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Non-coherent Components of the
Toric Hilbert Scheme

René Birkner

Abstract

We want to understand the geometry of all irreducible components of the toric
Hilbert scheme. Until now it is known that the coherent component is (up to normali-
sation) the toric variety associated to the state polytope of the toric ideal I4. For the
non-coherent components it was only known that there exists such a polytope describ-
ing the normalisation. Using the local equations and various facts about toric Hilbert
schemes, we will derive an explicit construction of the polytope corresponding to the
normalisation of the underlying reduced structure of a given non-coherent component
of the toric Hilbert scheme.

1 Introduction

The toric Hilbert scheme has been studied by Arnol'd [Arn89]|, Korkina, Post and Roelofs
[Kor92, KPR95|, Sturmfels [Stu94], Peeva and Stillman [PS02, PS00]|, Maclagan and Thomas
[MT03, MT02|, and others. It is given by the multigraded Hilbert function of the toric ideal
I, in Sk[zy,...,x,]. As defined in [Stu96| an ideal isomorphic to such an initial ideal of the
toric ideal is called coherent, where isomorphic means that the corresponding algebras are
isomorphic as multigraded k-algebras. Hence, the isomorphism classes of coherent A-graded
ideals are in bijection with the cones of the Grobner fan of 14.

The global equations of this scheme are in general very extensive, but Peeva and Stillman
show that there is a cover of affine open charts around the monomial A-graded ideals and that
the calculations of the local equations for these affine charts are much more feasible [PS00].
They show that the toric Hilbert scheme can have several irreducible components. However,
there is a unique component containing the toric ideal [PS02|, which in fact contains exactly
all coherent A-graded ideals. Therefore, this component is called the coherent component of
the toric Hilbert scheme. Moreover, the normalisation of the coherent component is the toric
variety associated to the Grobner fan of the toric ideal [SST02]. A construction by Sturmfels
[Stu94] shows that the underlying reduced structure of each irreducible component of the
toric Hilbert scheme is given by binomial equations so that all these reduced components
are projective toric varieties and therefore each of them contains a dense torus, the so-called
ambient torus of that component. Thus, this implies the existence of a polytope Py, for each
component V' of the toric Hilbert scheme such that the normalisation of this component is
the toric variety associated to the normal fan of Py, (Corollary 2.9).
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This work presents an explicit construction of the polytope Py for an arbitrary non-
coherent reduced component V' of a toric Hilbert scheme. For this we use the local equations
around a monomial A-graded ideal M in new variables y to construct a so-called universal
family Ja(p) for each non-coherent irreducible component containing M (Definition 3.16),
where p denotes an associated prime of the local equations defining the underlying reduced
structure V, of such a non-coherent irreducible component.

Main Theorem 1 (Theorem 3.17). The universal family Jy(p) parametrises the ambient
torus of the reduced irreducible non-coherent component V, in the toric Hilbert scheme over
the points in (k*)¥™(Y2) . To be precise, the closed points of this irreducible component of the
toric Hilbert scheme intersected with its ambient torus are exactly those A-graded ideals that
are given by substituting a point (\;)i=1,...dim(v,) € (k")) into Ja(p).

Thus, the ambient torus (k*)¥™("») of a non-coherent component is different from the
torus Spec(k[z*!]) of the coherent component. Then we construct a homogenised version

Jrm(p) of Ja(p) by introducing a new set of variables zi, ..., Zgim(v,) With the same degrees

as the y variables (Definition 5.1). This homogeneous family m) is called the generalised
universal family and also gives the ambient torus of the non-coherent component. But more
importantly, it gives the main result:

—~—

Main Theorem 2 (Theorem 5.3). Let M be a monomial A-graded ideal and J(p) in
klz,y;, 2z |i = 1,...,dim(V,)] a generalised universal family of a reduced component V, con-

taining M. Then Jum(p) is homogeneous with respect to a strictly positive grading and the
normalisation of the component V, is the toric variety defined by the normal fan of the state

polytope state(m)), i.e. the Grébner fan of Ja(y).

A more detailed approach to this construction in combination with an overview on most
of the results about toric Hilbert schemes can be found in the present author‘s doctoral thesis
[Bir10a].

2 Preliminaries

We will be using the lattice M := Z% with its associated vector space Mg := M ®zQ over Q
and dual lattice N := Homgz (M, Z) = Z? with corresponding Q-vector-space Ng := N ®7 Q.
We will work over an algebraically closed field k.

Let A be a collection of n vectors aq,...,a, in M such that 0 € M is not contained in
their positive hull. One can also define A as a linear map of lattices A : Z" — M by e; — a;
such that

Ker(A) NN" = 0. (1)

We will often make use of both notations. We denote by N.A the semigroup generated by
ay,...,a, in M. This is the image of N" under A. Furthermore, we suppose that A has rank
d. Otherwise we can restrict M to the sublattice M N.A(Q") in which A has full rank. Define
a polynomial ring S := k[zy, ..., z,,| over k with an M-grading given by A. This just means
that x; has degree a;. Furthermore, an element r € S is M-homogeneous if every term of r



has the same degree in the M-grading induced by A, and an ideal I C S is M-homogeneous
if for every r € I and its decomposition r = > r, into M-degree parts, such that r, € T
holds for each a, where r, is the sum over all terms in r with degree a € M.

Definition 2.1. An ideal I C S is called A-graded if it is M-homogeneous and

1 ifae NA

0 otherwise

din (5/1), = { )
holds for its multigraded Hilbert function. We call a k-algebra A-graded if it is of the form
S/I for some A-graded ideal I.

A special A-graded ideal is the toric ideal I4, which is the kernel of the k-algebra homo-
morphism S — k[t ...,t5"] that maps z; to t% = t[le Ce tz? for 1 < i < n. Therefore,
Is={(x*—2%|a,be N",a—b e Ker(A)) is generated by binomials and is by definition
A-graded, because it identifies all monomials of the same degree. The toric ideal gives rise
to a particular class of A-graded ideals.

Definition 2.2. An A-graded ideal [ is called coherent if there is a degree 0 isomorphism
between S/I and S/I4, i.e. there exists A € (k*)" such that \.T = I4.

Definition 2.3. A binomial % — ¥ € [, is called primitive (or Graver) if there are no
proper monomial factors % of * and ¥ of ¥ with % — x¥ € I4. A degree a € NA is
called a primitive (or Graver) degree if there exists some primitive binomial * — ¥ with
degree Au = Av = a and we denote the set of all primitive degrees by Pd(A). The set of
all primitive binomials is called the Graver basis and we denote it by G(.A).

In [MT02] and [PS02], a scheme is constructed that parametrises all A-graded ideals, the
so-called toric Hilbert scheme. We will give the definition of Peeva and Stillman [PS02| in
which they use Fitting ideals (see |Eis95, Section 20.2]). Let @ € Pd(A) C NA be a primitive
degree. We denote the number of elements in the fiber of @ under the map A by |a| + 1
and the set of all such monomials by Gm(.A),, and assume that we have ordered them. The
Graver basis of A is finite, so that we have Pd(A) = {a, ..., a;}. From this we define the
following product of projective spaces over k

P =P x . x Pl
Now consider the subset ) C P x A} given by
IY)= (& ™ =&, - x™ | Va € Pd(A) and ™, 2™ € Gm(A)g)

with projection ¢ : Y — P and the grading on Oy induced by the M-grading given by A on
S. Hence, ¢7 is M-homogeneous and therefore we can write

Y = Specy, (@ La>

acNA



where L, are coherent Op-modules and Ly = Op (see [PS02, Definition 3.1]). We define an
ideal of Op

dets(¢) = Z Fitto(La),

acNA

where Fittg(Lg) is the 0-th Fitting ideal of L,. For details on Fitting ideals we refer the
reader to [Eis95]

Definition 2.4. The toric Hilbert scheme is defined as
Ha =V (dets(¢)) C P.

Remark 2.5. The parametrisation of the A-graded ideals is as follows: Each closed point of
V' (dets(¢)) is a product of points

(A%, .., A%) e P L x Pl
such that
(Apz™ — Ao x™|Va € Pd(A) and ™, 2" € Gm(A)q)
is the corresponding A-graded ideal.

In [Stu94, Chapter 5| Sturmfels has constructed a parameter space of A-graded ideals
which is not given by determinantal equations. He considers the projective product space
P' =[] Plel for all a € Z,(A) N NA where

ZT(A) = {i)\l - a;

i=1

ngigrforizl,...,n,)\ie(@} C My

is the zonotope with edge length r = (n — d)?" - a®®". With the same notation for £ € P’ as
before in P he defined the closed subscheme P4 C P’ by the equations

b b
ggn,l ' 55:;+n = gan ) 5g”b—t—l-’n’

whenever deg(m,) = deg(ms) = a and deg(n) = b. This is also a description of all A-graded
ideals.

Theorem 2.6. There exists a natural bijection between the set of A-graded ideals in S and
the set of closed points of P4.

