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Estimation of the spectral measure of
multivariate regularly varying distributions
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Abstract

In the paper, the estimator for the spectral measure of multivariate
stable distributions introduced by Davydov and co-workers are extended
to the regularly varying distributions. The sampling method is modified
to optimize the rate of convergence of estimator. An estimator of the total
mass of spectral measure is proposed. The consistency and the asymptotic
normality of estimators are proved.
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1 Introduction

A random R%valued vector X has a regularly varying distribution with char-
acteristic exponent o > 0 if there exists a finite measure ¢ in the unit sphere
St ={z | ||z = 1,4 € R?} such that VB € B(S?"!) with 0(0B) =0,

I xaP{X € B, |X| > } (B) (1.1)
im —P<{¢— , xp =o0(B), .
v—oo L(x) || X]]

where L is a slowly varying function, i.e., % — lasxz — oo, VA > 0. Here the
notation || - || denotes Euclidean norm. The measure o is called spectral measure,

and « is called simply tail index. The unit sphere S~1 will be simply denoted
by S. The fact that X has a regularly varying distribution with tail index v and
spectral measure o will be noted later by "X € RV(«,0)". Regular variation
condition appears frequently in the studies of the limit theorem for normalized
sums of ii.d. random terms, see e.g. [23] and [14], and the extreme value
theory, see e.g. [19]. Regular variation is necessary and sufficient conditions
for a random R%valued vector belongs to the domain of attraction of a strictly
a-stable distribution, if « € (0,2), see e.g. [1].

There are various characterizations of the property X € RV(«, o) (see e.g.
[15]). We give here an equivalent definition.

Definition 1.1. A random R%-valued vector X € RV(w,0) if there exists a
slowly varying function L such that for all v > 0 and B € B(S) with 0(0B) =0

X
lim nP{— € B, || X]| > rbn} =o(B)r~ %, 1.2
Jm P { € B (5) (12)

where b, = n'/*L(n).

It is well known that in R? the convergence are equivalent to the con-
vergence in distribution of binomial point processes 8, = > ,_, dx, /b, O a
Poisson point process m,,, whose intensity measure has a particular form [19].
This result is generalized to random elements in an abstract cone [6]. More-
over, in a cone which possesses the sub-invariant norm, the convergence (|1.2))
with « € (0,1) implies that X belongs to the domain of attraction of a strictly
a-stable distribution (see Th. 4.7 [6]).

We are interested in the problem of estimation of the tail index « and the
spectral measure o of a regularly varying distribution. By using the relation be-
tween the stable distributions and the point processes, Davydov and co-workers
(see [7], [8] and [I7]) proposed a method to estimate the tail index « and the
normalized spectral measure o of the stable distributions in R¢. The objec-
tive of this work is to extend this method to the multivariate regularly varying
distribution.

Suppose that we have a sample &1,&o, ..., &y, taken from a regularly varying
distribution in R? with unknown tail index v and unknown spectral measure o.



We divide the sample into n groups G, 1,...,Gm,n, each group containing m
random vectors. In practice, we choose

n=[N"],r € (0,1), and then m = [N/n], (1.3)

where [a] stands for the integer part of a number a > 0. As N tends to infinity,
we have nm ~ N. Let

M), = max{||€]| | € € Gmi), i =1,...,m, (1.4)

that is, M,(nl’)i denote the largest norm in the group Gy, ;- Let & i = &5 = j(m i)
where the index j(m, ) is such that

156ty l| = M3 (1.5)
We set ,
M), = max{[|¢]| | € € G \Ems}} i=1,....m, (1.6)

that is, ij)l denote the second largest norm in the same group. Let us denote

g
Am,i = M 1’)', S'n, - Zl Am,i
and
Gy = —m
NTnZs,)

The regular variation condition ([1.1]) implies
P{|[&|| > 2} = 27 % (S)L(z) + o(x~*L(x)) as x — oo. (1.7)

In the following we will need the stronger relation : for sufficiently large x and
for some 8 > «

P{l¢l| > 2} = Cra~ + Coz~® + o(a~?). (1.8)

Under the regular variation assumption and the second-order asymptotic
relation 7 the consistency and the asymptotic normality of the estimator
én were proved firstly for n = m = [/N] in [8] and then for more general
setting in [I7]. We resume these results in the following theorem.

