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ON THE HADAMARD TYPE INEQUALITIES INVOLVING
PRODUCT OF TWO CONVEX FUNCTIONS ON THE
CO-ORDINATES

*M. EMIN OZDEMIR AND ¢*AHMET OCAK AKDEMIR

ABSTRACT. In this paper some Hadamard-type inequalities for product of con-
vex funcitons of 2—variables on the co-ordinates are given.

1. INTRODUCTION
The inequality

(1.1) f(a+b)g . 7f(x)dx§M

2 b—a 2

where f: I C R — R is a convex function defined on the interval I of R, the set of
real numbers, and a,b € I with a < b, is well known in the literature as Hadamard’s
inequality.

For some recent results related to this classic inequality, see [1], [8], [10], [ITI,
and [13], where further references are given.

In [2], Hudzik and Maligranda considered, among others, the class of functions
which are s—convex in the second sense. This class is defined as following:

Definition 1. A function f : [0,00) — R is said to be s—convex in the second
sense if

fOz+ (1 =XNy) <X f(@)+ (1= A)f(y)
holds for all x,y € [0,00), A € [0,1] and for some fized s € (0,1].

The class of s—convex functions in the second sense is usually denoted with K?2.
It is clear that if we choose s = 1 we have ordinary convexity of functions defined
on [0, 00).

In [14], Kirmac1 et al., proved the following inequalities related to product of
convex functions. They are given in the next theorems.

Theorem 1. Let f,g: [a,b] = R,a,b € [0,00),a < b, be functions such that g and
fg are in L' ([a,b]), If f is convex and nonnegative on [a,b], and if g is s—convex
on [a,b] for some fized s € (0,1), then

1
b—a

1

(12) EES)

M(a,b) + N(a,b)

b
[ t@gords < —
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where
M(a,b) = f(a)g(a) + f(b)g(b) and N(a,b) = f(a)g(b) + f(b)g(a).

Theorem 2. Let f,g: [a,b] = R,a,b € [0,00),a < b, be functions such that g and
fg are in L'([a,b]), If f is s1—convex and g is sa—convex on [a,b] for some fived
s1,82 € (0,1), then

b
1 1
< -
b_a/f(:v)g(:v)d:v < Sl+52+1M(a,b)+B(sl+1,82+1)N(a,b)
1 F(Sl)F(SQ)
1. = — | M(a,b —— = N(a,b
( 3) 81+82+1{ (a7 )+SIS2F(81+82+1) (CL, )

Theorem 3. Let f,g: [a,b] = R,a,b € [0,00),a < b, be functions such that g and
fg are in L'([a,b]), If f is convex and nonnegative on [a,b], and if g is s—convex
on [a,b] for some fized s € (0,1), then

b

(14) 2 (50050 - = [ F@g(e)is
1
(s+1)(s+2) M(a,b) + S+—2N(a, b

For similar results, see the papers [2], [12].
In [I1], Dragomir defined convex functions on the co-ordinates as following and
proved lemma 1 related to this definiton:

Definition 2. Let us consider the bidimensional interval A = [a,b] X [c,d] in R?
with a < b and ¢ < d. A function f : A — R is convex on A if the following
inequality

fOr+ 1 =Nz y+ (1= Nw) < Af(z,y) + (1= A)f(zw)
holds for all (x,y), (z,w) € A and X € [0,1].

Lemma 1. Every conver mapping f : A — R is convex on the co-ordinates, but
converse is not general true.

