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This paper investigates the problem of global adaptive stabilization by output-feedback for a class of uncertain nonlinear

systems. Due to the uncertain control coefficients and unknown linear growth rate, this problem is much complicated and quite
difficult to solve. In this paper, a novel dynamic gain updated on-line is introduced, and based on this, high-gain K-filters are
proposed to reconstruct the system states. Then, motivated by the universal control method, the backstepping design approach is
developed for the adaptive output-feedback stabilizing controller. It is shown that the global stability of the closed-loop system can
be guaranteed by the appropriate choice of the design parameters. A simulation example is also provided to illustrate the correctness

of the theoretical results.
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Research on global stabilization via output-feedback for
nonlinear systems has been accelerated over the recent two
decades. With the help of the celebrated backstepping de-
sign methodologym, numerous results have been obtained
mainly on the lower triangular systems[Q_lll.

In this paper, we consider the global stabilization prob-
lem by output-feedback for a class of single-input single-
output (SISO) uncertain nonlinear systems:

Cz = gi(i+1+¢i(t7(7u)7 7::17"'777/_1
G = gnu+én(t, ¢ u) 1)
y = G

where ¢ = [¢1,---,¢]T € R™ is the system state with

the initial condition {(0) = ¢{,; v € R and y € R are
the control input and output, respectively; g; # 0,7 =
1,--- ,n are unknown constants, called uncertain control
coefficients; functions ¢; : R" xR" xR — R,i=1,--- ,n
are continuous in the first argument and locally Lipschitz
in the rest arguments. In the following, we suppose only
the system output is measurable.

Equation (1) represents a vast class of nonlinear systems
that have been extensively investigated during the last two
decades, but most works were devoted to the case where all
state information is available and nonlinearities are domi-
nated by functions in a lower triangular forml'=2% 12714],
and another case where only the system output is measur-
able and nonlinearities are dominated by output-dependent
functions> 713, The far more general case of output-
feedback that has recently attracted a lot of attention is the
systems [5=6,15-20] with unmeasured states dependent non-
linearities. However, up to now, only several special classes
of such systems have been considered and many problems
remain open, partly because it is very hard to construct an
implementable observer for the general case.

In this paper, the following assumptions are imposed on
system (1):
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Assumption 1. There exists an unknown positive con-
stant ¢ (usually called linear growth rate) such that

¢s(t,Cu) < e(|Gl +--- + ]G], i=1,--,n

Assumption 2. Thesignsof g;, i = 1,--- ,n are known,
and there exist known positive constants g, and g, satisfy-
ing g, < lg:| <9,

From Assumptions 1 and 2, it is easy to see that sys-
tem (1) has uncertain control coeflicients and unmeasured
states dependent nonlinearities. In contrast with the previ-
ous literature, the major difference is the presence of uncer-
tain control coefficients in the system under investigation.
If g;, i = 1,--- ,n are exactly known, the output-feedback
control design was investigated for systems with unmea-
sured states dependent growth in [5—6,15,17-20]. More
specifically, the cases of known linear growth rate and un-
known one were considered in [5] and [15, 18], respectively.
Moreover, in [6,17,19], the output-feedback stabilization
was investigated for systems with output dependent growth
rate, and an extension was obtained to the systems with un-
measured states dependent growth rate in [20]. As pointed
out in [21], unknown control coefficients will cause inva-
lidity of the existing methods, mainly because the com-
monly used high-gain Luenberger-type observer becomes
inapplicable[15’ 17-18] Besides, the existing techniques can-
not be straightforwardly extended to be stable. Therefore,
how to design an output-feedback stabilizing control law for
system (1) under Assumptions 1 and 2 is a very meaningful
problem.

This paper continues the investigation started in [21—22]
and extends the existing results in [15,18,21—22] to glob-
ally stabilize system (1) via output-feedback. On the one
hand, system (1) has uncertain control coefficients, and
hence it is different from those studied in [15,18]. On the
other hand, the linear growth rate of system (1) is unknown,
rather than known in [21—22]. Mainly due to the differ-
ences, the methods in [15, 18, 21—22] cannot be straightfor-
wardly extended to output-feedback stabilize system (1).
This motivates us to construct a new adaptive output-
feedback controller of system (1), which is accomplished
by flexibly combining the idea of universal control and the
backstepping methodology. First, a novel dynamic gain
that is updated online is introduced, and based on this,
high-gain K-filters are proposed to reconstruct the system
states. Then, the backstepping design approach is success-
fully developed for the adaptive output-feedback stabilizing
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controller in the spirit of [15,21—22]. It is shown that the
global stability of the closed-loop system can be guaranteed
by appropriate choice of the design parameters. Finally, a
simulation example is provided to illustrate the correctness
of the theoretical results.

The remainder of this paper is organized as follows. Sec-
tion 1 gives the main results of this paper. Specifically, in
Subsection 1.1, the dynamic high-gain K-filters-based ob-
server is constructed for the transformed new system; in
Subsection 1.2, the output-feedback control design is then
given using backstepping method; in Subsection 1.3, the
main results are summarized, and the global stability of the
closed-loop system is guaranteed when the design parame-
ters are appropriately chosen. Section 2 gives a simulation
example to demonstrate the correctness of the theoretical
results. Section 3 presents some concluding remarks. The
paper ends with an appendix that provides rigorous proofs
of a proposition and a lemma.

