In terms of H and Y, the invariant differential

form (ds)? given by (I8) can be written as

(ds)? = Retr (X 'dX X 1dX)
= Retr( ‘ldYY‘ldY) — 2Retr (dOY 1dOY 1) + 2Retr (dOdO)

Z dy’ —2 Z ((Imdb;;)* + (Jmdby;)* + (Kmdb;;)?)
i=1 Z i=1
Y7+
+2)° vty ((Redby;)* + (Im db;;)* + (Jm db;;)* + (Km db;;)?)
YilYj

1<j

=1
— 4 ((Redf;;)* + (Imdf;;)* + (Jm df;)* + (Km df;;)?)
1<J
:Z@€+Qj (R dd)? + (1 dby)? + (m iy + (K )
=1 yi i<j yzy]
dy
Re df
= ((dy)" (Redh)" (Imdh)" (Jmdh) (Kmdf)G(y) | Imdb
Jm db
Km do

10



where d© = (d@]) = HHdH = —dHHH, dy = (dyla dyQa ST dym),> and

Redf =(Redbi, Redbys, ..., Redfy 1), Imdd = (Imdbo, Imdbys, ..., Tmdby,_1.,)
Jmdf =(Jmdby, Jmdbys, ..., Jmdb,_1 ), Kmdd = (Kmdbyy, Kmdbys, ..., Kmdb,_1,,).

Therefore G(y) has the form

B 0
Aqo
Am—l,m
where
Q(yi - ?/j)2
YilY; )
_ . - YilYj
b= R A 2(y; — y;)?
Yrm YiY;j )
Q(yi - ?/j)
Yily;

o o0 o0 0 0
dy’ ORO’ 019’ 0J0° OKO’

o\ T O\
% %
OR0 OR0
ﬁ IGy)|'"*Gy) ! ﬁ
10 01

0K0 L oK/ |

In terms of (I9) and — the operator A% can be expressed as

A?{ = ;{YHH = \G(y)|‘”2

( o o0 0 0
JORO’ 0I0° 0J0° OK0

is,

are the derivation of Ref,Im 6, Jm 0, Km 6 respectively), that

m m

A =Ahypr = Zyz Oy yj 5yz

B 1 - yzy] 0? 0? 0? 0?
2m) Zyl "3 2; (0392 o165 "+ 0705 T OK63

yzyj 0? 0? 0? 0? )
—Ay + (3—2m)Ey + — ( + +
Z ORGZ 0167, T 0J6% | DK,

=1 j= lj;éz

11



o 0 9 0?
dy; ORO2™ 0162 0J6% 0K 62
second derivation of Red, Im#, Jm@, Km 6, respectively. It follows from EyC.(Y) =
kEC,.(Y) and the above equation that

A}CE(X) - A;IYHH Cy (Y)

where Ay is given in Definition B, Ey = > y; is the
i=1

1 m Yy 62 62 62 62
= A —2m)By + '
v+ (3 =2m)By + 5 ; (i — y5)? <6R9i2j o1 " 01w T OKe -

= [pu + k(4m — 1) + (3 — 2m)K]C(Y)
= [pn + 2k(m + 1)]C(X).

In fact, we could have defined the zonal polynomial Cy(X) for X > 0 in terms of
the operator A% rather than Ay. Here the definition would be that C(X) (= C,(Y))
is a symmetric homogeneous polynomial of degree k in the latent roots yi, -+, ym
of X satisfying conditions (i) and (iii) of definition Bl and such that C.(X) is an
eigenfunction of the differential operator A%. The eigenvalue of A% corresponding
to C.(X) is, from the above equation, equal to [p, + 2k(m + 1)]. This defines the
zonal polynomials for the positive definite quaternion matrix X, and since they are
polynomials in the latent roots of X their definition can be extended to an arbitrary
Hermitian quaternion matrix and then to a non-Hermitian quaternion matrix by using
Co(XY) = Cu(XY2Y X'Y2) (X is a positive definite matrix and Y is a Hermitian
matrix).

