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Some Graph Type Hypersurfaces in a Semi-Euclidean

Space
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Abstract

We consider some graph type hypersurfaces in a semi-Euclidean space RZ'H and
give conditions of the dimension n 4+ 1 and the index ¢ when a hypersurface is

lightlike, totally geodesic and minimal.
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1. Introduction

The theory of submanifolds is one of the most important topics of differential ge-
ometry. While the geometry of Riemannian or semi-riemannian (i.e., non-degenerate)
submanifolds is fully developed, the study of lightlike (i.e., degenerate) submanifolds is
relatively new and in a developing stage (see [2]). A typical example of lightlike subman-
ifold is the lightcone in R?, and the surface of revolution with degenerate metric in R is
the ligtcone. This fact indicates that non-trivial lightlike submanifolds will be given in
Ry of higher dimension n and greater index g.

The purpose of this paper is to consider a lightlike hypersurface M in Ry under the
condition that M is “graph type”, i.e., M is locally defined by a function of coordinats
of Ry.
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After preliminaries of section 2, in section 3, we consider the lightcone of R$. Section
4 is devoted to study graph type lightlike hypersurfaces in RZ‘H. In section 5, we consider
non-degenerate graph type hypersurfaces in RZ‘H using a similar technique of section 4.

The authors would like to express their gratitute to referee for his useful advice.

2. Preliminaries

Let Rg“ be the (n+1)-dimensional semi-Euclidean space of index ¢ with the natural

metric g. So, for z = (z!,...,2""1) € Rg"‘l,g(x,x) =37, @)+ Z?:;+1 (27)2. By
V, we denote the covariant derivative of Rg“ given by g.
We consider a hypersurface M of RZ‘H with the metric g induced by 3.

When g is non-degenerate, a function B : X(M) x X(M) — X(M)* such that

B(X,Y)=nor(VxY)

is called the second fundamental form of M. Let {e1,...,e,} be a local frame of M.

Then the mean curvature vector field H of M is defined by setting

n

Zg(ei; ei)Bii,

i=1

gt
n
where B;; = B(e;, e;) and g is the metric of M induced by g.

A hypersurface M of Rg“ is totally geodesic provided its second fundamental form
vanishes, i.e., B = 0. If the mean curvature vector field H of M vanishes, then M is
called minimal.

Next we recall the definition of a lightlike hypersurface [2], i.e., the case when g is
degenerate.

Let p be a point of a hypersurface M. We consider

T,M* ={V, € ,R}*" | §(V,, X,) = 0,VX, € T,M}.
The radical (or null space) RadT,M is defined by

RadT,M = T,M NT, M=,
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If RadT,M # ¢ at any point p € M, then M is called a lightlike hypersurface of
Rg"‘l. In this case, TM+ = U,,EMTI,Ml is a distribution on M and RadTM = TM*.

A complementary vector bundle S(T'M) of TM~ in T'M is called a screen distribution
on M. For S(TM), there exists a unique vector bundle tr(TM) of rank 1 over M, such
that for any non-zero section ¢ of TM™, there exists a unique section N of tr(TM)

satisfying

9(N,&) =1,g(N,N) =g(N, W) =0,YW € T'(S(TM)).

Therefore we have decompositions

™ = RadTM + S(TM),

TR = TM & tr(TM)
= S(TM) L (RadTM) @ tr(TM))
= S(I'M) L S(TM)*.

A typical example of a lightlike hypersurface of Rg"‘l is the lightcone.
Let F: D — R be a smooth function, where D is an open set of RZ‘H. Then a graph
M={@" ..., X" eR*" |z = F(a?...,2"")},

is a hypersurface of RZL‘H. It is well known that this hypersurface is lightlike if and only

if F'is a solution of the differential equation

2 (5) - 5 () o2

Jj=q+1

3. Lightlike Surfaces of Revolution in R}

First we consider lightlike surfaces of revolution with timelike rotation axis. We shall
take z'2® plane as the plane of a r egular curve C' and #® (timelike) axis as the rotation

axis. For a suitable interval (a,b), the curve C' is given by
23 = F(u),u € (a,b).
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Then a surface of revolution is obtained as a map

X (u,v) = (u cos v,u sin v, F(u)),

hence,

a_F = le—l
orl (x1)2+(x2)2’
8_F = le—l
or2 (21)? +(x2)2'

Substituting these equations into (2.1), we have

OF\?> [0F\®
() + ()~ =2
Therefore, we obtain

Theorem 3.1.  If M be a lightlike surface of revolution in R} with timelike axis, then

M is the lightcone in R3.