Theorem A. ([I7]) Let &,&1,...,&n be di.d. random R%-valued vectors with
a distribution satisfying and let the numbers n and m satisfy the relation
, then

1 a.s. @

n " Nooo 14+a

If the distribution of £ satisfies @ with 0 < a < B < 0o and we choose

n = N2/(1+20=2 ) N1/(420+¢



where ( = (8 — a)/a and e = 0 as N — oo, then as N — 0o

)

n _a+1
- o 172
1 1
(1 (i)
i n

This paper focus on the estimation of the spectral measure. In [8] an esti-
mator of normalized spectral measure &(-) = o(+)/o(S) was proposed as follows.
We set

o

Y Hgm,i
where &, ; is defined by (1.5)). Let us denote

= N(0,1).

Li=1,....n (1.9)

o)== > b, ) (1.10)
i=1

Random vectors 6,,.1,...,0m,, are i.i.d. and it is proved in [§] that x(-) is
consistent considering a fixed set B, that is, VB € B(S) with ¢(dB) = 0,

on(B) 2 5(B).

The asymptotic normality for 6 (B) was proved in [7]. All these relations were
obtained under the assumption that n = m. Inspired by the work in [I7] we
modify the sampling method of regrouping and discuss the convergence rate of
the estimator of spectral measure for the general setting (1.3). By finding a
countable collection of the o-continuity sets which is closed under the opera-
tion of finite intersection, we obtain 6y = & as N — 0o, where = indicate
convergence in distribution.

Since oy in gives the normalized spectral measure, it remains for us
to estimate the total mass o(S). Note that the condition implies

lim 2 L(x) "P{J¢]| > 2} = o(S)

and therefore the value of o(S) depends on the choice of slowly varying function
L(z). Estimation of this function is discussed in [20] and [2I]. Here we assume
that the random vector ¢ satisfies the condition (1.1) with L(x) = 1. That
means if a € (0,2), the law of £ belongs to the normal domain of attraction of
an a-stable distribution. Let us denote
Mrgj)l 1.11
Imi = /o (1.11)

where Mg)z is defined by 1} The proposed estimator is defined by

—

o(S)y = <nr(11—;) ;qf,m) , >0, (1.12)



Example 1. We generated samples from univariate stable distribution
with @ = 1.75, 0(S) = 1 and p = % = 0.5. The sample size is
100,000. We calculated the estimators p = p, as a function of r. This pro-
cedure was repeated 50 times on the independent sets of samples. Then we
plotted {(1 —7,p,),0 < r < 1} where p, is the mean of 50 estimated values p,..
Since the estimator of total mass depends on «, we present here the simulated
results of the parameters a and p in Figure [I} The horizontal line corresponds
to the true value of the parameter p. It seems that both plots have the opti-
mal value of 1 — r which is around 0.4. In fact by Theorem A and the fact that
B = 2« for a stable random variable, the asymptotically optimal value of 1 —r is
approximately 1/3+¢. A similar result for the estimator & is given in Theorem

0.2)

25f 1 os -r[\un"‘v"v
A/_/\‘ il
2} ]
v o0af

Figure 1: Estimation results of parameters « (left) and p (droite) in terms of r.
The x-axis represent 1 — r. Horizontal line represent the true value.

Example 2. Consider the bivariate strictly stable distribution with a =
0.75, o(S) = 1 and the density of spectral measure defined by f(#) = 1| cos(26)|,
6 € (0,27). We calculated the estimators with » = 0.5. Simulated samples had

50,000 data vectors. The estimated parameters are & = 0.74, 0757) = 0.99.
The confidence intervals with level 95% are respectively (& — 0.07, &+ 0.07) and

—

(U/(S\’) —0.11,0(5)40.13). The result of estimation of the cumulative distribution
function (cdf) of spectral measure is shown in Figure

The main results of the paper are contained in Section [2 and [3] The last
section contains the proof of results presented in the previous sections.

2 The consistency of estimators

We assume that &1, s, ..., &y are i.i.d. random R%- valued vectors with a regu-
larly varying distribution. Our aim is to estimate the spectral measure o from

the sample. The estimators () and U/(§) n are defined by 1D and li

To establish consistency of these estimators we need two auxiliary results.
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Figure 2: Estimates of the cdf of spectral measure in Example [2] The solid line
is the exact cdf, the dashed line is the estimated cdf.

Let X be a R%valued random vector, we denote G(z) = P{||X|| > z}. Let
Y1,Y5, ... be the random variables i.i.d. with distribution function 1 — G and
Yo, Yno, - Yon, Yni1 > Y,0>--- > Y, ,, the corresponding order statistics.
Our first result extends a one-dimensional lemma in [I3] (Lemma 1) to d > 1.
It says that, for a random variable X satisfying with o(S) = 1, the vector
b (Y, Yo, 0,0,...) converge in distribution to (I'y /*, T, /*,...). The
multivariate version of this lemma is as follows.