Theorem 3.3. Let X, Xy € ,S(m) with Xy positive definite. Then

Cr(X1)Cr(X2)
Cullm)

/ Co( X \HX,H?)(dH) =
40(m)

where (dH) is the normalized invariant measure on ,O(m).
Proof. Let
fo(Xo) = / C.(X1HX,H™)(dH).
qO(m)
It is easy to verify f.(X5) = f.(UX,UH), U € ,0(m) so that f,.(X,) is a symmetric
function of Xjy; in fact, a symmetric homogeneous polynomial of degree k. Set L =
Xll/ °H and suppose X > 0. Then by use of the invariance of A%, , we have

A%, fo(Xo) = / ( )A}QC’K(XlHXQHH)(dH)
qO(m

_ / A, Cu( XV H X HY X)) (dH)
qO(m)

_ / A, Cu( LX, LT (dH) = / A% o Co(LXo L) (dH)
40(m) q0(m)

= [px +2k(m + 1)] fc(X2)

Then f.(X2) must be a multiple of the zonal polynomial Cy(X3), ie., fu(X2) =

C.(X .
MCi(X3). Put Xy = I, then \, = - ((1_ 1)). Finally, we get the result by ana-

lytic continuation. 0
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Theorem plays a vital role in the next evaluation of many integrals involving
zonal polynomials.

Let QI'y,(a) = / etr (—A)|A|*?™*1(dA) be the quaternion I'-function given in
A>0

[3] and then QI',,(a) = 7"V [] 'l — 2(5 — 1)], Rea > 2(n —1). Set
j=1

QI (a, k) = 7"~D HF[a +k;i—2(—-1)], Rea>2(n—1)—k,,

Jj=1

where k = (ki,...,k,) is a partition of the integer k: k = ki + ko + -+ + kp, k1 =
n FTL 9

ky > -+ >k, > 0. Then we have (a), £ [[(v —2(j — 1)), = M, where
=1 Qr'(a)

(a);=ala+1)---(a+j—1).

Lemma 3.4. Let A = (aij)mxm € ¢S(m) with eigenvalues Ay, . .., Ay, (are all real). Put

r = Z)\Z’,T’QZZ)\Z')\]', SN Tm:)\l"')\m andtrk(A) = Z detAiM-Q...ik,
i=1 i<j 1<iy <ig<---<ip<m
where A;, ... denotes the k x k matriz formed from A by deleting all but the
i1, ..., ixth rows and columns. Then r; = tr j(A).
Proof. We have P(\) = |A — X,,| = S (=N frp_x(M, .., A\n). We also can get
k=0

|A — X,| = S (=A\)*tr,,_x(A) by the definition of the determinant of a quaternion
k=0
matrix given in [I3]. The assertion follows. O
Lemma 3.5. Let Y = diag (y1,y2, - . -, Ym) be a real diagonal matriz and X = () mxm
be a m X m positive definite quaternion matrix. Then
3
| X | terms of lower weight,

<ZE11 5512)
To1 T22

(20)
where k = (k1,- -+ ,km), dy is the coefficient of the term of highest weight in Cy(-).

If Z = diag (21, 22, - . ., ) s a real diagonal matriz and Y = (Yij)mxm 1S @ m X m
positive definite quaternion matriz, then

ko—k
Co(XY) =dytt - ykmali ™

k'm72_km71
CelY 712) =dyzfr o 2hylp | (y y”) | ey
Y21 Y22

+ terms of lower weight,
where k = (k1, ..., k), d. is the coefficient of the term of highest weight in C\(-).
Proof. Let A € ,S(m) and ay, ..., a,, be its real eigenvalues. Then

Co(A) =d.ai" - - - afm + terms of lower weight

:dna]fl_b(alag)krkg’ o (arag - - - am)*™ + terms of lower weight

m m

:dn(z ai)kl_kQ (Z aiaj)k2_k3 ce (a1a2 - 'am)km + symmetric terms
i=1 i<j

k1—ko ko—ks .

=d,ry' "y TP symmetric terms.

13



On the other hand, by Lemma [3.4]

Co(A) =d,tr (A Rty o (A)2Fs otr (A) 4 symmetric terms

app apg\|2ks
a21 QA2

Set A= XY, a;; = z;;y;. We have

T11 L12
To1 X22

Similarly, we can get the second assertion. O

_ k1—k2

ko—k3

Co(XY) =dyit - -yhmaly* — | X|Fm 4 terms of lower weight.