Proof. See [Stu94, Theorem 5.3|. O

In [HSO4] Haiman and Sturmfels give general constructions of different multigraded
Hilbert schemes. In particular, their work shows that the toric Hilbert scheme H 4 by Peeva
and Stillman and the parameter space P4 by Sturmfels are in fact the same, i.e. Hq = Py
holds. For this use [HS04, Propositions 5.2 + 5.3| in combination with [HS04, Theorem 3.16].
Thus, we get the following:

Lemma 2.7. The toric Hilbert scheme H 4 is given by binomial equations. O



If we use the primary decomposition theorem from the work of Eisenbud and Sturmfels
on binomial ideals [ES96, Theorem 7.1] it follows that every irreducible component of H 4
is generated by binomial ideals. Since the radical of a binomial ideal is again a binomial
ideal (see [ES96, Theorem 3.1]) the reduced structure of each irreducible component, i.e.
the variety given by the radicals of a covering of local rings, is given by binomial equations.
This argument proves the following lemma:

Lemma 2.8. The underlying reduced structure of each irreducible component of the toric
Hilbert scheme is a (not necessarily normal) projective toric variety. O

Corollary 2.9. For each irreducible component V' of the toric Hilbert scheme there is a
polytope Py such that the projective variety of the normal fan of Py is the normalisation of
V. O

Definition 2.10. We call the dense torus of an irreducible component V' of (H.4),, the
ambient torus of V.

Lemma 2.11. Any torus acting on the underlying reduced structure of an irreducible com-
ponent of a Toric Hilbert Scheme H 4 acts diagonally by scaling each coordinate.

Proof. The global equations of H 4 are a binomial ideal by Lemma 2.7. It follows from [ES96,
Theorem 7.1] that the associated primary ideals are also binomial ideals. Thus, the irreducile
components are given by binomial equations. Using [ES96, Theorem 3.1| we get that also
their radicals are binomials ideals. Hence, the underlying reduced irreducible structure of
an irreducible component is given by binomial equations. Therefore, any torus must act
diagonally. O

Theorem 2.12. The toric ideal I 4 lies on a unique irreducible component of the toric Hilbert
scheme H 4, the coherent component. The normalisation of the coherent component is the
projective toric variety defined by the Grobner fan of 14.

Proof. See [SST02, Theorem 4.1]. O

Thus, the coherent component is well known and described. For the other ones, the
non-coherent components, we need local equations around monomial A-graded ideals for the
toric Hilbert scheme. These have been presented in [PS02]. Fix some monomial A-graded
ideal M. Then for every degree a € NA there is a unique monomial s, which is not in M.
This is called the M-standard monomial of degree a.

Definition 2.13. Let Uy C H 4 be the affine open subscheme
Uni i=HaN {2 #0| acPd(A)}.

This means we have chosen an affine chart for every Pl@! in P and intersected these with
the toric Hilbert scheme. Since it follows from the construction of the toric Hilbert scheme
that €™ € M if €2, = 0 (see Remark 2.5), it follows that M is contained in U,.

Remark 2.14. The affine open subscheme U/, corresponds exactly to those A-graded ideals
with the same standard monomials as S/ M.



Lemma 2.15. The set {Up} is an affine open cover for H 4, where M runs over all mono-
mial A-graded ideals. O

Proof. Consider an arbitrary A-graded ideal I. Take any initial monomial ideal M of I.
Then the M-standard monomial s, of degree a of M forms a vector space basis of (S/1),,
for every @ € NA. Since therefore s, is not contained in I, which means 2 # 0 for all

a € Pd(A), we have I € Upy. 0O

Lemma 2.16. Let V. C H 4 be an irreducible component containing M. Then (Up NV)
contains the ambient torus of Viyeq.

red

Proof. We may assume that V is already reduced. Let £ be a point on the ambient torus of
V. Then the corresponding A-graded ideal is

Ic = (nx™ —Epx™ ™, 2" € Gm(A)g,a € Pd(A)).

By Lemma 2.11 the ambient torus acts diagonally on the coefficients £5,£%,. Hence, if
™ € I then ™ € I holds for every I in the ambient torus orbit of I;. Moreover,
x™ € I implies ™° € I’ for every I’ in the closure of the ambient torus orbit.

On the other hand, since M lies on V| i.e. the closure of the ambient torus, ™ ¢ M
implies ™ ¢ I for every [ in the ambient torus. Thus, the monomials of S/M are standard
monomials for all ideals in the ambient torus of V. Hence by Remark 2.14 the ambient torus
lies in Up,. O

Lemma 2.17. Let M be a monomial A-graded ideal. For the affine open chart Uy and the
corresponding set of variables Z = {£%, | a € Pd(A),deg(x™) = a,x™ # s} set

G:= (™ —£&2 -sq4| a€Pd(A),deg(x™) = a,x™ # sq4) Ck[Z] @k S and

F = 3 enaFitto (K[ Z] @, ..., 2,]/G),) € Kk[Z].

Then
U = Spec (k[Z]/F).

In particular, the ideal F' is generated by the maximal minors of matrices of the form

1

0 )
1

a a a
T Tal-1  Ta|

a
To

(where we assume that sq = &™lal ). Therefore, we have
F = Z (G : sa)
acNA

and thus F' is a binomial ideal.



Proof. See [PS02, Corollary 4.5]. O

Now suppose that M is a coherent monomial A-graded ideal. We will give an efficient
description of k[Z]/F' constructed by Peeva and Stillman.

Construction 2.18 (Local coherent equations). The ideal M has a unique minimal set
of monomial generators. We call this set Gy = {fi|1 < i < pap} where py is the number
of generators of M. Then for every f; there is an M-standard monomial of degree deg(f;)
which we call s;. Note that f; — s; is primitive because otherwise f; would not be a minimal
generator of M. Consider the ring k[x1, ..., Zp, Y1, ..., Yp,,| and the ideal Jy, generated by the
set

Gum={fi—vyi-sil 1 <i<pum}.

We fix a term order <, on S such that M =in__(I4) and an arbitrary term order <, on
klyi, ..., Yp,,]. Denote by < the product term order of <, and of <, onk[z1, ..., Ty, Y1, -, Ypuil
which means
z* Yy’ =2 y® &z =, ¥ or 2% =z y* ~, Y.
For each pair of binomials u and v in G, we form their S-polynomial
h h
v

in (u)" i (v)

s(u,v) ==

where h is the least common multiple of in, (u) and in.,. This is a homogeneous binomial
with respect to the M-grading induced by A on k[zq, ..., x,]. Then we choose a reduction of
s(u,v) by Gaq to (e(y) — h(y)) - Su., where e and h are monomials in k[yy, ..., yp,,]. Since <,
is a term order with M = in__(14), Sy is the M-standard monomial of degree of s(u,v).
Set r(u,v) :=e(y) — h(y) € k[y1, ..., Yp,,] and define

I o= (r(u,v) ‘u,v € Gm) CKY1, ooy Yppy-

Theorem 2.19. Let M be a coherent monomial A-graded ideal. Then

Unm = Spec (k[Z]/F) = Spec (kly1, ..., Upp ) /IMm) -
Proof. See [PS00, Theorem 3.2]. O

In the non-coherent case the description of Uy, is not so easy because we do not have a
term order for which M is the initial ideal of 14. We can still compute k[Z]/F using Lemma
2.17, but Construction 2.18, which would be much more efficient cannot be used, since the
proof uses the term order <, and the reduction with respect to it. But Peeva and Stillman
even enhanced this construction to the non-coherent case. They calculated the local ring of
‘H 4 in the point M.

Theorem 2.20. The local ring of Ha at M is
Onpim = k[ Z]iz) [ F = Klyrs - ypul

Proof. See [PS00, Theorem 4.4]. O



There is even a similar construction to Construction 2.18 that uses Mora’s tangent cone
algorithm (see [Mor82|) in a simplified way instead of the Grobner reduction by G We
end this chapter by giving the construction of Iy, for a non-coherent monomial A-graded
ideal M.

Construction 2.21 (Local non-coherent equations). The first steps are exactly as in
Construction 2.18. There is again a minimal set of monomials G == {fi|1 <i < pum}
generating M, where py, is the number of generators of M. Let s; be the M-standard
monomial of degree deg(f;). Still f; — s; is primitive by the same argument as before.
Consider the ring k(z1, ..., Zy, Y1, ..., Yp,,| and the ideal Jr4 generated by the set

Gu={fi—vi-si|1<i<pm}.

Now we can not fix a term order as before. We have to use the second reduction process
from Peeva and Stillman in [PS00].

Fix an order < on the monomials of k{x, ..., Zn, y1, ..., Yp,,] With y; < 1 < z; for all 4, j.
Note that this is not a term order since 1 is not the minimal element. Then f; is the initial
term of each element in G Let m be a monomial in k[zy,...,Zpn, Ui, ..., Yp,,). Then the
remainder R(m,G ) is constructed as follows. If m is not divisible by any of the monomials
fi then R(m,G,q) = m, otherwise we have m = f; - u for some ¢ and monomial u. Then
we reduce m to my ;= u - y; - s;. We repeat this reduction until at some point we either get
at some point some m, that is not further reducible by that method, in which case we set
R(m, G ) = m,, or we obtain a loop

m—m; — Mg — ... > My — ... —> My — ...

where m; divides m;. Then we set R(m, G ) = 0. This reduction is extended to polynomials
by linearity. Note that the remainder of any monomial is either 0 or y€- s, for some standard
monomial s, and e € NPM,

For each pair of binomials u and v in G we form their S-polynomial s(u,v) as in
Construction 2.18 and set

r(u,v) :== R(s(u,v), Gp)/Suw,

where s, , is the standard monomial of degree of s(u,v). Then

Iy = <7‘(u,v) ‘u,v € m> C kly1, -, Yp -

3 Universal Families

We will now construct a so-called universal family that parametrises the ambient torus of
a non-coherent component of the toric Hilbert scheme. For this let M be a monomial A-
graded ideal. At first, assume that M is coherent. Then by Theorem 2.19 we can compute
the local equations Iy; C K[y, ...,y of H4 around M where [ is the number of generators
of M = (™, ..., ™).

