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Abstract

We consider some graph type hypersurfaces in a semi-Euclidean space Rn+1
q and

give conditions of the dimension n + 1 and the index q when a hypersurface is

lightlike, totally geodesic and minimal.
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1. Introduction

The theory of submanifolds is one of the most important topics of differential ge-

ometry. While the geometry of Riemannian or semi-riemannian (i.e., non-degenerate)

submanifolds is fully developed, the study of lightlike (i.e., degenerate) submanifolds is

relatively new and in a developing stage (see [2]). A typical example of lightlike subman-

ifold is the lightcone in R3
1, and the surface of revolution with degenerate metric in R3

1 is

the ligtcone. This fact indicates that non-trivial lightlike submanifolds will be given in

Rnq of higher dimension n and greater index q.

The purpose of this paper is to consider a lightlike hypersurface M in Rnq under the

condition that M is “graph type”, i.e., M is locally defined by a function of coordinats

of Rnq .
AMS subject classifications. Primary 53B25, Secondary 53B99.
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After preliminaries of section 2, in section 3, we consider the lightcone of R3
1. Section

4 is devoted to study graph type lightlike hypersurfaces in Rn+1
q . In section 5, we consider

non-degenerate graph type hypersurfaces in Rn+1
q using a similar technique of section 4.

The authors would like to express their gratitute to referee for his useful advice.

2. Preliminaries

Let Rn+1
q be the (n+1)-dimensional semi-Euclidean space of index q with the natural

metric g. So, for x = (x1, . . . , xn+1) ∈ Rn+1
q , g(x, x) = −

∑q
i=1(x

i)2 +
∑n+1

j=q+1(xj)2. By

∇, we denote the covariant derivative of Rn+1
q given by g.

We consider a hypersurface M of Rn+1
q with the metric g induced by g.

When g is non-degenerate, a function B : X(M)× X(M)→ X(M)⊥ such that

B(X, Y ) = nor(∇× Y )

is called the second fundamental form of M . Let {e1, . . . , en} be a local frame of M .

Then the mean curvature vector field H of M is defined by setting

H =
1
n

n∑
i=1

g(ei, ei)Bii,

where Bii = B(ei, ei) and g is the metric of M induced by g.

A hypersurface M of Rn+1
q is totally geodesic provided its second fundamental form

vanishes, i.e., B = 0. If the mean curvature vector field H of M vanishes, then M is

called minimal.

Next we recall the definition of a lightlike hypersurface [2], i.e., the case when g is

degenerate.

Let p be a point of a hypersurface M . We consider

TpM
⊥ = {Vp ∈ TpRn+1

q | g(Vp, Xp) = 0, ∀Xp ∈ TpM}.

The radical (or null space) RadTpM is defined by

RadTpM = TpM ∩ TpM⊥.
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If RadTpM 6= φ at any point p ∈ M , then M is called a lightlike hypersurface of

Rn+1
q . In this case, TM⊥ = ∪pεMTpM⊥ is a distribution on M and RadTM = TM⊥.

A complementary vector bundle S(TM) of TM⊥ in TM is called a screen distribution

on M . For S(TM), there exists a unique vector bundle tr(TM) of rank 1 over M , such

that for any non-zero section ξ of TM⊥, there exists a unique section N of tr(TM)

satisfying

g(N, ξ) = 1, g(N,N) = g(N,W ) = 0, ∀W ∈ Γ(S(TM)).

Therefore we have decompositions

TM = RadTM + S(TM),

TRn+1
q = TM ⊕ tr(TM)

= S(TM) ⊥ (RadTM)⊕ tr(TM))

= S(TM) ⊥ S(TM)⊥.

A typical example of a lightlike hypersurface of Rn+1
q is the lightcone.