Next we consider lightlike surfaces of revolution with spacelike axis. Let C' be a regular

plane curve on x2x plane with

2? = F(u),u € (a,b).

If we set 22 axis as the rotation axis, then a surface of revolution is given as a map

X (u,v) = (ucosv, F(u),u sinv),

hence,
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ot =zt 2? = 2%, 2% = F7Y(2?) sin (cos™" 7 1(302))
By differentiating 23, it follows that
or® ! 1
ﬁ T2 ()2
(22) /1 — W
ox3 ! (xl)Q(F_l)l(xQ) 1

i (F~YY(x?) sin (cos ™"

P L @) EYE?

Foi(@?)? - P (@?)?((F1(2?)? — (21)?)

so that

(F~H @) @2!)? + (F7Y (@) = (F~H)(@*)?) = 0.

Differentiating this equation by x! repeatedly, we obtain

which means that the function F~! is a constant function. This is the contradiction.

Hence we have

Theorem 3.2.  There is no lightlike surface of revolution with spacelike azis in R3.

4. Some Graph Type Lightlike Hypersurfaces

In the sequel, we consider a graph type hypersurface (M, g) in (RZ“, g) of following

form

et =l P PR ),
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where F'is a non-trivial smooth function.
This section is devoted to give an existence condition of the lightlike hypersurface

(M, g) by the index of the semi-Euclidean space RZL‘H.

A local frame (eq,...,e,) of M is given as
e, = 824 +8l§ﬁ(i=1,...kj), (4 1)
e, = 827+FI831,§—+1(Z:]€+1’”)’
where F/ = %(j =k+1,...,n).
We remark tha for F(z" .. +am), 26 = 0L — P/(j j=k+1,...n).
When the index ¢ satisfies ¢ < k, we consider a vector field
) "o d 0 0
_ !
v Z oxt Z ort Z F Ox? * Oxntl (4.2)
=1 i=q+1 i=k+1
on R7**. From (4.1), it follows that
gle;,v) =03 =1,...,n), (4.3)

gv,v) =k —2¢+1+ (n—k)(F")2.

Hence if M is lightlike, we haven = k = 2¢—landv = Y20, e;—> ;" | €; € T(RadTM).

When the index ¢ satisfies ¢ > k, we consider a vector field

UziaJqu:F’aJri:F’aJri (4.4)
L Oxt ort Ozt Qxntl '
i=1 i=k+1 i=qg+1

on Rg"‘l. Then

Glei,v) =06 =1,...,n), (4.3)
gv,v) =1—k+ (n—2q+k)(F")2.

Hence if M is lightlike, we obtain 2¢ =n+1land v =7 e —>" e; € I'(RadTM).

n
i=q+1
Therefore we have
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Theorem 4.1.  If the semi-Euclidean space Rg“ has a graph type lightlike hypersurface

et =l P PR ),

where F is a non-trivial smooth function, the dimension of the ambient space is two times

of the index of it, that is qu, and the graph type hypersurfaces reduce to

22 =gl 4 420!
or

2 =2+ F(z? + .. + 227,

Remarks.

