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JUMPS AND MONODROMY OF ABELIAN VARIETIES

LARS HALVARD HALLE AND JOHANNES NICAISE

ABSTRACT. We prove a strong form of the motivic monodromy conjecture
for abelian varieties, by showing that the order of the unique pole of the
motivic zeta function is equal to the size of the maximal Jordan block of the
corresponding monodromy eigenvalue. Moreover, we give a Hodge-theoretic
interpretation of the fundamental invariants appearing in the proof.

1. INTRODUCTION

Let K be a henselian discretely valued field with algebraically closed residue
field k, and let A be a tamely ramified abelian K-variety of dimension g. In [9], we
introduced the motivic zeta function Za(T) of A. It is a formal power series over
the localized Grothendieck ring of k-varieties My, and it measures the behaviour
of the Néron model of A under tame base change. We showed that Z4(IL™°) has
a unique pole, which coincides with Chai’s base change conductor c¢(A) of A, and
that the order of this pole equals 1 4 t,01(A), where tpo1(A) denotes the potential
toric rank of A. Moreover, we proved that for every embedding of Q@ in C, the
value exp(2mc(A)i) is an eigenvalue of the tame monodromy transformation on the
£-adic cohomology of A in degree g. The main ingredient of the proof is Edixhoven’s
filtration on the special fiber of the Néron model of A [§].

As we've explained in [9], this result is a global version of Denef and Loeser’s
motivic monodromy conjecture for hypersurface singularities in characteristic zero.
Denef and Loeser’s conjecture relates the poles of the motivic zeta function of
the singularity to monodromy eigenvalues on the nearby cohomology. It is a
motivic generalization of a conjecture of Igusa’s for the p-adic zeta function, which
relates certain arithmetic properties of polynomials f in Z[z1,...,z,] (namely, the
asymptotic behaviour of the number of solutions of the congruence f = 0 modulo
powers of a prime p) to the structure of the singularities of the complex hypersurface
Hy defined by f. The conjectures of Igusa and Denef-Loeser have been solved, for
instance, in the case n = 2 [II][I7], but the general case remains wide open. We
refer to [16] for a survey.

There also exists a stronger form of these conjectures, which says that the poles
of the respective zeta functions are roots of the Bernstein polynomial b (s) of f,
and that the order of the pole is at most the multiplicity of the corresponding root
of bs(s). It is well-known that, for every root a of bs(s), the value o' = exp(2mia)
is a monodromy eigenvalue on the nearby cohomology Ry ;(C), of f at some point
x of Hp(C) [I0][I2]. Moreover, if H; has an isolated singularity at x, then the
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multiplicity mq of v as a root of the local Bernstein polynomial bs (s) of f at z is
closely related to the maximal size m, of the Jordan blocks with eigenvalue o’ of
the monodromy transformation on R"~1¢;(C),. In particular, m, < my if « ¢ Z
[z 7.1].

The aim of the present paper is twofold. First, we prove a strong form of the
motivic monodromy conjecture for abelian varieties. There is no good notion of
Bernstein polynomial in our setting, but we can look at the size of the Jordan blocks.
We show that the order 1 + t,0(A) of the unique pole s = ¢(A) of the motivic
zeta function Z4(IL™*%) is equal to the size of the maximal Jordan block of the
corresponding monodromy eigenvalue on the degree g cohomology of A (Theorem
B3). Next, we use the theory of Néron models of variations of Hodge structures to
give a Hodge-theoretic interpretation of the jumps in Edixhoven’s filtration. This is
done in Theorems and In [9], 2.7], we speculated on a generalization of the
monodromy conjecture to Calabi-Yau varieties over C((¢)) (i.e., smooth, proper,
geometrically connected C((t))-varieties with trivial canonical sheaf); we hope that
the translation of Edixhoven’s invariants to Hodge theory will help to extend the
proof of the monodromy conjecture to that setting.

In order to obtain these results, we divide Edixhoven’s jumps into three types:
toric, abelian, and dual abelian. The properties of these types are discussed in
Section Bl and they are related to the monodromy transformation on the Tate
module of A in Section[dl Toric jumps correspond to monodromy eigenvalues with
Jordan block of size two, and the abelian and dual abelian jumps to monodromy
eigenvalues with Jordan block of size one (Theorem [1.3)).

2. PRELIMINARIES AND NOTATION

We denote by R a Henselian discrete valuation ring, with quotient field K and
algebraically closed residue field k. We denote by K% an algebraic closure of K, by
K? the separable closure of K in K%, and by K* the tame closure of K in K°. We
fix a topological generator o of the tame monodromy group G(K*/K). We denote
by p the characteristic exponent of k, and by N’ the set of integers d > 0 prime to
p. We denote by

(\)s : (R — Schemes) — (k — Schemes) : X — X, = X xpk

the special fiber functor.

For every abelian variety B over a field F', we denote its dual abelian variety by
BY. For every abelian K-variety A with Néron model A, we denote by t(A), u(A)
and a(A) the reductive, resp. unipotent, resp. abelian rank of A°. We call these
values the toric, resp. unipotent, resp. abelian rank of A.

By Grothendieck’s semi-stable reduction theorem, there exists a finite extension
K’ of K in K?® such that A xx K’ has semi-abelian reduction [2, 1X.3.6] (i.e.,
the identity component of the special fiber of its Néron model is a semi-abelian
k-variety). The value tpo1(A) = t(A x g K') is called the potential toric rank of A,
and the value apo(A4) = a(A x g K') the potential abelian rank. It follows from [2]
IX.3.9] that these values are independent of the choice of K’. We say that A is
tamely ramified if we can take for K’ a tame finite extension of K (this means that
the degree [K' : K] is prime to p) .

For every scheme S, every S-group scheme G and every integer n > 0, we denote
by ng : G — G the multiplication by n, and by ,,G its kernel.
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If S is a set, and g : S — R a function with finite support, we set
lgll =" g(s)-
sES

We denote the support of g by Supp(g).

Definition 2.1. For every function

f:Q/Z—-R
we define its reflection

ff:Q/Z—-R
by

fr(@) = f(=x).

We call f complete if for every x € Q/Z, the value f(x) only depends on the

order of x in the group Q/Z. We say that f is semi-complete if f+ f* is complete.

