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Spin-spin correlation functions of the ¢-VBS state
of an integer spin model

Chikashi Arita* and Kohei Motegi'

Abstract

We consider the valence-bond-solid ground state of the g-deformed higher-spin
AKLT model (¢-VBS state). We investigate the eigenvalues and eigenvectors of a
matrix (G matrix), which is constructed from the matrix product representation of
the ¢-VBS state. We compute the longitudinal and transverse spin-spin correlation
functions, and determine the correlation amplitudes and correlation lengths for real q.

1 Introduction

In one-dimensional quantum systems, a completely different behavior for the integer spin
chains from the half-integer spin chains was predicted by Haldane [I, 2]. The antiferro-
magnetic isotopric spin-1 model introduced by Affleck, Kennedy, Lieb and Tasaki (AKLT
model) [3], whose ground state can be exactly calculated, has been a useful toy model to
validate Haldane’s prediction of the massive behavior for integer spin chains. Moreover, it
lead to a deeper understanding for integer spin chains such as the discovery of the special
type of long-range order [4, [5].

The AKLT model has been generalized to higher-spin models, anisotropic models,
etc [6 [7, B, @, 10, 1T, 12, 13l 14, 15, 16, I7]. The Hamiltonians are essentially linear
combinations of projection operators with nonnegative coefficients, and their ground states
are called valence-bond-solid (VBS) state.

There are largely three types of representations for the ground state which are equiv-
alent to each other: the Schwinger boson representation, the spin coherent representation
and the matrix product representation. For isotropic higher-spin models, the spin-spin
correlation functions [I§] and the entanglement entropy [19, 20] have been calculated by
utilizing the spin coherent representation and the properties of Legendre polynomials. For
the g-deformed spin-1 model, spin-spin correlation functions were evaluated [7), 8, 9] from
the matrix product representation.

In this paper, we consider the ground state of a g-deformed higher-integer-spin model
which was constructed recently in [22] (¢-VBS state). From its matrix product repre-
sentation, we analyze one and two point functions of the ¢-VBS ground state for real
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qg. We notice that a matrix, which is constructed from the matrix product representa-
tion, plays a fundamental role in computing correlation functions, especially spin-spin two
point correlation functions. Investigating the structure of the matrix in detail, we obtain
its eigenvalues and eigenvectors. Utilizing the results, we determine the correlation am-
plitudes and correlation lengths of the longitudinal and transverse spin-spin correlation
functions.

This paper is organized as follows. In the next section, we briefly review the quantum
group Uy(su(2)), and investigate the finite dimensional highest weight representation in
terms of Schwinger bosons. In Section [3, we precisely define the higher-spin generalization
of the ¢g-deformed AKLT model on an L-site chain, and rigorously derive its ¢-VBS ground
state in a matrix product form. The squared norm of the state will be written in terms of
the trace of the L-th power of a matrix GG, which plays an important role in this paper. In
section 4], we obtain the eigenvalues and eigenvectors of G. Utilizing them, we compute one
and two point functions in Section Bl Especially, we determine the correlation amplitudes
and correlation lengths of the longitudinal and transverse spin-spin correlation functions.
Section [0] is devoted to the conclusion of this paper.

2  The quantum group U,(su(2))

We introduce several notations. Let us define the g-integer, g-factorial and g¢-binomial
coefficient for NV € Z> as

N
N —N
¢V —q JIJ1 Nen,
[N]—iq_q,l, [N]t =4 75
[N]!
—_ K=0,...,N
[ﬁ]: KN — K| MR
0 otherwise,

respectively.
The quantum group U, (su(2)) [23, 24] is defined by generators X, X~ and H with
relations