Let F : D → R be a smooth function, where D is an open set of Rn+1
q . Then a graph

M = {(x1, . . . , Xn+1) ∈ Rn+1
q | x1 = F (x2, . . . , xn+1)},

is a hypersurface of Rn+1
q . It is well known that this hypersurface is lightlike if and only

if F is a solution of the differential equation

1 +
q∑
i=2

(
∂F

∂xi

)2

=
n+1∑
j=q+1

(
∂F

∂xj

)2

. (2.2)

3. Lightlike Surfaces of Revolution in R3
1

First we consider lightlike surfaces of revolution with timelike rotation axis. We shall

take x1x3 plane as the plane of a r egular curve C and x3 (timelike) axis as the rotation

axis. For a suitable interval (a, b), the curve C is given by

x3 = F (u), u ∈ (a, b).
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Then a surface of revolution is obtained as a map

X(u, υ) = (u cos υ, u sin υ, F (u)),

hence,

x1 = x1, x2 = x2, x3 = F (
√

(x1)2 + (x2)2).

By differentiating the funcition F , it follows that

∂F

∂x1
= F ′

x1√
(x1)2 + (x2)2

,

∂F

∂x2
= F ′

x1√
(x1)2 + (x2)2

.

Substituting these equations into (2.1), we have

(
∂F

∂x1

)2

+
(
∂F

∂x2

)2

= (F ′)2 = 1.

Therefore, we obtain

Theorem 3.1. If M be a lightlike surface of revolution in R3
1 with timelike axis, then

M is the lightcone in R3
1.

Next we consider lightlike surfaces of revolution with spacelike axis. Let C be a regular

plane curve on x2x3 plane with

x2 = F (u), u ∈ (a, b).

If we set x2 axis as the rotation axis, then a surface of revolution is given as a map

X(u, υ) = (u cos υ, F (u), u sin υ),

hence,

200



TOSHIHIKO, KYOKO

x1 = x1, x2 = x2, x3 = F−1(x2) sin (cos−1 x1

F−1(x2)
).

By differentiating x3, it follows that

∂x3

∂x1
=

x1

F−1(x2)
1√

1− (x1)2

F−1(x2)2

,

∂x3

∂x2
= (F−1)′(x2) sin (cos−1 x1

F−1(x2)
)− (x1)2(F−1)′(x2)

F−1(x2)2

1√
1− (x1)2

F−1(x2)2

.

Substituting these equations into (2.1), we have

(x1)2

(F−1(x2))2 − (x1)2
+(F−1)′(x2)2 +(F−1)′(x2)2 (x1)2

F−1(x2)2
+

(x1)4(F−1)′(x2)2

F−1(x2)2((F−1(x2))2 − (x1)2)
= 1,

so that

(F−1(x2))2(2(x1)2 + ((F−1)′(x2))4 − ((F−1)(x2))2) = 0.

Differentiating this equation by x1 repeatedly, we obtain

(F−1)′(x2) = 0,

which means that the function F−1 is a constant function. This is the contradiction.

Hence we have

Theorem 3.2. There is no lightlike surface of revolution with spacelike axis in R3
1.

4. Some Graph Type Lightlike Hypersurfaces

In the sequel, we consider a graph type hypersurface (M, g) in (Rn+1
q , g) of following

form

xn+1 = x1 + . . .+ xk + F (xk+1 + . . .+ xn),
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where F is a non-trivial smooth function.

This section is devoted to give an existence condition of the lightlike hypersurface

(M, g) by the index of the semi-Euclidean space Rn+1
q .

A local frame (e1, . . . , en) of M is given as

ei = ∂
∂xi + ∂

∂xn+1 (i = 1, . . .k),

ei = ∂
∂xi + F ′ ∂

∂xn+1 (i = k + 1, . . . n),
(4.1)

where F ′ = ∂F
∂xj (j = k + 1, . . . , n).

We remark tha for F (xk+1 + . . .+ xn), ∂F
∂xi

= ∂F
∂xj

= F ′(i, j = k + 1, . . .n).

When the index q satisfies q ≤ k, we consider a vector field

υ =
q∑
i=1

∂

∂xi
−

k∑
i=q+1

∂

∂xi
−

n∑
i=k+1

F ′
∂

∂xi
+

∂

∂xn+1
(4.2)

on Rn+1
q . From (4.1), it follows that

g(ei, υ) = 0(i = 1, . . . , n),

g(υ, υ) = k − 2q + 1 + (n− k)(F ′)2.
(4.3)

Hence ifM is lightlike, we have n = k = 2q−1 and υ =
∑q
i=1 ei−

∑n
i=q+1 ei ∈ Γ(RadTM).