Lemma 2.1. If X € RV(«,0), then the vector b, (Yo1,. .., Ynn,0,0,...) con-

verge in distribution in R> to U(S)l/o‘(l"l_l/a, F;l/a, ...), where'; = Z Aj and
j=1

A1, A9, ... are i.i.d. random variables with a standard exponential distribution,

The proof is given in Section [
The second result is a variant of the strong law of large numbers for a
triangular array.

Proposition 2.2. Let {X,,;,1 < i < n} be i.i.d. real random variables for
each m. Suppose that the indices n and m satisfy the following relations

n~N", m~N'"" as N —= o0 (2.1)

where 0 < r < 1 is a constant and N € N. If there exists a real number k > %
and a constant M > 0 such that B| X, 1|* < M < oo, then

n

1
= Xi — EXppy = 0. (2.2)
n N—oc0

i=1



Remark 1. The convergence ([2.2)) holds if we replace the condition E| X, 1|* <
> r
M, k> 2 by a less restrict hypothesis Y m~ 2(1}C*T>E|Xm,1\’f < 0.
m=1

The proof is given in Section

We consider at first the estimator of the total mass of spectral measure.

Theorem 2.3. Let &,...,&Exn be i.i.d. R-valued random vectors such that the
condition is satisfied with b,, = n'/®. If the condition holds, then for
0<t< 4,

a.s.

o(S)y — 0(S) —=2 0,

N—o0
where cr/(g)N is defined by .

Proof. 1t suffices to prove the following convergence

1 - t t 1 a.s.
n;qm’z_r<1_a> O'(S)O‘ m() (23)

It follows from Lemma and the assumption b,, = n'/® that for all i and ¢t > 0

t U(S)t/a
m,i t/a
r/

as m — oo. (2.4)

Since b, = n'/®, the condition (1.2)) can be wrote as
lim z*P{||¢|| > 2} = o(95).
Tr—r 00
Therefore there exist § > 0 and a constant M > 0 such that for z > § we have

P{qfn,i >z}

P{M,); > m!/ !/t
L= (P{Jlg] < m"a/1ym

< mP{¢] > m!/ 2!/}
< Mz o/,
Taking o > d and C = xg + Mxéfa/tﬁ we have for 0 < t < «
Eqﬁw- = / zdP, (x)
{z<zo}U{z>z0} ot
< o+ a0P{gy za} + [ Pl 2 o)do
o
<

oo
xo + Mxéfa/t +/ Mz~ dz
o

= C. (2.5)



Now we choose a real number 0 < § < 1and 1 < ¢ < %. We set t = QT“S and

k= 275,. Since 0 < tk < «, it follows from 1D that there exists a constant C'
such that
E¢k. <C (2.6)

m,i —

In combination (2.4) (2-6) and Proposition 2.2} we obtain the convergence (2.3)).
O

Let us consider the estimator of the normalized spectral measure defined
by (1.10). Note that the random vectors 6, 1,...,0m , are iid. in S. The
following lemma shows the asymptotic property for each 6,,,,i=1,...,n.

Lemma 2.4. Let £,&1,...,6n be ii.d. RP-valued random vectors and & €
RV(c,0). If O, i is defined by , then

Om,i = 0 as m — 00
for each i.

Proof. For all Borel set B in unite sphere S such that o(0B) = 0, we have
P{0m; € Bt = P{&mi/llémall € B}

= Y Plénn/l€mall € Béma = &}

k=1

= mP{&n/[&mll € B, [|&m|l = 1€kl VA =1,...,m — 1}
= mP{&n/lénll € B [Emnll = bmTm-1}

[P 160l € Bl = b}, _ (o).

where P, is the distribution of 7,y = max (||&||b;})-
1<k<m—1

By (L.2) and Lemma [2.1] the last term converges to

o o(B) N
/J(B)x P oprary e (d2) = T BT = 6(B)

O

Therefore for each Borel set B in unit sphere S such that o(0B) = 0, we
have
15(0m,:) = Ip(n) asm — oo,

where 7 is a random vector with distribution . This yields

Elg(0m,:) —— o(B). (2.7)

m—r oo



If there exists a constant r > 0 such that n ~ N”, applying Proposition
for the triangular array {I5(0,,,1),...,15(0mn)}, we have for each fixed set
B € B(S) with ¢(0B) = 0,

1O a.s
=3 A5(Omi) — Blp(0m1) — 0. (2.8)
n = N—o0

Together (2.7) and (2.8) we have the following result.

Theorem 2.5. Let £,&1,..., &N be ii.d. R%-valued random vectors and & €

RV(«,0). If 6n(-) is defined by and the condition holds, then
VB € B(S) with 0(0B) =0,

n

> 15(0m.) —— &5(B).