¢ —q"
(Xt X ] ="—"7, [HX*]=+2X" (2.2)
q9—4q

The comultiplication is given by
AXE)=xt@d"? ¢ 1P e X*, AH)=Hold+1de H. (2.3)
U,(su(2)) has the Schwinger boson representation, where the generators are realized

as

Xt =dab, X" =bla, H=N,— N, (2.4)

with g-bosons a and b satisfying
aal —qata =q¢ Mo, bt — gbTb=q ™, (2.5)
[Ng,a] = —a, [Ng,a']=al, [Ny, b]=—b, [Ny,bl]=0" (2.6)



We denote the space where (2j+1)-dimensional highest weight representation of U, (su(2))
is realized by Vj. The basis of Vj is given by
4 (a)i+m(ptyi—m _ 4
‘]am>: - T "VaC>, (m:_j77]) (27)
VI +mll[j —m]!

The Weyl representation which we describe below, is an equivalent representation to
the Schwinger boson representation, and is efficient for practical calculation. Let us denote
the ¢-bosons a and b acting on the a-th site as a, and b,. The Weyl representation is to
represent ag, b&, ao and b, on the space of polynomials Clzq,y.| as

1 D% — D%, 1 DY — DY,
P bt — =9 = == O 2.8
aa xon o you aa xa q o q_l Y (6% ya q o q_l b ( )

where

D;f“f(ﬁﬂa,ya) = f(pxouya)a Dgaf(xaaya) = f(xaapya)' (2'9)

The generators of U,(su(2)) are now represented as

Dya _ Dya
xt+ = Lo g”!
a 1

«@ Ta
X—:y_aDg — D
Yo q—q '

Hqo Ta NYa
e s g’ =Dy Dq,l. (2.10)
The tensor product of two irreducible representations has the Clebsch-Gordan decom-

position

28
Vs® Vs =PV, (2.11)
J=0
28
i) 1 2) = 3 |

J=0

s S J
my Mg mi+ my |J,m1 +m2>, (2.12)
where

[5;1 Se J ] :5m1+m2’m(_1)51—m1qm1(m1+MQ+1)+{S2(52+1)—51(Sl+1)—J(J+1)}/2
1 Moy m

2.13
[Sl+m1]![52+m2]![51—SQ+J]![SQ—51+J]![51+SQ+J+1]! ( )

Min(J—m,S1—m1,So+J—m1)

. \/ [T+ ml[J — m]I[S1 — m1]l[Ss — ma]l[Sy + Sa — J]U[2J + 1]

(—gm T H)2[S1 +my + 2]![Sa + J — my — 2]!

x Z
! ! | 1’
o Max(0,— s T Sp—m) [2)'[J —m — 2]I[S1 — mq — 2]!{[S2 — J +my + 2]!

is the g-analog of the Clebsch-Gordan coefficient [21] This coefficient is compatible with
the inverse of the decomposition (2.12))

S S J
e 5; S;ma). 2.14
‘ 7m> mﬁ%;m |: mi1 Mo My + mo ’ ,m1> & ‘ 7TTL2> ( )

! Note that the factor ¢™™2/2 is missing in [21].



For later purpose, we will also investigate the Clebsch-Gordan decomposition of U, (su(2))
in terms of the Schwinger boson or the Weyl representation. Utilizing

AXE =XEwq"? 4 g e XE, (2.15)

one can show that the highest weight vector v; € V; (AXtv; = 0) acting on the a-th
and [§-th site is given by
25—-J
vy = (zaxs)” [] (@ays —q

v=1

20-5"Dg 0y, (2.16)

Moreover, we can show the following:

Proposition 2.1.