When the index q satisfies q > k, we consider a vector field

υ =
k∑
i=1

∂

∂xi
+

q∑
i=k+1

F ′
∂

∂xi
+

n∑
i=q+1

F ′
∂

∂xi
+

∂

∂xn+1
(4.4)

on Rn+1
q . Then

g(ei, υ) = 0(i = 1, . . . , n),

g(υ, υ) = 1− k + (n − 2q + k)(F ′)2.
(4.3)

Hence if M is lightlike, we obtain 2q = n+1 and υ =
∑q

i=1 ei−
∑n

i=q+1 ei ∈ Γ(RadTM).

Therefore we have
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Theorem 4.1. If the semi-Euclidean space Rn+1
q has a graph type lightlike hypersurface

xn+1 = x1 + . . .+ xk + F (xk+1 + . . .+ xn),

where F is a non-trivial smooth function, the dimension of the ambient space is two times

of the index of it, that is R2q
q , and the graph type hypersurfaces reduce to

x2q = x1 + . . .+ x2q−1

or

x2q = x1 + F (x2 + . . .+ x2q−1).

Remarks.

For the graph type hypersurface

x2q = x1 + . . .+ x2q−1,

υ is a local section of RadTM and a local section of tr(TM) is given by

V = −
2q−1∑
i=1

∂

∂xi
+

∂

∂x2q
.

Therefore,

S(TM)⊥ = Span{υ, V },
S(TM) = Span{e1 − e2, e1 − e3, . . . , e1 − eq, eq+1 , . . . , e2q−1}.

Moreover, we have decompositions

S(TM) = S(TM)− ⊕ S(TM)+,

S(TM)− = Span
{

∂
∂x1 − ∂

∂x2 ,
∂
∂x1 − ∂

∂x3 , . . . ,
∂
∂x1 − ∂

∂xq

}
,

S(TM)+ = Span
{

∂
∂xq+1 + F ′ ∂

∂x2q ,
∂

∂xq+2 + F ′ ∂
∂x2q , . . . ,

∂
∂x2q−1 + F ′ ∂

∂x2q

}
.

For the graph type hypersurface
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x2q = x1 + F (x2 + . . .+ x2q−1),

υ is a local section of RadTM and

V = − ∂

∂x1
−

2q−1∑
i=2

F ′
∂

∂xi
+

∂

∂x2q
,

is a local section of tr(TM), so

S(TM)⊥ = Span{υ, V },
S(TM) = Span{F ′e1 − e2, F

′e1 − e3, . . . , F
′e1 − eq , eq+1, . . . , e2q−1},

S(TM) = S(TM)− ⊕ S(TM)+,

S(TM)− = Span{F ′ ∂
∂x1 − ∂

∂x2 , F
′ ∂
∂x1 − ∂

∂x3 , . . . , F
′ ∂
∂x1 − ∂

∂xq
},

S(TM)+ = Span{ ∂
∂xq+1 + ∂

∂x2q ,
∂

∂xq+2 + ∂
∂x2q , . . . ,

∂
∂x2q−1 + ∂

∂x2q }.

5. Some Graph Type Non-Degenerate Hypersurfaces

In this section, we consider the non-degenerate case of graph type hypersurface

xn+1 = x1 + . . .+ xk + F (xk+1 + . . .+ xn).

To simplify the presentation, we define two (n,m)-matrix (S(n,m) and S(f)(n,m) by

setting:

Each element of S(n,m) is 1,

Each element of S(f)(n,m) is f ,

where f means a function, respectively, and we write (n,n)-unit matrix as E(n). An

(n,n)-matrix S, is defined as

S =


S(q, q) S(q, k − q) S(F ′)(q, n− k)

S(k − q, q) S(k − q, k − q) S(F ′)(k − q, n− k)
S(F ′)(n− k, q) S(F ′)(n− k, k − q) S((F ′)2)(n− k, n− k)

 . (5.1)

When the hypersurface M is non-degenerate, the vector υ defined by (4.2) or (4.4) is

a normal vector of M . Then the second fundamental form Bij is defined by
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Bij = g(∇ejei,
υ√
| υ |

)

Case q ≤ k.
In this case, the second fundamental form Bij deduces

Bij =

 0 (i = 1, . . . , k or j = 1, . . . , k)
F ′′√
|υ|

(i, j = k + 1, . . . , n).