Definition 3.1. We call the ideal
I = (™ —y1 - $1, ., ™ —y - 8)

from Construction 2.18 the universal family of Uy, with defining ideal I,.



Note that by Lemma 2.17 the A-graded ideals that correspond to the points in Uy are
precisely given by Jy for all (yq, ...,y;) in the variety of 4.

We will now outline the construction of a new universal family that describes the ambient
torus of the underlying reduced structure of a non-coherent component containing M. This is
done in several steps. Firstly, we remove redundant variables from I and Ju( (Construction
3.2). Then we construct the primary decomposition of the resulting defining ideal I, to get
the primary ideals ¢ defining the irreducible components containing M (Propositions 3.5
and 3.7). Because the underlying reduced structure of each component is a projective toric
variety we take the radical p = /g for each of these primary ideals (Definition 3.8). Then we
set the variables that are generators of p to zero in the universal family J), (Construction
3.10). Now the prime ideal p has become a pure binomial ideal, i.e. containing no monomials,
and we perform a change of the y coordinates in .J), so that p becomes trivial. By this we
get a universal family that describes the ambient torus of the reduced structure of that non-
coherent component without any defining ideal (Construction 3.12). Let us go through this
construction step by step.

As seen in Construction 2.18, the ideal I, is a binomial ideal, which also follows from
Lemma 2.7. Hence, the generators of I, may contain binomials of the form

b,
vi—[[v7
JF#i
for some exponents b;. Then we call the single variable y; a redundant variable, since we can

remove y; from Iy and Jy, by substituting y; by the product [] ki y?j .

Construction 3.2 (Removing redundant variables). Let Jy, be the universal family of
a neighbourhood Uy, with defining ideal I,,. Let y; be a redundant variable given by

b.
Yi — Hng SHFVE
J#i
Then we remowve the redundant variable from I, and Jys with the maps
y Y; ifj#1i
o, : kly| — k|y; i, Y bi e .
=k li £ { Y )2

and ¥; = Idyy) @P; : klx, y] = klx, y, | j # 1], respectively.

We repeat this until there are no more redundant variables left. Then we denote by
v C {1,...,} the indices of the remaining variables in I and Jrq and write Iy, and J), for
the ideals obtained by removing the redundant variables in In; and Jj respectively. This
means we have

I'i € Klyi|ier] and
J.;\/I = <wmj _p](y) ’ $j| ] = 1?"'al>a

where p;(y) is the monomial into which y; has been converted by removing all redundant
variables.



Remark 3.3. The points in Uy, are still completely described by substituting a solution of
I’ for the y variables in J),.

Still I',; gives only a parametrisation of the neighbourhood U, of M and not of the differ-
ent components that contain M. However, if we decompose I}, into its primary ideals, then
each of these primary ideals determines exactly one of the possibly embedded components
of H 4 intersecting Un,.

Lemma 3.4. Let M be coherent and I\, = () ¢; be a minimal primary decomposition, then
every component V(g;) C Upq contains M.

Proof. Fix a primary ideal ¢; and take a point p € V' (g;). This gives an A-graded ideal
I = (Im) ey = (2™ —pi(pn)s;| 7 =1,...1)

lying on the component V' given by ¢;. Recall the action of the n-torus T = (k*)" on
S = k[zy, ...,z by
AL = NT;

for A € T which maps A-graded ideals to A-graded ideals. Hence, T acts on H 4 and the
orbit of a point under the T-action lies in the same irreducible component as the point.
Thus, the T-orbit of I lies in V. Furthermore, M was coherent so that there exists some
w € N" such that M = in, (I4). Finally, because {x"™ —s;| j =1,...,1} is the reduced
Grobner basis with respect to w we get that

M= (z™|j=1,..1)Cin, ()

which is in fact an equality because both ideals are A-graded. This implies that M lies in
the closure of the T-orbit of I by |Eis95, Theorem 15.17] and thus it lies on V. O

So let the primary decomposition be
Iy=qanN..Ng.

Then V(¢;) is isomorphic to an irreducible affine subset of H 4, in fact of Uy, containing M.
In particular, the closed points of V(g;) substituted for the y variables in J), give exactly
all A-graded ideals in that component intersected with Uy, which are the closed points of
that component. This gives us the following proposition:

Proposition 3.5. Let M be a coherent monomial A-graded ideal with local equations I,
and universal family J,, both after removing redundant variables. Let Iy = ¢ N ... N gqi be

a primary decomposition. Then V(g;) € H. is an irreducible component containing M for

i=1,....k and one of them is the coherent component. Furthermore, V(g;) is the coherent
component if and only if ¢; contains no monomials.

Proof. The first statement follows from Remark 3.3 and that V(g;) is an affine open subset

of an irreducible component containing M, which by Lemma 2.16 is dense, so that V(g;) is
in fact the component. Furthermore, M is coherent so one component must be the coherent

10



one. For the last part, since ¢; is generated by binomial differences, it contains no monomials
exactly if (1,...,1) is in V(g;). But this point corresponds to the A-graded ideal

m

(™ — 51, ..., 2™ —3)),

which is the toric ideal 14, because {x™ — sq,...,&™ — s;} is a Grobner basis of I4 with
respect to a term order giving M as initial ideal. Thus V'(g;) contains the orbit of 74 under
the action of the torus 7' = (k*)™ which is the torus of the coherent component. Since 4
only lies on the coherent component, the closure of V' (¢;) is the coherent component. O

Since the coherent component is already completely described by the state polytope of
the toric ideal, we can ignore the primary ideal that corresponds to the coherent component
and just consider the remaining ¢;’s containing at least one monomial generator.

Now assume that M is a non-coherent A-graded ideal and we have computed Jy, and
the local equations I, using Construction 2.21.

Definition 3.6. Let M be a non-coherent monomial A-graded ideal. Then we call the ideal
Jum=(x™ —y1-s1,..., ™ —y, - 8))
from Construction 2.21 the universal family of Upn, with defining ideal Iy,.

Remember that this time 7,4 only describes the local ring of the toric Hilbert scheme at
M, i.e.

O/HA,[M} = k[Z]<Z>/F = ]k[ylu ey pr](

Now we are interested in the components of Uy that contain M.

So in our case we have Upns = Spec (k[Z]/F'), but we do not know F. Instead we have
]k[Z]<Z>/F = k[y]<y>. Recall

G:= (™ —£2 54| a € Pd(A),deg(x™) = a,x™ # s,) Ck[Z] ® S and

F= 3 cnaFitto (kK[ Z][21, ..., 2,]/G),) C Kk[Z].
from Lemma 2.17. Note that each y; is one of the variables £2, € Z. We denote the subset
of these variables by Zg,.i C Z. If we take some ™ — £2, - s, € G with €% & Zgnau, then
there is a reduction of ™ — £2, - s4 by G to

(R (z™ Gm) — &) * 5a

as in Construction 2.21, where R (:cm, G M) is a monomial in Z,,,; which might be zero.
Set

Zred = {fgm - R (wm>m) } ffn ¢ Zsmall} .

Note that Z,.q C F and k[Z]/Z;eq = kK[ Zsman] = K[y1, ..., yp,,]- Hence, there is an ideal
F’ C kly] such that
k[Z]/F = k[y]/F'.

But this means we get on the one hand
U = Spec (k[y]/F")

11



and on the other hand

12

k[ylw) /I k[Z](z)/F

K[yl /s

where the isomorphism between kly|.,/F" and k[y]«, /Iy is the identity. However, recall
that

Il

In = (r(u,v) |u,v € Gur) C kYl
and that in fact r(u,v) € kly] by construction. Thus, set the ideal

Iy = <r(u,v) ‘u,v € m> C k[y]
and the multiplicatively closed set S = k|y] \ (y). Then we have
S Upm=Iy=8"F.
Now let

k
f-n
i=1

be a minimal primary decomposition in k[y] with prime ideals p; = ,/g;. Note that, although

f;l is similar to I, in the coherent case before, the primary decomposition of it does not
only give the components containing M. Therefore, we have to distinguish them further.

Assume that , NS =0 fori =1,...,mand NS # () for i = m + 1, ..., k for some m.
Then by using [AM69, Proposition 4.8 + 4.9] we have that

Iy :ﬁS‘lgi and T Nk[y] Iﬂ%

i=1 i=1

are minimal primary decompositions. On the other hand,

IMﬁk[y]:U<1:/\v4:s>:U(F’:s)

seS seS

is the saturation of I considered as an ideal in k|y] with respect to k[y|\ (y) and moreover
the saturation of F’. But the latter are the functions that do not vanish on the point (0),
the point that corresponds to M. Hence, V (In Nkly]) € Un, is the intersection of Up,
with all components of H 4, that contain M. Thus, V/ (qi N ]k[y]) C Uy, is isomorphic to an
irreducible subset of Uy, containing M and all (¢;Nk[y]) give exactly the reduced components
of H 4, that contain M, intersected with Uy,. Note that again there might be embedded
components.
These primary ideals give the following description of Uy,.