The preliminary version of this paper, i.e., [23], was pre-
sented at the 27th China Control Conference, Kunming,
China, July 16-18, 2008.

1 Adaptive output-feedback stabilizing
control

Throughout the paper, for any real numbers p;, i =
1,--+,m, we use pj~k, 1 < j < k < m to denote H];:j Pp;
and [ the identity matrix with a suitable dimension.

According to Assumption 2, there exist known posi-
tive constants gy = min {gl,g1g2,--- 9, } and gv =

max {§17§1§27 e
1,--,n.

s G1~n ) such that gy <|gi~i| < gumr, i =

1.1 High-gain K-filters and state estimation
As system (1) is not convenient for control design, we
first introduce the following linear state transformation:

1 :Ch xi:gl/\/(i—l)Ciy 2227 y T (2)

Then, the dynamics of £ = [z1,--- ,2,]T are given by

®3)

{:i: = A,z +ge,u+p(t,z,u)
y =T

where e, = [0,---,0,1]T € R™, and £ € R" is the state
of the new system with the initial condition depending

on ¢ and (2), g = gion, @ = [p1,02, - s on]”
[¢17gl¢27"' 791"'(”*1)(;5”] ‘Clle,gi:mxi,izlm,n;
0
I
and A, = | -
00---0

The objective now is to design an adaptive output-
feedback stabilizing controller for system (3) as well as for
system (1).

For system (3), as g is uncertain, it is quite difficult to
find an appropriate state observer. As a special case, if g is
known, a high-gain Luenberger-type observer has been de-
veloped to solve the output-feedback control problem[ls‘ 18],
However, if a Luenberger-type observer is adopted for sys-
tem (3), the resulting state estimation error dynamics will
depend on the control input w, and this will make the
output-feedback control design very hard, even impossible.
On the other hand, for systems with uncertain control co-
efficients and output dependent nonlinearities, Chapter 8
of [2] investigated the output-feedback control design by

proposing K-filters. Motivated by this, we introduce the
following dynamic high-gain K-filters:

(4)

§ = A+ Dily
A = Ard+equ

with time-varying high-gain L updated by

2 2
: yf ll/\l _
L=25+55 LO)=1 (5)
where £ = [517"'7£N]T> A= [)‘17"'7)‘H]T, DL -
diag{L,--- ,L"}, 1 = [l1, - ,1,]T, and AL = A,, — Drle]

with e; = [1,0,---,0]T € R™.

Remark 1. Although the updated law of L given ear-
lier is more complicated than that in [15], it is necessary
for the backstepping control design, as will be seen later.
Moreover, the complexity of (5) causes various difficulties
in the stability analysis of the closed-loop system, which
will be shown in the proof of Theorem 1 in Subsection 1.3.

Define D = diag{l,---,n}. The constant vector l is
chosen such that matrix 4; = A, — leT is Hurwitz (this
clearly implies I1 > 0), and such that there exist a posi-
tive constant h and a symmetric positive definite matrix P,
satisfying

AP +PA <-I, DP+PD>hl (6)
It is necessary to point out that the aforementioned choice
can always be carried out according to Lemma 1 in [17]. It
is easily deduced from (5) and l; > 0 that L > 1.

Define & = £ + gl as the state estimate for system (3),
and £ = x — & the state estimation error which satisfies

T=ArE+¢ (7)

To be simple and convenient in presentation and analy-
sis, let us introduce the following scaling transformations
as:

B R
L Li
(8)
1 L, [3 Li’ ) )
Then, noting
1 L
M=—-(y—a1-¢ €1 —€1—1N 9
1 g( 1—61) = g( 1—€1—m) 9)
we have
¢ = Lhwtf- e
. L
n = LAm+ Lley, — ZD’I’]
. L
é1 = gLea+ Lea+ Lo + f1 & (10)
. _ I;L n I;L E ‘
€4 = €1 LE’L7
t=2,---,n—1
e = L L L uw nLo
n = 1 €1 g m " L n
where € = [615"' 7En]T7 n [7717"' ,77n]T,
e = [51, 0], and f = [f17f2, ST =
a2 ... S~n=)énT

[L’L ’ ’ n
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It should be stressed that under the new dynamic high-
gain K-filters (4), the dynamics of the state estimation er-
ror (7) are independent of the control input w, and this
will play a key role in the subsequent control design. As
a commonly used technique!*!, the state scaling transfor-
mations (8) are introduced to achieve system (10). It can
be seen that the study of stabilization (by partial state-
feedback) for the whole system (10) and (5) is equivalent to
that (by output-feedback) for system (1). Noting that the
e-dynamic system is in the strict-feedback form, some exist-
ing methods, e.g., backstepping approach, may be available
for the control design of the whole system. However, be-
cause uncertain constant g exists in the dynamics of €, and
L is a time-varying variable, there are still some obstacles
to be overcome to explicitly construct the controller.

To prepare for the backstepping design procedure, we
give the following two propositions that play an important
role in the later control design and performance analysis.
Specifically, Propositions 1 and 2 characterize the ISS-like
properties of € and 1 of system (10), respectively. Besides,
for the sake of compactness, the proof of Proposition 1 is
provided in Appendix A.