That is,

(Bij) = A1

[
0 0

0 S(n − k, n− k)

]
, (5.2)

where

A1 = F ′′√
|υ|
.

The fundamental tensors gij and gij of M with respect to the local frame (e1 , . . . , en)

is represented as

(gij) = S + J1,

(gij) = − 1
|υ|2J1SJ1 + J1,

where

J1 =


−E(q) 0

0 E(k − q) 0

0 0 E(n− k)

 .
Hence, from (5.2), it follows that

(gikBkj) =
1
| υ |A1(n−k)


0 0 S(F ′)(q, n− k)
0 0 −S(F ′)(k − q, n− k)
0 0 −S((F ′)2)(n− k, n− k)

+A1


0 0 0

0 0 0

0 0 S(n − k, n− k)

 ,

205



TOSHIHIKO, KYOKO

so that

gikBki = −(n − k)2(n− 2q + 1)F ′F ′′

| υ |3/2 .

Therefore the mean curvature H of M is

H = −(n − k)(n− 2q + 1)F ′′

n | υ |3/2 . (5.3)

Case q > k.

In this case, Bij deduces

Bij =

 0 (i = 1, . . . , k or j = 1, . . . , k)
F ′′√
|υ|

(i, j = k + 1, . . . , n).

Hence

(Bij) = A2


0 0 0

0 S(q − k, q− k) S(q − k, n− k)
0 S(q − k, q− k) S(q − k, n− k)

 (5.4)

where A2 = F ′′√
|υ|

.

Since

(gij) = S2 + J2,

(gij) = − 1
|υ|2J2S2J2 + J2,

where

J2 =


−E(k) 0

0 −E(q − k) 0

0 0 E(n− q)

 ,
we have
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(gikBkj) =
(1− k)
| υ | A2


0 0 0

0 −S(q − k, q − k) −S(q − k, n− k)
0 S(n − q, q − k) S(n − q, n− q)

 .
Therefore the mean curvature H of M is

H = −(1 − k)(n − 2q + k)2F ′F ′′

n | υ |3/2 (n− k)((1− k) + (n− q)F ′2)F ′. (5.5)

From (5.2), (5.3), (5.4) and (5.5), we have

Theorem 5.1. Suppose M is a non-degenerate graph type hypersurface

xn+1 = x1 + . . .+ xk + F (xk+1 + . . .+ xn)

in the semi-Euclidean space Rn+1
q , where F is a non-trivial smooth function. If M is

minimal then

(a) M is

xn+1 = x1 + . . .+ xn

in Rn+1
q . This case, M reduces to totally geodesic.

(b) M is

xn+1 = x1 + . . .+ x2q−1 + F (x2q + . . .+ xn)

in Rn+1
q .

(c) M is

xq+1 = x1 + F (x2 + . . .+ xq)

in Rq+1
q .

207



TOSHIHIKO, KYOKO

References

[1] doCarmo, M.: Differential Geometry of Curves and Surfaces; Prenticle Hall, 1976.

[2] Duggal, K.L. and Bejancu, A.: Lightlike Submanifolds of Semi-Riemannian Manifolds and

Applications; Kluwer Acad. Publishers, Dordrecht, 1996.

[3] O’Neill, B.: Semi-Riemannian Geometry with Applications to Relativity; Academic Press,

1983.

Ikawa TOSHIHIKO

Nihon University, Dep. Of Math., School of Medicine,

Itabashı, Tokyo-JAPAN, 173

e-mail: tikawa@med.nihon-u.ac.jp

Honda KYOKO

Nihon University, Dep. Of Math., School of Medicine,

Itabashı, Tokyo-JAPAN, 173

e-mail: ocha@sta.att.ne.jp

Received 20.01.2000

208