Consider a function
f:Q/Z - N
and assume that there exists an element e of Z~( such that Supp(f) is contained
in ((1/e)Z)/Z. Let F be any algebraically closed field such that e is prime to the
characteristic exponent p’ of F. For each generator ¢ of u.(F), we put

Prety=I[  @-¢/®
i€((1/e)2)/Z
in F[t]. For each integer d > 0, we denote by ®4(t) the cyclotomic polynomial
whose roots are the primitive d-th roots of unity. We say that ®4(¢) is F-tame if d
is prime to p’.
Lemma 2.2. The function f is complete iff for some generator { of p.(F), the

polynomial Py ¢ (t) is the image of a product Q ;(t) of F-tame cyclotomic polynomials
under the unique ring morphism

p:Z[t] = Ft]

mapping t to t. If f is complete, then Py (t) is independent of ¢ and e, and Q¢ (¢)
is unique. In that case, if we choose a primitive e-th root of unity & in an algebraic
closure Q% of Q, then

Qsty= [ -,
i€((1/e)2)/Z
Proof. First, assume that f is complete, and put
Qsty= [ (@t—=¢®
i€((1/e)Z)]Z
for some primitive e-th root of unity £ in Q. Then Q(t) is a product of F-tame
cyclotomic polynomials, because f is complete and e is prime to p’. There is a
unique ring morphism
5 2 > FlY
that maps £ to ¢ and ¢t to t. We clearly have p(Qs(t)) = Py ¢(T). Since Qy(t)
belongs to Z[t], it follows that p(Qf(t)) = Py,¢(T) so that Py (t) does not depend
on ¢. Uniqueness of Q¢(t) follows from [9, 5.10].
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Conversely, if Py (t) is the image under p of a product Q(t) of F-tame cyclotomic
polynomials, then it is easily seen that f is complete. O

3. TORIC AND ABELIAN MULTIPLICITY

3.1. Galois action on Néron models. Let A be a tamely ramified abelian K-
variety of dimension g, and let K’ be a finite extension of K in K? such that
A’ = A xg K’ has semi-abelian reduction. We denote by R’ the normalization of
R in K’, and by m’ the maximal ideal of R’. We put d = [K': K].

We denote by u the Galois group G(K’'/K), and we let p act on K’ from the
left. The action of ¢ € u on m’/(m’)? is multiplication by ¢(¢), for some ¢(¢) in the
group pq(k) of d-th roots of unity in k, and the map

= pa(k) = ¢ = Q)
is an isomorphism.
We denote by A and A’ the Néron models of A, resp. A’. By the universal
property of the Néron model, there exists a unique morphism of R’-group schemes
h: Axpg R — A

that extends the canonical isomorphism between the generic fibers. It induces an
injective morphism of free rank g R’-modules

Lie(h) : Lie(A x g R') — Lie(A").
Definition 3.1 (Chai [4]). The base change conductor ¢(A) of A is [K' : K]~}
times the length of the cokernel of Lie(h).

The definition does not require that A is tamely ramified. The base change
conductor is a positive rational number, independent of the choice of K’. It vanishes
iff A has semi-abelian reduction.

The right p-action on A’ extends uniquely to a right p-action on A’ such that
the structural morphism

A’ — Spec R/
is p-equivariant. We denote by
(3.1) 0-T— (A,)°—>B—0

the Chevalley decomposition of (A)°, with T a k-torus and B an abelian k-variety.
There exist unique right p-actions on 7', resp. B, such that () is u-equivariant.
The right p-action on B induces a left p-action on the dual abelian variety BY.

Lemma 3.2. The sequence
(3.2) 0—TH— ((A)°)* - B* =0

obtained from (31) by taking p-invariants, is exact.
Taking identity components, we get a sequence

(3.3) 0— (T")° — ((A)H)° — (B*)° =0
which is exact at the left and at the right. The quotient
B = ((A)")°/(T")°
is an abelian k-variety, and the natural morphism f : B' — (BH)° is a separable
isogeny.
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Moreover, if we denote by h the unique morphism
h:A XR R — .A/

extending the natural isomorphism between the generic fibers, then the k-morphism
hs : As = AL factors through a morphism

g: As — (A/s)'u

The morphism g is smooth and surjective, and its kernel is a connected unipotent
smooth algebraic k-group. The identity component ((AL)*)° is semi-abelian.

Proof. Left exactness of (8.2) is clear. To prove that (3.2)) is exact, it suffices to
show that ((\A})°)* — B* is smooth and surjective. For any commutative k-group
scheme Z endowed with a right p-action, consider the morphism Ny : Z2 — Z#
defined by
Nz(S): Z(S) = ZH(S) : s — Zs*(

Cep
for all k-schemes S. If we denote by ¢z the tautological closed immersion Z# — Z,
then Nz o1z equals dzx (=multiplication by d on Z").

Consider the commutative diagram

0 T -2y )y —5 B 0
ol el e
0 T (A)7y —"— B

Since dp is surjective [I4, I1.4,p.42], the morphism Np is surjective. By
surjectivity of 3, this implies that " is surjective. But  is smooth since T is
smooth over k [I, VIg.9.2], so that S* is smooth and surjective [8] 3.5].

Taking identity components in [3:2)), we get a sequence

(T1)? —2 ((A)1)? —F— (BY)°
By [8] 3.5], all members of this sequence are smooth algebraic k-groups. Injectivity
of a° is obvious, and surjectivity of 3° follows from [I, TVy.3.11]. We put

B = ((A)")°/(T")°

This is a connected smooth algebraic k-group, by [1, VIg.9.2]. The kernel of the
natural morphism f : B’ — (B")° is canonically isomorphic to

ker(5%)/(T")°

By smoothness of 5, we know that ker(5°) is smooth over k, so that ker(f) is smooth
over k, by [I, VIg.9.2]. Surjectivity of 8° implies that f is a surjection between
algebraic k-groups of the same dimension, so that ker(f) is finite and étale. Hence,
B’ is an abelian variety, and f a separable isogeny.