Let A = Ay + Agi + Azj + Ask € Q™ ™ and put re(A) = Ay + At + Azj. Let
®,, ={T € ,S(m)|re(T) > 0}. ®,, is called the generalized right half plane.

Theorem 3.6. Let Z € &, and Y € ,S(m). Then
/ etr (—X Z)|X|**"MC(XY)(dX) = (a).QT(a)| Z| *C(Y Z71),
X>0

for Re(a) > 2(m —1) and

(_1)k@rm(a)
(—a+2m —1),

/ otr (=X Z)|X |20 (X 1Y) (dX) = 1Z| - C(Y 2)
X>0

for Re(a) > 2(m — 1) + ki, where we set C,, =1 and (a), = 1 when k= (0).

Proof. ¥or Z = I,,,, we should prove the following equation

/X e (—X)|X[*=2 10 (XY )(dX) = (). QT (a)Ciu(Y).

Lot f(V) = / etr (—X)|X[* 2™ O (XY)(dX) and put S = HEXH, H € ,0(m).
X>0
Then (dS) = (dX) and

f(HY HY) = / etr (—X)| X" MO (XHY H?)(dX)

X>0

:/ etr (—=S9)|S|* ™ C(SY)(dS) = f(Y)
>0
and hence

FOV)(dH) = / JHY B )(dH)

qO(m)

etr (—X)| X |*2m+! / Co(XHY H?)(dH)(dX)

X>0 70(m)
— . etr (—X) |X\a-2m+1—0”(c)22)(y) (dX)
_ Cli Y)
~ Im>f(lm>
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Since f(Y') is a symmetric homogeneous polynomial in the latent of Y, it can be
assumed without loss of generality that YV is diagonal, Y = diag (y1, ..., Ym), using (i)

L, :
of Definition Bl f(Y) = CJj(([ >) dayit - yfm oo since

f(Y) :/ etr (—X)|X\“_2m+ld,{yfl . -yfnmx
X>0

T11 T2
To1 T2

Put X = THT, where T is a upper triangular with positive diagonal elements. Then

m
11 Ti2 ) _ 2
= tag, ‘X| - | |tn'

To1 T22 ey

kg—
k1—k
xr b 2

ks )
11 |X‘ m(dX)‘

m
_ E H _ 42
tr X = tijtija T11 = tll’
i<j

(Lemma 2711 (2)). By Lemma 23]

) = /X e ( _ ztgtm) T2 ol
> i=1

1<j
m m m
2k; ym 4m—4i+1
i=1 =1 i<j

:dl/iylfl o yfnmwm(m_l) H
=1
QI (a

=dyy" -y (a), )+

By comparing the coefficients of the two expressions of f(Y), we have =

(a),Ql,,(a).
When Z > 0, let V = Z/2X Z'2. Then (dV) = |Z]?"*(dX) and

/ otr (—X Z)(det X)L (XY (dX)
X>0
:\Z\q—a/ etr (=Z PV ZVR) V[P OV ZT RY 272 (aV)
X>0

p / ot (= V)|V |"=2m+1 0, (V 212y Z-12) (V)
X>0
=|Z|,;%(a)xQlp (a)Cr(YZ ).

Finally, by analytic continuation, we get the result on ®,, since the left—side of the
integrations in the theorem is absolutely convergent in ®,,. O

Definition 3.7. If f(X) is a function of the positive definite m xm quaternion matriz
X, the Laplace transform of f(X) is defined to be

9(7) = L(F(X)) = /X et (X 2)f(X)(dX)

which is absolutely convergent for Z € ®,,. Note that L(-) is one to one for Z—P € ®,,
where P is a complex positive definite matriz (cf. [3]).

15



Theorem 3.8. Let Y € ,S(m). Then

a=2m+1|7 _ y|b—2m+1 _ QL' (a, £)QL'n ()
/0<X<Im |.X| |l — X]| Cu(XY)(dX) QT (a + b, 1) C.(Y)

for Re(a) > 2(m — 1), Re(b) > 2(m — 1) and

a—2m b—2m - _ Qrm(a7 _Ii)@rm(b)
/X X[ - X[ (XY ) (dX) = S ey y)

for Re(a) > 2(m — 1) + ki, Re (b) > 2(m — 1).