Proposition 3.7. Let M be a non-coherent monomial A-graded ideal with universal family
J and corresponding defining ideal I'y,, both after removing redundant variables. Let Iy, =
g1 N ... N g, be the primary decomposition in kly; |i € t]. Then V(q;) C Ha is an irreducible
component containing M if and only if none of the generators of q; is a unit in the localisation
k[yi |7 € t](ylicy)-
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Proof. First of all note that removing redundant variables still maps Iy, to an isomorphic
description in the local ring since
b
Yi — H Y;

J#i
is not a unit in k[y] . Let ; be one of the primary ideals in a minimal primary decomposition
of In¢ in kly| with prime ideal p; = /7; and denote the multiplicatively closed set S :=
kly; |7 € ] \ (yili € ). Then V(g;) is the intersection of a reduced irreducible component
containing M with Uy if and only if p; is an associated prime of J, g ({a¢ : s). But by
using the above, p; is an associated prime of | J, g (Ipr : 5) exactly if none of the generators

of ¢; is a unit in S. Again, by Lemma 2.16 the closure V(g;) is an irreducible component of
Ha. O

Remark. Note that all components of /y, containing M are in fact non-coherent and there-
fore all primary ideals contain a monomial generator.

From now on the construction is the same for coherent and non-coherent monomial ideals,
since the primary ideals in Propositions 3.5 and 3.7 giving non-coherent components have
exactly the same properties. We want to construct the polytope that defines the reduced
underlying structure of a non-coherent component, so we fix one of these primary ideals g;
and take the radical p; := ,/g;. Then V(p;) is an affine open chart of the underlying reduced
scheme of the non-coherent component given by ¢;. To be more precise, it is isomorphic to
an affine open chart, where the isomorphism is given by the universal family J),. In other
words, if the y’s in J), are considered as coeflicients, then those coefficients satisfying p; give
exactly the A-graded ideals that correspond to the points of that component.

Definition 3.8. Let p be an associated prime of I, with corresponding primary ideal g and
irreducible component V' (¢) C H 4 as in Proposition 3.5 or 3.7. Then we denote the reduced
scheme of the corresponding component by

V, = (W)red C (Ha)rea -

Remark 3.9. Since p = /g we have

V,=V(p) C (Ha)eq-

We now give a construction via torus invariant isomorphisms to get a universal family
Jm(p) that gives an open affine chart of the component for all values of the remaining y-
variables. This means we will perform a change of coordinates on the y’s in J), and p,
that makes p trivial. Since the solutions of p give all A-graded ideals in the torus of that
component we will get a new universal family where every set of values for y gives a point
on that component.

Since p is a binomial prime ideal, a minimal generating set is of the form

p= <yz-,y*’+ — y"7>

for some i € v and some b*, b~ € N*. Then the first step is to remove the y;’s in p and J),
by just setting them to zero.

13



Construction 3.10 (Removing single variables). Let M be a monomial A-graded ideal
and p an associated prime of I),. Denote by t’ the indices of the variables, that are not
contained in p, and by J, the set of all j € {1,...,pap} such that y; [ p,;(y) for all y; € p,
i.e. all indices where p;(y) remains unchanged and is not set to zero. Then we remove the
single variables by applying the map

Y lfj Et/

. . ) . ) / .
\If.k[yz|z€t]—>]k[y,|z€t],yJH{ 0 ifj¢v

to p, where we get

and by applying Idyp, ®¥ to J),, where we get
T = Ty @U(Ty) = (&™ —yb - s;| j € J,) +{x™ | j€J,)
in k[z,y;|i € ], for some b; € N j ¢ J,.

Remark 3.11. For the open affine chart of V, containing M given by Uy, we get the isomor-
phism V, N (Unt)rea = Spec (k[y; | i € v']/p"), where (Uni)rea is the underlying reduced scheme
of U M-

Because p’ is prime, if looking at a generator y®" — y?~, the difference of the exponent
vectors b := b" — b~ is coprime. Hence, there is an isomorphism A € GL(t/,Z) such that
A - b = eq, the first vector of the canonical basis. This is equivalent to a torus invariant
isomorphism

/ b

Dy ]k[y;ﬂ } S t/} —k {y,’-il ‘ &S t/} vy,

where A; denotes the i-th column of A. This means that on the spectrum of these rings ® 4
gives an isomorphism on their tori. Using ® 4, we can map p’ to some prime ideal ®4(p’) in
k[y.|i € '] by sending the binomial y®*" — y® with b= b* — b~ to the binomial

IA(B)T L IA(b)”

Yy Yy )

which differs only by a unit from

(AbYY  1(Ab)™

Yy Yy )

where Ab = (Ab)* — (Ab)~ is the unique decomposition into two positive vectors. If we
extend ®4 by the identity on the x;, we can apply it to the altered universal family J}, =
(™ —yb -s;| jeJ,)+(x™|j¢J,) toget

Pa(Jh) = (@™ =y s;[ G € J) + (@™ ] ¢ T,)

/:I:l]

in k[, y'*']. Here the ¢y’ terms have become Laurent monomials, as they might have negative

exponents.
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Construction 3.12 (Change of coordinates). Let y*" — y® € ;' be an element of a
minimal generating set. Fix a matrix A € GL(/,Z) with torus invariant morphism

@A:k[yfd‘iet/} —>k[y§i1\i€t’], yi =y,
such that ®4(y®" —y® ) =y, — 1. Then compute the new universal family
Ou(Jyy) = (a™ —y s | jeT)+{(x™ | j ¢ J,)
where we set y] to be 1 and the new prime ideal
B4(p) = <y/(Ab)+ _ 4/(A0)" ‘ yb+ gt e p/>
from which we also remove y; — 1 since it has become zero.

Lemma 3.13. Let Jy = <ar:mf —y% s } JjE Jp>+<a:mj | j ¢ Jp> be a universal family of a
local chart of Ha and p C K[y; | i € t] be a binomial prime ideal with no monomial generators
that gives a reduced irreducible component on this chart. For a generator y® — yb of
p choose an isomorphism ®4 as above and set the universal family ®a(Jpy) in klz, y*!]
and the prime ideal ®4(p) € Kkly,|i € t] as before. Then the prime ideal ®4(p) gives the
intersection of the same irreducible component with its ambient torus.

Proof. Consider ®4 on the Laurent polynomials of both rings:
Oa:k[yt it wk[ytier], gy
This induces the second isomorphism of
Vip) 2k [y |iex] /[p=k[y]ict] /Palp).

This means that the points ();),, in V (®4(p)) substituted into the y variables in ®4 (Ju)
parametrise V(p) N T,. Hence, also V (®4(p)) gives the ambient torus of V. O

The advantage of Lemma 3.13 is that the binomial y®™ — y® , that we have used to get
A, is sent to y; — 1 under ® 4. Hence, we can substitute 1 for ¢} in ®4(p) and ®4(Jr) and
by this remove one more variable and one generator of ®4(p). The resulting prime ideal
and universal family again satisfy the conditions for Lemma 3.13 and thus we can repeat
this reduction until p has become the zero ideal. Thus, we can remove p with the following
construction.

Construction 3.14 (Computing the universal family). Let M be a monomial A-graded
ideal. Compute the universal family Ju, and the defining ideal /4 as in Proposition 2.18 or
2.21, if M is coherent or non-coherent, respectively. Then reduce the redundant variables in
Jm and Iy according to Construction 3.2 to J), and I,. If M is coherent use Proposition
3.5 and if M is non-coherent use Proposition 3.7 to determine the primary ideals ¢1, ..., ¢
that determine the non-coherent components containing M. Let p = /4 be one of the
associated primes. Then use Construction 3.10 to remove the single variables given by p
from J), and p to get J4, and p’, respectively. Pick a minimal generator ybl — ybr of
p" and use the corresponding isomorphism ®,4, as in Construction 3.12 to get ®4,(p’) and
P4, (J%,)- Repeat this until the image of the prime ideal under the repeated isomorphisms
is © 4, (...(P4,(p"))) = (0). Denote the ideal resulting from applying ®4, o...0 4, to J\, by

Jm(p)-
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Remark 3.15. The k steps in Construction 3.14 can also be done in one step by using one
isomorphism over Z that maps to the torus. We have shown the removal of p step by step
just for lucidity. Although, when implementing this construction one should use the single
isomorphism over Z to the torus. Furthermore, one can combine algorithmically Construction
3.10 and the repeated steps of Construction 3.12 into one single morphism to the torus over
Z.

Definition 3.16. Let M be a monomial A-graded ideal, Ju, the universal family of U,
with defining ideal I, p a prime ideal as in Proposition 3.5 or 3.7 defining the underlying
reduced scheme V, of a non-coherent irreducible component containing M. Then we call
the ideal resulting from removing the single variables in p as in Construction 3.10 and the
reduction of Jy by every generator of p as in Construction 3.14

Julp) = (@™ —y¥ - s;| jeJ,)+{(x™ | j ¢ J,)

in k [:c,yiil } i € t(p)] the universal family of the component V,, where t(p) denotes the
remaining variables and b; € Z#%) are the resulting exponents.

Theorem 3.17. Let Jy be a universal family with a prime ideal p, together giving an affine
chart of a reduced irreducible component V, of the toric Hilbert scheme. Let Ja(p) be the
universal family of this component. Then (k*)#*#) = Spec (]k [yiil } 1€ t(p)D 18 1somorphic
to the reduced irreducible component V, intersected with its ambient torus by substituting
these points for the y variables in Jyp(p). To be precise, the closed points of this irreducible
component of the toric Hilbert scheme intersected with its ambient torus are exactly those
A-graded ideals that are given by substituting a point (X;)ice() € (k*)#*@) for the y variables

in Jm(p)-

Proof. The theorem follows directly from Lemma 3.13. Denote by A; the matrix of the i-th
reduction and let V;T be the intersection of the reduced irreducible component, given by p,
with its torus. Now we use the lemma at every step of the reduction to get the isomorphism
between V' and V(®4, (...(®4,(p)))) N T via P4, (...(Pa,(Jm))). A minimal generating set
of p is finite, so after a finite number A of reduction steps we get @4, (...(P4,(p))) = (0)
because we have removed all generators, thus (k*)#*@) = V(0) is isomorphic to VT via

Im(p) = Pa, (. (Pa, (Jm)))- O

Corollary 3.18. The ambient torus of a non-coherent irreducible component of H 4 is given
by one universal family Jy(p) ink [, i } i € t(p)]. Hence, the dimension of this component
is #t(p). This means that the dimension of every non-coherent component is bounded by the
number of elements in the Graver basis, since #t(p) is bounded by the number of generators
of Jm and all €™ — s; are Graver.