Since h is p-equivariant, and p acts trivially on the special fiber A, of A xg R,
the morphism hs factors through a morphism g : As — (A.)*. By [8 5.3], the
morphism g is smooth and surjective, and its kernel is a connected unipotent smooth
algebraic k-group. By [8 3.5], ((A)*)° is a connected smooth closed k-subgroup
scheme of the semi-abelian k-group scheme (A,)°, so that ((A})*)° is semi-abelian
by [9, 5.2]. O
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3.2. Multiplicity functions. Fix an element e € N’. For every finite dimensional
k-vector space V' with a right p.(k)-action

k: VX pe(k) =V :(v,Q)—vx(
and for every integer ¢ in {0,...,e — 1}, we denote by V[i] the maximal subspace
of V such that _
vx(=C"v
for all ¢ € pe(k) and all v € V[i]. We define the multiplicity function

MV, (k) - Q/Z — N
by
{ my,,, ky(i/e) = dim(V[i]) foriec{0,...,e—1}
myu. (@) = 0 if w ¢ ((1/e)Z)/Z

Note that my,,, (r) determines the k[, (k)]-module V' up to isomorphism, since the
order of p.(k) is invertible in k.

In an analogous way, we define the multiplicity function m, ) w for a finite
dimensional k-vector space W with left pu.(k)-action. The inverse of the right
te(k)-action on V' is the left action

pe(E) xV =V i (Cv) = vt
Its multiplicity function my, () v is equal to the reflection (my,, &))" of the
multiplicity function my;,,_(x)-
Let A be a tamely ramified abelian K-variety. We adopt the notations of Section
Bl In the set-up of B.I), the group p = ugq(k) acts on the k-vector spaces Lie(T),

Lie(A.) and Lie(B) from the right, and on Lie(BY) from the left (via the dual
action of 4 on BY). Hence, we can state the following definitions.

Definition 3.3. We define the toric multiplicity function m** of A by

tor __
mA - mLie(T)7M'

We define the abelian multiplicity function m3> of A by
mixb = MLie(B),u-

We define the dual abelian multiplicity function 1% of A by
ﬁzjb = mMLiC(Bv).

Finally, we define the multiplicity function ma of A by
map = mffr + mfilb = mLiC(A/S)#.
Using [2, I1X.3.9], it is easily checked that these definitions only depend on A,
and not on the choice of K”.

Proposition 3.4. For every tamely ramified abelian K-variety A, we have
me = (mR)*.

Proof. We adopt the notations of Section Bl We set (AV) = AY xx K’ and we
denote its Néron model by (LAY)’. The identity component of (AY)”, is a semi-abelian
k-variety [2 1X.2.2.7]. We denote by C' its abelian part.

As explained in Section Bl the left Galois action of y on K’ induces a right
action of g on C. The canonical divisorial correspondence on A x i AY induces a
divisorial correspondence on B x, C' that identifies C' with the dual abelian variety
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of B [2] IX.5.4]. It suffices to show that the right u-action on C is the inverse
of the dual of the right p-action on B. To this end, we take a closer look at the
construction of the divisorial correspondence on B X C. Here we need the language
of biextensions [2]. We note that the following proof does not use the assumption
that A is tamely ramified and that K’ is a tame extension of K.

The canonical divisorial correspondence on A xx AV can be interpreted as a
Poincaré biextension & of (A, AV) by G,k [2) VIL.2.9.5], which is defined up
to isomorphism. It induces a biextension &’ of (A’,(AY)) by G, k' by base
change. By [2, VIII.7.1], the biextension 42’ extends uniquely to a biextension of
((A)°, ((AY))°) by G, g, which restricts to a biextension £/ of ((A")2, ((AY))?)
by G, k- By [2, VIIL.4.8], & induces a biextension 2 of (B,C) by G,  that is
characterized (up to isomorphism) by the fact that its pullback to ((A")2, ((AY)")?)
is isomorphic to .. The theorem in [2, IX.5.4] asserts that 2 is a Poincaré
biextension.

Since &’ is obtained from the biextension & over K by base change to K, it
follows easily from the construction that, for every element ( of u, the pullback of
the biextension 2 through the k-morphisms

re : B—DB
re + C—=C
is isomorphic to £, where r¢ stands for the right multiplication by ¢ on B and C.
Interpreting 2 as an isomorphism
i:B—CY
in the way of [2, VIII.3.2.2], this means that the diagram

B — ¢V

Til T(Tc)v

B — oV
commutes, which is what we wanted to show. [l

In the following proposition, we see how the multiplicity functions of a
tamely ramified abelian K-variety A are related to Edixhoven’s jumps and Chai’s
elementary divisors of A. These jumps and elementary divisors are rational numbers
in [0, 1] that measure the behaviour of the Néron model of A under tame ramification
of the base field K. For the definition of Edixhoven’s jumps, we refer to [8] 5.4.5].
The terminology we use is the one from [9, 4.12]. For Chai’s elementary divisors,
we refer to [4] 2.4]. By definition, the base change conductor ¢(A) of A is equal to
the sum of the elementary divisors.

Proposition 3.5. Let A be a tamely ramified abelian K -variety. The functions

ma, miy”, mi‘b and ﬁlzb are supported on

((1/e)2)/Z,
with e the degree of the minimal extension of K where A acquires semi-abelian
reduction.
If we identify [0,1[NQ with Q/Z via the bijection

0,1[NQ - Q/Z :x+— x mod Z
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then for every x € [0,1[NQ, the value ma(x) is equal to the multiplicity of x as
a jump in Edizhoven’s filtration for A. In particular, the support of ma is the set
of jumps in Edizhoven’s filtration. The value m(x) is also equal to the number of
Chai’s elementary divisors of A that are equal to x, and the base change conductor
c(A) of A is given by

c(A)= D (ma(z)-x).

[0,1[NQ

Proof. See [8, 5.3 & 5.4.5] and [0} 4.8 & 4.13 & 4.18]. O

Proposition 3.6. We have the following equalities:

lmall = dim(4), m{T0) = tA),
ImE = tpor(A),  mF(0) = a(A),
Im] = apor(4), (1P = apor(A).

Moreover, we have
> ma(z) = u(A).
z€(Q/2)\{0}

Proof. We adopt the notations of Section Bl It follows immediately from the
definitions that

[mal = dim(Lie(Ay)) = dim(A),
[m" (| = dim(Lie(T)) = tpor(A),
Il = llm¥®ll = dim(Lie(B)) = apot(A).

By Lemmal[3.2] the abelian, resp., reductive rank of .A? is equal to the abelian, resp.,
reductive rank of the semi-abelian k-variety ((\AL)*)°. In the notation of Lemma
B2 the Chevalley decomposition of ((A%)*)° is given by

0— (TH)° — (AD")° = B =0

and there exists a natural separable isogeny f : B’ — (B*)°. By [, 3.2], the natural
morphisms

Lie(T*) — Lie(T)* = Lie(T)[0]
Lie(B*) — Lie(B)* = Lie(B)[0]

are isomorphisms. Since Lie(f) is also an isomorphism, we find

m3'(0) = t(A),
mP0) = a(A).