In [I1], Dragomir established the following inequalities:
Theorem 4. Suppose that f : A = [a,b] x [¢,d] = R is convex on the co-ordinates
on A. Then one has the inequalities:

a+b c+d
e

b d
1
(1.5) < m[{f(x,y)dzdy

fla,0) + f(a,d) + f(b,¢) + f(b, d)
- 4
Similar results, refinements and generalizations can be found in [3], [5], [6], [7]
and [9].
In [7], M. Alomari and M. Darus defined s—convexity on A with the folllowing
definition:

)
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Definition 3. Consider the bidimensional interval A := [a,b] x [c,d] in [0, 00)?

with a < b and ¢ < d. The mapping f : A — R is s—convex on A if
fOz 4+ (1 =Mz Ay + (1= Nw) <X f(z,y) + (1= A)°f(z,w)
holds for all (z,y), (z,w) € A with A € [0,1] and for some fized s € (0,1].
In [7], M. Alomari and M. Darus proved the following lemma:

Lemma 2. Every s—convex mappings f : A := [a,b] X [c,d] C [0,00)? — [0,00) is
s—convex on the co-ordinates, but converse is not general true.

In [@], M. A. Latif and M. Alomari established Hadamard-type inequalities for
product of two convex functions on the co-ordinates as follow:

Theorem 5. Let f,g: A := [a,b] x [c,d] C R* = [0,00) be convex functions on
the co-ordinates on A with a < b and ¢ < d. Then

b d
1
(1.6) ml{f(%y)g(%y)dxdy

1 1 1
< §L(a, b,c,d) + EM(G’ b,c,d) + %N(a, b, c,d)
where
M(a,b,c,d) = f(a,c)g(a,d) + f(a,d)g(a,c) + f(b,c)g(b,d) + f(b,d)g(b,c)

+f(b,c)g(a, c) + f(b,d)g(a,d) + f(a,c)g(b, c) + f(a,d)g(b, d)
N(a,b,c,d) = [(b,c)g(a,d)+ f(b,d)g(a,c) + f(a,c)g(b,d) + f(a,d)g(b,c)
Theorem 6. Let f,g: A := [a,b] x [c,d] C R* = [0,00) be convex functions on
the co-ordinates on A with a < b and ¢ < d. Then

a+b c+d, a+b c+d
1. 4
(1.7) S g

b d
1
< m[[f(xay)g(%y)dxdy

5 7 2
—i-%L(a, b,c,d) + %M(a, byc,d) + §N(a, b,c,d)

where L(a,b,c,d), M(a,b,c,d), N(a,b,c,d) as in ({I0).

)

The main purpose of this paper is to establish new inequalities like (L) and
(), but now for convex functions and s—convex functions of 2—variables on the
co-ordinates.

2. MAIN RESULTS

Theorem 7. Let f: A := [a,b] X [¢,d] C [0,00)? — [0,00) be convex function on
the co-ordinates and g : A = [a, b] X [¢,d] C [0,00)% — [0, 00) be s—convez function
on the co-ordinates with a < b,c < d and f.(y)g2(y), fy(z)gy(x) € L1[A] for some
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fized s € (0,1). Then one has the inequality:

b d
(2.1) m / / [z y)g(@,y)dxdy
1
S (S+2)2L(a,b, C, d) + m]\/l(a,b,c, d)
1
+m]\7(a, b, C, d)
where
L(a,b,¢,d) = s +12)2 ([f(a,c)g(a, c) + f(b,c)g(b, 0)] + [f (a, d)g(a, d) + f(b,d)g(b, d)])
M((L, bv G, d) = ;2 ([f(av C)g(bv C) + f(bv C).g(av C)] + [f(av d)g(ba d) + f(bv d)g(aa d)])
(s+1)(s+2)
+;2 (If(a,c)g(a, d) + f(b,c)g(b,d)] + [f(a,d)g(a, c) + f(b,d)g(b, c)])
(s+1)(s+2)
N(a‘v ba ) d) = ; ([f(aa C)g(ba d) + f(ba C)g(aa d)] + [f(av d)g(ba C) + f(ba d)g(av C)])

(s+1)2(s+2)