Furthermore, since Jyp(p) gives the ambient torus of the irreducible component, the clo-
sure of the torus is the whole component. O

Remark 3.19. The ambient torus of a reduced non-coherent component V, is given by 7T, :=
Spec (]k [ylil ‘ 1€ t(p):|), i.e. the points of T, correspond to the points in the ambient torus
of V, via Ja((p). We refer to T, as the ambient torus of the non-coherent component V,. Note
that the ambient torus of the coherent component is the n-torus 7' = Spec(k[z*!]) to which
T, is the analog for a non-coherent component.
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We now give a slight variation of Theorem 3.17 that avoids Laurent monomials.

Corollary 3.20. Let Ju(p) = (™ —y% -s;| j € J,) + (&™ | j & J,) be the universal
family of V, in k [:c,yiil ‘ i € t(p)]. Then

Inlp) = (g% 2™ — gt ;| j e d,) + (2™ ] ¢ )

ink [a:, v ‘ 1€ t(p)} is also a universal family for 'V, giving an isomorphism between (k*)#e()
and V, intersected with its ambient torus, where b; = b;r — b; is the unique decomposition
mnto two positive vectors.

Proof. Just note that it is an isomorphism of tori. Thus we do not change the isomorphism
by multiplying the j-th generator of Ja(p) with y% , because this is just multiplication with
a unit. n

The universal family Ju((p) has the advantage that it defines the ambient torus of the
non-coherent irreducible component on its own, which means we do not need any equations
on the coefficients in y anymore.

We now apply Construction 3.14 to a monomial A-graded ideal where all steps of the
construction of Ja(p) have to be done.

Example 3.21. Let A= {(9),(%),(3),(2),(4),(9)} € Z* Then the toric ideal is

Iy = <b02 — 2, act —be,b® —ae,cd — af,Be® — f5, Pe® — df?, be” — d® f*,

a’ee® — P F3,a%e® — d*f2, atbeet — d°f, d° — a5be4> .

The Graver basis has 381 elements and there are 9588 monomial A-graded ideals, which were
found by using the algorithm in [SST02, Section 1]. We choose the non-coherent monomial
A-graded ideal

M = <bcz, ae,ac?, cd, abef,a’cf,b3cf,a®bf?, a® f2, ab® 2, Se?,
O f2,df°0f° A [ afC bleet, d 2 00, ad? £, ab?, doe)

which has 22 generators. Therefore, the universal family Jys of this monomial ideal is in
kla,b,c,d, e, f,y1, ..., yao], and the defining ideal 14 lies in k[yy, ..., y22] and has 40 generators.
The equations give 14 redundant variables (all except a4, Y11, Y12, Y14, Y17, Y20, Y21, and yao),
so if we remove them we get

I = (b — y11yae®, ae — ynynb®, ac® — yiyi2ys yssbe, cd — yaaf,
abef — yayr2yayYande®, a’cf — yayaysyssbde, b e f — yayroyaiyoode®,
a2bf2 - y12y§1y§2d2627 @3f2 - y12y§1y§2bd2€= @b3f2 - y12y21y22d2e3,
Fe’ — y11f6, b5f2 - y12d2€47 df5 - y2y12y14y§1y§203667 bf6 - y14c6€5,
A f* — yiyybe, af® — yiyiayiays ysacte®, bleet — yird® £,
d* 2 — y1oyaab®e® ¢ — yuyn d® f, ad® 2 — yaob®ce?,
ab’ — yo1d®, d% — ypb')
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and the defining ideal

[j/\/l = <y17y2o — Y21Y22, YaY20 — Y12Y22, Y12Y17 — Y4Y21, yiyuyilyig — Y11Y14,
y4y%1yi’4y17y21y22 — Y12, y%1?/i‘4y21y22 - y%2y2ly%2>

for which we can construct the primary decomposition

[j/\/l = <y17y2o — Y21Y22, YaY20 — Y12Y22, Y12Y17 — Y4Y21, yiyuyilyig — Y11Y14,
y%1?/%4y%7y22 -1, yi’lyil4y21y22 - y§2y21y§2>

N <?J4a Y11, Y12, Y1rlY20 — y21y22>

N (Y11, Y12, Y20, Y21)

N <y4, Y12, Y14, Y17Y20 — y21y22> .
The first primary ideal contains an element of k[y]\ (y), so it does not define a non-coherent
component containing M. Hence, M lies on 3 non-coherent components and all three of
them are reduced. Therefore, p = (Y4, Y11, Y12, Y17Y20 — Yo1Y22) defines an affine chart of a

reduced irreducible component containing M. Now we apply Construction 3.10 to remove
the single variables in p which gives p’ = (y17920 — Y21%22) and the new universal family

Iy = (ae = yaryeb® bf® — yiuc®e® bee* — yird® 2, ad® f* — yaob°ce?,
ab’ — yp1d®, dbe — y22b11> + <b02, ac®, cd, abef, a*cf, b cf,
a2bf2, a3f2, ab3f2, 0863, b5f2, df5, d2f47 CLf6, d4f2, bQC> )
There is one more binomial generator 1720 — y21Yy22 in p’ left, which has the exponent vector

(0,1,1,—1,—1)" in the remaining variables Y4, Y17, Y20, Y21, Y22. Hence, we have to apply one
isomorphism from Construction 3.12 to remove that binomial. Our choice for this is

01 000
1 0 000

A=|0 -1 10 0 | €GL(5727).
0 1 010
0 1 001

This means we get the isomorphism

D4 k[yid v va0 s va v ) — Klye - v

that maps

YolYsYa
Y14 = Y1, Yir vy Y20 > Yo, Y21+ Y3, and yao > Yy
2

Hence, ®4(p’) = yo — 1 and the universal family is mapped to

q)A('].;\//l) = <CL€ - y3y4b27 bfﬁ - y166€57 b4C€4 - %d:{f:ﬂ

ad® f3 — yobbce?, ab® — ys3d®, d%e — y4bll> +
<bcz,ac2,cd, abef,a*cf,b3cf,a®bf? a®f?,
ab3f2, 0863, 65f2, de’ d2f4, Cl,fG, d4f2, b90> )
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But now we have to set yo to 1 so that the universal family of the component V, is

Im(p) = <ae — y3y4b2, bf6 _ y16665, bheet — y3y4d3f3,
Yo

ad® f3 — yobPee3, ab® — ysd®, de — y4b11> +
<b02,a02,cd, abef,a’cf,b3cf, a®bf?, a® f2,
ab3f2, 0863, b5f27 df57 d2f47 CLf6, d4f2, b90>

n k[a? b> ¢, da €, .fa Y1, Y2, Y3, y4]

4 Isomorphic Universal Families

So far, we have constructed universal families Jy(p) for every monomial A-graded ideal M
which gives the ambient torus of some reduced non-coherent component V, containing M.
Thus, if we want to describe all non-coherent components, we have to compute all universal
families for each monomial A-graded ideal. But this means that we would construct for one
non-coherent irreducible component different universal families, one for each monomial A-
graded ideal in that component. Hence, we have to find a method to identify two universal
families defining the same non-coherent component.

Consider two monomial A-graded ideals Mj, My with two prime ideals py,ps giving
reduced irreducible components V,,, V,, of H 4 that contain M; and M, respectively. Then

r1o P2
we have the two universal families

Jii= Jm(p1) = <i13mj —yb ™ ‘ J € Jp1> + <wmj | J ¢ JP1> and

3
Joi= Ju(pa) = (2% —y9-x%|je )+ (x| j¢ T, ?

where again My = (™ | j=1,...,pnm,) and My = (% | j =1,...,pam,). Recall that J,
are all indices in {1, ..., pr, } Whose variables were not set to zero by the removal of single
variables (Construction 3.10), and the b;, ¢; are the exponents of y and y’, respectively, of
the remaining binomials after Construction 3.14. Note that we have already renumbered
the coefficients, such that the new variables are y = (y1,...,y,) and ¥’ = (v, ...,y.) with

r =t(p1) and s = t(p2).

Lemma 4.1. Let J; and Jy be two universal families as in (3) which parametrise the am-
bient torus of the same reduced non-coherent irreducible component of H., then we have
J1(y=1)) = J2(y=@))- This means the A-graded ideals given by the identity in J; and Ja are
the same.

Proof. If J; and Jy parametrise the same A-graded ideals then there exists some point
A = (A1, ., Ag) such that Jy(y—1)) = J2(y=xr). Now let ™ — x™ be a Graver binomial
in Jy(y=)- Because they are equal, ™ — ™ € Jy(y—y) holds as well. But we have
™ — A" - 2™ € Jy (=) for some w € Z°, so we must have A¥ = 1 which is satisfied for
A = (1). This holds for every Graver binomial, so that Ji y—1)) = Jay=r) = J2=q)
holds, since by [PS02] or [Stu94] every A-graded ideal is determined by its coefficients of the
Graver binomials. O
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Remark 4.2. Note, that in fact A = (1) since the parametrisation by J, is an isomorphism.
Furthermore, if the two families J; and Jy are isomorphic then » = s as the dimension of the
component is the number of remaining variables in the universal family.