It follows that

S mal@) = [mal - mf(0) - mP(0)
z€(Q/Z)\{0}
= dim(A) — t(A) — a(A)

= u(4).
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Lemma 3.7. If Ay and Ay are tamely ramified abelian K -varieties, then

tor _ tor tor
mAl X i Ao - mAl + mAZ )

ab _ ab ab
mA1><KA2 - mA1 + mAz’
v ab o v ab v ab
mA1><KA2 - mAl + mAQ'

Proof. If we denote by A; and As the Néron models of Aj, resp. Az, then
it follows immediately from the universal property of the Néron model that
A1 X Ao is a Néron model for A; X As. Since the Chevalley decomposition
of a connected smooth algebraic k-group commutes with finite fibered products
over k and Lie(Gy xj G2) is canonically isomorphic to Lie(Gy) @ Lie(G2) for any
pair of algebraic k-groups G1, G2, the result follows. O

Proposition 3.8. Let A be a tamely ramified abelian K -variety. Let L be a finite
tame extension of K of degree e, and put A, = A X L. Then for each x € Q/Z,
we have

mir(z) = Y mf(y)
yeQ/Z, e-y=x

mi (z) = > mPy)
yeQ/Z, e-y=x

WACKE SIS DR ¥

y€Q/Z, e-y=x

=2

(y)

Proof. We adopt the notations of Section Bl Since the multiplicity functions do
not depend on the choice of the field K’ where A acquires semi-abelian reduction,
we may assume that L is contained in K’. If ¢ is a generator of p, then the Galois
group G(K'/L) is generated by ¢¢. Now the result easily follows from the definition
of the multiplicity functions. O

Proposition 3.9. If f : Ay — As is an isogeny of tamely ramified abelian K-
varieties, and the degree deg(f) of f is prime to p, then

m¥ =m¥,  and WY =mi.
Proof. We put n = deg(f). The kernel of f is a finite étale K-group scheme of rank
n, so it is contained in ,,(A;). Hence, there exists an isogeny ¢ : As — A; such that
gof= nA,-

Let K’ be a tame finite extension of K such that A; and Ay acquire semi-abelian
reduction over K’, and denote by R’ the normalization of R in K’. We denote the
Néron model of (A4;) xx K’ by Aj, for i = 1,2. The morphisms f xx K’ and
g X K’ extend uniquely to morphisms of R’-group schemes

fr A= Al

g A, — Al
For ¢ = 1,2, we denote by B; the abelian part of the semi-abelian k-variety
(AL)9. By functoriality of the Chevalley decomposition, f, induces a morphism
of k-group schemes fj : By — By. Likewise, ¢, induces a morphism of k-group
schemes ¢ : By — Bj. Since ¢’ o f’ is multiplication by n, the same holds for
g5 o fp. In particular, the degree of f is prime to p. It follows that ff is
a p-equivariant separable isogeny, so that Lie(ff) : Lie(B1) — Lie(B2) is a u-

equivariant isomorphism, and mjbl = mjk;.
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By [14, p.143], the dual morphism (f})" is again an isogeny, and its kernel is
the Cartier dual of the kernel of fj. In particular, f; and (fp)Y have the same
degree, so that (ff)V is separable. Since it is also equivariant for the left p-action
on BY, we find that 3 =m2>. O

Remark 3.10. The same proof shows that m'* is invariant under isogenies of
degree prime to p. We'll see in Corollary [£4] that, more generally, the functions

m%* and m3P> + m3P are invariant under all isogenies.

Corollary 3.11. Let A be a tamely ramified abelian K-variety. If k has
characteristic zero, or A is principally polarized, then

milb = mla4b\/

and
i = ()"

Proof. The first equality follows from Proposition Together with Proposition
B4 it implies the second equality. O

We will see in Theorem that, when R is the ring of germs of holomorphic
functions at the origin of C, the equality

expresses that the monodromy eigenvalues on the (—1,0)-component of a certain
limit mixed Hodge structure associated to A are the complex conjugates of the
monodromy eigenvalues on the (0, —1)-component. Corollary B.IT] generalizes this
Hodge symmetry.

Question 3.12. Is it true that

< ab _ (m%b)*

for every tamely ramified abelian K-variety A7

4. JUMPS AND MONODROMY

Proposition 4.1. Let B be an abelian k-variety, and T an algebraic k-torus. Fiz
an element e € N', and assume that p.(k) acts on B, resp. T from the right. We
consider the dual left action of pe(k) on BY. The functions my := MLie(T), ue (k)
and

M2 1= MLic(B),pe (k) T Mpre (k) Lie(BY)
are complete.

Moreover, for each generator ¢ of u.(k), the characteristic polynomial Py(t) of
¢ on the l-adic Tate module

VT =TT ®z, Qe

is equal to Qm, (t) (in the notation of Lemma[22). Likewise, the characteristic
polynomial Pa(t) of ¢ on ¥ B is equal t0 Qm,(t)

Proof. We denote by
p: Z[t] — k[t]
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the unique ring morphism that maps ¢ to t. It is well-known that the characteristic
polynomials P;(t) and Ps(t) belong to Z[t]. For Pi(t), this follows from the
canonical isomorphism

YT = Homy (X (T),Q.(1))
where X (T') denotes the character group of T. For Py(t), it follows from [14]
§19, Thm.4].

Since e is invertible in k, Pi(t) and Py(t) are products of k-tame cyclotomic
polynomials. In the notation of Lemma [Z2] the characteristic polynomial of the
automorphism induced by ¢ on Lie(T) is equal to P, ¢(T). Likewise, P, ¢(T)
equals the product of the characteristic polynomials of the automorphism induced
by ¢ on Lie(B) and the dual automorphism on Lie(BY).