Proof. Let f(Y) = / | X |72 — X P72 OL(XY) (dX). Tt is easy to check
0<X<Im
that f(Y) = f(HYH®), H € ,0(m) and f(Y)Cy(In) = f(I,)Ca(Y) by Theorem
Take Z = I,, and Y = I,,, in Theorem B.6. Then
1,)C. (W
/ etr (—W)‘W‘a+b_2m+lf(W)(dW) :/ etr (_W)‘W‘a—i-b—Qm—i-l f( )C ( )
W>0 W>0 CH(Im)

f(In)
Cr(tm)

=f(I1,)Ql,(a + b, k).

(W)

QL' (a+b,k)Cyu(1)

Set X = W-Y2UW Y2, Then
/ et (W) [ W |52 () (W)
W>0

— / etr (—W)‘W‘a+b_2m+l / ‘X|a—2m+1|] o X‘b_2m+1CH(XW)(dX)(dW)
W=>0

0<X<Im

= / etr (—W)\W\“er—zmﬂ/ |U]e2m Ly |ambrm=2 gy jb-2mel
W>0 0<U<W

x Co(WY2UW V3 |W 12 (dU ) (dW)
= /U Oetr (-V — U)/ \U|e=2m v |2 O (U (dV) (dU) (for V=W — U)

V>0

— / etr (—U)|U|*"*C.(U)(dU) / etr (V) |V|P 2 (aV)
U>0 V>0
= QI')(a, k)QL,, (b)Cyk(1y,).

- QL' (a, £) QL (b)
S0 f(Im) = QI').(a + b, k)

Corollary 3.9. IfY € ,S(m), then

Cy(I,) and hence f(Y) = Q?an‘(a&;:_@;z;b)

C.(Y). O

(a)n @Fm(a)@rm@m - 1)

a+2m—1), QI,(a+2m-—1) CulY)

[ e xyx) -
0<X<Im (

where Re (a) > 2(m — 1), and k = (k1, ka, ..., k).

16



4 HYPERGEOMETRIC FUNCTION FOR QUATER-
NION MATRIX

Definition 4.1. The hypergeometric functions of a Hermitian quaternion matriz ar-
gument are given by

ORI WY e e S

k=0 &

where Y denotes summation over all partitions k = (ki,... . ky), k1 = -+ =k, >0
of k and X € ,S(m).

Remark 4.2. We have the special case oFo(A) = etr A for A € ,S(m). From [3], we
have

(1) If p < q, then the hypergeometric series (21) converges absolutely for all X;

(2) If p=q+ 1, then the series (21) converges absolutely for || X|| < 1 and diverges
for [ X1 >1;

(3) If p > q, then the series (21) diverges unless it terminates.

Definition 4.3. The hypergeometric functions of Hermitian quaternion matrices X,
Y are given by

N ' . B > (@1)r - (ap)x )
pbo" (ar, o ap; by, by XY = ZZ (01)r -+ (bg)w  Crc(Lm)k!

k=0 &k
By Theorem B3] we have

Theorem 4.4. If X, Y € ,S(m) with X > 0, then
/ oy (ar, - ap; by, by XHY HTY(AH) = ,F, (ay, -+ ,ap;b1, -+ by X, Y).
qO(m)

By Theorem [B.6], we also have

Theorem 4.5. Let Z € ,S(m) and suppose p < q, Re(a) > 2(m —1). Then
| et (X2 et Xy, by X)(X)
X>0
= QL (a)(det Z2) i1 Fylar, -+ ap,asbr, -+ by Z7)
and

/ etr (=X Z)(det X)* > F™(ay, -+ ,ap; by, -+ by X, Y)(dX)
X>0
= QI (a)(det 2) i ™ (a1, -+ s ap, a; by, by Z71Y)

for all Z € ®,, when p < q and for ||[re (Z)]7!|| < 1 when p =q.
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Corollary 4.6. Let Z € ,S(m) with || Z|| < 1 and Re (a) > 2(m—1). ThenFy(a; Z) =
|, — Z|~“.