Proof. Since f is co-ordinated convex and g is co-ordinated s—convex, from Lemma
1 and Lemma 2, the partial mappings

fy : [avb] - [0,00),fy({E) = f(x,y)
fo [C, d] - [0,00),fw(y) = f(:v,y)

and

gy : la,b] = [0,00),gy(x) = g(z,v)
gz [C, d] - [0,00),gw(y) =

are convex on [a, b] and [e, d], where = € [a,b], y € [c,d].
Using (L2]), we can write

d i ¢ / fe(W)gz(y)dy < F12 [fz(c)gz(c) + fu(d)gz(d)]
1
+m [fm (c)gm (d) + fz (d)gm (C)]
That is
d
1 1

5 (0l + (o d)g(ad)]

1

terDe 1o @ 9@ d + [z dglz.c)]
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Dividing both sides (b — a) and integrating over [a, b], we get

(22) i—o(b—a) //fwy (z,y)dzdy
Si [_a/fxc xc)da:+—/fxd xd)d]

+(S+1)1(S+2 [b— /fxc ;Cddx—i— /f:vd x,c)d. ]

By applying ([L2)) to each term of right hand side of above inequality, we have

IN

1
s+ 2

S
|
S|
~
—~
&
&
2
8
o
~
U
8
IN

[f(a,c)g(a, ¢) + (b, c)g(b, c)]

1

terne g @b+ Fbgla,o)

1
s+ 2

S
I
IS
~
—
&
QL
~—
—
8
QL
~—
U
INA

[/ (a,d)g(a,d) + f(b,d)g(b, d)]

1

ter ey (@D90:d) + fb.dgla,d)

1
s+2

[£(a,c)g(a,d) + f(b, c)g(b, d)]

S
|
S|
~
8
3
~—
—~
8
U
N~—
QU
IN

1

+m [f(CL, C)g(ba d) + f(bv C).g(av d)]

[f(a,d)g(a,c) + f (b, d)g(b, c)]

S
|
S|
~
8
S8
S~—
N~—
U
8
IN

s+2

1

SIS [f(a,d)g(b,c) + f(b,d)g(a,c)]
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Using these inequalities in (Z2), (Z1)) is proved, that is

b d
m//f(xay)g(%y)dxdy

1
(s+2)

5 ([f(a,c)g(a,c) + f(b,c)g(b, )] + [f(a, d)g(a, d) + f (b, d)g(b, d)])

1
m ([f(av C)g(b, C) + f(bv c)g(a, C)] + [f(av d)g(b, d) + f(bv d)g(a, d)])

+ ([f(a, c)g(a, d) + f(b, c)g(b, d)] + [f(a, d)g(a, c) + f (b, d)g(b; c)])

v
(s+1)(s+2)°

+m ([f(a7 C)g(b, d) + f(b7 c)g(a, d)] + [f(av d)g(b, C) + f(b7 d)g(a, C)])

We can find the same result using by f,(x)g, (). O

Remark 1. In (21), if we choose s =1, (I.8) is obtained.

Remark 2. In (21)), if we choose s =1 and f(x) = 1 which is convez, we get the
second inequality in (I13) :

b d
1 (9(a,c) + g(b,c) + g(a,d) + g(b,d))
m//g(x,y)dxdy < :

In the next theorem we will also make use of the Beta function of Euler type,
which is for x,y > 0 defined as

1

- - I'(2)I'(y)
B(x,y)= [ " 11 —t) tdt =
@) = [t -t = g
0
and the Gamma function is defined as
I(z) = /tw_le_tdt, for « > 0.
0

Theorem 8. Let f: A := [a,b] x [c,d] C [0,00)? — [0,00) be s1—convex function
on the co-ordinates and g : A = [a,b] x [¢,d] C [0,00)? — [0,00) be sa—convex
functions on the co-ordinates with a < b,c < d and f(y)gz(y), fy(x)gy(x) € L1[A]
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for some fized s1,s2 € (0,1). Then one has the inequality:

b d
1
(2.3) mllf(%y)g(%y)dl‘dy

1 B 1 1
—— 2 labed)+ 1t Llert])
(s1+s2+1) s1+s2+1
+[B(s1 + 1,52 4+ 1)]> N(a, b, ¢, d)

1 81821—‘(81)F(82)