On the other hand, consider two universal families .J; and J, with equal ideals for the
identity Ji (y—(1)) = J2(y=(1)) and let ™ — x™ be in Jy (1)) with ™, x™ ¢ J;. Since
the fibers of the universal families in the point (1) are the same there is a unique b} € Z°

such that ™ — ¢y - x™ € J,. In fact, this existence is not trivial so that we will construct
b; explicitly. For this we denote by

o = Y pie) - (@ - 2

i€y

a decomposition into the generators given by Jo(,—(1)) Where the p;(x) are polynomials in
. Then we split the p; into monomials and rearrange the summands to get the telescoping

series
™ — ™ = Zmlk (w) . (wuik - wmk) ,
i

i.e. my (x)xhs —m, _ (x)x"*1 = 0. We may assume that all m;, are positive, because
otherwise we interchange % and x%*. If we insert the appropriate terms from k[y'*!] on
the right hand side we get a telescoping series in k[x, y'*!]

i v<k

where we take the negative y’ exponent if we interchanged the x terms. But then this
telescoping sum equals ™ — y'% - ™, where

/ E
l)‘7 — ciu.
v

Hence, the exponent b’ is a linear combination of the ¢;. Because ™7, 2™ ¢ J; we have that
b, is unique. This means when rearranging the generators of J to get the same = binomials
as in J; we get the new y' exponents b as linear combinations of the ¢;. Thus, we get the
following proposition:

Proposition 4.3. Let J; and Jy be two universal families given by equation (3) such that
T y=1)) = J2=1))- Set n1 = #(J,,) and ny := #(J,,). Then there is an ny X ny matriz
By and an ny X ny matriv By such that for the binomials ™ — y/b3 -x™ € Jy and
x% —y% - x% € J; we have

(b;)jejpl = (ci)ieJPQ'BZl

(C;)jejpz = (bi)iejpl'Bl,z-
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Remark 4.4. If, on the other hand, we start with the ™ — y'b3 -x™ € Jo, then by the same
argument as before we can reconstruct the &% — y’% - &% so that in fact

) / )
J2 — <w'rnJ . ylbj . wn]

JE )+ (@™ G & ).

Using the above we can give a complete description of when two universal families give
the same non-coherent component of the toric Hilbert scheme.

Theorem 4.5. Two universal families J, and Jy parametrise the ambient torus of the same
reduced non-coherent component of the toric Hilbert scheme if and only if we have Jy (y—(1)) =
Jo =y, 7 =8 fory = (y1,...,yr) and y' = (y,...,y;), and there evists an isomorphism
® € GL(r,Z) such that ®(b;) = b for j € J,, in the notation of Proposition 4.3.

Proof. If J; and J, parametrise the ambient torus of the same non-coherent component,
then by Corollary 3.18 their dimensions must be the same, so that » = s. We also get
J1(y=1)) = J2(y=1)) by Lemma 4.1 so that we can write

Jio= (a™ -y x| je,)+ (a™ | j¢J,) and
Jr = <wmj—’y/b3'-a:nj jGJp1>+<wmj|j¢‘]p1>'

It remains to show the equivalence to the Z-isomorphism ®. But J; and J, parametrise the
ambient torus of the same non-coherent component exactly if there is an isomorphism of
their parametrising tori Spec(k[y*!']) and Spec(k[y'*']) which gives exactly the same points
on H 4 by the two universal families J; and J;. This means, if and only if there exists some
P : k[y*'] — k[y'*'] such that

(I),(Jl) = <mmj — @ (ybj) Lz ‘ J€ JP1> + <$mj | J ¢ ‘]P1> = Ja.

This is equivalent to an isomorphism ® € GL(r, Z) such that ®(b;) = b/. O

Remark 4.6. Construction 3.14 and Theorem 4.5 allows us to compute all non-coherent
components of a toric Hilbert Scheme for a given A. First, one has to compute for each
monomial A-graded ideal M the universal families of all non-coherent components containing
M. Then one collects all isomorphic universal families into one component. By doing this,
one has for each component already the list of all monomial A-graded ideals contained in
this component.

Of course these computations are best done by a computer. Thus, all the constructions
and algorithms in this work are contained in TORICHILBERTSCHEMES [Birl0b|, a package
for MACAULAY2 [GS], and all examples have been computed with this package.

Example 4.7. Let A= {1,3,4,7} with d = 1. Consider the universal family
J1 = JIm(p) = <b2 — ysa’c,bd® — yract, d* — yoc”, a®, ab, be, ad, a*c?, ac5>
for the coherent M = (a3, ab, b*, be, ad, a*c*, bd?, ac®, d*) and the universal family

Jz 1= o (po) = (b* — yza®c,ac* — yzbd?, d* — yoc', a®, ab, be, ad, a*c?, bd®)
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for the non-coherent Mg = (a®, ab, b2, be, ad, a*c?, ac*, bd®, d*). When substituting (1) we get
J1(y=1)) = <b2 —a’e,bd® — act,d* — ¢, a®, ab, be, ad, a*c?, ac5>

and
J2 (y=1)) = <b2 —a?c,act —bd?,d* — ¢, a®, ab, be, ad, a* ¢, bd3> .

Furthermore, since we have both, ac® = c(ac' — bd?*) + d - bc € Jy(y—q) as well as bd*> =
d(bd2 — CLC4) +ct-adc Jo (y=(1)), We get Jy (y=(1)) = Jo (y=(1))-
The number of remaining variables in J; and in J; are 3, hence r = s. Finally, we have

b= (1) (2) 0= (1),

so that
1 0 0
d=1 0 -1 0
0O 0 1

is an isomorphism of the two universal families. Hence, J; and J describe the same non-
coherent component and both M and M, lie on that component. When applying Construc-
tion 3.14 to the remaining 51 A-graded monomial ideals we get that only six of them are
also contained in a non-coherent component, which is in fact the same component:

M, = <a3, ab,b?, be, ad, a*c?, act, bd®, c7> ,

My = <a3, ab, a’c, be, ad, b, b*d, bd?, ac®, d4> ,

Ms = <a3, ab, b%,be, ad, a*c?, bd?, ac®, c7> ,

My = <a3, ab, a’c, be, ad, b, b*d, ac*, bd®, d4> ,

My = <a3,ab, a’c,be,ad, b, b*d, act, bd3,c7>, and
Mg = <a3, ab, a’c,be, ad, b, b*d, bd?, ac®, c7> ,

where all of them but Mg are coherent. Thus, the component V, given by Ja(p) contains 8
monomial A-graded ideals. 5

In this example it is quite clear from the equality of the two ideals when (1) had been
substituted that the two universal families define the same non-coherent component. One
could assume now that having the same A-graded ideal given by the identity may suffice
for two universal families to define the same component. This would mean that Lemma 4.1
would in fact be an if and only if statement. The following is a counterexample to this.

Example 4.8 (continuing 3.21). Consider the A-graded monomial ideal

M = <62, be, ae, cd, a’*c?, b3d, ac? b3 b*c'?, ab® B, B 3, ab?ct dPeft, d* £,

6606, d5f, dﬁ7 a3d2f4, 6905, bl2c37 a8df5, 61502, b18>
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with 23 generators. The defining ideal of Uy, after removing redundant variables is

IM = <y15y18 — Y20Y21, Y12Y13Y15 — Y2Y12, Y11Y13Y15 — Y2Y11,
yzoy§1y23 — Y11Y15, y18y§0y21 — YYis,
Y13Y15Y20Y21 — Y2Y20Y21, Y11Y15Y20Y21 — y12y13>

in k[yi, ..., yo3] which has a primary decomposition into 12 primary ideals. Two of them are

a1 = <y11, Y12, y%Sv Y18Y21, y%y Y15Y18 — Y20Y21, Y13Y15 — y2> and
92 = <y11, Y12, Y18, y21> )
where ¢; is not reduced. The prime ideal p1 = (y11, Y12, Y18, Y21, Y2 — Y13¥15) is the radical of

the primary ideal ¢;. The two reduced components corresponding to these prime ideals are
given by the universal families

Ji = (be —yrysac®, def* — yb°c®, °° — yzad® f*, 0" — ysa®df®,
bis — y5a11f6> + <62, ae, cd,a*c?, b*d, ac'? b3, b*c'?, abc®,

d3f3’ ab2cll, d4f2, de’ dﬁ, a3d2f4, 6905, a8df5’ b1502>
and
Jy = <be —yoac?, d*ef* — 1 b°c3, 008 — ysad® [, 012 — yualdf?,
bis — y5a11f6> + <62, ae,cd,a’c?, b3d, ac'?, b3, b?c'?, abc®,
d3f37 CLb2CH, d4f2, d5f, dﬁ7 a3d2f4, bQC57 CL8df5, bl5c2> 7
where we have mapped y13, Y15, Y20, Y23 t0 Y1, Y3, Y4, ys and have replaced y, by y1y3 in Ji.

Not only are these two not isomorphic by construction, also the first one is four-dimensional
and the second five-dimensional. But substituting y = (1) in J; and J; gives the same ideal

<b€ _ CLCz, d2€f4 _ b508, bGCG _ CLd2f4, b12c3 _ a6df5, b18 _ a11f6> +
(€2, ae, cd, a*c®, b3d, ac'?, B30 b?c'?, ab3cs, d3 f3,
ab2cll, d4f2, d5f, d6, a3d2f4, b905, CLSdf5, b1502> .