(8X2,)" 07 =(eazs) " Slalt Y 4 { J ] { o ] o) ()™

=0 H
Vs (2.17)
< I <xay/a — g5 *l)xﬁya)-
v=1
A proof of this proposition is given in Appendix [Al
Remark 2.2. Let n > 2J 4+ 1. Noting
{JH J ]:o, (2.18)
pwlln—mp
for 0 < o < n, one can see that
n
<AX(;ﬁ> vy =0, (2.19)

3 ¢-VBS state

The model we treat in this paper is an anisotropic integer spin-S Hamiltonian on an L-site
chain with the periodic boundary condition

28
H=> > Cylkk+1)(7))ps1 (3.1)
keZy, J=S+1

where Cy(k,k +1) > 0, and (7)1, which acts on the k-th and (k + 1)-th sites, is the
U,(su(2)) projection operator from Vg ® Vg to V; as

o ZS: S 8 J S 8 J
7= mi mg mi+mg | [ my omy mh+mb (3.2)

/ !
m1,maz,mj,mo=0

X Oy g 4y | S5 ) (S5m0 | @ [S51m5) (S5 mo



The nonnegativity

(O[T pgr [#) = 0 (for any vector |i)) (3.3)

implies that all the eigenvalues of H are nonnegative. (Of course, (¢| is the Hermitian
conjugate of [¢).) Moreover, we will see that the energy of the ground state |¥) is zero:

H|W) =0. (3.4)
Since we set Cj(k,k 4+ 1) > 0, we find that ([B.4]) is equivalent to
(kg1 1¥) =0 (Vk€Zr, VJe{S+1,...,25}), (3.5)

noting the nonnegativity (3.3). From Proposition 2] one observes that any vector in
Poy<j<s Vs C Vs ® Vs of the k-th and (k + 1)-th sites has the form

S

> Casriyy Mooy T @ emen — ¢ " yrern), (3.6)
0<A,B<S m=1

where C'4p does not depend on x, Yk, Tx+1 or yg+1. Thus, the condition (BXH) imposes
the restriction that |¥) has the form

S

0) = P ({zrezy {vntnezs) [T T (@ 2nymer — a " ynnsn) (3.7)
keZy, m=1

with some polynomials P such that this form is consistent with (3.6 for Vk € Zy. The
unique choice of P with such consistency is a constant (which can be set to be 1), and we
achieve the unique ground state

s
@) = [T II (¢ wxvrsr — " veansa)- (3.8)
k‘EZL m=1

In the Schwinger boson representation, we have

S
v) = H H (qma};bzﬂ - q*’”’bl)};cz}:&1)]V&Lc>7 (3.9)
keZr, m=1

which is a generalization of the ¢ = 1 case [6]. Note that each site have the correct spin
value: Ni|U) = S|U) (k € Zr) where Ni := (Ng, + Np,)/2. Our ground state is a g-
deformation of the valence-bond-solid (VBS) state, which we call ¢-VBS state, see figure
o

The Schwinger boson representation of the ground state ([B.9) can be transformed
into the following equivalent form called the matrix product representation [22], which
generalizes the ¢ = 1 [25] or S =1 [7] case. Noting (2.7]), we have

|U) = Trlgy % g2 * - * gr—1 * gL, (3.10)



Figure 1: Conceptual figure of the ¢-VBS state. Each line is a g-deformed valence bond,
and the circle O represents the g-symmetrization of spin-1/2 particles e at each site.

where gy is an (S+1) x (S+1) vector-valued matrix acting on the k-th site whose element
is given by

1 (3

gi(i, i) = (—1)S@'q(i+”5>(s+1)/2\/[ S } [ S, ] [S — i+ iS4+ i— ]! |S;i — i)y

=: hyg|S;1" — i), (0 <i,i" <8).

(3.11)
The symbol x for two (S + 1) x (S + 1) vector-valued matrices
[Zoo) -+ |zos) lyoo) -+ [yos)
lzs0) -+ |zss) lyso) -+ lyss)
is defined by
3o 7o) @ lyuo)  Cug [Tou) @ [yus)
Ty = : : , (3.13)
Yoo lzsu) ® lya) -+ Tiipl@sa) © lyus)

which is apparently an additive operation.
For example, for S = 2,

hool2;0)k  ho1]2; 1)k ho2|2;2)%
g = hwl2—-1)r  h11]2;0)r  h12|2;1)r |, (3.14)
hao|2;=2)k  ho1]2; —1)k  ho2|2;0)

and the product in the form (B.I0) is calculated as

g1 x:*xgL
(g1%-+%gr)(0,0) (g1 x---xgr)(0,1) (g1 % *xgzr)(0,2) (3.15)
=1 (g1*---xg0)(1,0) (g1 *---%gr)(1,1) (g1 x---*xgr)(1,2) |,
(grx---xgr)(2,0) (g1 x---xg1)(2,1) (g1 x---xg1)(2,2)

with
(g1 x-*gp) (i,7)