2 N—o0
=1

on(B) :%

The result is for a fixed set. A stronger convergence can be proved by an
immediate application of the following proposition.

Proposition 2.6. Let (S,S) be a complete separable metric space. Let {op} be
a sequence of random probability measures in S. If o is a probability measure on
(S,S8) such that for each set B € B(S) with 0(0B) = 0 we have the convergence
on(B) “3 o(B), then
On o asn — 0o.
The proof is given in Section
Corollary 2.7. Under the same assumption of Theorem|2.5, we have

6N 25 as N — co.

3 The asymptotic normality of estimators

—

In this section we consider the asymptotic normality of the estimators o(S)
and &N.

Theorem 3.1. Suppose that random vector & satisfies the condition @ with
B > a+ 1, the condition holds. If we choose

3a—4(8—1)++/16(8 — 1)2 = 8a(B — 1) — Ta2

11
— & Zf /BS§OZ+1,

2a ’
1 11
r = ——¢ if 8>—a+1, (3.1)
2 8
where € is an arbitrarily small positive constant, then in the following two cases
11 3
a) 0<t< A1 if a+l<f<—ca+lor B> a+l,
3 2—-2 11 3
b)0<t<u/\1 if §oz+1<5<§oz+1,

(3.2)



we have, as N — 00,

Vi (i ; -t (1-1) a(S)t/a>

1/2

= N(0,1). (3.3)

n

1 1 — ’
2t Z t
E qm7i - (77, -~ qm7i>
1=

=1

Remark 2. Fristedt, [9], proved an asymptotic expansion for the distribu-
tion of the norm of a strictly a-stable random vector in R?

G(z) = 12 + coz 2 + O(z73%), as . — oo. (3.4)

That means = 2a. Therefore the condition of this theorem is satisfied if
a > 1. If a > 8/5 the rate of convergence of estimator in £; is close to N''/4,

The proof is given in Section

Before considering the asymptotic normality of the estimator of normalized
spectral measure, we present a strong second-asymptotic relation : VB € B(S)
with o(0B) =0,

P {2” € B, ||| > x} =0(B)z™* + Cx P +o(z7") as z — oo, (3.5)

where 8 > « > 0. Note that this condition implies the conditions (1.1) and

)
Let us denote 6(B) = b, Ip(6,i) = Nm,i,t =1,2,...,n. Then

Zn = 63(B) = 5(B) = 3 (i = 5(B)),

N % > (s~ o(8)) = % > (s = Bna) + VB~ 5(8)

1 n
Un = = (nm,i - Enm71)7 Tm = Enm71 - &(B)
Vi &

3

i=1
We set
nZy,

2
1 — 1 —
n ;’ﬁm - (n ;ﬁm,z)

then the asymptotic property of 6 can be described as follows.

Ty =

1/2°

10



Theorem 3.2. Let &,&1,...,6n be ii.d. R%-valued random vectors and the
distribution of £ satisfies the condition . If we choose

n = N2/420—¢ ) N1/(1420+¢

B—a 1

« b

where ¢ = min( ) and € is an arbitrarily small positive constant, then

Tn = N(0,1). (3.6)

Remark 3. We can get also asymptotic normality for \/nZ,, but the vari-
ance of the limit normal law is o(B)(1 — o(B)) which we are estimating.

Remark 4. If ¢ is a strictly a-stable random vector in RY, by we get
B = 2a, thus the asymptotically optimal value of n is approximately N2/3. The
rate of convergence of 6x(B) in £; is close to N1/3.

The proof is given in Section

4 Proofs

Preliminary remarks

We recall the definition of a regularly varying function. We say that L is a
reqular varying function of index « at infinity (respectively at origin) and we
denote L € R, (respectively L € R, (0+)) if

L(\x)
L(x)

(03

— z%, as x — oo (z — 0) for all A > 0.

Let X be R¢valued random vector satisfying the regular variation condition
(1.2). We denote G(z) = P{||X|| > z}. Then
nG(b,x) — o(S)xz™%, asn — oo, for all x > 0. (4.1)

For positive fixed x, we choose n the smallest integer such that b, > x. Then
b, <z < by and for a non-creasing function G we have

Gbo) _ GOw) _ GOby)
Gy = C@ S Gl

By (4.1) we have nG(b,) — o(S5), then

G(\x)
G(x)

for all A > 0.

— A% asz — oo for all A > 0.

We deduce that G € R_,,, which allow us write the following equivalence
G(z) ~ 2~ “L(x), (4.2)

where L(z) is a slowly varying function.
We recall a well known result on the asymptotic inverse of a regular varying
function.