= —— |L(a,b,c,d) +
(31+82+1)2|: @b,,) [(s1+s2+1)

+ [—SlSQF(Sl)F(Sz)}2N(a,b,c, d)]

IN

M(a” b7 C’ d)

M(a,b,c,d)

1—‘(81 + So + 1)

where
L(a,b,c,d) = [f(a,c)g(a,c)+ f(b,c)g(b,c) + f(a,d)g(a,d) + f(b,d)g(b,d)]
M(a,b,c,d) = [f(a,c)g(b,c)+ f(b,c)g(a,c) + f(a,d)g(b,d) + f(b,d)g(a,d)]
+[f(a;0)g(a,d) + f(b,c)g(b,d) + f(a,d)g(a, c) + f(b,d)g(b, c)]
N(a,b,c,d) = [f(a,c)g(b,d)+ f(b,c)g(a,d) + f(a,d)g(b,c) + f(b,d)g(a,c)]

Proof. Since f is co-ordinated s;—convex and g is co-ordinated sy—convex, from
Lemma 2, the partial mappings

fy ¢ a,b] = [0,00),

fu(x) = f(xvy)
fe o e, d] = [0,00), f.

«(y) = f(z,y)

and

gy = la,b] = [0,00),gy(x) = g(z,y)
gr ¢ le,dl = [0,00),9.(y) = g(z,y)

are convex on [a,b] and [c, d], where z € [a,b], y € [c, d].
Using (L3]), we get

1
Sl+52+1

+B(s1+ 1,52+ 1) [f2(¢)g2(d) + f2(d)gz(c)]

[fz(c)gz(c) + fu(d)gz(d)]

1
s1+s2+1

+B(51 +1,8+ 1) [f(:E, C)g(iE, d) + f(:E, d)g(xv C)]

[f(z,c)g(x, ¢) + f(x,d)g(z,d)]



8 *M. EMIN OZDEMIR AND ¢* AHMET OCAK AKDEMIR

Dividing both sides of the above inequality (b — a) and integrating over [a, b], we
have

(2.4) s b—a //f:vy (z,y)dzdy

1
< 31+32+1[—a/fzc xc)da:—!——/fxd xd)d]

+B(s1+1,82+1) /f:vc xddw—i— /fxd (z,c)d

By applying (L3) to right side of ([2.4]), and we proceed similarly as in the proof of
Theorem 7, we can write

//fxy (x,y)dzdy
d—c)(b—a)

m [f(a,c)g(a,c) + f(b,c)g(b,c) + f(a,d)g(a,d) + f(b,d)g(b,d)]

B(sy1+1,504+1)
s1+ 82+ 1

P82 20 ((achgta,d) + Fb,dg(bod) + fla,dlglanc) + £, dig.c)

B+ L+ D [Fa,hg(byd) + 10, )gla,d) + F(a,d)g(b,c) + F(b, dgla,c)

That is;

[£(a,)g(b,c) + £ (b, ¢)g(a, ¢) + f(a,d)g(b,d) + f(b, d)g(a, d)]

b d
1
d=—(b—a) dxd
w—@w—w//f@wmmmxy
1 Ble 41 entl
< e+ PO Dy
(81+82+1) Sl+52+1
+[B(s1+ 1,82+ 1)]2 N(a,b,c,d)
1 T'(s1)0
= — {L(a,b, c,d) + MM(@,I), ¢, d)
(s1+s2+1) T(s1+ 52 +1)
s1821(s1)(s2) 2
—— =2 Nf(a,b,c,d
- [1—‘(81 +s24+1) (a,b,c,d)
which completes the proof. -

Remark 3. In (2.3) if we choose s1 = sy =1, (2.3) reduces to (1.0).