= Z hiig higig e hiL—ll'L hiLi/ (316)
i,=0,1,2

X [25d0 — i) ® 2543 — )2 ® -+ ® 250 —ip 1)1 ® |23 —ir)L.



Then the matrix product ground state (B.10) is

(g1 xg0)(0,0) + (g1 %+ *gr) (1,1) + (g1 % -+ *gr) (2,2)

= Z hilig hizig e hiL_liL hiLl'l (317)
i,=0,1,2

X 2502 —i1)1 ® (203 —i2)2 ® -+ @ |24 —ip—1)r—1 ® |2;541 — L)L
We define g;i by replacing each ket vector in the matrix g by its corresponding vectors:
g (ini') = hig k(838 — . (3.18)
For example, for S = 2,

hoo k(2:0]  hor k(251 ho2 k(2;2]
gb = ho k(-1 hi k(2,0] s k(21 |- (3.19)
hoo £(2; =2 hor k(21| ho £(2;0]

Now we introduce “G matrix”, which will play an important role in our study. Let us set
an (S + 1)? dimensional vector space W and its dual orthogonal space W* as

W= @ Clab), W= @ Cla,bl. (3.20)

0<a,b<S 0<a,b<S

Here, {|a,b) | a,b = 0,...,S5} ({{a,b] | a,b = 0,...,S}) is an orthonormal (dual or-
thonormal) basis. We define an (S + 1)? x (S + 1)? matrix G acting on the space W
as

Glaped = (a,0Gle, d)) = g'(a, c)g(b, d), (3.21)
or equivalently as
G=g'®g. (3.22)
We also introduce G 4 for an operator A acting on the one-site vector space Vg as
(G arey = a:IGale, d) = g'(a, &) Ag(b, d). (3.23)
Each element of the matrix G can be expressed explicitly as
Gapsed) = Oc—a,d—bTabed (3.24)

where

Tobed = hachvd = (_1)a+bq(a+b+c+d72s)(s+1)/2

x¢[5][§}[S][S}W—a+¢w+a—¢W—b+@w+b—ﬂL (3:25)

a C




Each element of G4 for A = 5%, St and S~, which act on |S;m) as

S#|S;m) =m|S;m), (3.26)
STIS;m) =v/(S —m)(S +m+ 1)[S;m + 1), (3.27)
S7IS;m) =v/(S +m)(S —m+ 1)|S;m — 1), (3.28)

can be also expressed as

(GSZ)(a,b;c,d) :5C—G,d—b(d - b)Tabcda (329)
(Gs)(aped) =Oc-ad—bt1V/ (S —d+b)(S +d — b+ 1)Tupea, (3.30)
(G5 ) (apredy =0e-ad—b1V (S +d=b)(S —d+b+1)Tupea (3.31)

The squared norm of the ground state is calculated as
(U|w) =Tr [QI*“‘*QE] Trgy -+ *gr]
=Tr [(gi*---*g}) ® (91 *"'*QL)]

(o) (s on)
=TrG*.