11



Theorem 4.1. (/3] Th. 1.5.12) Let f € Ry with o > 0, then 3g(x) € Ry/q
such that the following relation holds

F(g(@)) ~ g(f(2)) ~ @ asw = oc. (4.3)

Here g (the asymptotic inverse of f) is defined uniquely up to asymptotic equiv-
alence, and a version of g is

[T (x) =inf{y : f(y) <z}

We denote
1 1

flz) = @ ~ xam, (4.4)

then f(x) € R, with a > 0. By applying the previous theorem, we obtain the
inverse g(x) of f(x) in the following form,

glw) = /L)
where the slowly varying function L? verifies the following relation
L(z)~ YL} (f(2)) = 1, (4.5)

and
L(g(z)) *'L¥(z)* = 1, z — .

By (4.3) and (4.4) we have

Defining the generalized inverse
G (z) :=inf{y: G(y) < =},
we can prove that
GG Hz) ~x, = 0. (4.7

For this we choose A > 1, A > 1, § € (0,00), then by the theorem of Potter (Th.
1.5.6 [3] page 25) there exists ug such that

ATIATTIG(v) < Glu) < AXNHIG(v), Yo € [N ru, M), u > ug.

We take z small enough such that G=!(x) > g, then by the definition of G~1
there exists y € [A"'G71(z),G~!(z)] such that G(y) > z, and there exists
y' € [G71(x), \G™1 ()] such that G(y') < z. Taking G~1(z) for u, y and y/ for
v, we get

ATINTG(y) < GG () < AXTG(Y).

Hence limsup and liminf of G(G~!(z))/x are between AA**® and A='\~*~9
as © — oo. Taking A, A | 1, we have G(G™(x))/z — 1.

12



The relations and give immediately
G x) ~g(1/x), = 0.
Thus we have the equivalent expression of the inverse of G(x):
G M x) ~a VoL (1 /) € R_1/6(0+4). (4.8)
Lemma 4.2. Let X be a R¥-valued random vector, G(z) = P{||X|| > x}. If

X € RV(a, 0), then for each i =1,2,...,

b lG! <FF) —— o(S)VT; M with probability 1. (4.9)

n+1 n—oo

Proof. We recall (4.1) nG(b,z) — o(S)z~* which implies
G(zpn) ~ o(S) (bn> , M — 00

no \z,
where x,, = b,x, ,, — 00, as n — oo. By replacing the left term in the previous
formula by (4.2)), we get an equivalent expression of b,, in terms of L(z):

by, ~ (”f((;;)>1/a n— 0. (4.10)

Considering (4.8]), we have an equivalent expression with probability 1 for

each 1,
T r; \“ Y /T,
Gl( >~< > Lﬁ< +>,n—>oo (4.11)
| R} | R} Ty

where L* satisfies (4.5) which means

K2

I
Lzy) /oLt (F+> —1, n— oo, (4.12)
Collecting (4.10)-(4.12)) we deduce that with probability 1
T r 1/« T O'(S) 1/«
b71 -1 ? ~ 1/« n+1 L 71/04Lﬁ n+1 ~

. a.s. .
as n — oo, since I'y,11/n —— 1; the lemma is proved. O
n—oo

Proof of Lemma[2.1: It is well known that (see, e.g. [4] Section 13.6)

L -1 F1 1 Fn ))
Yoi,... Yo 2 (G .G : 4.13
Yt Vo) ( (m) (FM (4.13)

The lemma follows from (4.9)) and (4.13]). O

13



Proof of Proposition[2.3; Denote Yy, ; = Xy s — EXpy 1, then the random
variables {Y,,,;,1 < i <n} are centered and i.i.d.. We have

E[Yin1* < E(| X[ +HEXm1 )" <EETH (X[ HEXn1[") < 2B X"

It is well known (see [22]) that for & > 2 we have

n
E Ym,i
=1

where ¢(k) is a positive constant depending only on k. It follows from the
condition ([2.1) that there exists a constant C' > 0 such that n > CN". Hence
for all € > 0 we have

|

where ¢o = 2¥¢(k)M/C%. Since Er > 1, we can find a small enough positive

k

E < c(k)n*/ 2BV, 1 |F,

n

> Yo

i=1 < 2kc(k;)E‘Xm71|k _ Co

E
>ep < < - -
} nkek CEN% ek N5ek’

n

1
E Z Ym,i

=1

number ¢’ such that & — ¢’ > 1. Taking ¢ = ey = N-% and applying the
Borel-Cantelli lemma, we have that with probability 1 and for N large enough

n

U3 X~ EXo

i=1

<N~ %,

the proposition is proved. O

Proof of Proposition|2.6: We denote the collection of all o-continuity sets
by
D, ={B | B € B(S), 0(0B) =0}.