Furthermore, as can be seen from p; and py, the reduced component V,, is an embedded
component in V,,. o

5 The Polytope

This section is about the construction of the polytope of a non-coherent component. Recall,
that the coherent component is given by the state polytope of the toric ideal /4. For a non-
coherent component we will show that the polytope is again a state polytope. Unfortunately,
Jm(p) and Jy(p) are not necessarily homogeneous with respect to a strictly positive grading.
But the non-coherent component given by the universal family is the projective closure, so
that we want to homogenise the universal family. Thus, we define a last little modification
we will be using to construct the polytope whose normal fan is the normalisation of the
reduced non-coherent component V.
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Definition 5.1. Let M be a monomial A-graded ideal, p a prime ideal as in Proposition
3.5 or 3.7, and

Jm(p) = (™ —y¥ s |jed)+(a™|j¢J,)
in k [:c,yf“l ‘ (S 'C(p)] the universal family of the component V,. Then we consider an ad-

ditional set of variables {z;|¢ € v(p)} and define the generalised universal family of the
component V, as

—~—

+ pe _ - pt
Imlp) = <zbj Yo ™ — 2Py s

JET )+ (@™ ¢ )

in klz, y;, 2 |1 € v(p)].

Remark. Note that Jy(p) is just a homogenisation of Ja(p)'.

Example 5.2 (continuing 3.21). The universal family was

Tu(p) = <ae—y3y4b2,bf6—y1c6e5,b4ce4—%dsfs,
Y2

ad® f3 — yobPee?, ab® — y3d®, de — y4b11> +
<bcz,ac2,cd, abef,a’cf,b3cf,a®bf? a®f?,
ab3f2, 0863, 65f2, de’ d2f4, CLfG, d4f2, bQC>

in kla, b, c,d, e, f,y1, Y2, Y3, ya] so that the generalised universal family is
JIpm (P) = <Z3Z4CL€ - y3y4bz, Zlbfﬁ - y106€5, y2Z3Z4b4C€4 - y3y4z2d3f3,
zoad® 2 — yobSce®, 23ab” — y3d®, 24dle — y4bll> +
<b02, ac?, cd, abef, acf, b3cf, a®bf?, a3 f2,
ab3f27 0863, b5f2, df57 d2f47 CLf6, d4f2, bQC>

in ]k[a, cery f, Y1y -y Yy 21y +ny 24].

We have done all the preliminary work now, so that we can start directly with the theorem
and the rest of the section will construct the proof of it in four steps.

Theorem 5.3. Let M be a monomial A-graded ideal and consider a generalised universal

—_— —_——

family Jp(p) Cklz, yi, 2| i € ¢(p)] of a reduced component V, containing M. Then Ja(p)
1s homogeneous with respect to a strictly positive grading and the normalisation of the com-

e~

ponent V, is the toric variety defined by the normal fan of the state polytope state(Ju(p)),

—~—

i.e. the Grébner fan of Jy(p).

For more details on state polytopes see [Stu96, Chapters 1-3|. Before we prove the
theorem we have to show four steps we will use in the proof.

—~—

Lemma 5.4. Let M' C k[z, y, 2] be an initial monomial ideal of Jy(p) with respect to a term
order on k[x,y, z]. Then My := ./\/l’( ) is @ monomial A-graded ideal in the component

V,. Furthermore, M' is the only initial monomial ideal of Jm(p) with My = M

y=z=(1
y=z=(1))"
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Proof. Recall that the number of & variables is n. We denote by n, and n, the number of
y and z variables, respectively. Then the torus

7— = (k* )n-i-ny +nz

acts on k[z, y, z] coordinate-wise. Let A = (A, ..., Ay, Ay, Az) € T be arbitrary, where A, and
A denote the coordinates acting respectively on y and z. Note that (A, ..., A,) is in fact an
element of the torus T" that acts coordinate-wise on S = k[z1, ..., z,]. By trivial extension to
y and z such an element (Aq, ..., \,) also acts on k[x, y, z]. Then one can easily check that

e~

(A7) = () Tl

(y=2=(1))

(y=XAy,z2=Xz)

= (M, M) ((m>(yzxy,zzxz>)

holds. Since (J M(p))( : is A-graded and in V, for every A € 7 and the n-torus orbit
Y=Ay,z2=Xz
of an A-graded ideal in V;y is an A-graded ideal in V,, we also have that

)
(3Tl (y=2=(1)
is an A-graded ideal in V, for every A € 7. Moreover, the monomial ideal M’ is given as

the initial monomial ideal with respect to a weight vector w € N**"v*"=  Hence, by using
[Eis95, Theorem 15.17] we get that

My =Miy_._qy) = (inw (m)>(y=z=(1))

is an A-graded ideal in V, and since M’ is monomial, M; is too.

For the second part, we fix the minimal set of generators {f1, ..., fi} of M; and denote
by s; the standard monomial in the degree of f;. Since M, is a monomial A-graded ideal in
V,, we get another generalised universal family

—_—

C.+ c. c. C.+
JMl(pl):<zlylfi_zlylsi

iEJP1>+<fi|i¢Jp1>7

—_—

which also gives V,. Thus J, (p1) is isomorphic to Ja(p), so that in fact

Tnlp) = (2 g fi = 2 y"s,

i€ )+ (fil i )

—~—

holds after a suitable change of y and z coordinates in Jy, (p1) as in Theorem 4.5. Because

b+

all s; are not in M the 2% y® s, are also not in M’, so that we can choose a term order <

on k[x, y, z| such that
2yts < 2y

Then we claim that

. b*b b . bf
GMl.:{ i fi — 2%y’ sy

i€ du fU{filid g}
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together with a possibly empty set of monomials in k[x,y, 2] is the reduced Grobner basis

of Jyp(p) with respect to the term order <. To show this, we start with a pair of binomials
zbjyb fi — Ls zJ f Js in G,

and compute their S-polynomial zb+yb7:1:m — 2P yP ™. Then there are two cases, either

we have that 2 y® ™ and 2z° y® a™ are not in Juy(p) or they both are. First assume
they are not. Then by using Construction 2.18 if M, is coherent or Construction 2.21 if M,
is non-coherent, ™ — x™ reduces to zero via the binomials f; — s; for < € J,, because both
monomials reduce to the standard monomial in their common degree. But then we can use
the telescoping sum (4) again to reduce 2P yb ™ — 20T b g™ via the 20 yb f; — 20 ybz‘+ S
in Gy, to zero because the exponents b; satisfy the local equations.

e~

On the other hand, if 20" y® ™ and 2° y® & are both in Jy(p) then their difference
reduces either to a monomial in k[x, y, 2] or to zero. Therefore, G v, together with a possibly
empty set of monomials is a Grobner basis for <. Furthermore, the set G M itself is reduced,
because no f; divides any s; and hence no zbjyb; f; divides any z% y° ; sj. The additional
monomials do also not reduce any element of G, because on the one side reducing one
of the binomials would result in 2% ybi+ s; being in J(p) which is a contradiction, and on
the other side the remaining f; are minimal generators of M; so that there cannot be any

x* € Jy(p) dividing f;. Thus, G, U{monomials in k[x,y, 2|} is the reduced Grébner basis

of Jyp(p) with respect to the term order <. Therefore, M’ is the unique initial monomial

—_——

ideal of Jy(p) that gives M; when substituting 1, because the reduced Grobner basis is
given by M;. O

—~—

Now we know the correspondence between initial monomial ideals of Jy(p) and monomial
ideals in V,. Next, we are interested in the Grébner cone of these initial ideals.

—_——

Proposition 5.5. Let M’ be an initial monomial ideal of Jy(p) with monomial A-graded
ideal My = M, _._q)) = (@™, ...,x™). Then the cone of mazimal dimension in the

Grébner fan of Japm(p) corresponding to M’ is

—_—

o= {w ‘ (w,v) >0, 2™ ¢ JM(p)} for

m;—n;
V; = —b; )
(2 < bl )

where x™ is the standard monomial in the degree of ™ and b; € Z#*®) unique such that
zbj . yb; P p— zb; . ybj ™o ']M(P)

Proof. Let < be a term order on k[z, y, 2] such that M’ = in_ (JM (p)) Then as shown in
the proof of Lemma 5.4

——~— e~

{2yt a2yt @ Tulp) f U {am™ e ) |
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—~—

is a subset of the reduced Grobner basis of Jy(p) with respect to < that contains all binomials
of the reduced Grobner basis. Thus, the relative interior of the corresponding Groébner cone
o is given by all w € Z"»*"= such that

b b m;

- +
mi_zbi .ybi .wni):zz .yz @

. + -
1, (zbi . ybi B i

for all ™ ¢ Ja(p). But this holds exactly if

——~—

o= {w ‘ (w,v) >0, 2™ ¢ JM(p)} for
0= (F)

Before we give the last lemma needed for the proof of the theorem we state a short
proposition we need for this lemma.