By Lemma [Z2] we only have to show that the image of P;(t) under p equals
Py, ¢(T') and the image of P»(t) equals P, ¢(t). This follows from the proof of [9,
5.12], by the canonical isomorphism

HY(B,0p) = Lie(B")
(see [14] §13, Cor.3]). O
For every n € Z~¢ and every a € C, we denote by Diag,, (a) the rank n diagonal
matrix with diagonal (a,...,a), and by Jord,(a) the rank n Jordan matrix with

diagonal (a, ..., a) and subdiagonal (1,...,1). For any two complex square matrices
M and N, of rank m, resp. n, we denote by M @& N the rank m + n square matrix

M 0
wey— (0

For every integer ¢ > 0, we put
M=Mo---d&M.
—————
q times

Definition 4.2. Fori=1,2, let
m; : Q/Z — N

be a function with finite support. The Jordan matriz Jord(mi, me) associated to
the couple (m1,ms) is the complex square matriz of rank |mq|| + 2 - |[|mz|| given by

Jord(my,mz) = @ (Diagml(w)(exp(%ri:t)))

z€Supp(m1)

e @ (@mQ(y)Jordg (exp(2m’y)))

yESupp(mz)

where we ordered the set Q/Z using the bijection Q N [0,1[— Q/Z and the usual
ordering on [0,1].

Theorem 4.3. We fix an embedding Q, — C. If A is a tamely ramified abelian
K -variety, then the monodromy action of o on H' (A x ¢ K',Qy) has Jordan form

Jord(m2P + m3P, m'r).

Moreover, the functions m%™ and m3 + M3 are complete.



12 LARS HALVARD HALLE AND JOHANNES NICAISE

Proof. We adopt the notations of Section 3.1l We denote by 7, A the f-adic Tate
module of A. We put I = G(K?®/K) and I’ = G(K*®/K'). Recall that there exists
a canonical I-equivariant isomorphism

(4.1) HY(A x g K*,Qq) & Homgz, (A, Q)

(see [13] 15.1]). Since A is tamely ramified, the wild inertia subgroup P C I acts
trivially on H'(A xx K%, Q) and Z; A, so that the I-action on these modules
factors through an action of I/P = G(K'/K).

Since P is a p-group and p is prime to £, there exists for every K-variety X and
every integer i > 0 a canonical G(K"'/K)-equivariant isomorphism

HY(X xx K', Q) = H(X xx K*,Qp)"

(see [2, 1.2.7.1]). 1In our case, this yields a canonical G(K'/K)-equivariant
isomorphism

(4.2) HY (Axg K°,Qp) = H' (A xx K°,Q¢)" = H' (A xx K*,Qp).
By (@) and [@.2]), it suffices to show that the action of o on
VA = T A®z, Qe

has Jordan form
Jord(mi&b + rhi,b, mir)
and that m3> + 3> and m'* are complete.

Consider the filtration
(4.3) (T A C (7 A ¢ ZA

from [2, 1X.4.1.1], with (F;A)° the essentially fized part of the Tate module 7 A,
and (J;A)°" the essentially toric part. By definition,

(74)" = (7:4)"
and (7, A)°" is stable under the action of I on Z;A. We denote by
(4.4) (1 A)°* C (1A = (1A)T c %A

the filtration obtained from (@3] by tensoring with Q,. By [2, IX.4.1.2] there exists
an I-equivariant isomorphism

(4.5) A/ (HA) = (1 A))".

In particular, I" acts trivially on %, A/(#;A)°". Tt follows that the I’-action on ¥, A
is unipotent of level < 2, and that the I-action on (#;A)®* and %, A/(#;A)*' factors
through an action of I/I’ = y = pg4(k), where d = [K' : K]. We denote by & the
image of o under the projection G(K*/K) — p.

The element ¢ belongs to I, so that the action of o on #;A is unipotent of
level < 2. Combining (@A) and (LX) and using some elementary linear algebra, we
see that the action of ¢ on #; A has the following Jordan form: for every eigenvalue
a of T on (#A)° there is a Jordan block of size two with eigenvalue a, and for
every eigenvalue 3 of @ on (%,A)°f/(#,A)* there is a Jordan block of size one with
eigenvalue .

Hence, in order to prove the theorem, it suffices to prove the following claim:

(1) the F-action on (#A)** has Jordan form Jord(m'*,0), and mY* is
complete,
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(2) the G-action on (%,A)°'/(7,A)°* has Jordan form Jord(m2P + m2P,0), and
m3 +m3P is complete.
By [2 1X.4.2.7 & IX.4.2.9] there exist u-equivariant isomorphisms
(hA)" = HT
(Ve A) ) (Ve A) VB
so that the claim follows from Proposition A1l O

1%

Corollary 4.4. The functions mjb + T“njb and m%" are invariant under isogeny.
In particular, m%* = m*%, and
mi + M = miR 4+ mi.

Corollary 4.5. Let A be a tamely ramified abelian K -variety. If we assume either
that k has characteristic zero, or that A is principally polarized, then mfilb is semi-

complete.

Proof. This follows from Corollary B.111 O

Corollary 4.6. Let A be a tamely ramified abelian K -variety, and let e be the
degree of the minimal extension of K where A acquires semi-abelian reduction. Fiz
a primitive e-th root of unity £ in an algebraic closure Q® of Q. The characteristic
polynomial

P,(t) =det(t-1d — o | H' (A xx K',Qy))
of o on HY (A x ¢ K',Qy) is given by

~ ab tor .

P,(t) = H (t — goiymB O O+2mP @) o 7y
i€((1/e)Z)/Z

Corollary 4.7. Let A be a tamely ramified abelian K -variety. Assume either that
k has characteristic zero, or that A is principally polarized. Then the monodromy
action of o on HY (A x i K',Qy) has Jordan form

Jord(m2P + (m2P)*, m'or).

In the notation of Corollary [{.6 we have

P,(t) = H (t — g&f)ymL OFmP (D+2mP () ¢ 71y,
i€((1/e)Z)/ L
Proof. Apply Corollary [3.111 O

5. POTENTIAL TORIC RANK AND JORDAN BLOCKS

Lemma 5.1. Let F be an algebraically closed field of characteristic zero, and let
V # {0} be a vector space over F. Let o be an endomorphism of V', with Jordan
form

Jord,, (€)

where m € Zsqg and & € F*. For each integer i in {0,...,m}, the endomorphism
Bi=(Na)—¢ - 1d
of AUV is nilpotent of order 1+ i(m — i).
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Proof. We choose a basis vy, ..., v, of V such that
(a—&-1d)vg = vp—1

for each ¢ € {1,...,m}, where we put vy = 0.
We may assume that i belongs to {1,...,m}, because the result is obvious for
i = 0. We denote by _# the set of strictly increasing maps

j:A{L. i = {1,...,m}.
We define a partial ordering on ¢ by putting ji < jo iff ji(z) < ja(z) for all
xe{l,...,i}.
For each j € _#, we define the weight of j by

and we put
Uj 1= Vj(1) VANERIAN Vi) € ATV
Note that w(j) is contained in the set {0, ...,i(m —)}. For every n € N we denote

by _#, the subset of _# consisting of the elements j of weight w(j) = n. We denote
by jmin the unique element in _#, i.e., the inclusion

jmin5{1,...,i}—>{1,...,m}.