Since space S is separable, there exists a countable dense set in S, denoted by
W ={z1,22,...}, z, €S, i=1,2,....
We denote the open ball with centre x; in W and radius r by
V(zi,r)={x |z €S, ||z -zl <7}

Since for each x; € W the boundaries 0{V (x;,7)} C {z | ||x — x4|| = r} are
disjoints for different 7, at most a countable number of them can have positive
o-measure. Therefore, there exists a sequence of positive numbers 7’2 J 0 as
k — oo for each z; such that

L; = {V(z;,rs),k=1,2,...} CD,.

14



The collection L. = |J L; is countable. It is clear that for each x; € W, the
z,EW

collection L; is a local base at point z; for la topology S. Since W is dense in

S, L is a base of §. The o-algebra generated by L, denoted by o(L), is the

Borel-field B(.5).

Now we expand L by adding the finite intersections of members of L, we

denote
£=LU {ﬂV;

i€l

VielL,I CN, card(]) <oo}.

It is clear that £ is still countable and o(L£) = B(S), moreover £ C D,. Since
on(B) “3 o(B) for all B € B(S) and o(0B) = 0, then YV € £, Ay C Q and
P(Ay) = 0, such that Vw € A% we have

on(w, V) = o(V). (4.14)

If we denote A = |J Ay, then P(A) = 0. Moreover Vw € A we have always the
VEﬁ
convergence ({.14)) for all V' € £. The collection £ is closed under the operatlon

of finite mtersectlon By Theorem 2.2 in [2] (page 14) we have o,, = o, Yw € AL,
which implies o, = 0. D

Proof of Theorem 3.1  We set X ; = qb, s pim = Edl, ;, 072, = Var(X, ;)
and 7, = fiy — T(1 —t/a)o(S)Y/ . Therefore the convergence (3.3) holds if we
have the following three relations :

zn: i — ) = N(0,02) (4.15)

2
1 — 1 &
- Z < > Xm,i> P2 (4.16)
n | n | N—o00
and
I — 0 (4.17)

By the similar method to (2.6) we can prove the moments {EXﬁm-} are
uniformly bounded. Hence we have the following convergence

o2, :==EX2 . —(EX;,)? — 0 = 0(S)*/*(T(1-2t/a) — (D(1—t/a))?), (4.18)

and the Lindeberg’s condition, i.e. for all ¢ > 0

1 n
lim — / (Xom,i — pim)2dP
Mo 2 i isesion)

1
= lim T/ (X1 — firm)?dP
oo O {IXm,1—pm|>ev/nom}
1
< lim o (B(Xn1 — ) )2 (P{ X1 = pim| > e/ })?
= 0.
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The convergence (4.15) follows from the central limit theorem applied to tri-
angular array {X,,;,1 < i < n}. By Proposition and inequality (2.5)), if
0 <t < 9" we have the following convergences

1 n
2 2 a.s.
“NX2,-EXZ, 0
n 1 N—o00
i—

and
1 n
,E Xm,i_ﬂm&)(l
n =1 N—o00

It follows
1 — 1 — ’
=N X2 =Y X | - (BXZ —pd,) —=
n Zl m,i (TL Zl m,l) ( m,i :um) m 0;
1= 1=

considering (4.18)) we obtain (4.16)). Now it remains to verify(4.17).

Lemma 4.3. If £ satisfies the condition @ with 8 >a+1and 0 <t <1,
then
[Fm| < Cm~¢ (4.19)

t+B8—a—1
fa)

where ( = min(%, and C depending only on cq,co,a, B and t.

Proof. By relation if x is sufficiently large we have
G(z) = 127 + coz P + o(x™P),
where ¢; = 0(5). It is possible to write the inverse function for small value of ¢,
G7H(t) = o(S)V Ve 4 bt® + Ot TP/ «)

with b = a0 (S) =A@ et s = (B —a —1)/a. Tt follows that for small § > 0
and 0 <t <$§

G7H(t) —a(S)V otV = 3(b + O(tP=)/ @),

We choose § such that |O(t(F=®)/@)| < |b| (this gives us § = o(|b|7-=)), then we
can write

|GL(t) — o(S)/ etV < 20bJts. (4.20)

Let
RT+1:{i‘:(l‘l7...,$m+1)Z$1207i:1,'--;m+1}7
Zm:x1+"'+mm7
T

A= {xeRT“ e >(5},AC = RTTI\A,

m—+1
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where 0 is chosen for that (4.20)) holds. By its definition and the relation (4.13|)
the random variable g, ; = Mml,)i /m*/® have the distribution