(3.32)

Note that the elements of g}; ® gr = G are no longer vectors, and thus we can replace the
symbol x by the usual product in the third line of (8:32). The one point function (A) of
an operator A can be written in terms of G and G4 as

B (U A | W) B Tr [gJ{*---*gTL] Tr[A1g1 *x g2 * -+ % gz B Tr G GL1

A =gy = (U[0) TGL (3:33)

where Apgy is defined by (Aggk) (i,7') = Ak (gk(i,4")). In the same way, the two point
function of A and B can also be written in terms of G,G4 and Gp as

(A1B,) = (Tr GP) ™' Tr GAG™2GpG . (3.34)
Investigating the eigenvalues and eigenvectors of the matrix G will be crucial for the
analysis of correlation functions. In the next section, we study the G matrix in detail.
4  Spectral structure of the G matrix
In [22], we conjectured that the spectrum of G is given by

e = (=D ([9])? [ 2§j£1 } . (£=0,1,...,5), (4.1)

where the degree of the degeneracy of each Ay is 2 4+ 1. One can easily find that

Aol > [A1] > -+ > |As]. (4.2)



In this section, we prove the conjecture by giving an exact form for the eigenvector corre-
sponding to each eigenvalue.
First one observes that the G matrix has the following block diagonal structure:

G= P Y, GY eEndw;, (4.3)
—-5<j<S

P clii+i) j>o.

W= Wy, W= 08 o (4.4)
5%15 ’ ’ 69 Cli—j,4) j<O.
0<i<S+j

The size of each block GU) is (S — |j| + 1) x (S — |j| + 1). Each element of GU) is

(a,a+41GVe,c+ ) =(=1) g+ DED[S — a4 l[S +a — ]

X¢[i}[ai1}[§][ci1}' -

We construct intertwiners among the 25+ 1 block diagonal matrices G/ (j=-5,...,9).
This helps us to construct eigenvectors of each block diagonal matrix from another block
with a smaller size. (The same idea was used in [26] to study the spectrum of a multi-
species exclusion process). Let us define a family of linear operators {I;}_s<j<—1,1<j<s

as
Ij € HOIIl(Wj, ijl), (4.6)
—a [latdl[S—a—j+1] o
! G115 =7+ 1] ’
{a,a+ 5= 1|Ljle,c + j)) = ai la][S —a+1] (4.7)
—q a=J T v — CcC=a— 17
1S —j+1]
0 otherwise
for1 <j <8, and
I; € Hom(Wj;, Wj1), (4.8)
(o flazdlS—atiti]
[—J][S+j +1] ’
{a—j—1alljlc—j.c) = gl 0] [S —a+1] c—a1. (4.9)
[—J][S +j+1]
0 otherwise.

for —S < j < —1. By direct calculation, one finds



Proposition 4.1. The matriz I; enjoys the intertwining relation

LY =GUIL; for 1 <5<,

. . 4.10
LGY =GUHIT; for — S <j< 1. (410

With the use of Proposition 4] one can show the following:

Theorem 4.2. Each block matriz GY) has a simple (nondegenerated) spectrum

Spec G = {)\g}m<g<5, (4.11)

and the corresponding eigenvectors are given by

i+ 0[S —i! ‘
2 “Hl¢ s - 0 920

Dy = § OsiSS i 1S =4 [“rg] 5! | (4.12)
O<§9_gq \/ [STANS — i — ¢! li+4,4)  J <0,
for £ =|j|, and
IAe)) . = {Ij+1’)\2>>j+1 = Li1ljva - L\, ] >0, (413
T\ ey = Limalja - Tgl\)_, 5 <0

for|jl+1<¢<8.

Figure 2lis helpful to understand how the eigenvectors are constructed. We prove this
theorem below for only 7 > 0 since one can show it for j < 0 in the same way.