For every n € N, we denote by W_,, the linear subspace of AV generated by the
elements v; with j € ¢ and w(j) < n.

Since {vj|j € #} is a basis of A"V, the lemma follows immediately from the
following claim.

Claim. For each element j in ¢, and every n € N, we have 3" (vj) = 0 if
n>w(j). If n =w(y), then

B™(vj) = €0y

with ¢ € Zyg.

Let us prove the claim. We proceed by induction on w(j). It is easily seen that
BWjp) = 0, so the claim holds for w(j) = 0. Assume that w(j) > 0 and that
the claim holds for elements of ¢ of weight strictly smaller than w(j). Direct
computation shows that

Bvj) = Z E vy +w
3'€ Fuwiiy)—1,3"<J
with w € Woy(;)—1. By our induction hypothesis, we know that U@ (w) = 0,
and that for each j' € 7,1,
B (vy) = ¢ @Dy

with ¢;s € Z~g. It follows that

B9 (v) = > ey | €D Dy

J'€Luwiy—1:3"<J

and " (vj) = 0 for n > w(j). O
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The following proposition will allow us to compute the maximal size of certain
Jordan blocks of monodromy on the cohomology of a tamely ramified abelian K-
variety (Theorem [1.3]). The proof of the proposition consists of some elementary,
but quite tedious, linear algebra.

Proposition 5.2. Let F' be an algebraically closed field of characteristic zero, and
let V £ {0} be a vector space over F. Let o be an endomorphism of V', with Jordan
form

Jordy,, (1) @ -+ - @ Jord,y,, (&)
where q € Zso, m € (Zs0)? and & € F* forj=1,...,q.
We fiz an integer i > 0. For every element ¢ of F', we denote by M, the size of

the largest Jordan block of N'aw on ANV with eigenvalue C. If we denote by & the
set of tuples s € N7 such that ||s|| =i and s; < m; for each j € {1,...,q}, then

Me=max{l+ Y (sj(m;—s;))|s€.7, H(ﬁj)sj =(}

jE€Supp(s)

for every ¢ € F, with the convention that max () = 0.

Proof. We fix ¢ € F, and we put

q
M=max{l+ > (s;(m;—s;)|ses [[&)7=¢
JjE€Supp(s) j=1
We have to show that M = M.
We can write

such that «(V;) C Vj for each j and the restriction a; of a to V; has Jordan form
Jord,,, (§;). If we put

Vo= (A1) @ ® (A°*V)
for each s € ., then we have a canonical isomorphism

NV = PV

seS
such that every summand V; is stable under Ao and the restriction of Afa to Vi
equals
(Atan) ® -+ - ® (A*2ay).
The endomorphism A’ has a unique eigenvalue on V;, which is equal to

a
£s 1= H(é.j)Sj'
j=1

It suffices to prove the following claims.

Claim 1. For each s € .% such that & = ¢, we have (Nao — ¢ -1d)M =0 on V.

Assume that s € . such that & = (. For each subset S of {1,...,¢}, and each
j€{1,...,q}, we denote by ag ; the endomorphism (A% «a; — (£;)% -1d) of A%V
it 7 € S, and the endomorphism (&;)% - Id of A%V} else. We denote by ag the
endomorphism

a571 ®...®a57q
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of V5. Then we have, for every w € Vj,

(Na=¢-1)M(w) = (@1, (A ay) — @1, ((§)% - 1d)M (w)
= ( Z as)M (w)
0#SC{1,....q}
because
@1 (Aay) = @ (Aa; — (&) - 1) + (&) - 1) = Y as.
Sc{1,....q}

Let S1,...,Sn be (not necessarily distinct) non-empty subsets of {1,...,¢}. It is
enough to show that

(asl O---0 O‘SM)(w> =0
for all w € V;. For every j € {1,...,q}, we denote by v; the cardinality of the set

{re{l,....M}|j€S}

Since
q M q
ZVJ = Z|Sr| > M > Zsa(ma - 55),
7j=1 r=1 7j=1
there exists an element j’ of {1,..., ¢} such that

vjr > sj(mje — sj).
By Lemma [5.1] this implies that
(N e = (€)% - 1d)™
vanishes on A%’ Vj/, so that
aSl O-.-OaSZ\/I

vanishes on V5.

Claim 2. If M > 0, then there exists an element s € . such that £, = ¢ and
such that (Nla — ¢ -1d)M=1 £ 0 on V.

Since M > 0, there exists an element s € .% such that Hg—:l({j)sj =( and

M=1+ Z (Sj(mj — Sj))

j€Supp(s)
By Lemma 5.1} we can choose, for each j € Supp(s), an element w; in A%V
such that
(A% ay = (&) -1d)* 759 (w;) # 0.
We put
W = Ojesupp(s)Wj € Vs
It suffices to show that
(AN —¢-TA)MH(w) #0.
With the notations of the proof of Claim 1, we have that
Na—=C 1) Hw) = (> as) H(w)
P£SC{1,....q}

= ( Z as, O"-OOZSMil)(’LU).
0#S1,..,Sm—1C{1,....q}
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Consider (not necessarily distinct) non-empty subsets Si,...,Sy—1 of {1,...,q}.
As we’ve seen above,
(asl 00 aSM—l)(w)
vanishes unless
vi=|{re{l,...,. M —1}|je S} <sj(m;—s;)

for each j € {1,...,q}. Since

M—-1 q
o is-3
r=1 7j=1
this happens iff v} = s;(m; — s;) for each j. Note that this situation occurs, i.e.,

there exist non-empty subsets S1, ..., Sp—1 of {1,..., ¢} such that v} = s;(m; —s;)
for each j. It suffices to take
Sr={i(r)}

for each r € {1,..., M — 1}, with j(r) the unique element of {1,...,q} such that

Z(sa(ma —8a)) <71 < Z(sa(ma — Sa))-

This means that
(asl 00 aSM—l)(w)
is non-zero for certain non-empty subsets Si,...,Sy—1 of {1,...,q}, and that, in
this case, it is equal to
q