Iy
G—l ( ) ml/a
)/

then
T t S t/a
7| = E(G‘1< ! )> /mt/a—E<U( )) <L+ L+13+14 (4.21)
| P Iy
where
t
I, = /m_t/o‘ (G_l (m)) exp(—Xm4+1)dT,
A Em—&-l
2 t T —t/a
o= fom (G_l (2 1 )) - (2 1 ) ()% exp(~Tmya)d3
AC m+1 m+1
Iy = AC m_t/aU(S)t/axl_t/a E%il _mt/a exp(—2m+1)df,
and
I, = /J(S)t/o‘xl_t/aexp(—ZmH)d:i
A

Since in A we have G~ 1(x1/%,,+1) < G~1(d), for all ; > 0 (which will be
chosen later)

I < m~t*(G~1(8))'P {1‘1 > 5} < mt°C.E < I ) (4.22)
Fm-‘,—l m+1

where C1 = (G71(6))!6~™. In a similar way we estimate I, for all 75 > 0,

I < t/a g—2t/ar1)2 Iy Y2 o\~
L <otsye@ryeye (pl I S5y o (4.23)

m+1 Fm+1

where Cy = o(S)"/*(I'(1 — 2t/a))'/26~7. The function f(z) = 2,0 <t < 1 is
Lipschitz continuous on [0, ). Considering (4.20) we have

—1/a
I < m—t/“cg‘e—l (“)—( n ) (8)"/*| exp(—Lm1)dz
AC Y+l Y1
< albicum | ( )exp<—zm+l>dx
AC 2m—&-l
F S
< 2|b|03mt/aE< ! ) (4.24)
Fm+1

where C3 = t(min(G~1(5), 5~/ o (S)/*))!~1. It is well known (see for example

r | .
[4]) that the m-dimensional random vector ! > has the same

goee

)
1_\m—ﬁ-l Fm+1

17



density as the order statistics vector of random variables uniformly distributed

T
on [0,1). In particular the random variable !

has the following density
m—+1
(suppose that m > 2)

(2) = m(l—x)™ 1 if0<z<1,
IE=9 0, otherwise.

Thus

ro\° !
E (1" 1 ) = m/ 3;‘5(1 —x)m_ldaj = mB(S—FLm) < 4F(8+ 1)7’77,_8. (425)
m+1 0

By Cauchy Schwarz’s inequality we have

Is < m~/oq(S)/(BL 2 ) /2(B(TH® — mt/*)2)1/2, (4.26)
It remains to evaluate
E(Ft/a _mt/a)2 — F(m+1+2t/a) _2mt/ar<m+1+t/a) 2t/a-
m T(m+1) T(m+1)

Using the approximation of Gamma-function

1 1 1
_ ./ rx—1/2 —x
F(.’E)— 2mx /6 <1+]_2;C+288x2+0<x2)>’ xr — 00,

we obtain

E[Y*—mt/)? = A, (m+142t/a)?/“ H| —2B,,m'/® (m~+1+t /o) "/ Hy+m?/?,

(4.27)
where - 12
2 " 2 N
Am — 1 + t/a 1 + t/a e—2t/()¢7
m+1 m+1
/ m+1 " —-1/2
Bm: 1+£ 1+£ e—t/a7
m+1 m+1
t 1 t 1
H=1-—— — t Hb=1— —— — . 4.28
! 6am? +0<m2> ¢ ? 12am? +O<m2) (4.28)
By a simple calculation we obtain the following expansion
t o 2t2 1 1
Ap=1-|—"4+—)——+4+0— ], (4.29)
a o) m+1 m
t t2 1 1
Bp,=1-|—4+-—]— — . 4.30
<2a+2a2>m+1+0<m> ( )
Considering (4.27)-(4.30) we have
t2
E(F%a _ mt/a)Z — ngt/a—l + O(m%/a_l).
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Therefore it follows from (4.26)) that there exists a positive constant Cy such

that
Iy < Cym™Y2, (4.31)

Collectlng estimates (4.21)- 4 25), (4. 31 and choosing 7 = (f —a — 1)/a and
={t+p—a—1)/ain (4.22) and , we obtain the estimate (4.19)) with
C C(a, B,c1,c2,t). The lemma is proved O

Having the estimate for r,,, and taking n ~ N" Wlth r < % we obtain
V/nry,, — 0. By a simple calculation we have the relations and . O

Proof of Theorem : We denote ¢? = b(1 — b). In order to prove (3.6)) it
suffices to show the following relations,

U, —2— N(0,c?), (4.32)
N—oo
Vnry — 0, (4.33)