Proposition 1. For the subsystem e of system (10), let
V. = €T Pe. Then, in the maximal interval of existence for
the solution of system (10), there is an unknown positive
constant ¢; (depending on ¢), such that

Ve < —(L—c1)lell® + llnll* + lle]|* (11)

Proposition 2. For the subsystem 7 of system (10), let
Viu =0T Pm. Then in the maximal interval of existence for
the solution to system (10),

) L hL
Va < —§||77H2 + 2||Pl||” Let - f||77||2

Proof. By (5) and (6), the time derivative of V; along
the trajectories of (10) satisfies

. L
Vo < —Llinll* + 20" AiLley — 20" (DF + AD)n <

L hL
—L|n|* + §||n||2 +2||Rl||*Let - Tlln\l2 =

L hL
= 5 lImll* +2(| P|)* Let — = ln])” O

1.2 Output-feedback control design

This subsection is devoted to the constructive design of
output-feedback control for system (10) by the traditional
backstepping method, which is presented in a step-by-step
manner. More specifically, Step 1 is the beginning of the
design process from which the main techniques applied can
be exhibited; Step 2 gives the initial assignment for the
recursive steps k, k =2,--- n.

Step 1. Let Vi = Ve + V5 + ﬁ/\% + 1e% be the Lya-
punov function candidate for this step, where Ve and V;, are
defined in Propositions 1 and 2, respectively. Then, from
Propositions 1, 2 and the dynamics of A1, £1, it follows that

- L hL L
Vi< —(L —en)lel” - (5 — 1) Inll* = ==linll* - Fei-
A%+Z -

ﬁ)\152+L81772+L€162+f151 (12)

A§+ (2| RII°L + 1)+

gLleiea +

By the method of completing square and the fact Iy > 0
pointed out earlier, we have the following estimation:

L., L L,
L€162 S 562“1’56% =~ *”6“24‘ 5

1 Lo, 1 5 L 1
S e < L A2 4
Lz _2L31+2ZL2_2L31+21

Substituting this and fie1 < ce? into (12) results in

. L 2 L 2 hL 2
< (== (== - = _
vis-(3-a) uen (5 1)||n|| il
L 2L
L&‘% — 5 >\1 )\1 + E 6 + 7€2+

eed + (2Pl +

2L3
)51 + 7]2>L€1 +gLleiga  (13)

Choose the virtual controller
g3 = —a1e1 — ' 'm — 7?02 (14)

where a3 = %(QHPIIHZ—l— S4b1), 9" =0,72 = %,
and b; > 0 is a constant to be determined later.

Define 21 = €1 — e] with ] = 0 and Zo = €9 — €.
Then, (14 5-)e3 <4(1+ 517)23 + pi' 2t +N1H”l||2 where
pit =41+ i)a%, pl =41+ ﬁ) max;—1,2(7)? are
known positive constants. Substituting this and (14) into
(13), we have

2 21 2
Vo < —dillel - @il - "El? - DN - -
L
74 —|—Z€ —|—4(1—|— o0, )z§+ng122 (15)
where df = c,d] =%—-1— ul,anddl—b1L c—puit

It should bezpomted out that df and di* depend on L and
¢ while d7 depends only on L.

Remark 2. If the order of system (1) is 1, then 2z =
0, and from (15) one can show that the controller v =
L?e5 with €3 designed in (14) does stabilize the closed-loop
system (see Theorem 1 later). If system (1) is of order
n > 1, then the unstabilized terms containing £; and 23 in
(15) can be handled in the following steps.

Step 2. Let Vo = o1 Vi + %zg be the Lyapunov function
candidate, where o1 > 0 is a constant to be determined
later. Then, the time derivative of V5 satisfies

Vo=01Vi + 2222 (16)

Noting z2 = g2 + a1e1 + %1\(79)772, we have
2

2L L .
=Les — 22 + 7 (vha +93hm) + ; %' Lait

Zv;LmZL (6520 + 05 e + 657 mi) + 651 f1 (17)

=1 =1
21 _ no_ 21 sgn(g) 22 _

where 75l = a1, 134 = 0, 73 9N la, 2 =0,
1 _ _ sgn(g) N2 _ n3 _ sgn(g) 521 _
V2t = e, 7 = o, 55t = =2 — gad,
22 __ fi _ €1 _ U2 €2 __ o o l2
052 = gai, &' = a1, &' = rE 07 = aa, 030 = g

N2 _ lgl ; z1 1
and 63 = — Ton. It is easy to see that 734, 12},

75, i=1,2, and 407, i = 1,2,3 are known, and 64, 65,
05, and 6%, i = 1,2 may be unknown but have known up-
per bounds by Assumption 2 and (5). For simplicity, we
denote their upper bounds as 81, 627, 85", and 677, respec-
tively.
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Before deriving the virtual controller €3, we should elim-
inate the “undesired” effect of z2 in (16). For this purpose,
by the method of completing square, we obtain

2 1 1
('72,1121 + '7127,11771)7"2 5(72 W) 3+ 5(7;,11)2”"7”2 + 23

1
83 Lzizo < o1L2% + 4—((551)2Lz§
5f1f122 < o2 4 — 1o (5f1)