For the graph type hypersurface

2 1 2¢—1
z9=x +... +x°7 ",

v is a local section of RadT M and a local section of tr(T'M) is given by

2q—1
0 0
V=- .
L Dt * 0x24
1=1
Therefore,
S(TM)*+ = Span{v,V},
S(TM) = Span{e; —ez, €1 —€3,...,61 — €q,€q41,-- -, €291 -
Moreover, we have decompositions
S(TM) = S(TM)~ & S(TM)*,
- o o o o o d
S(TM)~ = Span{gir — 552, 551 — 505 -+ 527 — Ba7 ) »
STM)* = Span{gim + F'gim goers + Flpim, o gt + Flgim

For the graph type hypersurface
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2?1 =gl F(x? . 422,

v is a local section of RadT M and

2q—1
0 0 0
Ve N P
Ox! ; ozt Ox?e
is a local section of ¢tr(T'M), so

S(TM)+ = Span{v,V},
S(TM) = Span{F'e1 —ez,F'es —es,...,F'er —eq, €q41,---,€29-1},
S(TM) = S(T'M)~ & S(TM)*,
STMY™ = Span(F s — g ' — ol g — )
S(TM)* = Span{g:3m + 5 gams + g+ 5t + g |

5. Some Graph Type Non-Degenerate Hypersurfaces

In this section, we consider the non-degenerate case of graph type hypersurface

et =l P PR ).

To simplify the presentation, we define two (n,m)-matrix (S(n, m) and S(f)(n, m) by
setting:

Each element of S(n,m) is 1,

Each element of S(f)(n,m) is f,
where f means a function, respectively, and we write (n,n)-unit matrix as E(n). An

(n,n)-matrix S, is defined as

S(g,9) S(q,k —q) S(F')(g;n— k)
S = Sk —q,q) Stk —q,k—q) S(F")(k—q,n—k) ) (5.1)
S(F')(n—k,q) S(F')(n—kk—q) S(F)*)(n—kn—Fk)

When the hypersurface M is non-degenerate, the vector v defined by (4.2) or (4.4) is

a normal vector of M. Then the second fundamental form B;; is defined by
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— v
Bij = g(Vejei, ——)
Viv]
Case q < k.

In this case, the second fundamental form B;; deduces

0 (t=1,...;korj=1,...,k)
N (i,j=k+1,...,n).

That is,
0 0
(B'L'j) = Al (52)
0 S(n—k,n—k)
where
A = £
1 \/ﬁ
The fundamental tensors g;; and g*/ of M with respect to the local frame (eq, ..., e,)
is represented as
(9i5) = S+,
(¢) = —ﬁﬁsh + J1,
where
—E(q) 0
J1 = 0 E(k —q) 0
0 0 E(n—k)
Hence, from (5.2), it follows that
. 00 S(F")(qg,n—k) 00 0
(9" Byj) = mAl(n—k) 00 —-SFYk—gn—k |+A4|00 0
00 —S(F")?)(n—k,n—k) 00 S(n—=Fk,n—k)
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so that

9" By = —

| v [3/2
Therefore the mean curvature H of M is

(n—Fk)(n—29+1)F"

H=—
n|v|3/2

Case g > k.

In this case, B;; deduces

0 (it=1,...korj=1,...

Hence

where Ag = jlu_l
Since
(9i5) = S22+ Ja,
(g9) = —ﬁJQSQJQ + Ja,
where
—E(k) 0
Jo = 0 —E(q—k) 0
0 0 E(n—q)
we have
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0 0 0
) 1—-k
(6" B) = S | 0 =S~k —k) S~ k- b
0 Sn—gq,q—k) S(n—q,n—q)

Therefore the mean curvature H of M is

(1—k)(n—2q+ k)2F'F"

H=-
n|U|3/2

(n— k)(1— k) + (n — ) F)F. (5.5)
From (5.2), (5.3), (5.4) and (5.5), we have

Theorem 5.1.  Suppose M is a non-degenerate graph type hypersurface

" =gt 2P P )

in the semi-FEuclidean space RQ‘H, where F is a non-trivial smooth function. If M is

minimal then

(a) M is

m RQ‘H. This case, M reduces to totally geodesic.

(b) M is
" =gt 22T P24 42
in RIHL,
(c) M is
2 =gl P2 4. 4 29)
in RI*1,
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