Theorem 9. Let f: A := [a,b] X [¢,d] C [0,00)? — [0,00) be convex function on
the co-ordinates and g : A = [a,b] X [¢,d] C [0,00)% — [0, 00) be s—convez function
on the co-ordinates with a < b,c < d and f.(y)g2(y), fy(z)gy(x) € L1[A] for some
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fized s € (0,1). Then one has the inequality:
a+b c—l—d) (a—i-b c—l—d)
2 2 VT

b d
m//f(%y)g(%y)dxdy
)

252 4+ 65+ 6
(s +1)2(s+2)2

(2.5) 22 f(

IN

L(a,b,c,d) + M(a,b,c,d)

+—
(s+1)(s+2)2
25+ 6

mN(a, b,c,d)

Proof. Since f is co-ordinated convex and g is co-ordinated s—convex, from Lemma
1 and Lemma 2, the partial mappings

(26) fy : [avb] - [0,00),fy({E) = f(x,y)
fo [Cv d] - [0,00),fm

and

gy ¢ la,b] = [0,00),gy(2) = g(z,y)
ge  [e,d] = [0,00),9:(y) = g(,

are convex on [a,b] and [c, d], where z € [a,b], y € [c, d].
Using ([4]) and multiplying both sides of the inequalities by 2%, we get

a+b c+d a+b c+d

27) 2 f( 59— =)
—a/f C+d Icgd)da:
c+d c+d c+d c+d
+s—:2 [f(a’c—;d)g(b’C—;d)—l—f(b,c—;d)g(a,c;d)}
and
(2.8) 225f(a+b C;d)g(a;b’wzrd)
—C/f a+b’y)dy
a+b a+b a+b a-+b
<s+1>(s+2> [f< 5 95— 0) + (5 dg(— ,d)]
2 Rt ]
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Now, by addition [27) and ([2:8]), we get

a+b c—l—d) (a—i—b c—i—d)
2 M\

c+d c+d a+b a—i—b
/f _C/f y)dy

(29) 2T f(

b—a

IN

98 C+d C+d C+d C+d
m[ a5 0t 0+ 210,55 D000, <5

1 T c+d c+d c+d c+d.]
29 b 2°
g 20 5 e S + 200, S el 5

1 s, a+b a+b a—|—b _a—|—b
ETGTD 2 n S+ A e

1 a+b a+b a—l—b a—l—b |
s [ a2 f R )

Applying ([T4) to each term of right hand side of the above inequality, we have

R c+d c+d
2 f(avT)g(av ) )

d
< [fesaiy+

c

)

m [f(CL, C)g(aa C) + f(CL, d)g(av d)]

1

+s +2 [f(a,c)g(a,d) + f(a,d)g(a,c)]

c+d c+d
o, 20

2°f (b,

d
1 1
i—e /f(ba y)g(b,y)dy + G+rD+2) [f(b,c)g(b,c) + f(b,d)g(b,d)]

IN

C

(b c)gb,d) + (5, d)g(,0)]

c+d c+d

2°f(a,

d
7= [ Hanot.)dy+ g e lalb.0) + Fla dglb.d)

IN

d—rc

C

+—— [f(a,0)g(b,d) + f(a, d)g(b, )]

2 (0, 20, ° 1Y)

[£(b,c)g(a,c) + f(b,d)g(a, d)]

IN

L / J09)9@ )y + e
1

+s—|——2 [f(b,c)g(a,d) + f(b,d)g(a,c)]



IN

IN

IN

IN
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s, a+b a+b
2 (122, g2 0)

b

bia/f(xvc)g(w,c)dx-y

a

1
(s+1)(s+2)