2

€; 1 TE;
262 Leiz < ZLHe||2+U—1;<62 )'Les
2 o 1 2

M4 ) o1 2, + SN2 T L2
Soopina < Gl + S 6L

Substituting this and (17) into (16) and noting 05 Lz <
652 Lz3 and gLz1z2 < Lzi 4+ + max{gis, 1}L23, we have

1
~ o (d? - L) Inll* -
— 01 (dz1 — 2L — 62)2%7

22+O'1 E 61

3
Lz (’yglm + Z yain; + d2zz) + Lzoes (18)

i=1

Vo< —on (d - 7L>||e|\

1 Ull1
L) E i - st

(Ul - %(72 1) )%Z% -

(01 h—

where 6o = dov (1 + g) + 55* + 157 ((52')° + (53)°) +
L37((651)° 4 (83)°) + fo1 max{gs, 1} + 732
Choose the virtual controller
3
€5 = —arz2 — 3tz — Y i (19)

=1

where g = bs + @2 and by > 0 is a constant to be deter-
mined later.

Define z3 = e3 — €. Then, we have €2 < 622 +
S izia? + P, where ugt = 6(+31)?, #E = 6a3,
and pf = 6max;—1,23(vJ")%. Substituting this and (19)
into (18), we have

o1l 2
_2L3)\ Zd2 22—

25 + o1 Z sf + 601z§ + Lzazs
i=4
where d5 = (71(de iL), dl = o1(d] — 3L — pl), d3t =
o1(df* — 2L — & — p3'), d3? = boL — 014432, d3h, = o1 —
2(’72,1) and dgl =o1h— *(72 1) .
Inductive step. Suppose at Step k —1(k =3, --- ,n),

there exists a smooth, positive definite and proper function
Vi—1(n,€, A1, 21, -+ ,zxk—1) whose time derivative satisfies

Va < —dglel|* ~d3 |In]|®

dhL o, L
L 7L

. 2 71 2
Vieer < —di el * =}, |Inl|* — Hnll —de 1%
01~(k72)11 2 = 2d? 11L 2 L 2
Tops M T 2T AT At

=1

n
O1~(k—2) Z 5? + 2]430'1,\,(]6,2)2]% + sz,lzk
i=k+1

where z1 = €1, zi = €; — &5, 1 = 2 ,k, and the virtual

controller ] satisfies

i—2 2
*_ . . i, L S
€ =—0i—1%i—1 — § Yit1%i — § Vil t =2,
j=1 j=1

The dynamics of z; (1 = 2,--+ ,k—
computed from (20) as

k (20)

1) can be immediately

: > i—1 7
iL L P . p
Zi=Leiyn — pzit+ ¢ > (azs +m) v L+
Jj=1 Jj= 1
i+1

Z%JLUJ—’_Z 57 sz—i—éflfl—i—z 0, JLej—i—Z 877 L,

In what follows, we will show that the aforementioned
statements still hold at Step k. For this aim, choose
Vi =0k-1Vi—1 + %z,% as the Lyapunov function candidate
for Step k£ with ox_1 > 0, a constant to be determined,
where zi, = €5 —ej, and the virtual controller €}, are smooth
functions. For notational convenience and consistency, let

Lént1 = 7% Then, computing the time derivative of V%,

we have
Vi =0k 1Vi1 + 2u2k (21)
where
i a
2k :L5k+17— f; ’ka121+72f1771)+; yziLz¢+
k+1
Z Y Ln; + Z 6y Lzl+5f1 f1+ Z 87 Le; + Z 87 Ly
=1 =1 i=1 =1
(22)

This can be easily obtained after dull computation. As
before, 7', v/, 7', and )" are known, and 6,{1, 5, 60,
and §}" may be unknown but have known upper bounds
5f1 55, 8¢, and 8}, respectively.

Slmllarly, before deriving the virtual controller €}, we
should eliminate the “undesired” effect of z; in (21). For
this purpose, by the method of completing square, we have

k—1 .
1
(Ve'1zi + i)z < 52%1 2 (k= 12+
i=1 Pt
1
5,-:11}1%3;, m,l) Il
i 521 2
1~ (k—1
f1 9 o (5f1) )
e e e
1~ (k—1
. k—2/5€;
€; T1~ 2 5 1
Z‘SleQZk < 2 (k 1)LH |12 +Z 20 z;%
ire i= l N( -1)
: k—2/3<m
i O1~(k—1) 2k=2(§5704)? :
> op Ly < TN L2 +ZmL
. =1

Substituting this and (22) into (21), and noting that
Lzp_1zx < Lz, + + max{g3,, 1} Lz}, we have

. O1n~
Vi < —U'k71< 1 — —a 2(: 2 L) ll€l|” — or—1 (d’kll—
Tin(k=2) L
EEETI >H I —2L301~<k 1)’\1_Z<U’“ -
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1 .
5. max (,y;nl) )H"l||2 _ Uk—1(di1_1 — O1(k2yL— d3? given before, we have
o k—2 I
Tim(ho2)C) 21 —Zakﬂ(d?_l —Oimk—2y L) 2} — 01 &5 = o1h1) <27k _ C1>
i=2

- |—2

(dzk—ll_QL)ZIz*I_EZ<Uk*1dzi1,1_§(72f1)2)2i2_ * e ZM
i=1
: : - Tin(h-1) .,
L 1, 2 L . d} = o1 (k_1)h — —— max (]
Z<0k71—§(’71f1 1)2>ZI%71_ZZ13 +sz(Z’Yk1'zH— k.1 (k=) ; 2 P:L“'ﬂ*l( ’1)
i=1 k
k+1 n dzi = o _ Uj"’(k_l)( i 2 =1 k—1
) _ , ~(k—1) — 7, )i )

Z Yirin + akzk) +01(k—1) Z e+ Larerin (23) ol j;ﬂ 2 s ’

i=k+1

~ - k=1 (8,1)?

where ap = ;" 1+ m +
2 2R25)2 222 @2

e CavTe— +ZZ o +401~(k 1)+2ka'1~(k—1).