Proof of Theorem [{.2 First, by direct calculation given below, we find that GU) has an
eigenvalue \; and its eigenvector is [\;)),; defined by (L12)). Each element of GO ;s
calculated as

(a,a+IGVA ),

= Y (—1Yqtet O[5 — a4 ¢l [S 4+ a — (!
0<c<S—j

BB BIEN == "

=<—DM@HA9wwH>u+n¢[S}[ S,}[S—ﬂ!

a a+j | [S]'[H]!
" (c+1)(S+j+2) [S —a+JH[S +a—]!
D D

Using the formula

at+n—Fk BHk | kst _ | atB+n+1| ,aip)
Bl e e,

10



s 1
Wso1 [Ashg_1  [As—1)g_1
$sy l l

Ws—a  [Ashs o [As—1)g o [As—2)g o

Wy IAs)o As-1)s As—2))y - [A2))o

IR 1 1 1

W1 [As ) As—1))4 As—2)); - A2y Ay
w1 1 1 11

Wo [As Do [As—1)g [As—2)o - A2do  1ADo 1Moo
Ty T T T T T

W_i o sy As—)or [As—e)q o .- A2l 1 A1)y

T, T T T T

W_oo o Ash o [As—1) o [As—2) o ... A2)) o

W_ogiz [As)_gia [As—1)_sio [As—2) g0

TLSH T T

W_si1 [As)_sy1 As—1) _g11
T g T

W_s  As)_g

Figure 2: Structure of the eigenvectors of G (B.21)).

we obtain
TGO ILY - — (1) glati—S-D(ES+)-G+1) [ D S 1S4
e = \/[}[%—J} ST
_Sjta(- 25+ 1 ,
% [N g~ Si+ali S)+S2+2S+2[ : } S —alllat il
St s_j |lS-atlerat o

(L ; 2 2S+1 ( )a [S-]]'[CL-{—]]'[S—(Z]'
- | 57 e \/[S]!w[s—a—j]![au

= Nj{(a, a+ 1A,

Note that the first element of |A;)), is 1 by the definition @I2): (0, j[A;); = 1.

Next, we show by induction that GU) has eigenvalues A (j <€ < 9) and their
corresponding eigenvectors are given by |Ag) ; defined by (#13). Suppose the theo-
rem is true for |Ag)); 1,0 = j+1,...,5 (j > 0), that is to say that the block diago-

nal matrix GU*Y) has the eigenvalues A, and their corresponding eigenvectors |\s)) i1
(G(j+1)|)\g>>j+1 = Ae|Ae) j1 With [Ag)) g # 0) for £ =j+1,...,5. Additionally, suppose

11



that the first element of each [As),,, is 1. Using the intertwining relation (4£I0), one
finds G(j)Ij+1])\g>>j+1 = Aelj1]Ae)) ;1. We also find that the first element of Ij1|Ar)); 4
is 1, and thus Ij+1|)\g>>j+1 is nonzero. Furthermore, thanks to 1 # lo = Ay, # Ay, the
vectors Ij1[Ae) ;41 (J+1 <€ <S) are distinct (in other words, I is injective). We
have already constructed the remaining eigenvector of GU) explicitly, which is %) j with
its eigenvalue \; distinct from Ay (j +1 <€ < S). O

The conjecture for the eigenvalues of the G matrix that we exhibited in the beginning
of this section follows as a simple corollary of Theorem Moreover, we constructed
their eigenvectors which are important for computing spin-spin correlation functions.

Proposition 4.3. The squared norm of |As)); is

S+ £+ 11 = [5]1'1S — A4
[S1e + NS — a2 +1]

g, = g (@17)

where we denote the transpose of [Ae)); by j{(Ael-
We prove this proposition only for j7 > 0.

Proof of Proposition [{.3. One can easily show that the product of intertwiners (which is
also an intertwiner) has the following form by induction:

(a,a + jlljr1lj42 - Ipp1Igle, e+ £)
(—j ] \/[j]![S — Na'[S — c]!fe + A![S — (a+4)]! (4.18)

=(=1)" g [ a—c |\ 1OUS = 7ANS —allja + S — (e + O

Then, j{AelAe)); = o{(Ne (Lj1 - )T Iy -~ I\, is calculated as

- '2 ! P .y .
MO, = oy s gy o (P
odid < (4.19)
X [E_j } [ t—j } [S —d)l[i + £)1[S — ][I + '[a]!'[S — (a + 7)]! |
a—i || a=7 [ RlS — (i + OIS — (7 + O)S — allfa + ]!