Proof. Assume that 0 < Z < I,,,. By Theorem [.5]
/ etr (—XZ 1) X|* ™ etr (X)(dX) = QL' (a)| Z|"1 Fo(a, Z).
X>0
Let X = ZY2UZ"Y2 then (dX) = |Z|*"1(dU) by Lemma 2.2 (2) and hence
/ et (— X Z~1) [ X |2+ ety (X)(dX)
X>0
:/ etr (X (I — Z71))|X|* 2?1 (dX)
X>0
:|Z|“/ otr (—U(I — 2))|U]* 2™+ ().
U>0
Put P = (I — Z)2U(I — Z)"/2. Then
/ otr (—~U(I — 2))|U]" 2+ ()
U>0
:/ |] o Z|_a+2m_1‘P|a_2m+letI‘ (_P)u o Z‘—2m+1(dP)
P>0

=|I — Z|7*QI',,(a).
Finally, we have 1Fy(a; Z) = |1, — Z|~® for Z € ,S(m) with || Z|| < 1, by analytic

continuity. O

Theorem 4.7. Let X € Q™" (m < n) and H = (Hy|Hs) € ,0(n), Hi € (Vipn-

Then oFy(2n,4X X)) = / exp(4Retr (X Hy))(dH).
q0(n)

Proof. We use the same method as in the proof of [9, Theorem 7.4.1]. Assume that

rank X = m. Applying the Laplace transform to | X|2"~>"+! / exp(4Retr (X Hy))(dH)
q0(n)
and | X |22 Fy(2n,4X X ), respectively, we have

a(Z) = / etr (=X X" Z)| X|2n—2m / exp(4Retr (X Hy))(dH)(dX XH)
XXH>0 40(n)

9,(Z) = / etr (XX Z)| X220 Fy (20, AX X T (dX X,
XXH>0
Since (dX) = 2_m\X|2”_2m+1(dXXH)(UlHdUl), it follows that
QL' ( "
g(Z) = ——— etr (—X X" Z)exp(4Retr (X Hy))(dH)(dX).
T X xH>0J ,0(n)

Let Z >0 and put X = Z~'/2Y. Then (dX) = |Z|;"(dY) and hence
QL (
‘Z‘n,ﬂ—an

_Qr,
12|y

a(Z) = / / otr 20V HiZ-V2 4 Z2-V2HFYH) — Y H)(dH)(dY)
YYH>0J,0(n)

Qn(20) gz / / etr (—(Y — 227 2HI)(Y — 2272 HE) ) (dH)(dY).
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1
Note s etr (—(Y—2Z712HH) (Y —227' 2 HT)H) is the density function of QN (222 H,

21, ® I,). Thus g/(Z) = QL' (2n)| Z| [ etr (4271).
On the other hand, by Theorem

9,(Z) =QI',,,(2n) det(Z) 2" Fy(2n, 2n,4271)
=QI'(2n)|Z] "0 Fo(4271)
=QI',, (2n)| Z| "etr (4Z71).

Then g,(2) = g.(%), ¥ Z € ¥, by analytic continuation. O

5 THE DISTRIBUTION OF EIGENVALUES

The joint density function of the eigenvalues of complex central Wishart matrix is
given in [12] and its distribution of the maximum and the minimum eigenvalues is
shown in [I1]. In this section, we generalize some results in [I1, 12] to the quaternion

cases.

Let W = AA" ~ QW,,(n,¥) (n > m), A ~ QN(0,I, ® ). The density

function of W is given by ([@). Let W = VDV, Then (dW) = (273 [[(\i —
i<j

) (dD) A(VHdV) by Lemma 25 Then the differential form of the density of W is

22mn

W exp(Retr (_22_1W))‘W‘2n_2m+1(27{'2>_m H()‘Z B )\j)4(dD) /\(VHCZV).

1<J

Integrating the above equation on (V#dV'), by Theorem 4] we have

22mn

or @ P (Ren (25 WPt eat)  [TOw - vp) @) v av)

1<J
2m,ﬂ_2m2—2m 22mn m

T QL(2m)[E2r J QL. (2n)

22mn7r2m2 —2m

= @F (Qm)(@r (271)‘2‘2"0F0(_22_17D>|D|2n_2m+1 H()‘Z o )\])4(d_D)

exp(Retr (257" W))[W > TT(A = A)*(dD) \(dV)

1<j

m

1<J

which gives the joint density of the eigenvalues. When ¥ = ¢21,,, the joint density of
the eigenvalues of W is