Thus, we can choose the virtual controller

k+1

Ekt1 = —QkZk — Z%C zi — ZW ni (24)

where 7,4+1 = 0, ax = by + &, and bx > 0 is a constant to
be determined later.

Define zk11 = k1 —€hqq- Then, exy < (2k+2)27, +

SV i 4 pllml?, where pit = (2k + 2)(vi)% i =

Lok — 1, pi* = (2k + 2)aj, and uf = (2k +
2) max;—1,... k+1(7;")?, independent of L. Substituting this
and (24) into (23) results in

Wi < il - il — L g - ¥
E k—1 3z; 7
N d;i, L L
St 5 B - fo o) e
Pt et i=k+2
Q(k + 1)01N(k71)zi+1 —+ LZka+1
where k = 3,--- ,n and
O1l~(k—2
d = o (df - L)
Ol~(k—2
dl = o 1( -1 %L - 01”(1“_2)“2)
1 .
d}y =okadl_y, — 9 o aX ()
Z4 Zi 1 )?
dk,l — O'k—ldkfl,l — 5(%@,1) yi=1,-- k—2
dzk—l =0 1( Ph— 1)2
k1 = Ok—1 B Vi1
it = akfl(dzlq — O1n(r—2)(L + ) - ‘71~(’f—2)'uzl)
dzi = Uk—l(dzi,1 - UiN(k72)L - UlN(k*Q)'u’Zi)’
=2, 7]@ —2
4 = ona (45 = 2L — oy )
dik = byL — le(kfl)uzk

From this and the expressions of df, d7,

di*, i =1,2 and

k
4 = o1 <(b1 ~B)L-c— (k-1 =Y u;l)
j=1

k
d? = Uirv(k—l) ((bl —k + i — 1)L — Ul~(i—1) Z ,u;b),

=2, k=1
dif = bk L — o1y

with oj~; =1 if i > j.
At the last step, using the inductive procedure, we can
design the actual controller
n—1 n
w=—-L""anz, — L™ Z YEizg — LM Z Trin; (25)

i=1 i=1

Noting that > 7" ., €2 =0 and 2,41 = 0, we have

n—1
. L
vng—al~<n_1)((f—c1)\|e|| (&3 =) I+
i=1

ll L Uzw(n 1) ;
)~ o3 7 e (227)

n—1

||17H2—crlw<n,1)<(b1—n)L—c—(n—l)cQ—Z,u?)zf—
j=1
n—1 _
D Cinin- 1><(b —n+i—1)L—0o1 - 1)2%)
=2 =1
L= LI S ..
anszf I Z (UZN(’VL 1) Z %(’Yj,ll)z) z?,
) i=1 j=i+1
%Zz (26)

where V,,(n,€, A1, 2) is a positive definite and proper func-
tion defined by Vi, = o1(n_1) (€' P+ 0" P+ 555 A7) +
15 2
2 2 i1 Ojm(n—1)%i -

This completes the constructive design of the output-
feedback controller.

From (26), if the controller (25) ensures the negative
definiteness of the time derivative of V,,, the closed-loop
system will be globally stable. In Subsection 1.3, we will
show that if L is bounded on [0, +00) and large enough, the
global-asymptotic stability of the other closed-loop system
states can be guaranteed by appropriate choice of the design
parameters b;, i =1,--- ,nand oy, i =1,--- ;n— 1.

1.3 Main results

From (26), to achieve the stabilization of the closed-loop
system, we should first choose the design parameters b;, i =
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1,---,nand g;,i=1,--- ,n — 1 to satisfy Proof. In the following, we will first prove that
the closed-loop solution is well-defined and bounded on
bi—n+it—1>0, i=1,---,n—1, b, >0 [0,4+00), and then prove that the system states {(t), £(¢),

" Gim(ne1) .y and A(t) are asymptotically stable.
O1n(n—1)h — Z ?j:pﬁ%il(ﬁ’?ﬁ) >0 o7 We are now ready to show the boundedness of L on
i=2 n (27) [0, Tf). From (5) and the fact 1 > 0, it follows that
Ojm(n=1) (_ z; \2 . L(t) > 1,¥vt € [0,Tf). Then, the boundedness of L

i~(n—1) — - 5 )5 Oa - 15 Tty 1 T’ ’ ' 2f ’ P

Tire(n—1) Z 2 (%‘1) >0t " on [0, Tf) can be proven by a contradiction argument.

j=i+1

The following lemma provides the appropriate choice of
the design parameters satisfying (27).
Lemma 1. There always exist positive design parame-

ters bj, i =1,--- ,nand 05, =1,--- ,n—1, such that (27)
holds.