O

Proposition 5.6. Let

—~—

JM(P) = <zbi+yb; . wmi — zb;ybj . mni

i€ g )+ (@i ¢ )

be the generalised universal family of an irreducible component V, containing M. Then we
have

K[y [i € Jp,y = (4))jee] = K[y 2™ i € T,y = (4)) jec)]-

Proof. The first step is that for y = (yj)jet(p) and z = (Zj)jEt(p)

k[y®

ieJ,| = ]k[zbiy_bi

i€ J,]
holds, since this is just the diagonal embedding. Secondly,

]k[zbiy_bi

ielJ)|= k[zbiy_biwmi_”i

ieJ,)

holds, because the relations on the ™™ are the same as the relations on the y%. In fact,
any relation between the ™™™ can be interpreted as the reduction of an S-polynomial in
two of them. But this is exactly the construction of the local equations which have been
used for the base change to the y%, so that these also satisfy these relations. O

Lemma 5.7. Let V, be a reduced irreducible component containing an A-graded monomial
wdeal M and let {bz|z € Jp} be the exponent vectors in the generalised universal family
obtained from M for this component. Then

(UM)red N ‘/p = SpeC(ﬂ{[zbi’y—biwmi—ni

i € J,,y = (Y))jexn)))
holds.
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Proof. To prove this we will go through the construction of the b; exponents of y and z
again. The affine chart of the reduced structure of the irreducible component determined by
p that contains M is given by

(Unt)yeq NV, = Spec (K[y: i € ¥']/p')

by Remark 3.11. Now let Ay, ..., A, be the matrices used for the reduction as in Construction
3.12 to remove the binomials in p’, let A := Aj, - ... - A be their product, and we set b; to be
the i-th column of A. Thus, we get the surjective morphism

Ou: klyliev] — k¥ liev,y=(u)jer)/my

Yi = y”

for k € v/ \ t(p). By construction of A the kernel of &, is exactly p’ so that we have

K[y: |7 € V]/p = K[y*

ety = (y))jev)/ ga-1)-

Now we set 4 to 1 for k € v/ \ t(p) by projecting the b; to the t(p) variables, i.e. if 7 is the
projection from the t/ variables to the v(p) variables, then with b; := 7(b;) we have

kly;|i € v]/p 2 k[y® |i € v,y = (y;)jexr):

where the b; are precisely as defined before. Note that the indices of the removed redundant
variables are J, \ v. But for i € J, \ v the resulting exponent of Jaq is b = > A;b;
for \; € N, because y; was a redundant variable. Thus, adding y% for i € J, \ ¥ to the
generators of the ring does not change the ring, so that

k[yi KES t/]/P, = k[ybi i€ oy = (yj)jGt(p)]'
Finally, by using Proposition 5.6 we get
kly: [i € V]/p' = K[z" -y~ -a™ ™ i €,y = () jexn)-
O

Note that for the coherent component this is similar to the construction in the proof of
[SST02, Theorem 4.1].
Now we have collected all steps and can prove the theorem.

Proof of Theorem 5.3. First of all, note that

FIRI + - , - + ,
Tulp) = <ij gt ™ 2yt g

e+ (@™ ¢ )

is homogeneous with respect to a strictly positive grading for the degree vector (a,1,1),
where a is a strictly positive vector in the row span of A and 1 is the classical degree vector
on y and z. Thus, by [Stu96, Theorem 2.5| there exists a state polytope

—_—

P = state(Jp(p)).
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Now let ¢ be a maximal cone in the normal fan of P, i.e. in the Grobner fan. This gives

—_—

an initial monomial ideal M’ C k[x,y, 2| of Jy(p), which in turn by Lemma 5.4 when
substituting y = z = (1) gives a monomial A-graded ideal M; in V,. There are two cases,

—_——

either M, is the original monomial ideal M we used to construct Ju(p) or M; is some
other monomial ideal on that component.

For the first case, assume this monomial is M. Then by Proposition 5.5 the cone ¢ is
given by {w | (w,v;) > 0} for

m;—n;

UZ'I:< —l?i >,i€JP.

7

Hence, we have that ¢ is the positive hull over Q of {vi |i € Jp}. The affine chart of V,,
that contains M, is given by

(Unt)req NV, = Spec (kly; i € ¥]/4)
see Remark 3.11. But by Lemma 5.7 we have
(Unt)yeq NV, = Spec(klzy ™™™ i € J,,y = (y)jex(n)

and the exponent vectors on the right hand side are the v;, the generators of the cone oV.
Thus, if we denote by M, := (Q - o) NZ" v t"= the lattice of ¥, we conclude that

Spec (k[o¥ N M,])
is the normalisation of
Spec (ky; |1 € ¥]/5") ,
the affine chart of V, containing M.
Secondly, let M; # M. Then for the monomial ideal M; we get another universal family
Iamy = (& =y x| je T, )+ (x| j ¢ T,)

where p; is the prime ideal that gives V, for M;. By Theorem 4.5 there is an isomorphism
® : k[y'*!] — k[y™], such that ®(Jr,) = Jag. Thus, if we apply @ (extended to 2’) to the
general universal family we get

P(Jm,(p1)) = <Z‘1)(cj)+ cy®E) T g ()T .,y‘1>(cj)Jr sy

+{(x%|j ¢ J,)

= Jml(p)-

Then Proposition 5.5 implies, as it did for M, that ¢V is generated by

V)= <_<1>q2$3)) i€ J,.

On the other hand we have (Ui, ),.q NV, = Spec (k[y']/pt) by Remark 3.11 and by the same
argumentation as above we get

jer1>

k[yl]/lji = k[zmi ’ y,_Ci St |Z € Jma Y= (yj)jEt(m)]'
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But @ is an isomorphism over Z so if we apply Idyz ®® (again extended to 2’) to the right
hand side we get

k[z/®) . /=) g e T,y = (Y5) jectn)s

which implies that Spec (k[o N M,]) is the normalisation of the affine chart of V, containing
M. Note that for every maximal cone o we get the same lattice M, =: M,.

The normalisation maps for all maximal cones which we have just constructed each sends
the identity point to the ideal

JM(y:(l)) = <i13mj — ™ | j € Jp> + <wmj | j ¢ Jp> C ‘/p.

Clearly, all these normalisation maps are equivariant under the action of the torus Hom(/,, k*).
Hence, there exists a unique Hom(M,, ]k*) -equivariant morphism V¥ from the projective toric

variety given by the Grobner fan of J M( ) onto the non-coherent component V, C (H.4),.4;
that restricts to the normalisation maps constructed above on each affine open chart. Hence,
U is the normalisation morphism from the projective toric variety, given by the normal fan

of the polytope state(m), to V. O

Definition 5.8. We call a state polytope of a generalised universal family, state (J M (p)),
a generalised state polytope of A.

Example 5.9 (continuing 4.7). For A = {1,3,4,7} and the monomial A-graded ideal
M = (a®, ab,b?, be, ad, a®c?, bd?, ac®, d*) we had the universal family Jy(p) which is in fact
the only one for M. Thus, M is contained in one non-coherent component V' and

—_——

Jm(p) = <z1b2 — y1a3c, 2bd® — ysac?, zzd — ysc”, a®, ab, be, ad, a*c, ac5>

is the generalised universal family of this reduced non-coherent irreducible component V.
This component V' contains the eight monomial ideals M, My, My, ..., Mg. A state polytope

for Jy(p) is a cube in Q' (there are 10 variables in total) with the vertices corresponding
to the monomial ideals in the following way:

M < (1,-1,4,-2,0, 100,1,0)t
My « (0,0,0,0,0,0,0,0,0,0)

M; « (0,0,—7,4,0,0,1,0,0,—1)"

My & (= 1,1,3 —2,-1,-1,0,1,1,0)"
My & (1,-1, 320 —~1,1,0,1,-1)
My & (-2,2,-1,0,—1,0,0,1,0,0)"
Ms & (=2,2,-8,4,-1,0,1,1,0,—1)"
Mg < (=1,1,-4,2,—1,-1,1,1,1,-1)"

A sketch of the polytope in its affine hull is given in Figure 1. Note that the two non-coherent
vertices My and Mg are on opposing sides of the polytope, thus the intersection with the
coherent component is not given by a face of this polytope. The polytope of the coherent
component is three-dimensional and has 51 vertices (the coherent monomial ideals). One
can compute that the intersection is not a face of this polytope either. See Figure 2 for a
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M% M6

My
My
N M
Mo, M

Figure 1: state(Juy(p))

sketch of the two-dimensional faces of the state polytope of 14 that contain the coherent
monomial ideals of the non-coherent component.

Furthermore, Sturmfels already computed a family of A-graded ideals for this A in the
proof of [Stu96, Theorem 10.4:

(1223 — €173, 175 — CoTox?, 5 — 374, .
T3, T To, BTy, TS, TITy, ToT3, ToTs) (5)
for c1,c9,c3 € k*. Moreover, he showed that there is a k* parametrisation of this fam-
ily identifying all A-graded ideals with cjc3/c3 constant, because these are isomorphic as
A-graded ideals. The family (5) is exactly the ambient torus of the non-coherent compo-
nent constructed above if we identify x, xo, x3, 24 with a,b, c,d, and ¢, ¢o, c3 with %, Z—z, i,
respectively. Computing the primary decomposition of the defining ideal of M gives

Iy = (Y6, ys) N (Y2 — YsYo, Yoyr — YsYo, YsYs — YrYs) -

The first primary ideal yields the non-coherent component V' and the second ideal the co-
herent component. Hence,

(Y7 — y3yo)

gives the intersection of V' with the coherent component. Note, that we have identified y3
with z—i, y7 with Z—z, and yg9 with z—g Thus, the isomorphism class c¢jc3/c2 = 1 corresponds
exactly to the intersection of V' with the coherent component.
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My

Ms
Mg,

My

Mos

Figure 2: The two-dimensional faces of state(/4) that contain the coherent monomial ideals
of the non-coherent component

O

Remark 5.10. This example implies that two A-graded ideals, that correspond to points in
the same orbit in a non-coherent component, need not be isomorphic as A-graded ideals.
This is in contrast to the coherent component, where the orbits are exactly the isomorphism

classes.
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