The triple sum has the closed form

Gans—eern) ((AD* [0 = 1S + €+ 1)t
1 [S— 5+ 120 +1] °

which finishes the proof. U

(4.20)

5 Spin-spin correlation functions

In the last section, we investigated the eigenvalues and eigenvectors of the G matrix. By
utilizing Theorem and noting (4.2), the one point function (A) can be represented as

_—10{AalGalro)g

=2 0AolAo)g 51)

12



in the thermodynamic limit L — co. As an application, we can calculate the probability
of finding S% = m value as

Prob(5% = m) =(|S;m)(S;m|)
_[S+m]!s z:wﬁzzmg[ S ][S] (5.2)

[2S + 1] i—m 7

The two point function (B.34]) can be also represented as

0{(AalGalAe)) ;5 (Al GBI AN
W) ZA (% >]Z_£ oPoPolos el )

in the thermodynamic limit. Inserting (3.29), (3:30), (3:31)), (£1)), @I12), (£I3) and ([EI7)

into (.3, one finds the large-distance (r — oo) behaviors of the spin-spin correlation
functions (S7S7?) and (S;"S;7) are

2 qny _ BI[S +2] s] \’
(8755 = ~ gt el Dol (~ 2y ) 6
o [2][3][S + 2] 1] \'
<Si’—Sr > - _q3S—2([25+ ][ ]) (—1«)‘1’G5*’)‘0>>0)2 <_ [S—}—Q]) ) (5'5)
where
-52-5-1 S

q S i+
ofNalCs-Pallo = 5= > (i —i)g T
i,i/=0 (5.6)

—S— — il — . . . . S S
e R e SR R R A

—1{(M1Gs- o) = 0l AolGgr A1) 4

) S S-1 S S
—S<—S/2+1/2 E E S+2)i+(S+3)i’

=0 /=0
X\ (S+i—i)[S+i—i](S—i+d +1)[S—i+i+1]

x /[i" + 1][S — /][] LS + i’ —a)l[S +i — i’ —1]! [S}

7

Note that the terms with (7,¢) = (0,1) and (—1,1) in (5.3]) dominate the large-distance
behaviors of (S757) and (S;"S;), respectively, since

0{(AolGs=[Ao)o = 1(AM[Gs=|ho))g = —1(A1|Gs=[Ao)) = O, (5:8)
0{A0lGs-Aa)o = 1{M|Gs- Aol = 0(A1|Gs=[ra))o = 0. (5.9)
Both (S7S7) and (S;S,”) exhibit exponential decay with correlation length
1S +2\ "
¢ = <ln : 5.10
5 (5.10)

generalizing the results for ¢ =1 [I8] or S =1 [7] case.
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6 Conclusion

In this paper, we investigated one and two point functions of the ¢-VBS ground state
of an integer spin model (the g-deformed higher-spin AKLT model). The formulation
of correlation functions by use of the matrix product representation of the ground state
shows that the structure of a matrix, which we call G matrix, plays an important role. We
obtained the eigenvalues and eigenvectors of the G matrix with the help of constructing
intertwiners connecting different block diagonal matrices of G. Then we calculated the
spin-spin correlation functions by use of the eigenvalues and eigenvectors of the G matrix,
and determined the correlation amplitudes and correlation lengths of the longitudinal and
transverse spin-spin correlation functions.

It is interesting to investigate other types of correlation functions. For example, the
entanglement entropy, which is defined in terms of the reduced density matrix, is a typical
quantification of the entanglement of quantum systems. It is intriguing to calculate the
entanglement entropy for the g-deformed model and observe the change from the isotropic
point [19, 27 28] (see also |29} [30] for other VBS states).
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A Proof of Proposition 2.1

n
We prove Proposition 2. T]1by induction. Suppose that Proposition 2. Tholds for (AX;B) vy.