Proof. It suffices to give the choice of b; and o; satisfying
(27).

1) Choice of b;, i =1,--- ,n.

Clearly, it is enough to select b; to satisfy b; > n — i +
1,i=1,---,n—1, and b, > 0.

2) Choice of oy, 1 = 1,--- ,n — 1.

By careful observation of (27), we see that the last two
lines of (27) can be rewritten as

- (az(alh - %(72"}1)2) %H:l ax (73! 1)2) )—

max_ (y7,)? >0

1

2 i=1,--- ,n—1
1, .. 1, .,

(’ : <U¢+1(Ui - 5(%11,1)2) - 5(%+2,1)2> )*

1

2

(vi)?>0, i=1,--- ,n—1

which shows design parameters o;,7 = 1,--- ,n — 1 can
be chosen by the rule: first o1, then o2 under selected
o1, and till o,—1 under selected o1,---,0,-2. Explic-
itly, we first choose o1 to satisfy o1h — 7(’y2 1)? > 0 and

o1 — 5(’)’271)2 > 0. Then, choose o2 to satlsfy o9 (01h —
3(734)%) — smaxi=i2(54)? > 0, o2(01 — $(754)%) —
3(734)% > 0, and 03 — $(¥3%)® > 0. In the same way,
we select 05,1 =3,--- ,n— 1.

The aforementioned choice of the design parameters b;
and o; obviously means that (27) holds. O

It is easy to verify that the right-hand side of the closed-
loop system is locally Lipschitz in ({,€,A, L) in a neigh-
borhood of the initial condition, and hence the closed-loop
system has a unique solution on a small interval [0, t7). Let
[0, T¥) be its maximal interval on which a unique solution
exists, where 0 < Ty < +4o0.

The following lemma is given which will play an impor-
tant role in proving Theorem 1 below, and its proof is pro-
vided in Appendix B for compactness.

Lemma 2. If L is bounded on [0,T}), then the states
1, €, and € are bounded on [0,7}), and moreover,

Tf ) ) )
|7 eI + le? + @) e < +oc

The main results in the paper are summarized in the
following theorem.
Theorem 1. Consider system (1) under Assumptions

land 2. Ifl = [li,--- 7ln]T is chosen such that matrix
Ay = A, —le;" is Hurwitz and the design parameters
bi,i=1,---,n,and 05,7 =1,--- ,n — 1 satisfy (27), then

the adaptive output-feedback controller (25) based on the
high-gain K-filters (4) and (5) guarantees that all the states
of the closed-loop system are bounded on [0, +00), and fur-
thermore, lim;—, 4o (¢(¢),€(¢), A(t)) = (0,0,0).

Suppose L is not bounded on [0, Tf). This means that
lim; 7, L(t) = 4oo. Consequently, there exists a finite
time 0 < t1 < T, such that for Vt € [t1, Tf),

L(t) > max{2 (e1+1), (2—|—Zuz> (c+ n—1)c*+
L | 1
1+;Mfl>a b:<01~(i1)jz_:i N;i"‘l)vi =2,---,n—1, b;}

where b =b; —n+i—1,i=1,--- ,n—1 and b}, = b,, all
positive numbers. This together with (26) results in
Vo (M (), X (), 2(¢)) < —O1nm-n [ X (1) t)|*~
T1~(n ll
12(T1) 1— Z UiN(n—l)Zi7 VYt € [t1, Tf)

=1

where X = [¢T,9"]"

s ( I 2
/ (20 + i) s
L V), X (),

, and hence,

_ z(t1)) < +o0
O1~(n—1)

X2 (see (5)), we have

By this and the fact L = 22 + 5.3

+00 = L(Tf) — L(t1) = /Tf L(t)dt =

/:f (zf(t)t-ll— 2Ll31( R )) dt < 400

which is impossible and thus implies that L is bounded on
[0, Ty).

Up to now, we can verify that Ty = +oco. From (26)
and the boundedness of L, it follows that V,, < gV, for
some positive constant 3 and hence V,,(A1(t), X (t),2(¢)) <
e?'V,(A1(0),X(0),2(0)),t € [0,Tf). Suppose Ty is
finite, we have +oo = V,(Ai(T}),X(Ty),2(Ty)) <
e?TiV,(A\1(0), X (0),2(0))<-+oo. This contradiction means
that Ty = +o0.

Noting the boundedness of L on [0, Tf) and Ty = +o0,
from Lemma 2, we know that 7, €, and € are bounded on
[0, +00). It is easily seen that z; can be represented by
a linear time-invariant function of €; and n;, where i =
1,---,n, 5 =1,---,% and, consequently, z is bounded on
[0, +00). Till now, all the states of the closed-loop system
have been well-defined and bounded on [0, +00).

The rest is to prove the asymptotic stability of ({,&,A).
Using the boundedness of (L,&,n,€) on [0, +00), it can be
deduced that &, ), and é are bounded on [0, +00) as well.