[f(a, c)g(a, ¢) + f(b, c)g(b, c)]

g [H(@,g(0,0) + F(b,c)g(a )

s, a+b a+b

7d)

b
7 i - /f(x, d)g(z,d)dx +

a

1
G5+ 1)(s+2)

[f(a,d)g(a, d) + f(b,d)g(b, d)]

n 1
s+ 2

[/ (a,d)g(b,d) + [ (b,d)g(a, d)]

s at+b a+b
2 (5= e)g(—;

b

’d)

b i a /f(xvc)g(%d)dx +

a

1
G+1)(s+2)

[f(a, c)g(a, d) + f(b, c)g(b, d)]

+s 3 [f(a,e)g(b,d) + f(b,c)g(a,d))

s, at+b a+b
2 (5= d)9(—

70)

b
1

b_a/f(f,d)g(x,c)dx+ 1

(s+1)(s+2)

[f(a,d)g(a,c) + f(b,d)g(b, c)]

a

L 1
s+2

[f(a, d)g(b, c) + £ (b, d)g(a, c)]
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Using these inequalities in (29, we have

a+b c+d, a+b c+d

(2.10) 2L f( )g(

)

2 2 72
d
c d c+d s a+b a+b
_a/f e e L e
1 u
S GG [/f a,y)g(a y)dy+/f(b,y)g(b,y)dy]
+

d
(S _:*l_ 2) (d i C) |:/ f(avy)g(ba y)dy + /f(b, y)g(a, y)dy]

C

b b
1 1
TG 0-0 [/f“ (“d“/fxd 9(=, d)dx]

N [/f:vc xddw—f—/fxd x,c)d. ]

2
*m“a el Ty b e

2
(s +2)

+ 5 N(a,b,c,d)

Now by applying (L4]) to 25f(“T+b, y)g(“Ter, y), integrating over [c, d], dividing both

sides by (d — ¢), we get

(2.11) z /f(aer,y)g(a;Lb,y)dy

b d
)// g(z,y)dzdy
)d (b (b
- s+1s+2[ /fay ayy—i— /fy ,y)d }
d d
/ (a,y)g bydy—|— / (b,y)g(a,y)d ]

+s+2 [
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Similarly by applying ([4) to 2° f(z, <5%)g(z, <), integrating over [a, ], dividing
both sides by (b — a), we get

b
R / £l (e,

//fxy (z,y)dxdy
b—a d—c)

1 1

(s+1)(s+2) {(b_a){f(:vC) :ccd:v—i— /f:vd (x,d)d ]
1

+s+2[ b—a) /f:z:c xddx—|-

b
/f z,d)g(z,c)d ]
By addition (ZI1)) and 2I2)), we have

b
b b d d
5 /f(H G Wiy + / g, T

(2.13) — Ty //f:vy (x,y)dzdy
(S+1)1(8+2)[ /fay aydy+ /fby (b,y)d
} (x,c)g(x,c)dx + (bi )}f(:v d)g(z, d)d]

/fay bydy+ /fby g9(a,y)d

b
xddw—i— /xd (z,c)d ]

From (ZI0) and (m) and simplifying we get

b d
22s+1f(a—|—b c—l—d)g(a—l—b,c—l—d)S (b_a)2(d_c)//f(x7y>g(x,y)dx

—C

2 2 2

45+ 6 252 4+ 65+ 6
—  _L{a,be,d) + —mF————
+(s+1)2(s+2)2 (a,b,c, )+(S+1)2(s+2)2

252+ 85+ 6
(s+1)%(s+2)2

M(a,b,c,d)

N(a7 b’ C7 d)
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Remark 4. In (Z1), if we choose s =1, we obtained {I.7).

Remark 5. In (2), if we choose s =1 and f(x) = 1 which is convex, we have
the following Hadamard-type inequality like (1.7)

[1]
2]
[3]
[4]
[5]

[6]

[7]
(8]
[9]

(10]

(11]

b d
a+b c+d 1
d(—— —; )—(b_a)(d_c)//g(w,y)d:v

3lgla,c) +g(b,c) +gla,d) + g(b,d)]

<
- 4
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