We calculate the four terms of the action of

_ 1 o m Ys 1 Yo rea m Y
1 x y yﬁ g 1 x Y yﬁ zg (A1)
Al Dl/fo SD T T P ® g P
n <AX;5>HUJ, separately.
Ta 5 Y8 -\" (n+1)S J—(n+1)
<an ®DfDl/f> (AXQB) vJ/q () (zazs) (A.2)
7 7 25—J
ZZQQ”SH*" [ i } [ e } (zays)" (zaya)" 7 ] <$ay6 - q2(”7571):65ya) ;

v=1
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Lo
25—-J

P 1 .
:Zq 2SS [ } [ - } (zays)" (zgya)" " ] <xay5 — ¢ S)xgya),
=0 K 2

Ya T T -\" n —(n
< D2y ®D\/’3szf\[> <AXaﬁ> vJ/q( DS [ (zqag)? (D) (A.3)
J

Ta o o IB T ~\" n —(n
(D370 07 ) (8x5,)" s /o DSlaligms)? =0 (A4

n J J 25—-J
:quZqu?,uf?SJrJJrn [ . } [ .y } (xayﬁ)wrl (zp50)" " H <33ayﬁ _ q2(u—S)xﬁya) ’
/JZO v=1

(D370 e L2071 ) (8%5) " 0 a5y 040 (A5)
:i —ouS—25—J+n [ J} [ J ](x YL (2 550)" " 2i—[] (x _ 2w—5-1), )
ﬂzoq un | @ays o) 11 (wa — 8Ya

(Ad) — (A.3) gives
§q2us2u2s+J+n [ i ] [ niﬂ } (@ays)" (z5ya)" "

28
X (zays — ¢ > 25Ya) H (wayg — ¢

v=1

_Zq—ms 2u— zswm[ }

pn=0

"5y,
J

7 ] o ey

y

25—-J

2(S—J) 2(v—5-1)

—

X <way/3 —q (wayﬁ —q fﬂﬁya)

v

il

xﬁya)
n
_ Zq72,u572,u725+g7+n |: :| |:

} Tays)" " (waya)" "
©=0

n—

25—-J

< 1] <xay/a —?s _1)x5ya)
v=1

. (A.6)
J J _
_ —2uS—-2pu—J+n w n+l—p
Zq [ p } [ nu ] (zayp)" (2aYa)
n=0
25—J
< I <xay5 - qQ(V*S”)wgya)-
v=1
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Dividing the first term of (A.6) — (A5) by ¢ — ¢!, we obtain

Soqrsr i [T 7 s )

=0 .
25—J
_ 2(w—-5S-1)
< T (xayﬂ q xﬁya)
v=1
n+1 J J
I R I B A oA s
pn=1
. (A.7)
X H (xayg - qQ(V’S*I)wﬁya) )
v=1

where we replaced y — p — 1. Dividing (A2]) — the second term of (A6]) by ¢ — ¢!, we
obtain

ﬂz;q%“w I I A

25—J
< I <xay5 — Vs —1)955%).
v=1

(A.8)

Since [ J } =0, we can extend > in (A7) and (A.8]) to 0 < p < n+ 1. Finally we have

—1

G.1) + @A) :;i:q—ws[n + 1] [ i } [ ! ] (zay)" (zgya)" "

n+1-— "

gy (A.9)

x II (wayg——qﬂ”’sfnxﬁya),
v=1
and since
(AXgﬁ) n+1 vj/q(n+1)5[n]!(xax6)J(n+1) _ (A2) + (LA_,;Q)__QE%_&) — (&)
+ -

-5 q(liE(;I—)l A (A.10)
= (A7) + (A3)

= (A9,

n+1
Proposition 2.1] is true for <AX;6> vJ.
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