Then, by Lemma 2 and Barbalat’s Lemmal?¥, we have

lim e(t) =0,

t——4o0

which together with (8) and (9) results in
lim A(¢) =0, , 11111 £Eit)=0

t——+o00

lim z(¢t) =0

t——+oo
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Therefore, = € + gA + Z is bounded on [0, +o00) and posed, which is the extension of the customary K-filters-
= 0. This together with (2) yields the bound- based observer. Then, by the backstepping approach, the
output-feedback controller is successfully designed. It has

limt_,+oo $(t) =
edness of ¢ on [0, +00) and lim— 4o ¢(t) = 0. O
been shown that the global stability of the closed-loop sys-
tem can be guaranteed by the dynamic gain and the ap-

98

2 Simulation example
Consider the following second-order nonlinear system: propriate choice of the design parameters.
0.5 ——
G = g1 +0GsinC, ( = gu, y = G 0 \/\“ — jl
where 0 is an unknown constant. Suppose this system sat- —0.5 P\
isfies Assumptions 1 and 2 with ¢ = 16|, 1 < |¢g1] < 1.5, 1 < b
lg2] < 1.2. Without loss of generality, the signs of g1 and :
g2 are assumed to be positive. -L5g,
Choose I = [2,1]T. Then, by Theorem 1, we design an b
adaptive output-feedback controller of the form (4)-(5)-(25)
with n = 2. 25k
Let the initial value of the state be ¢, = [1,0]T, 8 = 0.1 3
and g1 = g2 = 1. Choosing design parameters by = 2.1, s 1
ba = 0.5, and 01 = 10.6, we can obtain Figs.1~4. From R
these figures, we know that L is bounded, and ¢, &, and A -4 5
are asymptotically stable. 45
1 0 2 4 6 8 1€
—¢ tls
- Fig.3 State A of high-gain K-filters
0 Sezooooootoooosssssss
1.25
1f
12}
-2 !
Sl 115}
—4 1.1F
-5 . . .
0 2 4 6 8 10 1.05
t/s
Fig.1 System state ¢
1 L s L N
— ¢ 0 2 4 6 8 10
;:' /s
e
Fig.4 Dynamic gain L of the K-filters
Appendix

In this appendix, the proofs of Proposition 1 and Lemma 2
are provided, respectively.

A Proof of Proposition 1
Along the trajectories of the subsystem € in (10), the time

derivative of V. satisfies

. L
Ve < —Llle||> + 2T A f — ZeT(DP, + P D)e (A1)

.8 To We will first handle the second term on the right-hand side

of the aforementioned inequality. Noting that x1 = y = Leq,
Ti = &; +& +g\i = Lie; + L'n; +gL'e; fori = 2,--- ,n and by
the fact L > 1, we have |fi]| < cle1| < cole1] and

Fig.2 State £ of high-gain K-filters

i

3 Concluding remarks i ‘QIN(H)@, < <"*1>\<M+Z Iz | ) B
In this paper, the output-feedback stabilization prob- L B Lt = lgig-nllt ) —
lem has been investigated for a class of uncertain nonlin- i
c2( Y lesl + llell + Imll)
Jj=1

ear systems. After introducing linear state transformation,

the control design becomes convenient since the converted
system has known virtual control coefficients. However, where ¢ = %M max{+/n — I, g} is an unknown positive con-

the commonly used high-gain observer is inapplicable to stant depending on ¢. Then we have

the output-feedback control of the system under consider-
Therefore, an adaptive high-gain observer is pro- 2\ Bl - lell - IF Il < callell® + llell® + [Imll?

ation.
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where ¢; = (n+ 1)n?c2||P||? + 2nce || Bi|| is an unknown positive
constant depending on c. Substituting this into (A1), and noting
(5) and (6), we obtain (11). ]

B Proof of Lemma 2
‘We first show that

T¢ T
/ T e2(1)dt < 40, / "X (1)dt < +o0 (B1)
0 0
2
Otherwise, we have fOTf (23(t) + l;;}((:))) = +00. Then, from

22+ 2L3 , we conclude that L is unbounded on [0, T}), and

thls Contradlcts the boundedness of L on [0, T¥).

Let us next prove the boundedness of 7, €, and € on [0, T).
For the subsystem 7 of system (10), by Proposition 2, we have,
for Vt € [07 Tf),

Amin (P)[In(1)]]* —n(0)T Pm(0) <
Va(n(t)) — Va(n(0)) <

t 1 t
2Pl [ L)eir)ar =5 [ Par

from which, (B1) and the boundedness of L, it follows that, for
vt € [0, Ty),

In(0)]1” < (n(0)™ Aim(0)+

1
= N (BY)
2||p,z||2/’L(r)a§(T)dT) < too
J 0

namely, 7 is bounded on [0, T%), so is €, and

Tr
[ Imlae < 200 Pin(o)+
0
T
4\\31\\2/ "L ()dt < +oo  (B2)
0
According to (9), we have e = €1 — 11 — %/\1. By |g| <

gm, (B1), (B2), and the boundedness of L on [0,T}), we obtain

fOTf €2(t)dt < 4oo. In order to verify the boundedness of &€ and
eon [0,Ty), we first introduce the change of coordinates

_ Zi

€& = ) i=1,---,n
_ Y _ A . (BS)
&1 = —F0, SIS -, 1=2,---,n

gL~ (L=)?