1 n
e (i znm) LAV) 434

i=1
Since 0 < Tp(0m;) < 1, the moments E[15(0,,;) — E1g(0,,.:)|* are uni-
formly bounded for all k£ > 0. The limit variance is

2 =EMm1 —Enm1)’ =EnZ 1 — (Enm1)? =b+rn — (b+r,)> = 3,
if we have (4.33). We consider the Lindeberg’s condition: for all € > 0,

lim — / (I5(0pm.i) — E1(0.:))?dP
n—00 nC Z {0 5(0m,)—EL5(0.m.:)|>ev/nem}

/ (Ip(Om.1) — E1g(0,,.1))*dP
=00 Cry J {15 (0m.1)—Els(0m.1)|>cv/ncm}

< hm CL(E(][B(G 1) — E]IB(em,l))4)l/2(P{|nm,l —Enm | > 5\/7;Cm})1/2
= 0. (4.35)

The relation follows from the application of central limit theorem for the
triangular array {Ig(0m,;) — EIg(0m,i)}-

It is easy to see that follows from the application of Proposition
to triangular array {n7, ;}. It remains to establish the relation (4.33)). In fact,

we have |r,,| < Cmax(m~1,m~ 8=/ from the following lemma. Taking an
arbitrarily small positive constant € and

2¢ 1
n = N1+ 5, m = N1+2<+5’

we get \/nry, — 0, the theorem is proved. O
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Lemma 4.4. If the condition is satisfied, then
7| < Cmax(m™, m~B=)/ay, (4.36)
Proof. In order to prove , we need to show that
P{0,.; € B} =0(B)+ R, (4.37)

with the remainder term R,, = O(max(m™, m~(#=®)/®)) Tet us denote

Gm<x>=P{ max & s:c}.

1<i<m—1

Using the definition of 8, ;, it is not difficult to see that

P{6,,;, € B} = m/ {||§ || € B, |&|| >7"}Gm(d7°).

Let G () = G (zm!/*). Assumption (3.5) implies (we suppose that o(S) = 1)
that for large s,
P{e]l > s} = 57 + O + o(s~7).

Therefore, it is easy to get the relation

lim ém(x) = Go(z) = { exp(—z~%), x>0,

Using (3.5) and the fact that [;y~*dGo(y) = 1, we have (4.37) with R,, =

4
> iz1 Rim.i, where

Roy = m [P {HgneBnanw}dG (v

Ryo = —U(B)/ “*dGo(y),

’

Rns = o(B) / Y= d(Con(y) — Golw)),
Rypa = Cmi(ﬁia)/a\/ yiﬁdém(y)'

Here s’ = sm~Y/«

and we shall choose s later. It is easy to see that
Ry <m(1=P{[[&]| > s})™ =m(1 — hm™")™ < me~ 2",

where h = h(m, s) = mP{||&1]| > s} > ims™. We have used for the last
inequality. Thus, if we choose

Ja
5= (Kﬁm)l ’
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with sufficiently large K, then we get

Ry =o(m™h). (4.38)
Simple calculations show that

R0 = o(m_l). (4.39)

The main remainder term is R,, 3 and to estimate it we must first estimate the

difference G, (y) — Go(y). A rather simple expansion of logarithmic function
gives the following estimates which are sufficient for our purposes.

Lemma 4.5. ([7] Lemma 2) Let &,i > 1 be i.i.d. random vectors satisfying
. Then fory > cm~1/*

G (y) — Go(y)] < Clav, B) exp(—y~*)(m~F=)/y=F 4 ~1y=2e)  (4.40)

and
sup |G () — Go(y)| = C(a, B) max(m ™', m~F=)/e),
y

Now we can estimate the term R,, 3. Integrating by parts, we get

|Rina| = o(B)(RY); + R, (4.41)

where _
Ry = 5/79Gn(s') = Go(s)),

R, = a / 1Gony) — Goly)ly™dy.

Since s = (K Inm)~Y* > Cm~"%, we can use (4.40) to estimate both quanti-
()
ties R

.38 = 1,2. After some simple calculations, we get

Ryl = o(m™),

Ry < C(a, By max(m~", m= (F=o)/e),
In a similar way we estimate R, 4:

oo

Ry = C’m*(ﬁfa)/a/ yiﬁdém(y) — Om~—(B-a)/a (RSL + Rfs,)4)v (4.42)

8/
where

Rg?4:/ y PdGo(y),

’

B2 = [ a@nts) - Golo))

It is easy to see that
R, < C(a, ) (4.43)

21



and Rgi)ll can be estimated in a similar way to R,y 3:
R, < C(a, B) max(m™", m~(F=e)/a), (4.44)

Collecting (:38), (E39), and ([@EAT)-@) we get [@37). O
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