22mn,ﬂ_2m2—2m m
‘D‘2n—2m+1 H(}\ - )\ eXp < Z)\) )
2|2nm
QL' (2m)QIy, (20)]0?| i

Let W ~ QWp,(n,X)(n > m) and A be a m x m positive definite quaternion
matrix. We will present the distributions of P(W > A) and P(W < A) as follows
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Theorem 5.1. Let W and A be as above. Then
22mnQr,, (2m —1) |A
Q' (2n 4 2m — 1) |X]2»

PW < A) = —1F1(2n,2n+2m — 1, -257'A)

m(2n—2m+1)

P(W > A) = Z Z 22 ) etr (—2X7TA),

where /Z\ denotes summation over the partitions k = (ki,...,kn) of k with ky <
2n —2m + 1.
Proof. By means of the density function of W in (), we have

o2mn
QU (2n)[ X[
Let W = AY2XAY2 Then (dW) = |A|*™~'dX. By Corollary B9, we get that
P(W <A)=P(X <)

22mn
QL. 2n)EP
B 22mn |A‘2n
QT (2n) ]2
R A = Cr(—2A257 A2 X)
a Ql'\(2n) |Z[2 /0<X<I 5= [n|—k k!

2w AP i Z QI (2n)QI,, (2m — 1) O (—2%71A) (2n),

- QT',,(2n) \2\%@“'% @F2n+2m—1) k! (2n +2m — 1),
_22mQr,,(2m — 1) [A]P
C QI,(2n+2m —1) |20

PW < A) = / exp(Retr (=257 W)|[W [2=2m L (dW)
0<W<A

/ eXp(Retr (—QZ_lAl/QXAl/Q)|A‘2n_2m+1|X‘2n_2m+1‘A|2m_l(dX)
0<X<I

/ etr (—22_1A1/2XA1/2))|X‘2n_2m+l(dX)
o< X<I

‘X|2n—2m+l (dX)

1Fi(2n,2n +2m — 1, 2% 1A).

Note that
22mn
P A s t _22—1 2n—2m+1 d )
OV > 8) = G Ty, 472 W P2 )
Put W = AY2(I + X)A'Y2. Then dW = |A|*"~!(dX) and so
P(W > A)
22mn‘A|2n -1 —1A1/2 1/2 2n—2m+1
— OF,. (2[5 etr (—2X "A)etr (25 AVEXAYH) T + X| (dX)
m X>0
22mn‘A|2n

= etr (=22 TA) x etr (=28 TAV2Z X AL/?
QT (2n) [P /X ( ) et ( )

% ‘] + X_1‘2n_2m+1|X‘2n_2m+1(dX).
Since

[+ X2t = Fy(=2n+2m — 1, - X1
m(2n—2m+1) ___

(2n —2m + 1)],.Cu(X 1) (=1)*
_ Z Z +/3;]v (X7H(=1)
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by Corollary 6] it follows from Theorem that

/ etr (—22_1A)etr (—22_1A1/2XA1/2)|I + X_l|2n_2m+1‘X|2n_2m+1(dX)
X>0

m(2n—2m+1) ___

_ Z Z 2n+2m—1]

% / etr (_22—1A1/2XA1/2)|X‘2n—2m+1CK(X—1)(dX)
X>0

m(2n—2m+1) ___

F m( 2
> Z Qlon (20) 5 17251 A2 200 (251 ),
k=0
Therefore, we obtain the result. O

Corollary 5.2. Let W ~ QW,,(n,X) (n = m) and let Apax and Ain be the largest
and smallest eigenvalue of W respectively. Then distribution of Amax (7€SP. Amin) S
given by

QL (2m —1) a2mn
Qr,, (2n+2m—1)|2|2”

m(2n—2m+1) ___

PAuin > 1) = Z Z 2;172 etr (—2z%7h). (25)

P(Amax < T) = 1Fi(2n,2n 4+ 2m — 1, =222 1) (24)

The density of Amax (7€Sp. Amin) is obtained by differentiating (24) (resp. (23)) with

respect to x.

Proof. The inequality Apax < @ (resp. Amin > @) is equivalent to W < x1,, (resp.
W > x1,,). The assertions follow by taking A = x1I,, in Theorem G.11 O
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