where L* is a constant satisfying
L* > max { 10+4+v/n max{ga, I}L(Tf);rlnax la: ||| Pl
16
12+12n51||Pz||+4n25"fHPIH2+97||PIH2||31H27 L(Tf)} (B4)
N

with a;, ¢ =1,--- ,n and ¢; constants to be determined.
Then, the dynamics of € = [€1,- - ,€,]T satisfy

€=L"Ae+ L*le — LT le + ¥

where T'; = diag{l,%,---,(%)nil} and ¥ =

By z; = e; — ¢} aforementioned, (20) and (25), there exist
known constants a;, a;, ¢ = 1,--- ,n such that

= —|g|L"L @&, - L™ 7 (L") a8 —

n+1z ai

=2
By (9), the dynamics of € = [&y,- - ,&,]T satisfy
. L \n—-1
E=L"AE + L&, — LTolE, — Len|g|(—> @15 —
n L \n—i 14]01
Le,, Z (F> a;&;

=2

n—1
wherel“gfdlag{ ,L*,”',(L%) },and
0 10---0
(£)%200---0
Blz . .. .
(L%)"anO-n()
s n41
32=£31+M6132T* L ena
g gL* (L*)"

with e2 = [0,1,0,---,0]T € R” and a = [ay, - -
||B1|| and || Bz]| are bounded.
et Vz = €' Pje. Then, the time derivative of V; satisfies

,a,]T. Clearly,

Vi < —L*|[é||?4+2L*€* Ble, —2LeT AT 1, + 26T R¥  (B5)

We next handle the last three terms on the right-hand side of
the aforementioned inequality. First, note that ||[I'1]|; = 1 and

©i ‘<c‘ ( |yl || )
| <clgini-nl -+ - <
'(L*)t BN 2 722|gl~<171>|<L*>t

cg L
gM (9N|<51\ +Z <|€J| +(L*

e (lIEll + Ifell + ||n||)

VIl +aulesl)) <

where ¢; is an unknown positive constant depending on ¢. Then,
we have

2L7E"Rler < [l + (L)% P )*e

—2Le" Alhle < |[[e]|* + L[| P12 %€

2T < 2Bl - [lell - 1]y
< (Bna||Rl +n2el R?) llell® + llel*+
ne| Bl - il

Substituting this into (B5), we have

Ve < —(L* =2 =3na|| Bl - n®@||R)1?) [ell® + 18]+
(@I + L2 A2 & +nell B -Inll> - (B6)

Let Vz = €T P&. Then, the time derivative of Vz satisfies

. L \n—-1
VE§—L*HEHZ—&—2L*.§TP;l5’1—2LETP,en|g\(E) 4161 —
n L \n—i
2LEPT.IE, — 2LE™ Pre,, Z (f) @i+
2L = =T 2 7
€ P Bie+ 2 P;B211+Te Peipr (B7)
g gL*

Let us first handle the last seven terms on the right-hand side of
the aforementioned inequality. Noting that ||[T'2||: < 1 and (B4),
we have

_ Lyn-1 _ o Loyn—i
72LeTPlen|g|<E) a15172LsTP,eni22( ) a;&; <

L*
2vnmax{ga. 1}L max_|ai]|Fi][e]?
2L Rl < |lg]l? + (L) Bll|*E
~2LeRTsle, < [l + L2 P2l 2e3

2L i}
2 ETpBE < —IIeH2 [H:AREE

g
2ThBm < ||€||2+||Pz|| Hlel [[nll®

2
gTeTPICNPl < |gll* + *||Pt||2€1

Substituting these into (B7), we have
. 3 _
A §—(ZL* — 2v/nmax{gwm, 1}L _max la; ||| Pl —4)><

llel® +

1711 B1 1% el + ((L*)2|\3l||2+
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c? _
;;HBH2+1FHHHﬂUW)Ef+HfﬂFHBﬂFHmV (B8)
N

Define V' (€,€) = Vi + %‘/g. Then, from (B6) and (B8), we
have

. 1
V< (5L —2vnmax{gy, 1}L max [al|B]| - 4) el -
L*
(5 - (2+ sncilAll + w2t P+
iP’sz L*lIel? L2 P2
LR EA lell® + (L) 1AL+
ng I
c _ * .
IR + L2 R ) &2 + = (L2 AP+
g 4
N L*
LB HP) € + (Znel Bl + IBI21B: 1) [l
By (B4) and the boundedness of L, the inequality above becomes

V < —|El* — I[ell® + cagt + ca&f + calln® (B9)

where c3 > 0 is a proper constant depending on the unknown
constant c.

By (B3), [, €2(t)dt < +oo and [, | €2(t)dt < +oo, it is easy

to show that fon g2(t)dt < +oo and fOTf €2(¢t)dt < +oo. Then,
from (B9), it follows that, for V¢ € [0,T}),

eI < (V(E(0),&0)+

1
cs3 /0 <5§(T) +&(r)+ ||7I(T)H2) dT) T

12 4 o
le@)? < m(V(e(o),e(o))+

t
co [ (B0 +E@) + In(IF)dr) < +oo
0
namely, € and € are bounded on [0,7%), so is A, and

[ @i < v eon e [ (s0+

[ lelPa < vieo)eo) +e [ (S0

In view of (B3) and (8), the conclusion can be obtained that &
and € are bounded on [0, T¥).
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