® ((/\Sy‘ o — (&)% .Id)sj(mjfsj)((gj)sj(Mflfsj(mj*Sj)) . wj)) cV..

j=1
Note that the latter value is independent of Sy, ..., Sy—1. Summing over all non-
empty subsets S1,...,Sy—1 of {1,...,q}, we find that

(AN = ¢-Td)YM = (w) # 0.
O

Theorem 5.3. Let A be a tamely ramified abelian K -variety of dimension g. For
every embedding of Qg in C, the value o = exp(2wic(A)) is an eigenvalue of o on
HI(A xx K',Qq). Each Jordan block of o on H9(A xx Kt Q) has size at most
tpot(A) +1, and o has a Jordan block with eigenvalue o on HI(A x g K*, Qg) with
size tpot(A) + 1.

Proof. Since A is tamely ramified, we have a canonical G(K®/K)-equivariant
isomorphism of Q-vector spaces

g
HI(A xx K" Q) = \ H' (A xx K', Q).

By Theorem 1.3 the monodromy operator o has precisely ||m%*|| Jordan blocks of
size 2 on H'(Ax ¢ K*,Qy), and no larger Jordan blocks. It follows from Proposition
that the size of the Jordan blocks of o on HY(A xx K*' Q) is bounded by
1+ [[m'%*]]. By Proposition B0, we know that ||m%*|| = tpo(A).

By Proposition 3.5 the image in Q/Z of the base change conductor ¢(A) equals

Y (mlfr(z) + mi () - 2)

z€Q/Z
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and by Proposition 3.6, we have

Y (m (@) +mi (@) = g.

z€Q/Z
Hence, by Theorem 3] and Proposition[5.2] ¢ has a Jordan block of size 1+tp01(A)
with eigenvalue o on HY9(A x x Kt Qy). O

6. LimMIT MIXED HODGE STRUCTURE

Let A be a tamely ramified abelian K-variety of dimension g. Theorem[Z3]shows
that the couple of functions (m%r, m3> + m3P) and the Jordan form of o on the
tame degree one cohomology of A determine each other. It does not tell us how to
recover m% and m? individually from the cohomology of A.

In this section, we assume that A is obtained by base change from a family of
abelian varieties over a smooth complex curve. We will show how the functions
mfilb and Th%b can be read from the limit mixed Hodge structure on the cohomology
of the family, and we obtain a Hodge-theoretic interpretation of the multiplicity

: ab v ab tor
functions m?>, m%> and mY".

6.1. Limit mixed Hodge structure of a family of abelian varieties. Let
S be a connected smooth complex algebraic curve, let s be a closed point on 5,
and choose a local parameter ¢ on S at s. We put K = C((t)), R = C[[t]] and
S =5\ {s}. Let

f: X—S5
be a projective family of abelian varieties over S, of relative dimension g, and put

A =X xg Spec K.

We choose an extension of f to a projective morphism

f:X—=S
with X a smooth complex variety. We denote by X the fiber of f over the point

s.
For every ¢ € N, we consider the limit homology, resp. cohomology

Hy(Xoo,Z) = H*7'(X(C), RY7(Z))(9)
H'(Xoo,Z) = H'(X,(C), Ryy(2))
of f at s. Here
Ry(Z) € DY(X4(C), Z)

denotes the complex analytic nearby cycles associated to f. The limit homology
and cohomology are independent of the chosen compactification f, and they carry
natural limit mixed Hodge structures [19]. We put

Hi(X,Q) = Hi(Xx%,Z)®zQ
H/(X%,C) = Hi(Xwx,Z)®zC.
Poincaré duality yields a canonical isomorphism of mixed Hodge structures
Hi(Xo0,7) = H (X0, Z)V.

For all i« € N, we denote by M the monodromy operator on H;(X,Q). The
action of the semi-simple part M, of M on
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is a morphism of rational mixed Hodge structures, by [15, 15.13].
For every i € N, there exists an isomorphism of QQg-vector spaces

(6.1) H'(Xo0o,Q) ®g Q¢ =2 H'(A xx K*,Qy)

such that the monodromy action on the left hand side corresponds to the action of
the canonical topological generator of G(K/K) = Z(1)(C) on the right hand side.
This follows from Deligne’s comparison theorem for /-adic vs. complex analytic
nearby cycles [3, 2.8]. Thus, if A acquires semi-abelian reduction on an extension
of K of degree d, then (M,)? is the identity on H;(Xo, Q) for all i > 0. Identifying
M, with the canonical generator of pg(C), we obtain an action of ug(C) on the

mixed Hodge structures H; (X, Q).

Proposition 6.1. For each i € N, the morphism

(6.2) Ny HY (X oo, Z) — H (X oo, Z)

induced by the cup product is an isomorphism of mixed Hodge structures.

Proof. The morphism (G.2)) is an isomorphism, since this holds for every fiber of f
[14, p.3]. Hence, it is enough to show that (2] is a morphism of mixed Hodge
structures. By functoriality of the construction of the limit of a variation of Hodge
structures, this follows immediately from the fact that the cup product defines a
morphism of pure Hodge structures on the cohomology of every fiber of f. O

By Proposition [6.1], in order to describe the limit mixed Hodge structure on
H (X, Z) for i > 0, it suffices to consider the case where i = 1.
We denote by (-)*" the complex analytic GAGA functor, and by
Y — S
the polarizable variation of Hodge structures

R*7H(f*)«(Zx)(9)
of type {(0,—1),(—1,0)} [6l 4.4.3]. To simplify notation, we will omit the
superscript “an” if no confusion can occur. We denote by %%, ¥p and Y¢ the
integer, resp. rational, resp. complex component of ¥. By Poincaré duality, the
fiber of ¥z over a point z of S*" is canonically isomorphic to Hy (X,(C),Z), where
X, denotes the fiber of f over z. The limit of ¥ at the point s is precisely the
mixed Hodge structure Hy (X, Z). It is of type

{(07 0)7 (_17 0)7 (07 _1)7 (_17 _1)}'
Moreover,
GrY Hy(X oo, Z)
is polarizable, so that H;(Xs,Z) is a mixed Hodge 1-motive in the sense of [7]
§10].

Theorem 6.2. We apply the terminology of Section[31] to the abelian K -variety
A and define in this way the degree d extension K' of K, as well as the torus T
and the abelian variety B over C, endowed with a right action of = uq(C). There
exist canonical p-equivariant isomorphisms of pure Hodge structures

Gry' (Hi(Xoo, Z2)) = Hy(T(C),Z)(—1)
GTH/I(Hl(XOOaZ)) = HI(B((C)vZ)
Grl%(Hi(Xoo,2)) = Hi(T(C),Z).
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Proof. We denote by C(S’) the algebraic closure of the function field C(S) in K’,
and we consider the normalization
S 575
of S in C(S’). This is a ramified Galois covering, obtained by taking a d-th root of
the local parameter ¢. Its Galois group is canonically isomorphic to . With abuse
of notation, we denote again by s the unique point of the inverse image of s in g/,
and we put §' =5 \ {s}. Then
fliX =Xxg8 =8

is a projective family of abelian varieties, and we have a canonical isomorphism

A=A XK K =X X g SpecK’.
Since A’ has semi-abelian reduction, the variation of Hodge structures

V' i=V xg8 = R2g_1fi(ZX/)(g)
has unipotent monodromy around s.

We denote by X’ the Néron model of X’ over ?I, and by A’ the Néron model of
A’. Note that there is a canonical isomorphism
A" = X' x5 Spec R’
where R is the normalization of R in K’. The analytic family of abelian varieties
(f/)al'l . (X/)al'l _) (S/)a]’]
is canonically isomorphic to the Jacobian
J(/j//) N (Sl)an
of the variation of Hodge structures ¥’ [18, 2.10.1]. We will now explain the
relation between the complex semi-abelian variety (A')¢ and the limit mixed Hodge
structure Hy(Xoo,Z) of ¥’ at the point s. To simplify notation, we put He =
Hi(Xw,C) for C =7, Q, C, and we denote by H the mixed Hodge structure
(Hz,WoHg, F*Hc).
By [18, 4.5(1)], (X')*" is canonically isomorphic to Clemens’s Néron model of ¥’
over § BI[I8 2.5]. Tt follows that
((Xl)o)an
is canonically isomorphic to the Zucker extension JEZ,(”//’) of ¥/ [20][18, 2.1]. This
extension is given explicitly by
AVO T RANZIIARZ:

where 77 is the Deligne extension of ¢ to ?l, j is the open immersion of S’ into
gl, and Fo”f/(c’ is the extension of F¥{ to a holomorphic subbundle of V¢ We can
describe the fiber

JZ(V")s 2= (X)) == ((A)2)™
of J§Z/(7/' ) at s in terms of the mixed Hodge structure H, as follows.

The fiber of 7//;’ over s is canonically isomorphic to Hc, and FO%\C’ coincides with
the degree zero part of the Hodge filtration on Hc. Moreover, the fiber of j. %7 at s
is the Z-module of elements in Hyz that are invariant under the monodromy action
of M9. By definition, the weight filtration on Hg is the filtration centered at —1
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defined by the logarithm N of M?. Since (M¢ —1d)? = 0, we have N = M? —1d
and N2 = 0, and we see that

(J+7%)s = ker(N) = W_1Hp.
Thus, we find canonical isomorphisms

(A7)

1

Z /
JZ(V")s
W_1Hz\Hc/F°Hc
W_1Hz\W_1Hc/(F°He "N W_1 Hc)

1%

1

where the last isomorphism follows from the fact that Gr/ H is purely of type (0,0)
so that FOGrlV H = GrlV H. By [7, 10.1], we have an extension

(6.3) 0— J(Gr'",H) — ((A)°2)™ = J(GrVH) = 0
where
J(GrYH) = GrY, He /Gr!Y, Hy,
is a torus, and
J(Gr™, H) = H\Gr"Y, Hc /F°Gr'Y, He

an abelian variety, because the Hodge structure Gr", H is polarizable. By [7,
10.1.1.3], the extension ([6.3]) is the analytification of the Chevalley decomposition

0—T— (A)? = B—=0.
Hence, there exist canonical isomorphisms of pure Hodge structures

(6.4) Gr,(H) = H\(B(C),Z)
(6.5) Gr¥, (H) H,(T(C), 7).

1%

Moreover, by definition of the weight filtration on H, the operator N defines a
p-equivariant isomorphism of Hodge structures

GrV (H) — Gr',(H)(-1).

It remains to show that the isomorphisms ([G.4]) and (G.3) are p-equivariant. It is
enough to prove that the Galois action of 1 on

v — S
extends analytically to the Zucker extension
Z / <
JG (V') = S
in such a way that the action of the canonical generator of u = p4(C) on
JZ(V")s = W_1Hz\Hc/F°He

coincides with the semi-simple part of the monodromy action. This follows easily
from the constructions. O
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6.2. Multiplicity functions and limit mixed Hodge structure.

Theorem 6.3. We keep the notations of Section [G 1

(1) The potential toric rank tpor(A) is equal to the largest integer o such that
exp(2mc(A)i) is an eigenvalue of My on gri ,H9 (X, Q).
(2) The Jordan form of My on

(9" Hi(Xoo, Q)0 is  Jord(m?P,0),
(9" Hi(Xo0, Q)" is Jord(m2P,0),
groH (X, Q) is  Jord(

gr¢’ Hi(X o, Q) is  Jord(m¥%*,0).

mgr.0)

Proof. We denote by M, the unipotent part of the monodromy, and by N its
logarithm. By definition, the weight filtration on H9(X, Q) is the filtration with
center g associated to the nilpotent operator N. Hence, in order to prove (1), it
is enough to show that there exists an eigenvector v with eigenvalue exp(2me(A)i)
for the action of M on H?(X, Q) such that Nteete(A)y £ 0, and that for any such
v, we have Ntvet(4)+1y — 0. This follows from Theorem and the isomorphism
6.1).

Point (2) follows from Theorem[6.2land the canonical p-equivariant isomorphisms

Hi(B(C),C)'0 = Lie(B)
Hy(B(C),C)*' = Lie(BY)"
H\(T(C),C) = Lie(T)

(see [14, pp. 4 and 86] for the dual isomorphisms on the level of cohomology). O
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